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PREFACE. 

Algebba  is  allowed  to  be  the  grand  pillar  on  which  the  whole 
science  of  the  Mathematics  depends.  It  is  the  foundation  on 
which  the  glorious  superstructure  of  the  abstruse  sciences  has 
been  reared,  and  is  therefore  of  undoubted  importance  and  utility. 
Indeed,  volumes  have  been  written  on  the  elegance  and  inipor- 
t£mce  of  this  study,  but  the  subject  is  inexhausted ;  and  the  au- 
thor deems  no  apology  necessary  for  dwelling  a  few  moments 
on  a  subject  which  has  occupied  much  of  his  time,  and  which  has 
proved  a  source  of  the  purest  gratification  while  engaged  in  its 
pursuits. 

We  have  said  that  Algebra  is  the  foundation  of  all  the  abstruse 
sciences ;  the  assertion  is  not  made  at  random,  but  admits  of  am- 
ple proofs  and  cleai  demonstrations.     Unlike  arithmetic  in  this 
*J    respect,  it  does  not  merely  consist  in  understanding  the  common 
*».•   routine  of  mechanical  and  mercantile  pursuits,  but  its  study  ex- 
^  pands  the  intellect,  enlarges  the  reasoning  faculties,  and  accustoms 
o,  the  juvenile  mind  to  patient  attention  and  accurate  reasoning.    By 
*'*>  its  operations,  the  laws  which  govern  the  planetary  system  have 
c^  been  calculated,  their  order,  harmony,  and  regularity  have  been 
^  displayed,  and  their  general  characteristics  have  been  developed; 
V  the  trackless  ocean  has  been  traversed,  its  boundaries  have  been 
^  determined,  and  a  communication  has  been  opened  with  every 
comer  of  our  globe.     Hence  the  increasing  taste  for  these  studies 
is  readily  accounted  for,  and  we  cease  to  wonder  at  the  numerous 
compilations  which  have  appeared^  in  orde^  to  facilitate  the  labors 
of  the  student.     Unfortunately,  however,  the  pcreasing  demand 
for  works  of  this  nature  has  called  into  existence  an  ephemeral 
race  of  authors,  who,  instead  of  lessening  the  labors  of  the  student, 
have  strown  his  path  with  new  difficulties,  and  harassed  and  per- 
plexed him  with  unmeaning  and  tautological  rules  and  expressions, 
insomuch  that  many  have  given  up  its  pursuit  on  the  very  thresh- 
old, and  others,  having  proceeded  a  short  distance,  and  found  new 
and  increasing  difficulties  at  every  step,  have  closed  the  volume, 
and  with  it  all  attempts  at  mathematical  studies,  in  hopeless  despair. 
It  may  be  here  mentioned,  that  some  of  these  works  on  algebra 
are  mere  copies  of  others,  and  in  one  instance  a  person  of  this  city, 
though,  to  our  credit  be  it  spoken,  not  an  American,  having  repub- 
lished a  European  work,  claimed  the  merit  of  it  as  his  own,  after 
having  copied  verbatim  from  another,  and  with  so  little  judgment 
that  the  very  errors  of  the  press j  in  the  London  edition,  appear 
glaringly,  and  without  comment,  in  the  work  which  this  individual 
(who  shall  be  nameless)  claimed  as  exclusively  his  own. 
As  it  zespecte  the  method  which  should  be  adopted  in  pursuing 
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the  study  of  algebra,  it  should  be  remarked,  that  it  is  of  primary 
importance  that  the  student  should  in  the  first  place  make  nimself , 
master  of  the  common  rules  of  arithmetic.  Unless  this  is  accom- 
plished, it  would  be  mere  waste  of  time  to  attempt  proceeding  in 
the  study  of  this  science,  which,  although  beautifully  simple  in 
its  rules,  is  precise  and  accurate  in  its  inyestigations.  It  is  also  the 
nature  of  all  mathematical  sciences,  and  of  algebra  in  particular, 
to  advance  in  continued  progression,  patiently  but  steadily ;  and 
hence  the  obvious  necessity  of  the  student's  learning  every  thin^ 
thoroughly^  and  of  perfectly  understanding  every  rule  and  ques- 
tion as  he  advances,  before  he  proceeds  to  another. 

By  these  means  the  study,  instead  of  being  a  toil,  will  become  a 
pleasure,  what  at  first  appeared  difiicult  will  become  easy,  and  the 
student  will  find  new  beauties  allure  him  at  every  step,  and  cheer 
him  through  every  difficulty.     Let  the  diligent  Student  also  bear 
in  mind  that  genius  without  application  is  useless,  and  that  con- 
tinued and  untiring  perseverance  can  accomplish  almost  every 
thing,  however  arduous  'it  may  appear  at  the  outset.      When, 
however,   to   a  genius   and  a  taste   for  mathematical  pursuiCis 
is  added  a  persevering  industry,  the  juvenile  mind  ascends  the 
ladder  of  science  to  the  topmost  round,  and  gazes  eagle-eyed  on 
that  imperishable  tablet  where  are  recorded  the  names  of  a  New- 
ton, Bowditch,  Gralileo,  Leibnitz,  Lagrange,  and  Laplace,  who,  by 
their  works,  have  not  only  shed  a  lustre  upon  the  science,  but 
have  gained  for  themselves  an  immortality  that  shall  endure  till 
time  shall  be  no  longer.     Our  own  country  too,  though  it  is  com- 
paratively young,  and  has  made  but  little  progress  in  the  mathe- 
matical sciences,  has  yet  produced  a  few  men  who  would  have 
done  honor sto  any  age  or  country;  and  when  the  green  sod  of  the 
valley  shall  have  covered  their  mortal  remains,  when  the  present 
generation  shall  have  passed  atvay  and  been  forgotten,  their  names 
will  acqyaire  unfading  lustre,  and  be  hailed  by  generations  yet  un- 
born, as  the  luminaries  of  science,  and  as  the  benefactors  of  the 
human  race.     Posterity  must  pass  their  eulogia,  to  posterity  they 
must  look  for  their  fame  and  their  immortality.    And  here,  could  1 
find  suitable  language,  I  might  pay  a*passing  tribute  to  the  memory 
of  him  who  sleeps  beneath  the  waves  of  the  Atlantic,  th^  young, 
the  accomplished,  the  lamented  Fisher.*    But  what  avails  it?   He 
hath  passed  from  his  sphere  of  usefulness ;  his  bright  and  glorious 
career  is  finished ;  but  his  memory  yet  lives,  and  will  be  cherished 
in  the  hearts  of  his  countrymen  as  a  legacy  never  to  be  forgotten. 

It  only  remains  now  for  the  author  to  state  the  reasons  which 
have  induced  him  to  this  compilation,  and  the  manner  in  which  it 
has  been  treated. 

*  He  WM  a  ptMNiger  in  the  packet-flhip  AlbioD,  Int  OB  tlM  coast  of  Inland. 


To  liiake  an  excase,  or  to  offer  an  apology  for  a  work  of  this  na- 
taie,  is,  I  belieTe,  unnecessary,  because,  if  it  should  prove  unwor- 
thy of  the  public  patronage,  no  excuse  will  palliate  its  defects,  and 
noprefatorial  apology  will  be  received  in  extenuation  for  accidental 
or  wilful  error.  Hence,  apology  is  needless  ;  but  the  author  be- 
lieves it  to  be  a  duty  he  owes  to  the  public  to  state  the  reasons 
which  have  caused  this  compilation,  and  they  are  briefly  these : 
In  his  ovra  opinion,  and  in  that  of  some  of  the  best  mathemati- 
cians of  our  city,  the  different  algebras  at  present  in  use  in  this 
country  are  defective  in  many  particulars.  The  rules,  it  is  believed, 
are  generally  not  the  best  that  could  be  given,  and  in  some  cases 
are  tediously  abstruse  and  perplexing  ;  and  though  there  is  gene- 
rally an  ample  sufficiency  of  theory,  yet  there  is  not  practice 
enough  to  engage  without  wearying  the  attention  of  the  student, 
and  to  excite  without  overburdening  his  reasoning  faculties.- 
These  objections  it  has  been  the  aim  of  the  author  to  remove,  and 
to  treat  the  subject  on  a  clear  and  rational  foundation,  with  as 
much  simplicity  as  possible,  and,  instead  of  making  a  mystery  of 
the  science,  and  putting  new  and  imaginary  difficulties  in  the  way 
of  the  student,  to  remove  them  by  every  possible  method. 

For  these  reasons  the  questions  are  worked  out  at  full  length, 
and  every  thing-explained  in  the  operation ;  and  it  is  believed  that 
the  time  £3  gone  by  when  the  best  method  of  teaching  algebra  was 
thought  to  be  by  giving  the  student  a  difficult  question,  and  leav- 
ing him  to  ponder  and  pore  for  weeks  over  a  set  of,  to  him, 
unmeaning  symbols  and  figures. 

The  solutions  of  the  greatest  part  of  the  difficult  questions,  being 
all  given,  will  be  of  utility,  also,  in  an  economical  point  of  view; 
as  to  all  the  algebras  now  in  use.  Keys,  containing  solutions,  have 
been  published,  and  by  the  necessity  of  purchasing  them  the  stu- 
dent is  subjected  to  additional  expense. 

The  student  will  find  a  greater  number  of  new  equations  than 
have  ever  been  published  in  any  treatise  before.  As  they  are 
problems  which  possess  a  degree  of  interest  to  the  mind  of  {he 
young  student,  it  has  been  thought  they  would  prove  highly  use- 
ful by  blending  amusement  with  study.  The  method  of  solving 
the  irreducible  case  of  cubic  equations  is  new  and  of  great  im- 
portance, as  it  solves  the  most  difficult  questions  with  the  greatest 
ease. 

The  author,  in  conclusion,  would  take  this  opportunity  of  re- 
turning his  grateful  thanks  to  the  public  for  the  liberal  patronage 
bestowed  on  his  former  publications ;  and  in  offering  this  new  work 
to  'their  notice,  he  fearlessly  depends  on  the  candor  and  impar- 
tjiality  of  an  enlightened  and  liberal  public. 

JOHN  D;  WILLIAMS. 

DiGBTov,  March  1, 1839. 
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ftvebone  or  increase  at  Compound  Interest,  in  any  number  of  years  not 
ooeeding  21 ;  and  being  computed  yearly  at  any  of  the  rates  3,  3^,  4,  4i,  S 
nd  6  per  cent  per  annum. 

Table  1,  page  573.  Exhibiting  the  period  in  which  the  population  of  a 
cooBtry  has  a  tendency  to  double  itself,  from  an  estimate  of  its  increase  per 
<^-,  taken  at  the  end  of  every  ten  years. 

A  Table  of  Reciprocals,  squares,  cubes  and  roots.  Page  374. 

Page  575,  top  Table,  which  shows  what  $1,  payable  at  the  end  of  any  term 
of  years  to  come,  under  21,  is  worth  in  ready  money.  Discountiag  or  rebate 
^g  yearly  computed  at  any  of  the  following  rates :  3,  3i,  4,  4^,  5  and  6  per 
con.  per  annum. 

P^e  575.  Table  Second,  at  the  bottom,  which  shows  what  $1  annuity, 
payable  by  yearly  payments,  and  forebom  any  number  of  years  under  21, 
will  amonnt  to  at  the  end  of  the  teim,  (Compound  Interest,  being  computed  at 
tty  of  the  rates  to.  wit,  3,  Zk,  4,  4i,  5,  and  6  per  cent  per  annum. 

PBge576,  the  top  Table.'  Which  shews  the  present  worth  of  1$,  Annuity 
to  continue  any  term  of  years  under  21,  and  payable  by  yearly  payments, 
^pound  Interest  being  computed  at  any  of  these  rates,  to  wit,  3, 3i,  4,  4i, 
d  and  6  per  cent,  per  annum.  • 

Stittom  TaUe  on  page  576,  will  show  what  Annuity  payable  by  yearly  pay- 
Beats  to  continue  any  term  of  years  under  21,  1$  wiU  purchase,  Compound 
wensx  being  computed  at  any  of  these  rates,  to  wit,  3,  3i,  i,  ii,  5  and  $ 
percent,  per  annum. 

The  Ck)nstruction  tif  Greometrical  Problems, 
Analysis  and  demonstration  oj  Theorems, 
Application  of  Algebra  to  Geometry, 

Otitis  to  be  distinaly  Hiiderstood  that  I ^ 

^^7  viz.  Simson's  Algebra,  Emerson,  Bonnycastle,  Euler,  Saunderson, 

'^^'Juia,  Blaad,  Bridge,  Wood,  Nicholson,  Newton's  Universal  Arithmetie, 

Ward,  Doddridge,  De  Moivi'e's,  Clairant,  Wolfius,  Peacock,  Muller,  Hayes, 

rwDftat,  Picrse's,  Diophantus,  Bachet;  Waring,  and  others,  which  my  limits 

*ul  not  permit  me  to  name. 


page  577. 
page  582. 
page  584, 
am  indebted  to  tha  foUowag 


1.  A  and  B  purchase  900  (a)  acres  of  land  at  the  rate  of  92  j 
acre,  which  they  paid  equally  hetween  them;  hut  on  dividi 
the  same,  A  got  that  part  of  the  fatm  which  contained  the  houi 
and  agreed  to  pay  9f^^  or  $^  per  acre  more  than  B ;  .*.  45  ct 
how  many  acres  had  A  and  B,  and  at  what  price  ?   Let  x,  and 


denote  the  number  of  acres  A  and  B  each  had ;  then  — ;  |-JB 

X      Or—X  '    ^ 

and  -^ (-^ ;  will  be  the  price  A  and  B  each  paid  per  aci 

X         Or-^X 


and  the  equation.  Reduced  I  have  200* — 200x=s:^ax'\-9ax — 9a 
.\x'—^9.ax=^\  by  Art.  70,  page  141.  »=2490— 2090=4< 
s=A's  share,  and  900— 400ss500=B's  share.  And  i%% — f^ga 
225 — 180a=s45  cents.     See  Flint's  Surveying. 

Let  X,  and  900 — x  be  the  acres  A  and  b  each  bought,  and  let 
and  y-f45  represent  the  cents  per  acre  given  by  B  and  A  respec 
ively,  then  xy'\'^5x=^d00y — xy,  (1)  and  osy-^-Adx-^-QOOt^ — xys 

180000,  (2)  and  by  (1)  and  (2)  I  have  5^^=4000— 20y ;  .-.y*- 

155^!=4500,  by  Art.  70.  y=180  cents  the  price  of  one  acre  o 
B's,  and  180-f-45=2.25  cents,  the  price  of  one  acre  of  A's  lan< 

Otherwise  let  x^  and  y,  denote  the  number  of  acres  A  and  B  eac 
bought,  then  the  price  of  one  acre  of  each  man's  land  will  be  e: 

^    ^       90000  ,    90000  ,  ,  ..  I  rvrv. 

pressed  by  ,  and  ;   .'.by  the  question  x-j-ysssQOi 

^  90000    90000  ,  ^^        90000     90000  ,  ^^ 

and =■  45,  or  ^^ — = —        45;  or 

X  y      '  900 — y        y      * 

^-f-3100^^1800000,  and  ^t=:500,  as  before. 

2.  A  man  buys  80  pounds  of  pepper  and  36  pounds  of  safiiroi 
so  that  for  $8,  he  had  14  pounds  of  pepper  more  than  he  had  o 
saffron  for  826,  and  what  he  laid  out  amounted  to  $188.  Hoi 
many  pounds  of  pepper  had  he  for  $8,  and  how  many  ofsaffroi 
for  S26.  Ans.  20  pounds  of  pepper  and  6  of  saffiron 

Let  X  denote  number  of  pojinds  of  pepper  that  he  bought  fo 

$8,  and  ^s=  number  of  pounds  of  saffi-on  for  826,  then  by  tb 

question  if  a;  pounds  cost  88  what  will  80  pounds  cost,  and  if.  | 

pounds  of  safiron  cost  26  dollars  what  will  36  pounds  of  safiroi 

'    ,                   ,     1    .                         loo    i_     •    8«80  ,  d6.2t 
cost,  and  consequently  their  sum  must  =188,  that  is 1 

,^  160,234_.„  ,-,  ,  -.  ,^,  160  .2a 
-»188  or — ^=47,  (1)  and  a:— y=14,  (2)  or  T-r-r-H 

«=47,  160y+234y+3276  =  47y»+658y,  or  47y«+264y=327e 
part  70 ;  .•.  y=&  and  a5=14-4-6=20=ihe  number  of  pounds  he 
bought  of  pepper,  and  6  of  saftron.    Ans. 


nrTSSnOATION  of  OONFOimS  DITBBBtT« 

Investigation  of  the  BtUet  of  Compound  IlU9re$ti 

Let  ^  =s  annuity,  rent,  or  pension,  n  ss  number  ef  times  that 
interest  is  to  be  paid  for  the  annuity  or  sum  lent,  r  =  rate  of 
interest  of  1  dollar  for  1  time,  m  =  amount  of  the  annuity,  or  sum 
lent,  for  n  times,  at  r  interest,  p  =  principal,  sum  used,  or  present 
worth  of  a  sum  before  it  is  due,  (of  compound  interest.)  First  in 
amounts  let  g  =  1  -{-  r  ssx  amount  of  one  dollar  for  1  tim^.  Now 
asss.  last  year's  amount,  and  1  :  g  : :  a  :  ag  a*  last  year  but  1  amt. 
\\q\l  aq  I  af:=i  last  but  2  year's  amount. 
\\q\l€t^  I  a^^^Bz  last  but  3, and  so  on  to  <i^^j=at first  year's 

amount ;  therefore  a  +  *?  "f"  ^  "I"  ^'>  ^">  ~P  ^^4^^  =  ^  5  ^^^ 
^\aq  llm  —  flg"~*  I  m  —  a,    then  m  -^  as^mq^-  af^  or 
« — a  =zm  -^-mr  — aq?,  .•.  ogT —  a  =  wr,  then    put  A  =  f", 

\A— i)a  =  mr<,  .  .  a  ^=  jr-r — r  ;  m  = ;  r  sa=  — » 

*A — 1   a  ^  ^ 

2d.    In  discounts,  qX  1 : ;  a  :  -  =  first  year's  present  worth, 

and  J  :  1  : :  -  :  -5  =  2d  year's  present  worth ;  q  :  1  : ;  -3  :  -j= 

od  year,  and  so  on  —  sb*  nth  year's  present  worth,  therefore  I  have 
^  .    a    .  a     .    ^  ^      4t  .      a      a  a  « 

(Eiic.l2,V.)   .-.^^^ssiig  — a,or?^=?=|>+;?r— a,-  .•• 

qr  I       /I 

af-^a=iprq''t  or  (A — l)a=5;?rA;  .••  A= ;  hence  (A— J)tf 

H'^-rp 

a  or--^p       p 

Case  1.    Given  a,  m,  and  jp,  to  find  r. 

Since  A  =  ^;...r  =  (A=l)£.  «A«'^!±?. 

Case  2.    Given  p,  m^  and  w,  to  find  r. 

Since  {r4-ir  =  -;.-.r=f^V-l- 
wae  3.    Given  a,  «i,  and  n,  to   find  r. 

Since  (A-l)a=«r;  therefore  1^^=11=  ^  =  5±!5!z:i. 


•    BfTBSnOJiTIOir  OF  TH8  BULBS  CF  COKPOailD  1KTBBB8T. 

Case  10.    Oiven  m,  n,  and  r;  required  p. 

SiiiceA»-;,-.ii  =  j,  ...  |  pJm -n  X  L(l+r). 
Case  11.   GiVen  a,  m,  and  r,  to  find  p. 


ma 
P 


Since  i— -==— ;  .•.  o= ^. 

a  2>         "^       wir-f-a 

Case  12.    Given  a,  m,  and  «,  to  find  |i. 
FindD=g)-;  E=^;F=vW^^ 
NowF-E  =  r,bj3d,bat(l+rr=^;  ...p=:^^^^. 
Case  13.  Given  py  n,  and  r,  to  find  a. 
Since  (A — l)a  =s  prA;    .•.  «=y — r- 
Case  14.    Given  ^,  m,  and  n,  to  find  a. 
Since  A  =^  (r+l)"  =-;.-.  r+ 1  =  f- V .    Hence  A  —  1, 

and  B  — ls=r,  are  known;  ^•.  as=s — -i — - — i. 

A— 1 

Case  15.    Given  m,  n,  and  r»  to  find  a. 

fnT 
Since  (A— -l)a=f»r,  therefore  ass  - — ?. 

Case  16.   Given  p,  m,  and  r,  to  find  a. 

SiiHse  Ass=  — ,  A  —  1  is  given,  •  • .  a  =-j — r. 

Case  17.   Given  m,  p,  and  r,  to  find  n. 

Put  L  for  th(8  logarithm,  and  L'  for  the  arith.  comp.  of  a  logv 

«.       ,,   .     V.      m    .*  L.m4~U,p       M — o 

Since  (1  -f  r)" = — ,  therefore  n  =    y  ,  '    ,,   =  ^  ,,  .    ,* 

1>  L-(^+l)         L(l+r) 

Case  18.    Given  a,  p,  and  r,  to  find  the  value  of  n. 

Since  (1  +  ^)'^  = » therefore  n  =      -r  /    ■  T/^"* 

Case  19.    Given  a,  p,  and  m^  to  find  /i. 

Since  A=(r+1)"  =  -;  thenL.(r+l)-=L.m  — L.p=:LJ!L, 

Hence  A,  and  A  —  1,  are  known ;  Also  L.(A — l)-f-L.a-}^  L^llr  as 

L.(B  —1)  by    Case  I4th  hence  r  sar  B —  1  and  r-^1,  are  known 

,      ^  L.A. 

therefore  n  ass  =r-^ — r-~-. 

Case  20.    Given  a,  m,  and  r,  to  find  n. 

since  A  — ^^^s-a-l-ry-    -  „      L.(mr-|-a)-.L.» 
smoeA-s      ^     _(i^^r.  ..n—       L.(l-f-r)      ' 


nnrssTiGATioN  of  compound  mrBBSsr. 

rem  will  become  =  1  -|-  r  +  ^9^  nearly. 

Le.D=(^)^  =  l  +  r  +  !?±l/;   then^  +  ^  » 
12\aw/  12       '       12       •  ~  n+1 

('^^)XOT'  ^^*^^=H=i'  r  +  E=(V{(2X[D-li+E) 
X  E{  =  F ;  therefore  r  =  F  — E.  In  this  solution,  1st  find 
D=(£)^';  2d, find  E=^;  3d,findF=:V?2(D— 1)+E|  -E; 

4th,  find  r  =  F_E. 
Case  4.   Given  a,  p,  and  «,  to  fijid  r. 

Since  (A-l)a= Ai«-. .-.  l.=:^=l=^  =  l-(i-H-r 
BOW  (l-fr)-=  1  _  „r  +  »  X  ^r«-«  X  ^  X^^+ 
te. ;  therefore  £  =  1  —  ^^r  +^  X  ^y-**.  «»«"l7 5  Aen 

(i)-*=(i-=±J^+4ix:±-V)-i,  which,  b, «. 

Bomial  theorem,  will  become  a=:  1  -}- r iq~^»  nearly.     Now, 

^----^■";gr°-<Q-^)^Xn4^>     Let2H=^, 

tknr  — H=(VlH— 2(G— 1)|XH=)K;  ,-.  r=H  — K. 
Case  5.    Given  a,    n    and  r,   to    find    m. 

Since  (A  —  !)«==:  mr,  therefore  ot  s=  i i-. 

Case  6.    Given  p^  w,  and  r,  to  find  m.        ^ 

Since  A  ==  — ,  .•.    wi  =  «A. 

Case  7.    Given  a,  jp,  and  r;  find  «»• 

Since— == ;  .-.  m  =  — ^. 

p       a — rp  a — rp 

Case  8.    Given  a,  p,  and  »,  to  find  «to. 
Find  6=0)i^';  ^=i{;^ '  K=V{H-(2G-1)}XH. 
Kow  H— K=r,  by  the  4th,  but  (r+l)"==  - ;  .-.  >na=:(r-{-l)"Xp. 
Case  6.    G^iven  a,  n,  and  r,  to  find  p. 
Since  (A— Da»|»'A;  therefore  yi^^"^^^" 


M  ,    ALGXBSA. 

2  X  4  X  5>  or  2.4.5,  is  the  continued  prodnct  of  2,  4  and  fi. 

Likewise,  7  X  «  X  ^»   or  7.ii.^.,  or  7a^,  is  the  continued  pro- 
duct of  7,  a,  and  b, 

9.  -f-  divided  by.  This  character  is  the  sign  of  diyision,  and 
signifies  that  the^  former  of  the  quantities  between  which  it  is 

-placed  is  to  be  divided  by  the  latter;  thus,  a  -r-  b  means  that  the 
quantity  a  is  to  be  dividea  by  b.  The  division  of  one  quantity  by 
another  is  frequently  represented  by  placing  the  dividend  over  the 
divisor,  with  a  line  between  them,  in  which  case  the  expression  is 

called  a  fraction ;  thus,  jojvisor    '"^ » signifies  a  divided  by  b  ;  then 

a  is  the  numerator  and  b  the  denominator  of  the  fraction. 

10.  A  quantity  in 'the  denominator  of  a  fraction  is  also  expressed 
by  placing  it  in  the  numerator,  and  prefixing  the  negative  sign  to  its 

index;  thus,  a~Sa"*,  a"^,  at",  signify  -i>  -a»  ~3»  i;>  respectively  ; 

these  are  called  the  negative  powers  of  a, 

11.  Points  are  generally  made  use  of  to  denote  proportion ;  thaS| 
a  :  b  11  c  :  d,  signifies  that  a  bears  the  same  proportion  to  6 
that  c  bears  to  d. 

=  equal  to.  This  sign  nveans  that  the  quantities  between 
which  it  is  placed  are  equal  to  each  other  ;  ax  —  by  s=  cd  -{-  ad^ 
signifies  that  the  quantity  dx  —  ^  is  equal  to  the  quantity  cd  -]|-  dd, 

12.  The  sign  X  between  two  quantities  means  or  signifies  their 
difference ;  thus,  aSx^i^aSxoxx  /"a,  according  as  a  or  op 
is  the  greater ;  a%  x  signifies  the  sum  or  difference  of  a  and  x, 

13.  A  vinculum ,  is  a  line  drawn  over  several  quantities, 

and  signifies  th^at  the  terms  under  it  are  to  be  taken  as  one  whole, 
and  to  be  affected  with  the  same  operation.  The  modem  method 
of  expressing  the  same  thing  is  by  the  parenthesis  (     )  or  bracket* 

[  ].  Thus  («  +  *)  X  a:,  a-|-3  X  a:,  or  [a  +  *]  X  a:,  means  that 
tbe  quantity  represented  hy  a  -\^  b  is  to  be  multiplied  by  the  quan* 
tity  represented  by  x.  Let  a  =  3,  5  =  4,  then  {a-\-b)  X  ar  =  7Xf 
and  if  a;  =  1,  then  7a;  =  7. 

14.  The  powers  of  algebraic  quantities  are  denoted  by  placing 
a  small  figure,  called  the  index  or  (indices)  exponent  of  the  power, 
to  the  right  hand  of  the  letter,  as  a'*,  a®,  a*,  &c. ;  so  when  the  indeK' 
is  a  fraction  the  numeratpr  shows  the  power  to  which  the  quantity* 
is  first  to  be  raised,  and  the  denominator  expresses  the  root  to  bS 

square  root  of  £^;  and  a^  denotes  the  square  root  of  a,  the  same  ad 
i^a;  a^  tl^e  cube  root  of  a,  the  same  as  ^a;  a^  the  fifUi  root  o^; 
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the  cube  of  a,  or  ^cf ;  and  a*  is  the  ninth  root  of  a  fifth  power  of  a, 

or  /^(f ;  and  (a  -|-  ^)"  denotes  the  nth  root  of  the  sum  of  a  and  I, 

15.  A  surd,  or  irrational  quantity,  is  that  of  which  the  yalue  can- 
not be  accurately  expressed  in  numbers;  thus  2, 3, 5,  and  7,  the  root 
of  quantities,  are  denoted  by  the  radical  /y/,  with  the  proper  index  in 
it.  The  signs  ^y,  or  /^ ,  >^,  ^y,  &c.,  are  used  to  express  the  square, 
cube,  biquadrate,  &c.,  roots  of  the  quantities  before  which  they 
are  placed  ;  thus,  ^2,  /^a,  /^a*  a«  a,  /f/a*  =  a. 

16.  The  reciprocal  of  any  quantity  is  that  quantity  inverted,  or 
unity  divided  by  it ;  so  the  reciprocal  of  a,  or  f,  is  1,  atid  the  recip- 
rocal of  1  is  i. 

b  a 

17.  A  rational  quantity  is  that  which  has  no  radical  sign  or  in- 
dex annexed  to  it,  as  a,  fa,  or  8a, 

18.  The  words  therefore^  consequently,  or  that  is^  are  usually 
expressed  by  the  symbol  .*. ;  thus  the  sentence  therefore  a-^  b 
is  equal  to  c  -]-  d,  is  expressed  by  .*.  a  -■{-  b  =  c-^  d. 

19.  Positive  or  affirmative  quantities  are  those  which  are  to  be 
added,  as  a  or  +  a,  or  3aXy  or  -}-  3ax,  See  ex.  1,  p.  5.  For  when 
a  quantity  is  found  without  a  sign  it  is  understood  to  be  positive, 
or  to  have  the  sign  -^  prefixed,  that  is,  always  when  it  is  a  leading 
quantity ;  and  a  quantity  without  any  coefficient  is  supposed  to 
have  one  or  unity  before  it;  thus,  a  =  once  a,  (la.) 

20.  Negative  quantities  are  those  which  are  to  be  subtracted, 
as  Ex.  11,  viz:  —  2bf,—  ebf,  —  bf^—Sbf,  —  bf. 

21.  When  two  quantities  are  multiplied  together,  each,  consid- 
ered separately,  is  termed  the  coefficient  of  the  other ;  but  when 
one  of  them  is  a  known  quantity,  it  alone  is  termed  the  coefficient. 
Thus  in  the  quantity  ah^  ava  the  coefficient  of  d,  and  b  of  a;  but 
in  4ar,  the  numeral  4  is  the  coefficient  of  x,  and  x  is  never  termed 
the  coefficient  of  4.  Sometimes  >  the  coefficient  is  a  compound 
quantity,  as  {a  -}-  b)x,  ot  ax  -\-  bx;  here  the  coefficient  is  a-f-  i. 

22.  Like  sig^is  are  such  as  are  all  positive,  (-{-))  plus,  or^  all 
negative,  ( — ),  minus. 

23.  Unlike  signs  are  when  some  are  positive,  plus,  (-{-),  and 
others  minus,  ( — ). 

24.  Like  quantities. are  such  as  do  not  difier  except  in  their  co- 
efficients ;  as  2a2^y  and  — Saa^.  Unlike  quantities  are  those  which 
differ  in  letters  or  power,  as  2,  a  and  3,  or  6a^x^j  and  4a^y^. 

25.  A  monomial,  or  simple  quantity,  is  a  quantity  consisting  of 
one  term  only,  as  a  ;  3bx  ;  —  2xy  ;  -f-  3xy, 

26.  A  binomial  quantity  consists  of  two  terms,  as  a  -["  ^»  ^' 
a  —  ft,  the  latter  of  which,  being  connected  by  the  sign^ — ,  is  some"* 
times  called  a  residuaL  '         - 


27.  A  trinomial  consists  of  three,  as  a  -|-  ^^  —  ^' 

28.  A  quadrinomial  is  a  quantity  consisting  of  four  tenns,  as 
ax*  •{-  Sxy  —  3y  -f-  ^xi^t  or  a  -J*  ^  —  i*^  4"  y* 

29.  A  inultinomial,  or  polynomial,  is  a  quantity  consisting  of 
many  terms,  or  of  an  indefinite  number  of  terms,  a|t  a  -|~  ^  — 
c-4-a  —  a;  -}-  y»  &^c. 

30.  When  two  equal  quantities  are  compounded  with  the  sign 
=between  them,  the  comparison  is  called  an  equation ;  thus  34-4 
s=  7,  or  2a:  -}-  4  =  8,  is  an  equation  ;  the  quantity  on  the  left 
hand  side  of  the  sign  =  is  called  the  first  member  of  an  equa- 
tion, and  the  quantity  on  the  right  hand  of  it  the  second.  In  the 
equation  2x  -\~b  =a;  2a:-j-^is  the  first  member,  and  a  is  the 
second.  When  the  quantities  which  compose  a  number  are  sep- 
arated by  the  signs  -j-  or  — ,  each  quantity,  so  separated,  is  called 
a  term  ;  thus,  the  first  member  of  the  equation  2a:  -f-  ^  =  «>  con- 
tains two  terms,  viz.  2x  and  b;  also  a  and  b  are  the  terms  of  ab  or 

r->and  a,  b^  z,  y  axe  the  terms  of  the  proportion  a  lb  n  x  I  y; 

31.  A  quantity  is  said  to  be  a  multiple  of  another  when  it  con- 
tains it  a  certain  number  of  times  exactly ;.  thus  16a  is  a  multiply 
of  4a,  as  it'  contains  it  exactly  four  times. 

32.  An  equation  of  the  third,  fourth,  &c.,  degree,  is  one  in  which 
the  highest  power  of  the  unknown  quantity  is  the  third,  fourth, 
&c.,  powers ;  and  in  general,  an  equation,  in  which  the  unknown 
quantity  is  called  an  equation  of  the  mth  degree,  and  each  of  the 
two  members  of  an  equation  is  called  a  side. 

33.  If  equal  quantities  be  either  increased  or  diminished  by  the 
fame  quantity,  the  results  will  he  equal,  or,  in  other  words,  if  each 
side  of  an  equation  be  either  increased  or  diminished  by  the  same 
quantity,  the  result  will  be  an  equation. 

34.  If  each  side  of  an  equation  be  either  multiplied  or  divided 
by  the  same  quantity,  the  result  will  be  an  equation. 

35.  If  each  side  of  an  equation  be  either  involved  to  the  same 
power,  ^r  evolved  to  the  same  root,  the  result  will  be  an  equation. 

36.  Hence,  generally,  whatever  operations  be  performed  on  one 
side  of  an  equation,  if  the  same  operations  be  performed  on  the 
other  side,  the  result  will  be  an  equation. 

37.  Notation  in  Algebra  is  the  method  of  representing  any  pro- 
posed qnantity  by  means  of  certain  symbols. 

1.  What  is  the  numeral  value  of  a  -f-  i  —  c,  supposing  a  9s7, 
i  ;ss:  5,  and  c  b=s  8  ? 


Ajmimw*  ff' 


Herefl  +  i—  c  =  74-5  — 8=12  — 8  =  4,  Ans. 

^1*  .J.  ^y 

1  What  is  the  valiie  of  -     ,     ^,  wtere  a  =  4 ;  5  =  6 ;  « acsS, 
andy  =  7?  *  +  ^ 

Hereaa:-}-^,  or4x3  +  6x7a=12  +  42  =  54, 

AiKii+ar,or  6  +  3  =  9.       Hence  ^i^  =  ^  =  6,  An«. 


31  What  is  the  numeral  value  of 1 ~^ \/<*^»  sup- 

c  & 

posing fl=  9;  ^=4;  c  =  3;.  ^=fc=2;  anda;  =  8? 

c  ^  '^  3  "^  4 

-  V  (9  X  4  X  4)  =  16. 

Here,  a^,  or  9  X  4  =  36,  which,  divided  by  c  or  3,  gives  12,  the 
value  of  the  first  term.  Then  or,  or  9  X  8  =  72,  from  which  sub- 
tracting <f  or  8,  there  remains  64 ;  which,  divided  by  b,  or  4,  gives 
16,  the  value  of  the  second  term.  Therefore  the  sum  of  the  first 
and  second  terms,  is  2^,  Then  a  J',  or  9  X  4  X4  =  144,  the 
square  root  of  which  is  12,  the  value  of  the  third  term;  and, this 
8abtracted  firora  the  sum  of  the  former  terms,  because-  connected 
ly  the  sign  —  ,  gives  16,  the  value  of  the  whole  expression. 


ADDITION. 

38.  Addition  in  Algebra  is  the  method  of  finding  the  sum  of  seve- 
ral algebraic  quantities,  and  connecting  them  together  by  their'pio* 
P»  signs.     This  rule  is  generally  divided  into  three  cases. 

Case  L  To  add  like  gzutntities  with  like  signs. 

Rule.  Add  the  coefiSicients  of  the  several  quantities  together,  and 
to  their  sum  prefix  the  common  signs  and  annex  the  common  let- 
ter or  letters. 

Ex.  1.    Ex.  2.       Ex.  3.       Ex.  4.  Ex.  5.  Ex.  6. 

a        la  —  ^ax  ^x        '    62:  -4-  3y  42: 4-  7y 

3a         2a  —  2^3?  9aa:  2x  -j-_^  x  •\-    y 

4«         9a  —  %ax         liax  8x  -{-  8y  6x  -|-  % 

Ex,  7.  "^   Ex.  8.  Ex.  9.  Ex.  10.  Ex.  11. 

3ei            —  3ax  2ay  23  -}-    3y  —    2Ay" 

5a            —  6ax  day  Sb  --ly  —   6^ 

a            —     a^  Aay  3  --    2y  —      h\^ 

la            —  2ax  lay  Bb --      y.  —    8bi^    • 

12a            _  lax  I6qy  4*  -j-   %  —      ^ 


28a  — 19aa;  May        20b  -f-  llv  I 

•■aw  aBMHaM  '      nMib  ^mmmmtimttammikl  .   fen 


AXABBRA. 


Ex.  12. 


Ex.  13. 
a—    2a? 
a—    6a* 

4a—  a:* 
3«—  5a* 
7a  —      a? 


Ex.  14 
Va: —    4y 

a: —    ^ 
Sa:—     y 

X—   3y 
4ar  —     y 


16a  —  15a*  16a:  —  \ly 


fix. 

15. 

2a-| 

h    a« 

3a- 

-    *« 

a  - 

-2i* 

9a- 

-3a* 

4a- 

y  a* 

19a  +  8a:* 


Ex. 
3a 


6a 
12a 

Sa 


16.  Ex.  17.  Ex.  18. 

—  3*a;  bxy  Ex.  19.    Ex.  20. 

2^a:y      2z      Sz  ••\~5xy 
Mxy      2z 

bxy 
abxy 


6bz 
^  4bx 

—  2bx 

—  7^a: 

—  bx 


6bxy      5z 


X  "-  xy 

4z      2x  --4i:y 

6x  -■-2xy 

4a:  -f-Sxy 


14: 


Ex.2 
Ex.  21.  5i 

Qax-^  ^ 

4ax —    y 
ax —  3y 

5^12;  •—  5y 

lax —  2y 


\7. 

4^ 


3^      -^-^bx      \^xy     15?     15a;+15ay       19aa>~15y      59j 


Ex.23. 

--   2a  _  6^ 

--   8a_  7* 

9r--   4a—  6^ 

^,^   7a—  9* 


Ex.  24. 

7^24-  3ry—  5ic 

9f*--  2ry—  Ibc 

ll7*-r-  &ry —  4^c 

7*-  -  4ry  —  be 

r«4-  9fy—  Sic 


Ex.  25. 

4a»_3a»4-    1 

2a»—  4^^*17 

6a»  — 2a?*-..  4 

3a«  — 7a»--   3 

a8_  a«--10 


23r  +  24a  — 3U         29r*+23ri|— .mc     15fl^— 14a»+35 


Ex.2& 

Ifly 

3y 


Ex.  27, 

4if-*^  4» 

5a--^  5d 

6a—  A 

3a*^  2h 

2a—  n 

8a—  3 


Ex.28. 

30-^iari— aey 
23  — 10a:J-^4a!y 
14  —  14a:|  —  73y 
10— 16a:|— ^ 
16  — 20a:2—   xy 


Ex.  29. 


5a!y  —  3a?- 

-4d 

82^  —  48- 

-aii 

3a^  — 5a:- 

-Sal 

asy  — 2a?- 

-   d 

4a:y —  a- 

-7d 

21a:yu^l&- 

-tOa 

-*  ^      28a  — 20i      93  -^73Va:— 20ay 

,'  Cask  II.  To  a^(2  like  quantitie$  with  wnlike  or  different  siglH 
RtriiE.  Add  all  the  positive  or  phis  quantities  into  one  sum,  aiL< 
afi  thfe  negative  or  minus  into  another  sum ;  subtract  the  les9  oi 
these  sums  from  the  greater ;  to  their  difference  prefix  the  sign  oi 
the  greater  sum,  whether  -}-  or  — ,  and  annex  the  commoa  %tte: 
or  letters. 

Ex.  t.  Ex.  2.  Ex.  3.  Ex.  4.  Ex.  5. 


—  5a: 

+  3ar 


-}-3a 
—  2a 


— 6y 


—  6yV« 
+  3yVa: 


m,iSAi 


—  8ig  ama>  4- losiim-..  -t-3y  su.gw  — -3y>/»8um 


^*/ 


Ex.6. 

Ex.7. 

Ex.  a 

-  3a 

2a— 3r» 

^H 

-  6ay 

--  7a 

—  7a  +  6r* 
~3a--    r« 

— 3rH 

-Say 
-  6ay 

—    a 

+  «    — 3r« 

fir-+-    ay 

11a   —  7a 


«r 


±i2( 


Sat  0.  Bflc  l<k 

_  3a«  —    «y  +  8 

—    8fl?  +    2ay—  59 

-f  1&^  —    tay— 11 

-fl3a^  +  l&ty  +  13' 


NoTB«  In  tke  6th  example,  the  sum  of  the  peeitive  at  plus  quan- 
tities exceeds  the  sum  of  the  negative  by  11«;  consequently  the 
8^  is  -|-  »  according  to  the  mie.  In  the  7th  example,  the  sum 
of  the  positive  or  ^  (plus)  quantities  is  less  by  7a  than  the  sum 
of  the  negiiitive  or  —  (minus)  quantities  ;  consequently,  the  sign 
is  -" ,  accofding  to  the  rule,  m  the  9th  example,  the  sum  of  the 
poshiTe  terms .  is  230*,  and  the  sum  of  the  negative  ones  is  — 
l^;  their  difference,  therefore,  is  +  lOa^,  which  is  the  sum  re- 
qoirsd.  The  other  examples  are  wrought  in  a  similar  manner. 
B  ihe  positive  and  negative  quantities  be  equal,  the  sum  is  noth.- 
ing,  rad  -diey  are  said  to  destroy  each  ^ther.  See  example  T, 
light  hand  column.  ^ 


Ex.  13. 

—  Sa/^x 

+    ai^x 

—  5a^x 

— JBa^£ 

Ex.  17. 

— 2aVa? 
+  a^x 
— 3a>^a? 
-j-7a>^a; 
—^1%/x 


£x.  14. 

-|-    6aa; 

—  ^tax 
-j-    7aa: 

—  ax 

+  lOaag 


Ex.  15. 

4-   6a  -4-  4a: 
4-    4a-f8a: 

—  5a  — 2x 

—  7a  —  3x 


—  a/^x 


Ex.  18. 

—  6<^  +  2* 
+  2a«  —  33 
_6a«  — 8* 
+  4rf»  — 2A 

—  3<^  +  93 

—  8a«  — 23 


—    2a  +  7x 

Ex.  19. 

6aa;'  -|-'  63^ 
— 2aa:*  —  6xi 
4-3aa:«  —  10a:* 
— 7aa:»+  3ar* 
■f  aa^4-ll^ 
4-aa:^+    3a:*  =gr3//a? 


Ex.20. 

-6z-Ua:»_8 
..8r4-  a?  +  l 

--5a:.-3a:»-|-9 

-7z-5a:«  — 7      

j4a;--3ar'  — 6       16^/y-~4(a4>3) 


£x.  21. 

7/\/y — 4(a-|-a) 
6Vy+2(a-3) 

2Vy-f  («--^) 

Vy— 3(a4-3) 


Ex.22. 

a(a4-3)  —  3^(a-^a:) 

— 4a(a--J)  +  7A/{a—x) 

—2a(a--b)  —  Sj^(a^x) 

Saja+b)  +14^(0— a:) 

*  +10V  Ca—x) 


CUn.  IIL     To  oii  qtumtUies  tdhen  some  are  Uke  and  <fthers 
^miUk  ;  or  token  aU  the  quantities  are  unUke. 
tMuu    Add  the  like  quantities  togeCher»  according  to  cases  1 


and  2 ;  cotmect  the  iinhlce  quantities  tn  any  order ^  -with 
proper  ngns  and  coefficients  prefixed. 


Ex.1. 
+  4z&  -f    4 

—  4tfft  4-  12 
-L  7fl3  —  14 
4-    a*  +    3 

—  5fl3  —  10 


Ex.2. 

—  3^ 
4-    oa:* 

— r  dor* 


Ex.3. 
+  lOVaa: 
—    3^02; 


+  2ab  —    5  — Syg'a^^Sga;*      —      ^ax 


Ex.5. 

—  6a 
4a 
6a 

—  3a 

±^ 
3a 


Ex.7. 


t 


t 


Ex.6. 
302' 
4£m;' 

—  8fla? 

—  Soa:* 
+  5aa^ 

—  2a2^        —  83^ 


+  8^ 
— 16a:» 


t 


_7y 
-2y 


Ex.8. 

-  3a» 

—  10a« 
10«2 

14fl« 


+  3y 


6fl* 


:.  4 
+  3y  + 

—  y  — 

—  %  + 

4y  + 

Ex.  9 

-^-     3* 
4-     9& 

—  IW 

—  25^ 

—  19^ 


Ex.  10. 
*    2e^—   3fl^  +  2^»_   3a« 
_a^_L     a»-}-3*»_5c» 

100     4-    5fl*  — 23'+    4c» 
16g»-f  20fl3  —   3c— 80 

13fl«4-22a3  +33'  + 
ii'  — c'+20  — 3c. 


Ex.  12. 
Add   %-^4r  ^- 

And    %+^-^M^  + 
b  a  X 


Ex.  11. 

+3aV — A/ax — ary* 
—xy-^SA/fdi—A/db 

+4(aa:)^— 23'—  c<f 

Ex.  13. 

— 4fl«— 9(^c— 106^+ 
-,-60^+  he—  9«*-f 


Sum  13a   ,  4c'       b^Jhc  «  a3  -f-  x. 


3dhf--^x—%i?y 


Ex.  15. 

2Va:  — 17y 

3Va:y+10a; 

2a:»y    +2% 

12a:y    +18a:* 

-  8y      —A^xy 

20Va:  +12a:y+ 


Ex.  16. 
2a»—  3flA/« 

a:y+32:z'^ 
20  --65.r.^ 

37a2—3aA/-f.— 122^7^ 


AvmooVk 


» 


Ex.  17. 

—  xy 

—  4)02: 

4ay 

Ex.  21. 

8aV— 3^2: 
7aa;  —  5xy 
ftry  —  5flKi; 
ggV+    ay 


Ex.  la 
aw?  ~^ 

5a?    —    3x* 

3//a:+  10 

8a:*     —20 


Et.l9. 
22;y-^2a:* 

aa:^4-   ay 

sf  -^   xy 

4a?  —  3a:y 

Ba?"}-    xy      14ay  —    8a? 


St.  80. 

2a:y4-    ^ 
3a:y+    4a? 


Ex.  22. 

-f  iza:*+105«  — 

+3«a?-^50    -- 
— •  ax^  -4-flra?  — 


3fl?a: 
2aV 
2ei»i: 
120 


IOfl?a?  -j-  5xy  —  oa: 

Ex.  ^.      fix.  ^4. 

—  4a:  6a: 

—  2a:  3a:  • 

6y— 3a:     I2x—2y 


■f2fla?+9j^^ 
Ex.25. 


arf-a?  —  (fx+ 170 


£x.  26. 
4ia:— ISOx   +  Q^x 
63^  +   2ax  X    9sf 
7xy—    4a:*  +90 
^x    f-  40     —   6a? 

7ga;4-8a?-f-7a:y 

NoTS.     When  qtmntities  with  Uteml  coeffici^ts  at«  to  1)6  added 
together,  it  may  be  done  by  iix-^b  €u^-^bx 

ith 


+  6a:y  —12a? 

—  4a?  +  3a:y 
+  4a?  —  2a:y 

—  3ay-j-  4a? 

4xy^^^  8a? 


placing  the  coefficients,  wit] 


cx^d 


caf'—dx 


their  pfoper  aigns,  under  a      («-f*e)a>-|-^-|"ii    (a-(-c)a?+(^— rf)« 
vinculum,  or  between  brackets*  and  t];^en  su^oinuig  the  coEunon 
quantity  to  the  sum  or  difference  thus  arising,  as  in  the  margin. 
Ex.  1.  Ex.  2. 

cdx-\<A^  iJa?--*-7iz 

hxr—aif  bo^-^-cez 

d!a? — mz 

(a+crf+3)a:4-(H-fl<^— g)/  (d+h+\  \  )a?+(ai~^-f.aellm)i 

Ex.  3.  Ex.  4. 

nx  -f-iiy'  ts/x-^^ 

by  —dx  €Lx — z 


{ar—d)X'^{d — b)f^-\-(b-\-m)y 


dz-j-y 


{am+b+l)y+{C'^-l)A/x-^{dr^l)z+4ix 

EXAMPLES    FOR   PRACTICE. 


1.  Required  the  sum  of  -5^  and 


2     2 

2.  Add  &i>— 3«4-W-7,  and — 4<jh-ar4-2i--*,  together. 

2 


Answer,  a* 


•30  SCTBTftACTfOH. 

3.  Add  3fl-l-23 — 5,  a^b — c,  and  60— 2c-j-3,  together, 

4.  Add  2a-f3^— 4c— 9,  and  5a— 334-2o— 10,  together, 

5.  Add  2?-f^-f-&»4-2,  and  a^-j-ca^+rfa? — 1,  togellier. 


SUBTRACTION. 


39.  Subtraction  in  Algebra  is  the  method  of  finding 
ference  between  two  algebraical  quantities,  and  connectir 
quantities  together  with  their  proper  signs. 

EtTLE  1.  Set  those  quantities  from  which  the  subtractior 
made  in  one  line,  and  the  quantities  to  be  subtracted  ii 
below  them,  observing  to  place  like  quantities  under  eac 
when  they  occur.  , 

RirXfE  2.  Subtraction  in  Algebra  is  performed  by  simply 
ing  the  signs  (-[-  into  — ,  and  —  into  4-)  of  the  lower 
quantities  to  be  subtracted,  and  then  addmg  or  connectin 
fts  in  addition,  and  the  result  will  be  the  difierence  require 

Ex.  1.  Ex.  2. 

From  ^  or  changing  the  )  To     8a       From  -f-  6a  -|^  5; 

Take  3a  sign  of  3a  )  Add--3a       Take  —  3a  4"  ^j 

The  answer  or  remainder,    -^  5a  -j-  9a  -j-  3) 

Here  the  quantity  to  be  subtracted  is  —  3a-}-2y  — 3 ;  w 

fore  change  its  signs  according  to  the  2d  rule,  and  it  b 

-}-3a  —  2y  -f-  3,  and  this  added  to  the  other  quantity  gi^ 

remainder  -j-  9a  -}-  3y  —  4. 

Ex.  3.  Ex.  4.  Ex.  5.  Ex. 

5a*  —  2b  2:*—  2y+3       5xy+  fe— 2      +83^  —  i 

2a' -4- 55         4ir^4-  9y— 5        2xy—  8ar— 7      —  f-\-i 

3a'  —  7b      — 3a:'— lly+8        2xy+16x+5       +9f -^  i 

Ex.  7.  Ex.  8.  Ex.  9.  Ex.  10. 

10— 8a:— 3a:y  5a:y— 18  —Sz^y^Sb  .4A/aa:— 2ar*i 

^— a:  -f^    —  ^  — ^y+12  -(-3a:'y — 7b  3/s/ax — 5xy 

7  — 7ar  —2xy  6a:y— 30  — Sar^y—  b  \/ax^23^y 

I 

Ex.  11.  Ex.  12. 

5o^  -^a/x  — 4y .  20aa:  —  5a/x  -\-  3a 

Gai*  —  8a; —  x  4ax  -f-  6/^z  —  a 


>—  a^      '^•8x'^-2A/x-^  f  I6ax  —  lO^a:  4-  4a 


r 


Ex.  13.  Ex.  14. 

Sab  -4-  2^  —  c  4-  be — b         ilc'  —   ia^  4-  ca;  —   rf 

lah  +3^  —  c  —  3  oa:*  —  2ia?  +  (c — e)  ar  +  <^ 

Ex.  15.                      Ex,  16.  Ex.  17. 

— 6a4-13a:— 4i— 12c  6ft:»y— 3V(^)  — 4ay-{-12a/v/{<M:4-6) 

—9^4-  4a:443—  5c  ^3^y-\^s/{xy)  Ta^-f  4a>y(flar4^). 

3g^  9a:— 8^—  7c  83:^—6^/(3^)  — lla:y^-f-  8g/v/(aa:-f-6) 

Ex.  18.     From  the  sum  of  4fla:— 150-f4a;*,  6a:»-f-3ar+10x*» 

and  90 — ^2aa: — 12^ (a:),  take  the  sum  of  2aa: — 80+7a:',  7a:— So* 
—70,  and  30— 4V(a;)— 2ar»+4a»a:». 

4^_150-|-  4a;^  and    2aar— S0+7a:« 

3aa:+5ar»  -\-lOxl  —Soar— 704-7a:* 

— 2aa:4-90  —12a:*  4a«a:*+30— 4a:i— 2;^ 


Then,      5aa>—  60+52;*4-2a:f         — Oar— 120-f3a:i+6ar»44fl«a* 

— 6aa:— 1204-5a:«4-3^*+4fl«a:»  . i 

Ans.      llax-\^ —  >^a?— 4^^. 

EXAMPLES   WITH  LITERAL    COEFFICIENTS. 

Note.     When  the  quantities  that  are'  to  he  suhtracted  have  lit* 

m  .          -1                            aa:— 3  cu^A^bx 

eial  coefficients,  the  opera-  ^^ ^  C3i?—cx 

Jkd^^L  coeE™s!  with    (a^)x+d^-^     (aZ^)^+(^^J 
their  proper  signs,  between  brackets,  as  in  addition,  and  then  sub- 
joining the  common  quan^ty,  the  same  as  in  the  margin. 

Ex.  19,  >  From  pxy  -}-  qxz — rz^  -f-s 
Take  mxy — ^qxz — nz^^a 

Remainder,  (p~^m)a:y4~(^"f~ifi)  qxz-\-{n — r):i?-\-s—^, 

Ex.  20.     From  a(a?^-^)|+*3a:y-f  c(a4-a:)* 

Take    [x—y)*—bxy'\-  {aJ^)  (a+x)\ 

Eemainder,  (a — 1)  (x — yp-\-2bxy — a(a-\-xf. 

EXAMPLES    FOR   PRACTICE. 

1.  Kequired'the  difference  of  -5--,  and  —^^        Answer,  b, 

2.  From  3a>-2a— *+7,  take  8— 3*-fa-|-4r. 

3.  From  3a4.*4-o— 2i,  liake  &— 8c+2rf— S. 

1  From  5aH-23«— c+^c— *,  take  V—2ah^hc. 
.     6.  From  fla:*— ^a?+ca>-^,  take  i5a?4-eaj— J2rf* 


in 


MULTIPLICATION. 

40.  MuItipBcation  in  Algebra  is  the  method  of  findfngrtheprt 
duct  of  tw(i  or  nwTt  indeterminate  algebraic  quantities,  and  is  g* 
neraUy  divided  into  three  toMs, 

Case  I.     When  both  factors  are  nrrvple  quantities. 

Bnus.  Multiply  the  coefficients  of  the  two  quantities  tojpthe 
and  annex  to  the  result  (or  product)  all  the  letters  in  both  nictor 
which  will  give  the  whole  product  required.  If  the  signs  of  tl 
factors  be  like,  that  is,  both  -f-  or  both  — ,  the  sign  of  the  product 

i- ;  but  if  they  are  unlike,  or  one  of  them  < —  and  the  other  -| 
e  sign  of  the  product  is  — :  and  this  is  commonly  expressed  b 
saying,  like  signs  give  plus,  and  unlike  signs  minus. 

Ex.  1.  Ex.  2.  Ex.  3.  Ex.  4.  Ex.  6. 

Multiply  4a  4abc  9x]^  — Qabc         -^a^bc 

by  3b  3ac  —2x  Mb         — fi^V_ 


\2ah         VSt^bi^      — I82V      —\Mb\      +12^^ 


Ex.9. 
— 9a:» 


Ex.  10. 
— 6a'a; 
+5a: 


A-^tSb^      — 30(ft? 


Ex.  18.      Ex.  19. 
*tah        — laxy 
'-^Sac        +6ay 


Ex.  15. 

— ia^^jf* 

-J-16£^ 

Ex.  21. 

+12a»a: 
— 2a;V 


Ex.  16. 
6aa:^ 

Ex.22. 
Sa^ 

2*V 


Ex.  17. 

— 7«J^ 
— ^at?^ 


-^Sa^c  — 42flV       +22^f       — 24flVy     6a*b' 

Case  II.     When  one  factor  is  a  compouTtd  and  the  other 
simple.     Rule.    Multiply  each  or  every  term  of  the  compoun 
factor   separately    by   the  simple  'Victor,   and   to  each  priwiuc 
prefix  its  proper  sign,  and  the  result  will  be  the  whole  product. 


Ex.  24. 

Ex.  25. 

Ex.  26. 

Ex.  27. 

Sar^2b 

Ozy— 8 

I2x—ab 

a^    2z+l 

4a 

2x 

6a 

4z 

12a«— 8a5 


Ex.28. 
35a:— 7a 
—2a: 


iete»y_24ar    60aa;— 5a*3 

Ex.  29.  Ex.  30. 

12a:y— «ar-f^  ^xf-^^x-^-a 


4a*a:— Sg^-lrj 


3a:y  —2/^b 


— 70^J-1^    SQs^y'—Qax^+lSscy  -^^e2^^b+8^bz'-^aS. 


ft 

Ex.31.  Ex.32. 

Hnltiply  \2ji?y-\-23n^-^xy        factor    4fl^x-|-3cy — abc  compouniL 
by     2ax simple  3gy^  or  sipgle  factor. 

Ex.  33.                     Ex.  34i                     Ex.  35. 
3a?— 3:^+23^                3j^+y— 2                  13a:«— «"* 
fig* ay  — 2a' 

l&c^— 5ar^y4-iQ^        3a:y'+3:^— 2ay      — 26ga;*+2g? 

36.    Mult.  doirpZ!^  37.       W— 2a^4-^U-^^ 

by  &tg  Zx 


25g3ay+15gay— iQay         36a^a^*-6i/'z4<12ax-r^3jB7 

Ex.38.a4-zi      Ex.  S^.  "Sy-.S:?+4  Ex.  iflT  k;ry+i,« 

4^ — 14aa; 13a:' 

4aa?-f-4*a?        — 42aa:*4-28fla;«--56aa:        325a:»y+39<?2" 

Bx.4L  '  Ex.  42. *^■^— 

Multiply  9««a:-f  3^— a:+l  Mult.  42^+32;— 2y 

by     — g* by  — 3ya: 

— 9g»a?— 3fla:*+a?— ^  — 12a?y*— OaiV+fey* 


CiiSE  inrirAca  withjajcttyn  are  tompound  quantities. 
lulth  "  "        " 

proper  fligns ;  tnen  add  the  seven^  products  together,  a^  in  com- 


£i7L£^     Multiply  every  part  of  the  multiplicand  by  each  part  of 
the  multiplier,  placjng  die  products  one  after  the  other,  wim  then 


mon  multiplication. 
Ex.  1.     Multiply  a-^-h     Ex.  2.  ur^b         Ex.  3.  a'+ai+i^ 
^  by  Or^-h  a — b  Or^ 

Istyhy  u*'t^-\-ab  u*'\-ab  (^-j-cfb-j-aff 

2d,by3>>        fl^+y  —ab—b'^  ^^b—<j»—» 

Product     tf»4.2a*4-i«        a^    "f^—b^  fl»      *     *  —^8 

When  we  have  two  or  more  quantities  to  multiply  together,  it  is 
indifferent  which  two  we  begin  with ;  for  the  products  will  always 
be  the  same^  as  will  appear  from  the  following  example^ 

Let  it  be  proposed  to  find  the  value  or  product  of  the  four  f<d- 
lowing  factors,  viz : 

(I.)  (II.)  •  (in.)  (IV.) 

(a+i)  (a'4^4-*'^  (a—*)        and  (o^-^^^f^ 

1st.  Multiply  the  factors  1.  and  11.      Next  the  factors  III.  ana  lY. 
ff\aJbJ^V  ^— «H-3« 


^b\^^^  '--a'H-^—^ 
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It  remains  now  to  multiply  the  first  product  I.  II.  hy  the  second 
product  III.  IV. 

— 2rf*^— 4a*y— 4fl?y— 2a«^* 

4-2a*3''+^y-f4aV-f 2fl5» 


or 


*  —b^ 


2d.     Change  the  order  of  the  question  ;   that  is,  multiply  ttie 
factors  I.  and  III.,  then  IL  and  IV.  together. 

Then  multiply  the  products  L  IIL, 
and  the  II.  IV. 
o+i  Then  a«+ai+i»  a'J^t^V-^-V^ 


ffJLab  a'+(^b+c?l?'  a^J^a'b^'-^V 


rf  *  -*»  +^^^+05^+^     a«     *      *  — ^*  which 

cf     *~4-<dW    *  +^*       is  the  product  required. 

3d.     Again  multiply  the  I.  factor  hy  the  IV.,  and  next  me  II. 

by  the  III.  It  remains  tg  multiply  the 

product  I.  IV.  and  II.  m. 
rf»_<i54.y  Next  ^-ffli-l-y  -     a»+i» 

a-\-l a-r^ <f — ^ 

t^^^b-^-^  t^^b+(Ui'  o^+o^ 

as  in  the  two  foregoing  cases. 

It  will  be  proper  to  illustrate  this  example  by  a  numerical  ap- 
plication. Suppose  0=3,  and  &=2,  we  shall  have  a4-fc=5,  and 
a — fc=l ;  further,  a^==9,  a&=6,  and  3^4,  therefore  avj-aJ-f-3^ 
19,  and  a'-J-a3-f-3'=7 :  sp  that  the  product  required  is  that  of 
5X19X1X7=665.  Now  a'=729,  and  ^=64;  consequently 
the  product  is  cf — ^^^=665,  as  we  have  already  seen. 

Ex.  4.  Ex.  5. 

^_15  -^i35-i.6a?--2V«* 

^a:*— 15  _i354-6ar»— gVa:* 


Aa^— 32*  +18225— SlOa:*. 


7«4 


J^ 


--3a;*+225  — 810a:»+36a:*— yV* 

Ans.  18225--16202r'4-^ik^'^-^+^^ 
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Ex.  6. 

^-5^4-as —  b 

— 5a5^-f-flV — cUfs 


Ex.  7.  ^     Ex.  8. 


— 4fl»2;*+6fla^— Sx*  +5fl^a:'-f4flV-f3a*a:4-a' 

Ex.  9.  Ex.  10. 

6fl«-^fla:— 22:«  2a?-^aa;+a' 

\M^l5€^z+20(^2?  10a:'+8aa:*+6aV+2a«a* 

-12a8a;+18aV— 24ai?  — 15aa;*— 12aV— ^aV-^^ 

lOg*— 27aV4-34<^ar'--18fla^->83;*  IQg^— 7fla;*->iz«a:^— ^<r>j:«  *  4^ 

Ex.  11.                    Ex.  12.  Ex.  13. 

at"~2x+5                    a:»4-y  a?+a;y4Y 

^  1-7                              a^^-l-y  2/*—^+!/* 


18r'-.-3ai:*+44r— 35  2:*+2z«y-f-y8  4.a:ay?4.ay-f^ 

Ex..  14.  Ex.  15. 

iif^aa^-^'bx — c  x^'\-xy-^i/^ 

s^-^-f-e  ,  a: — y 


af—ax^-j-bs^ — ca?  x'-^a^y-{-xi/^ 

—^-f-ada? — bd3?-\'Cdx  — 3^ — xi^ — y^ 

4-ga? — aea?'\-bex — ce a:^    *    *  '  — y* 


16 


K^tflVhtOA'tWK. 


Ex.  16. 


114^^51962?— (a?+24)«|or,  114r-V(196a?— a:*— 4a^-.«76) 
mult.  114^V(148ar»— 2;*— 576) 


by  114-.V(148ar^— 2:^— 576) 

1 148— 1 14  V(  148a:*— a:*— 576) 

—1 14  V(  14ag«— a:^— 576)4-(  148a?. 


:*— ^6) 


'  PrQd>  12996— 228V(148a?— a;*— 576)-K148a?— a:*-~576) 


Ex.  17. 


6a:«+4aJ^y«-|_6a?2^ 
6a^-^:ggy8_6a;V-f21a?y^+^y^+lV 


Ex.  18. 


a«      *     * 


Note.     When  the  quantities  that  are  to  be  multiplied  together 


CX"-^ 


HMk- 


*--aax — hd 


a — hx 

c — dx    ' 

ac — bcx 
— fl<fa:-f-ftrfar 


have  literal  co- ' 
efficients,  pro- 
ceed as  before, 
putting        the 

efficients  of  the  resultinff  terms,  between  bm^ketSt  as  in  th^  fdlr- 
mer  rule.  And  if  several  compound  quantities  are  to  be  multiplied 
together,  multiply  the  first  by  the  second^  and  then  that  piod«£t  by 
the  third,  and  so  on  to  the  last  factor,  as  below. 

a-f22r 
0— 3a: 

4if-\-2ax 


— 3aa?— 6a;^ 

«* — aar— ■6a* 
g-j"4ag 

0* — c^x — 6aa:* 

*  -f4a'ar— 4ga:'— 242:* 

fl»4,3g'a:— lOaa^— 242:» 


Sfl-f4a; 

6a' — ^Soa; 
4-12aa?— 4a:* 

6d'\-l0ax—4a? 
Ad' — ^2a; 

24a*+40a«;r— 16aa? 
— 12fl'a:— 20fla^-f8a;» 

24g^4-28fl^2-— Seaar'-^-^ar' 


To  this  vjce  may  add,  that  it  is  usual,  in  some  cases,  to  write 
down  the  quantities  that  are  to  be  multiplied  together,  between 
brackets,  or  under  a  vinculum,  without  performing  the  whole  ope- 
ration J  as  3a*(a-|-*)X«>v/(^ — ^) 


HIILTffLUIATlOII. 


Ez.  31.  El.  32. 

«■+«■+(?— «*-««_*:  o'+a.li-l-3«i'+i' 

»-H-l-c       ■■■— a^a:^-^— a^ 

ii'4.«J"+iK»— o'J— o"c— <!fc  ?+3<i"«4-3«V+a'i' 
-K!4-S'+5<»— oi"— oJe— *"c         — Sa-i— 9»V— So"!"— 3oV 

•■•+(■      •  — Sofc-H?        — a*!*— aiV— 3»!^— «^ 


I*,  .><||.l.gX    -■si 

3-»    X|pj,-«S      S'i 

•a  -b   ^t  B   J-S   s-'^as   6 


Ex.  24. 


i<o?+fc«i!'+4rf-(-»>-a» 

ii4^Sif»ek4-(«»+*"+«<)»'+(«''-H»+i»-H«)' 

-Ktr+.«+<''»l''+("-+iinl»^-l-<ira^ 


DIVISION. 

41.  DiTision  in  Algebra  is  the  method  of  finding  the  qiiotient  aris- 
hg  firom  the  diTision  of  one  algebraic  quantity  by  another.  Diyi- 
sioB  is  generally  dirided  into  three  caaes,  namely,  when  the  divisor 
and  dividend  are  both  simple  quantities ;  when  the  divisor  is  a 
siiflfie  quantity  and  die  dividend  a  compound  one ;  and  when  the 
diiisor  and  dividend  ore  both  compound  quantities. 

Case  I.     When  the  divisor  and  dividend  are  Both  simple  terms, 

JtsuL  I^ce  the  divisor  in  the  form  of  a  denominator  under 
the  dividend  ;  cancel  those  letters  which  are  common  to  both,  and 
liwde  ^e  coefficients  by  any  number  that  will  divide  them  with- 
out a  remainder,  and  the  result  will  be  the  quotient  required. 

fivLB  II.  Divide  the  coefficients  as  in  common  arithmetic,  and 
to  the  quotient  annex  those  letters  in  the  dividend  which  are  not 
found  in  the  divisor. 

A  general  rule  for  the  signs  in  all  the  cases  of  division : 

When  the  signs  of  the  divisor  and  dividend  are  alike,  (that  is, 
both  -}-  or  both  —  ,)  the  sign  of  the  quotient  will  be  -{-.  When 
ite>f  are  unlike,  {that  is,  the  one  -f-  <^d  the  other  —*•,)  ike  lign 
•f  the  quotient  will  be  — . 

The  above  rule  briefly  expressed  in  one  view,  is  as  follows  t 
Div'r.        Div'd.      Quo't.  Div'r.  Div'd..    Quo't 

-    \    +     l- 


Both  mints. 
+    I    -    I    - 


^'    Plus     I    H^a   i    Hus 
Minus  )  Minus   }  Plus 

AGAIN,  THVS: 

and  these  four  are  all  the  ca^es  that  can  possibly  happen  with 
legiird  to  the  variation  of  the  signs. 

Powers  and  roots  of  the  same  quantity  are  divided  by  subtract- 
ing their  idices,  that  is,  subtract  the  index  of  the  divisor  from  the 
indexof  the  dividend. 

Thus,  5?!=:*^-'  =  a',  or  «;    ^  =,  ^  =  «•««'-• ' 

a  u  Or 

a'  a* 


M  ntnstoic. 

1.  Divide  I62*  by  82;.  2.  Divide  I2ax  by  2a. 

- —  ass  2Xf  Ans.  — n—  =  4a:,  Ans. 

3.  Divide  — lOa:"  by  —2x.  4.  Divide  — 18aa?y  by  —Soar. 

-^=  +  5.:,  Ans.  _^_  =  +  _,Ans. 

6.  Divide  12aV  by  — 8fl?a:.  6.  Divide  — 15fly*  by  3ay. 

7.  Divide  6ax  by  2/^ax.  8.  Divide  15a^a:*  by  — 3aa?. 


TFJ^Ti  ^Ae  coefficients  of  the  divisor  and  dividend  are  both  frac' 
turns,         ' 

Rule.  Invert  the  coefficients  of  the  divisor,  that  is,  put  the  de- 
nominator of  the  divisor  in  the  numerator's  place,  and  the  nume- 
rator in  the  denominator's  place ;  then  proceed  as  in  multiplica- 
tion of  fractions  in  arithmetic. 

9.  Divide  12flV  by  3a«ar.  10.  Divide  —15abl  by  — ai*i- 

12a«a?                              —I5ab^        .   15ab^  =  5^^"^  =i6b^' 
=  —  4ar,  Ans.     -r  s=  -( ~ 

_3fl«a:  — 3a^*  2ab^ 

11.  Divide  ISa'^i^a:*  by  — 6aWa:*     Divide  — 13a^^«c  by  — Va^ff'c*' 
ISg'^a;* ^      —ISah'c  _  ISa^'^  be  ^^^_  13a*3c^ 

_6a^a;*  — 7a*5«c*  7  7- 

13.  ^Divide  ax^  by  — 1«*^*       I*-  Divide  27a*  by  — |  aK^' 

27(1*  27X5  i     1  >,r  i  TO    A 

15.  Divide  — -^x^  by-^a:*.         16.  Divide  —  -a^  by  -a*. 

DO  00 


=-ar*^  =  -3z*    ^i=-fXi=-f,Aii8. 


6^ 


«         I 

ax^ 


iai 


615         1  ^    i  JL 

■=  — ^a-jTir  — .  iV  =  — o^    a^" 


_3^M  3a-x..-»-      3 

5 


GASfi  II.  When  tik  4k&6r  is  a  $bt^  qmaiitky  Md  tk§  4i9i' 
itTtd  a  con^fouTid  one. 

RtTLB.  Divide  each  term  of  Ae  dividend  separately  by  tte  di- 
i^or,  and  put  down  such  as  will  not  divide  in  the  form  of  a  firaje- 
^n,  and  the  result  will  be  the  quotient  required. 

1.  Divide  18a»*— 64a'  by  6a«.  2.  Divide  IGob— 40»»  by  8x. 
18eE?^5--64fl*       ^,     ^  16aa>-J^2?       ^      ^  . 

3.  Divide  iai»a:+4^— Ifk  by  4a. 

'  , c=:3aa:-f-2r — 4,  Ans. 

4  Divide  Sabc-^-Uabx—Se^b  by  Sab. 

! — -—-- =  c-f-^x — oa,  Ans. 

3ab  ' 

6.  Divide  40a'**+60aW— 17a*  by  — «*. 

6.  Divide  da^+^^jSax^lSx,  by  9^        Aii».,  j^-Lfi^.^..^ 

7.  Divide  14^— 7ai+.21a2^-.28a,  by  7a, 

-.■■,.,.,r^ =  2^ .  . ^  ^a2>— 4,  Ans. 

&  Divide  — 10aH-30«*'-^a'^,  by  —2a*. 
„      — 10a*-}-30a*'— 6<^tf^ 


(e  15a?^(^^12aca:^-}"-6a<P,  by — Sac. 


-^—Sac  6 

10.  Divide  9a^— 3a>— 10-f2y  by  —3a:. 

—3a:  '      '3a;       3a: 

11.  Divide  _8:r8-}-5:r— 12+2*  by  —2a:. 

-^H-^^g— 12+2*  .    .^       5,6       *    , 
-^ =+4a?-^+^-...Aila. 

12.  Divide  20-^15+7^0+3*  by  3a. 

2*-1.5+7a+3*        «  ,  b—5   , 

— ^ 5 =s  3-j ,  Ans. 

3a  '     a 

13.  Divide  aT^x—ct^^'x—a^x—cr^x-^ ,  &c.,  by  a". 

flr+»a^-Hr+«a^-^a^a:— a^a:  o        .       ^ 

'         =  aa?  —  0?^— OTJ-HTa^— ,  Ans. 


■<i  t 


cT 


Casb  IH.  When  the  dhuar  and  dividend  are  both  congMnmi 
quantities. 

Rule.  Arrange  both  divisor  and  dividend  according  to  the 
powers  of  the  same  letters,  beginning  with  the  highest ;  &en  find 
now  often  the  first  term  of  the  divisor  is  contained  in  the  first  term 
of  the  dividend,  and  place  the  result  in  the  quotient ;  multiply  the 
whole  divisor  by  this  quantity,  and  place  the  product  under  the  cor- 
responding or  like  terms  in  the  dividend,  and  subtract  it  from  them; 
to  the  rem?iinder  bring  down  as  many  terms  of  dividend  as  are 
requisite  for  the  next  operation,  and  divide  as  before,  and  so  on 
till  the  work  is  finished,  as  in  common  arithmetic. 

Dividend.    )  ^^-f^  Divisor. 

32a:^+243  \  16a;*— 24a^+36a?— 64a:-f81  quotient. 

32a:^+48a:* )  Divis.     Divid.         Quotient. 


— 48ar*+243  3a;--^)6a:*— 96(ai:^-f4a:»-f82;+16 

_48a;*— 72a^  6a:*— 12a:' 


72a:»+243  12a:8— 96 

72a;'--108a;«  12a:«— 24a? 


— 1083:^+243  24a:»— 96 

_108a:8_162a:  24a?— 48a: 


162a:+243  48a!— 96 

162a:-  -243  482?— 96 


fiividend.  )  2a: — 3a  Divisor. 

48a?— 76aa?— 64a?a:+105a?^  J  24j2_2ac— 550*  quot. 
48a?— 72fla?  Dividend.  Divisor. 

— 4fla?— 64e^a:  4a?— 9a?+6a:— 1  I  2a?+3a:— 1 

— 4fla?+6a^a: 4ar^4-6a?— 2a?      )  2a?— 3a:+l  quot. 

— 70a«a:-f  105a9  .^_6a?— 7a?+6a: 


— 70g°a:+106<^  — 6a?— 9a?-f3a: 

Dividend.  4-2a?+3a:— 1 

a:*+y*    )  x-\^  divisor.    2^  2a?+3a:— 1 

x*'\':ify  S  a? — ofy-^-on^ — y'+  ai+y^ 
— ^a?y+y*"  Dividend.a? — if  (  a:4-y  Divisor.      . 

.•^y—^  a?+a?y  (  a?— a:?/4-j/^ ^^^"^ 

+  ^+3^  — a?y  — y«  ^-ry 

— ay+3/*  xy^—^ 

—xtf^  a:y^-fy 

Remainder  2^  Remainder — ^2y" 


5 

as 


Dividend.  Quotient. 

t^X-ficfb  Divisor.  Divd. 


-**  Quotient. 


— a:*+l 


— 80^— 16i« 


-<r«+l 


Div.   Divd.         Quotient. 


— 8fl3»        —16** 


a:-4-l 


.l)a:»— ICa^'+a^+z'+a^+x+l  -1-16^4-24**  rem. 
Divd.  Div.  Quo. 

^ — 7^  <f\^x 


•a:— fl*a;» 


«*— 1 


fl»a;«-}-a^ 
a'a? — a^a:* 


a:«— 1 
a* — ^a:. 


a: — 1 
x—\ 


-w^z'+a^ 
— a^u? — oa^ 

Div.  fla^-l-a^ 


Divisor.        Divd. 


2a«*— 2a*i»+43* 


a«y>-fl*V2--3* 


a^--Aw4K^)4a;*— 9aV+6a^a;— fl*(2a;«+3aa>— a« 
4a^^^ga3^2fl'a:* 

60^*— llflV+erf'a: 
eaz»_9a«a:»-f  3fl?a; 

— 2a»a?-4-3a"a5— tf» 
— 2<^2*-  -3fl^a?— rf* 


a^j_^  ^  fl'4"^^ quiitient. 

^TF 

Dividend.  aa^-f-a:' 

0?— 3)a*— di^+^'^a:— 27(a?— 6a:-|-9  qaotieat. 

a^—- 5a*                               Divisor.  Dividend. 

— aj?4-27a:               y-«8)2y»— l%"+26y— 16(2y*— 3y4 
— 6a?4-l^  2y»— 16p» quotient 


9a^27  — 3y». 


■26y 
-2^ 


2j^l6 
2y— 16 

2i/*  ■^■~' 

^■■-■y)»---^y+»y4^4y '  ^3^  quotient. 

3V— Sy  fl?-(-<^a;  quotiei 

^ — ^  — fl^^ — ^ 

^-/  S?— a:" 

— 2y*  remainder.  aa:*+^ 

Divis.         Divid.  jg^j            — ^2^^ 

f)<^4"&A^4-6fla?+3^<'H*'*^+11^7f- quotient. 

of — c^x  Divi^.  Divid.^*    * 

6a^X'-^aa^    x — a)a?-— 3«a:*-|-«^^"^(^ — 2ax^€fx 
6e?x-\-5aa^  7^ — aa^ 


Remainder  X2af                        c^x — a^ 
Divisor.                        J>ividend.      ^^ — ^  Quol 

-  2ax  +  a:»)fl^  —  5/Ar  +  ^^(^^  —  lOaV  +5aa;*-^(a»_3j 
•     flP  — 2<i*a;-f    a'a:* -f^ato*— 

—  3a*a:  4-,»«'«' —  K^a« 

3«'ar»_74««a^  +  5ai* 
.         — ..^a!»  4- 2ai^  —  a;* 


— .^^a!»  4-  2aa^  —  ? 
—  rfa^  +  2fla^  — a? 


BEVIUOIC.  Sf 

Ftom  the  preceding  roles  are  deduced  the  following  useful  the- 
orems, viz : 

1.  By  the  rule  for  addition,  if  the  sum  of  any  two  quantities, 
a  and  b,  be  added  to  their  difference,  the  sum  will  be. twice  the 
greater.* 

2.  By  the  rule  for  subtraction,'  if  the  difference  of  any  two 
quantities  be  taken  from  their  sum,  the  remainder  will  be  twice 
the  less.t 

3.  By  multiplication,  example  2,  article  21,  if  the  sum«  of  any 
two  quantities  be  multiplied  by  their  difference,  the  product  will 
be  the  difference  of  their  squares. 

( a-f3  ( .o+d 

*  For  <  added  to  a— 3        t  and   <  diminished  by  a— ft 

(      gives  2a  (  gives        2b 


X        ^       ^       3J*       iU*       iC* 

— X  ar~-'X)a.  • .  •  (1-j—  I     -j  » &c.t 


— x- 


a  f-x 


a 

t  Now,  it  is  easy  to  perceive  that  the  next,  or  sixth  term  of  the 

quotient  will  be  —  ^  and  the  seventh  term  -^,  and  so  on,  altera 

nately  plus  and  minus ;  this  is  called  the  law  of  continuation  of 
the  series.     And  the  sum  of  all  the  temfis,  when  infinitely  conti- 

nued,  is  said  to  be  equid  to  the  fraction  --t--.     Thus  we  say  the 

2  «+^  . 

vulgar  fraction  ^,  when  reduced  to  a  decimal,  is  =.66666,  ta. 

o 

infinitely  continued.     The  terms  in  the  quotient  are  found  by  di- 
viding liie  remainders  by  a,  the  first  term  of  the  divisor ;  thus,  the 

first  remainder,  — x,  divided  by  a,  gives  •——,  the  second  term  in 

a? 
the  quodent ;  and  the  second  remainiler,  -| — ,  divided  by  a,  gives 

-f- -3,  the  third  term,  &C. 

3  4 


/ 


iKviiiinr. 


EXAMPLES  FOR  PRACTICE. 

1.  Divide  ic»— 48:r»+200  by  a:-f2.     Ans.  a?— 60arrfl00. 

2.  Divide  :c'— 22a:— 24  by  a;-j-4.     Ans.  a:*— 4a;— 6. 

3.  Divide  a^.j-9ar^+4ar— 80  by  x-^5.    Ans.  a;«— 4a^— 16. 

4.  Divide  a:3+39ar^+249a;+239  by  a:-f  1.  Ans.  ar*— 40a:+289. 
6.  Divide  a;*— 38a:^+210a:«-f-538a:+289  by  ar+1. 

Answer  a:*— 39a:»+249z-f  289. 


tf±3)  a      (1±- 


i — Q±-a+-z>occ.  answer. 


«'+2aH^a»....(l-^4^     *** 


a 


— 2a^-tf^ 
— 2(1*— 4tf»- 


a» 


2y 


a 


or 


V 


+3*»— - 
•  a 


V"      ** 


Rem. 


** 


43'     83*     43^ 


a« 


Remainder  +-ip  |  ■  3 


«*+^«'-^(l-?^^-|^+z 


2a:*'    .. 


-2a:« 

-2a:«. 


2a:* 


#»*» y»1»   'n<vM 


a 


2a:* 


a:*- 


,  2a:*   ,  2a:« 

r.-:5  +-4 


a?"— -a'""**a:** 


a- 


Rem*  -j-a*  ■*'a^ 


2a^ 

"a* 

"2? 


2sf 

7 


Divisor.  Quotient. 

I    xz/^      ic  ,  hi?     b(?  hx*                      X  .  a?     «*  ,  a:\     b 

—  ^+—  a'{'b)2ab(2b J--^-  —  _&c. 

,«       ,  . ±  2al>+2b^     "^      /    .  "^ 

3£ 03^         icf  2y  Quotient 


'~h^  b(^     (fj?         —  2**- 


a 


23* 

*^   .  3a:3        .  €?}?  *  4 


+i+5   ^ 


a 


i^      _,_^j_^  +T  +? 


Ja:»     Ja;*     ^      ^ 


24^ 


a* 


^  a?  2J*      2^ 

^  ^^^.        „ — TW 


o" 


ai« 


Remainder «"— -r 

AT 

6.  Divide  aj'-fea^— 10a:3-r-112a:»— 207a;^110  by  «4-5. 

Answer  a;*-j-a:^ — 15ar*— 37a? — ^22. 

7.  Divide  a:*+a:'~15a?— 37a:— 22  by  a:-f  2. 

Answer  ^ — o? — 13a: — 11,  and  :i? — ^2a: — 11, 

8.  Divide  a^—ar*— 13a:— 11  by  a:4-l.     Ans.  a:*- 2a:-^ll. 

9.  Divide  ar'+6a:*—10a:^—112a:^— 207a:— 110  by  a;+2. 

Ans!  a:*+4a:^— 18a:«— 76a:— 55. 

10.  Divide  a:*-f4ar»— 18ar*— 76a:— 55  by  x-\-^, 

Ans.  2^    rr^     13a: 11 

11.  Divide.a^f-6a:*—10a:3—112ar^— 207a:— 110  by  a:+l.      . 

Ans.  a:*+5a:^— 15ar^— 97a:— 110. 

12.  Divide  a;*+5a;^— 15ar^— 97a:— 110  by  a:4.2  and  by  x^-^. 

Ans.  ar4-3:E^ — ^21a: — ^^. 

13.  Divide  a^~  19a:«+123a:^— 302a:-j-200  by  a:— 4. 

Ans.  :r*— 15a:^4.63a:+50. 

14.  Divide  aJ*— 27a:^4-262ar^+356a:— 1200  by  a:+3. 

Answer  a:'— 30a:«4-252av-40e. 


n  RimrcTioM  ov  joemuio  njummm. 


ON  THE  REDUCTION  OF  ALGEBRAIC  FRACTIONS. 

(42.)  The  rules  managing  algebraic  fractions  being  of  the  same 
nature  as  vulgar  fractions  in  common  arithmetic,  the  operations  are 
performed  exactly  in  the  same  manner. 

Case  I.     To  reduce  a  mixed  quantity  ^o  an  improper  fraction. 

Rule.  Multiply  the  integer,  or  whole  part,  by  the  denominator 
of  the  fraction,  and  to  the  product  add  the  numerator ;  then  under 
their  sum  place  the  original  denominator. 

1.  Seduce  a-J and  a  .      each  to  improper  fractions. 

,     h        ayCa-^b      c^-\-b    -  X      ah — <c  . 

oA = ' — c=  — !—  Ans.     a — v==  — ; — Ans. 

*     a         .    a  a  oh 

2.  Reduce  4^?^  and  W-^toimproperfraction.. 

Zx—5 16a!^-3a;4-S_  13a;-|-5 

4  4  4 

»    .     4aarX2fla^-^      M^-^ff    ^ 

and4aa: — s — == rr ^ — c= — Ans. 

^tax  2ax  2ax 

3.  Beduce  x and  f ^^^^ to  improper  fractions* 


tf-^^—c  __  a^— ^-f 2>-f  c  ^  23;^— ^-fc  .      fh/'-^+d 

x      "^      x   .  X  •  '      y 

4.  Beduce  6a and  x ~—  to  improper'  fractions. 

41  2a 

.   H  33^—3  _  5i^—{Sx—h)       grf'— 33:4-3 

a  a  a 

.         ax-4'3?     2ax — (0x4-3^)      ax — a?. 

and  X ^ — = ^— J — '-<=z-^ — Ans. 

2a       ^  2a  2a 

5.  lieduce  fix j^  and  5x j —  ^  improper  fractions. 

23:-f5      5xX 4— (23:+5 __  203r— 23:— 5       183:—^   . 
4  A  4         """      4 

d  5x      ^""^—  5a:X4— (2a:— 5)_  203:— 23;-f-5  __  l8x+5 
4  4  4  4 

6.  Beduce  a — 3:-] to  an  improper  fraction. 

,  tf^-'^ax — b      ax—a^-^-ti^ — oa; — b     a* — o? — b  . 
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7.  Reduce  2+3ar-^— —  and  x — y k    "  '  *o  improper 

12ar*+7a:4-6     .       2x^^y+2 
fractions.      Ane. ^2 = —    Ans.  ■      - 

8.  Reduce  1 ,  a:+— ,aud3a; ^ — to  improper  firac- 

bons.    Ans.  — Ans.  — \ —  and  — ^ —  Ans, 

y  *  ^ 

9.  Reduce  6-| ^ — ,  1 — — — — ,  an4  l-h^^i'"^  *'7*~>  each 

,,      :            ,       l-^x+S     2fl— a:+l  10a:«44a:-l-3 
to  improper  fractions.     Ans.  — ^-J — , J— ,  *    u  * 

'5  6a:  5x 

10a?+4a:+3   , 

■  I         ' ' —  Ans. 

6x 

,     XHtr-l      a — {x-^^a — 1)       a— Kr4-fl-f~l       2fl— a:4-l   ^ 


a  a  a  a 

10.  Keduce  5—,  1 2o — — ,  12-j ^ — itpon- 

proper  fractions. 

11.  Reduce  a:-j — >— ,  and  44-2a?^— r-' —   to  aa   «»• 

proper  fraction.  % 

(5x7)4-3     38     .  ,      3a     IXa:     3a      a;— 3a     . 

--!—  =  --    Ans.     1— ' — a= = Ans. 

7  7  X         X         X  X 

2aX4a:     Sax-{-(f      Sax — 3aa: — a'     5aa: — a'      . 

t  — .  ■  '■  is=        '     =— Ans* 

4ar  4jc  4c  4i; 

64Z--18    ,         ca:+-l— 3a— c     ^       20a4-10aa:— 2«*4-8a 

Ans.  — Ans.  — ■ Ans. — •— ^ • — 

5x  c  oa 

Case  II.  To  reduce  an  improper  fraction  to  a  whole,  or  mixed 
qnantity.     This  is  the  same  as  Case  II.  in  division. 

Rule.  Divide  the  numerator  by  the  nominator  for  the  integral 
part;  and  if  there  be  a  remainder,  place  it  over  the  denominator 
fox  the  fractional  part,  with  the  proper  sign  prefixed. 

1     T.  .         a^— 2a«   c^+x"        ^  lOar^— 5a:-f3^      ,    , 

1.    Reduce z — ^ — ,  and  ■         ■ —  to  wncHe  quan* 

ab     ^    a^x  ox 

titles. 

^^^=1_-Ans.  — ^-t-.2r-l+gA«-. 

3» 
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andfl±«)«^4^*(«±af  H ^77—  Answer  aa  lequired; 

^ax'\-2?lleTea±x  is  the*  integral  pait  of  the  quantity. 

X*      -^-T — 77*  wid  — --  is  the  fractional   part.      Therefore 
Kemamaer22'        a±a? 

3.     Reduce      "P^,        ~^,and      'T^^'-r^'-T  ^  ^^^ 

x-\-y       X — y  X'f-2a 

prc^r  terms.        Ans.    »*±ajy-fV»  *^^  a?"f-2a    ■    _?  ^    Answer. 

«    Casb  III.     Fractions  reduced  to  a  common  deitaminator, 

RuLB.  Multiply  each  numerator  separately  by^every  denomi- 
nator except  its  own,  for  the  new  numerator,  and  all  the  denomi- 
nators together  for  a  common  denominator. 

Sz         b      dx         X  X        ^"l^y 

1.  Reduce  —  and  — ;  or  tt  and  -r.    Also,  —  and  — *— 

a  c         3  4  y  z 

each  pair  tQ  equivalent  fractions,  that  shall  have  common  denomi- 
nators. 

fixXce^iex    )  C     The  new  fractions  are 

aXb=ab        )  the  numerators  <  2cx      j  ^  a 

aXc^saac  the  common  denominator     (  "^  *^*  "^  ^^^' 

iufX4=4<ia; )  ^         (         The  new  fractions  are 

Txx=^3x     {  new  numerators.    }4ax^^^3x 

3X^ls=13  common  denominator  (    12  12 

xX^!!=xz  )  ( The  new  fractions  are 

(xi^)  Xy=xy^  \  »«^  numerator,      j         ^  ^^  ^Hl^ 

yXzsssyz  common  denominator.  (  yz  yz 

«     15  J        2a:+3       ,   6a:+l  .     7a:»— 1      .  4a*— «+2 

2.  Reduce ' —  and  — ~ —  ;    agam,  -5 and , ' 

2  O  ibX  lOCb 

each  pair  of  fractions  to  a  common  denominator. 

.       ar+9       ,  5r»+a:     ^        14fl*a*— 2a«       ^    82?— 2z»4-4ar 
A,«.-^  and  -^  ;  Ans.        ^,^       ,  and  j^^ 

-,  J        «  3a:       ,  a-\-x      .      .      3  3a:       ,     ,  4a:        , 

3.  Reduce  -55,  -=-,  and  — -S— ^   Agam,  ^j,  -^  and  fl4-?-  each 

<^    7  fl— a:  4    o  o 

set  of  fractions  to  a  commcm  denominator. 

aX7X(a— «)=7a'— 7ar     \ 

six  2  X  {p* — ^a:)=s:6a2: — 6a:*    >    new  numerators. 

(a:j-a;)X2X7=14fl+14a:     ) 

^X^Xlo*— <t)saBsl40---14x  common  denominator. 
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„  7a*— 7aar   dor— 62:*       ,  1404-14a;         .      . 

Hence  71—71-,  71 7-1-  *>*«  7:: — -tt"  we  the  Ans. 

14a— 14a:  14a — 14a;  14a — 14x 

•+^^^,and  3X3X5=461 

&X4Xfe4o4     «^^  ^««^^"^^"- 

(5a+42r)  X4X3=60a+48ar  J 

4x3X6b==60  common  denominator. 

-«     ^      .  45    40a:        ,  6Qa448a;   . 

The  fractions  are  s^r,  -^7r-»  *^f^^  — ^1^ —  Answers. 

OU      OU  fJU 

4.     Eeduce  -r,  -^  and  -^  to  fractions  having  a  contoon  deno- 
o   a  f 

nominator. 

'  Hence  the  fractions  re- 
quired are 


adf  cbf        ,  ebd 


aXdXf=adf  ^ 

cyj>y(.fi=cbf   >  the  new  numerators. 

eXhXds=ehd  ) 

hXdy^fi=Mf=>  common  denominator. 

o^jt  a—— wC )         6x    w    X      ,    1 

5.  Reduce  — • —  and  — r-  }  or  — 1 — ^    -^     and  ^r-  to  a  com- 

Or-^oc  a-f-x )       a^x      3  2x 

men  denominator. 

(a+x)  X  (a+a:)=e^+2aa:4-a:«  >  numerators   - 

The  common  denominator.     1  ^ — a:*  a* — a^ 

Here  5a:X3X22^=30a?  )       •  *  •  ^The  new  fractions  are 

{ar^x)X{a+x)2x:=^^x—2s^}_^^__,  gfl'a>-.2g' 

lX(fl+a;)X3=3a+ac  )    6aa;+ai*  '  6aa:+«a* 

(a+ar)X3X2a:=6aa:+6:r«  ^H-^a: 

6aa?4-6a" 

«     -.   ,         a  ^y       ,  «-4-y         a;  a:+l       .  <1 — x 

6.  Reduce  -s,  -r-*  and  — -^ ;  or-s,  — t—  and  r-j —  to  a  com- 

3    b  a— y         3      5  l-f-a: 

mon  denominator., 


Here  xX5X{l+x)=^5a^-\-5x 
(a:+l)X3X  (l+:r)=3a:»+ftr+3 
(1— a:)X3X5=15— 15a: 

3X5X  (l+a:)=15+16a:     com- 
mon denominator. 

aXbX  (ar^)=^=e?b—aby 

2yX3x(^^-y)=6aJ^-V 
(M-y)X3xfe=3a^+33y 


.'.  the  new  fractions  are 
6a:'+5a:  15— 16x 


3X3X(flH-y)=3aA— 3*y  3a3+3^ 

common  denominator.       I  3a&^— 3^ 


16+15a: '        154.15ar 

3^±5d^Ans 
16+16Z   ^^''' 

.'.  the  new  fractions  are 

ifb'-^ahy  ^cof — 6y* 

3a^--d%'  3a&— 3^ 

3a3+3^ 

30^--;% 


and 


and 
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7.  Reduce— r^  and r"0r«+7r-  —  T3   and  » — ?;-  + 

a-f-b  or^^  '2a  4wr  2x   ' 

•7--V,,  each  set  to  a  common  denominator 

First  (i-}-c)    (flh-^)  ==raH-ac.-i»— *c       }  new  numerators 
(fl— 46)  (a-f^)  =rf»-f  a*— 4fl«-4^c  J  ^^^  numerators. 

(a-f-3)  (^* — ^)  ==  ^' — ^^==*  tlic  common  denominator. 

,-.           ,     ^                 flW-flw; — ^ — be'     ,  a'+a3 — 4fl€ — ^be 
Hence,  the  nctors  are  —   -^    ^ and  —       jj-    ^ 


Second,  a 


.    X        s^  _2(^-{-x       a:*       8g*+4fl'a:— Sag* 
"*'2tt       4a«~     2a     "~4?~        2aX4a* 


4^-|.2^_:^  g         g'        2^^         g^       8a:--W+2a«a: 

4^8  >-«^      2a:^42:>~    2x      ^  4a!'~        2xX^ 

'    *    4ar'— 2ga:+g^^    i4a^']-2ax—3?)^    _   4fl'a:»+2fl^— a;*    

"^  ^        '  ^X'^  ~  4a»a*  • 

""        16^V  '  40^X42?  ~  16aV 

4flV— 2a»z4-a         .  4g»a:*+2aar^— a:*      ^  4gV— 2g«a:4-a* 

5^?? Answers, ^^ ^^^      .    ^^ • 

^    «,   ,  1        «  ,  «— ^         ^     ,  3a:     a  *,  a*-« 

8.  Reduce  a+ar, and >  or  2a  +  -7-1 ,  and > 

'      a — X  a  5    a> — x  a 

,  .        ^     ,  -  ,  Soraj— ooar— — 5Ia^ 

to  a -common  denommator.  Ans.  2a+2-{-  — ^^    ^^    — ^ 

a+a:    ,       a  ,  a— a:  (fl^+a?)  (fl — ^ar)a        a* — oaP. 

-4:-,  J and  — —  are  s=s    ^7  v     , -r  =--1 » 

1      ^  a— a:  a  gXlX(a— a:)        (f—ax^ 

aXlXff  a*  -  {fl^-a:)(a— a:)Xl      a*— 2aa:+a;* 

— — —  SSSS    , and  — -^ — ;; ; •.—  =  — = ' —  » 

aXlX(a — x)       or — ax  aXlX(ar-ar)  tr — (tx 

t^   T>  A  L^-f  7        J  5a:— 6         _       ,'  a:— 2 

9.  Reduce  aa:-| — g —  and  x —  — — j — ,  or  5a;  -j —^   and 

4a: r —  to  a  copimon  denominator. 

The  fractions  Veduced  to  a  common  denominator,  are 
42a:-[-147        ,    40a:— 48                ,    42x4-147      ^         4Qa:— 48 
^^^68-^'^    -leT"'    .-.  «^+ -yeg- and  a: _-. 

„       ^    .  x—2      ,  .        2a:-r-3  15a:4.a:— 2  20ar'— 2a:+3 

Here  oxA — ar-  and  4ar ~ — >  are  = — ;.  '     ■  ■  ■  >  — ;: — -     '    . 

^      3^  5x  3x5a:  3X5a; 

SOa:*— 10a:       .  60:r*— 6a:+9 
or      -,5    ■  -  and       ■■l-    ■     « 
loa;  laa: 

10.  Reduce  ^  wA  — ^»  or  fix,  g^  and  -^~ —  to  a  comniOQ 
denominator. 
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^"^  rx5'  "7X5"^' l5"'  "W^  ^^'• 

*^^"^' T'  3?' ^T"  "' =  Tx3?X4r    lX2a?X^    "^ 
(g+2ar)X 32:^X1       60^  Saa;  3ga:»-{-6a!^ 


(^  tAe  Method  of  Finding  the  Greatest  Common  Meamre  of  two 

or  more  Quantitiet* 

43.  One  quantity  is  said  to  Tneasure  another,  when  it  is  contain- 
ed in  that  other  a  certain  number  of  times,  without  a  remainder. 

4^.  A  quantity  is  said  to  be  a  multiple  of  another,  when  it  con- 
tains that  other  quantity  a  certain  Qumber  of  times,  without  a  re- 
mainder. » 

45.  A  common  meamre  of  two  or  more  quantities  is  any  quan- 
tity which  measures  them  all ;  and  the  greategt  common  measure 
is  the  greatest  quantity  which  will  so  measure  them.  Thus,  2a 
is  a  common  measure  of  the  quantities  24a^,  IMbc,  and  12a^, 
and  their  greatest  common  measure  is  4a3. 

46.  If  one  quantity  measures  another,  it  will  also  measure  any 
multiple  of  that  quantity.  Thus,  let  b  measure  a  by  the  units  in 
«,  then  (ts=mb;  and  let  na  be  a  multiple  (denoted  by  the  units  in 
n)  of  a,  .then  rutssssnmb;  consequently  b  measures  na  by  the  units 
innm. 

47.  If  one  quantity  measures  two  others,  it  t^U  also  measure 
their  sum  and  difference.  For  let  c  measure  a  by  the  units  in  m, 
and  b  by  the  units  in  ti,  then  a=mjCy  and  bs=s7ic;  therefore,  a±J<** 
ssmc±nc=i{m±n)c;  consequently  c  measures  a-\-b  (their  sum) 
by  the  units  in  m-f-n,  and  Or—b  (their  difference)  by  the  units  in 
m — ».     (The  quantity  a±i  means  a  plus  or  minus  b.) 

48.  The  Rule  for  finding  the  ^eatest  common  measure  of  two 
numbers  may  be  thus  investigated.     Let  a  and  b  be.  any  two  num- 
bers, whereof  a  is  the  greater ;  aod  let  the  following  operation  be 
performed  upon  them :  viz. 
h)a{p  ^  .  ^ 

Where  a  divided  by  b  gives  the  quotient  p^  and  re- 
mainder  c;  b  divided  by  c,  the  quotient  q,  and  re- 
mainder d;  c  divided  by  rf,  the  quotient  r,  and  re- 
mainder 0.  Then,  since  iA  each  case  the  dividend  is 
equal  to  the  divisor  multiplied  by  the  quotient  plus 
the  remainder  f  we  have  csssrd, 

S 


e)b(q 

d)eir 
rd 

0 
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kssqe-^-dsss  {since  qc=qrd)  g'ni-}"*^fc=(yr+l)rf  , 

flfc==pi-|-c=  I  ^^^®  ^^r^^      Id  I  (P?^H-P+^)^-    Hence,  sina 

j7,  g,  r  are  «?&ofe  numbers^  d  is  contained  in  b  as  many  times  ai 
there  are  units  in  qr-^-l,  and  in  a  as  many  times  as  there  ajR 
units  in  pqr-\-p^r, ;  consequently  the  last  divisor  rf  is  a  conunoi 
measure  of  a  and  b;  and  this  is  evidently  the  case,  whatever  b 
the  length  of  the  operation,  provided  that  it  be  carried  on  till  th< 
remainder  is  nothing. 

The  last  divisor  d  is  also  the  greatest  common  measure  of  i 
and  b.  For  let  x  be  any  common  measure  of  a  and  ^,  such  thai 
a=mx^  and  fcswa:,  then  ^^ 

c=a — •pb=mx — fnx=z{m — ■jm)x 

d==b — qc=7ix — Iqm — pqn)xs=:(n — qm'\-pqn)x;  .*.  x  measures  c 
by  the  units  in  n — qm-\-pqnf  that  is,  every  common  measure  of  c 
and  b  measures  d.  Now  it  has  been  shown  that  dis  k  commoii 
measure  of  a  and  b;  and  the  greatest  measure  of  d  is  evidentlj 
itself;  consequently  d  is  the  greatest  common  measure  of  a  and  S, 
Hence  this  rule  for  finding  the  greatest  common  measure  of  two 
numbers:  "Divide  the  greater  by  the  lesser,  and  the  preceding 
divisor  by  the  last  remainder,  till  nothing  remains ;  the  last  divisoi 
is  the  greatest  common  measure." 

To  find  the  greatest  common  measure  of  three  numbers,  ^  5, 
er  let  d  be  the  greatest  common  measure  of  a  and  b,  and  x  the 
greatest  common  measure  of  d  and  c;  then  x  is  the  greatest  com- 
mon measure  of  a,  d,  and  c.  For,  let  a==mdj  bs=nd,  dss^x; 
then  (t=mpx,  and  b=npXy  therefore  a:  is  a  common  measure  of  a 
and  b;  and,  since  it  also  meaisures  c,  it  will  be  a  common  measure 
of  «,  by  and  c.  Rut,  as  above,  every  common  measure  of  a  and 
b  measures  d;  therefore,  every  common  measure  of  a,  3,  and  c, 
measures  d  and  c;  and  consequently  the  greatest  common  mea- 
sure of  d  and  c,  or  a:,  will  also  be  the  greatest  common  measure 
of  a,  bj  and  c. 

In  general,  let  there  be  any  set  x)f  numbers,  a,  by  -c,  d,  e,  &c. ; 
and  let  x  be  the  greatest  common  measure  of  a  and  If ;  y  the 
greatest  common  measure  of  x  and  c;  z  the  greatest  common 
measure  of  y  and  d;  &c.,  &c. ;  then  will  y  be  the  greatest  com- 
mon measure  of  a,  by  c  ;  z  the  greatest  common  measure  of  «,  3, 
c,  d;  &c.,  &:c. 

49.  To  find  the  greatest  simple  common  measure  of  Algebraic 
quantities,  the  rule  is,  "  to  find  the  greatest  common  measure  of 
their  coefficients,  and  then  annex  to  it  the  letters  common  to  all 
the  quantities ;"  thus  the  greatest  common  measure  of  24a3t^, 
IBbxyy  and  Baxt^y  is  2xy. 

To  find  the  ^eatest  compautpd  common  measure  of  two  alge« 
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kaic  qoaBtities,  "  fiist  divide  each  of  them  by  their  greatest  simple 
common  measure  (if  they  have  one) ;  arrange  their  terms  accord- 
ing to  the  dimensions  of  the  same  letter,  and  divide  either,  or  both 
of  them,  by  the  greatest  simple  factor  which  it  may  contain ;  then 
perform  on  them  the  same  operation  as  that  for  finding  the  greatest 
common  measure  of  two  numbers^  observing  only,  that  the  re- 
mainders w^hich  arise  are  to  be  divided  by  their  greatest  simple 
factors,  and  that  the  dividends  may,  if  requisite,  be  multiplied  by 
any  simple  quantity  which  will  make  the  first  term  of  the  dividend 
a  multiple  of  the  first  term  of  the  divisor.  Lastly,  multiply  the 
compound  common  measure  thus  obtained  by  the  simple  one 
originally  taken  out,  and  the  product  will  be  the  greatest  common 
measure  required." 

Case  IV.  To  find  the  greatest  common  measure,  or  divisor ,  of 
tk  terms  of  a  fraction,  consisting  of  compound  quantities^  or  to 
reduce  a  fraction  to  its  hnjoest,  or  most  simple  terms. 

RiTLS  I.  Range  the  quantifies  according  to  the  powers,  or  di- 
mensions of  some  letter,  as  in  Division,  and  by  inspection  expunge 
tie  common  factor  or  factors,  if  any,  either  in  the  divisor  or  divi- 
dend ;  then  divide  that  quantity  which  has  the  highest  power  by 
tie  other,  whether  it  be  the  numerator  or  denominator ;  and  divide 
the  last  divisor  by  the  last  remainder,  and  so  on  till  nothing  le- 
loains ;  the  last  divisor  will  be  the  greatest  common  measure :  biU 
if  such  a  divisor  cannot  be  found,  the  fraction  has  no  common  mea- 
sure. Having  found  the  greatest  common  measure,  divide  the 
tenns  of  the  fraction  by  it,  and  the  resultipg  fraction  will  be  in  its 
lowest  terms. 

Note.  If  any  of  the  divisors  become  negative,  they  may  have 
their  signs  changed  without  altering  the  truth  of  the  result.  Also, 
if  the  first  term  of  a  divisor  be  not  contained  an  exact  number  of 
times  in  the  first  term  of  the  dividend,  the  latter  may  be  multiplied 
by  any  quantity  that  will  make  the  division  complete.  And  lastly, 
any  quantity  which  is  common  to  all  the  terms  of  the  dividend  or 
divisor,  may  be  expungied  before  the  division  is  commenced. 

1.    Fmd  the  ereatest  conunon  measure  of  ^  o  . V.^ t-cT-^.  ai^d 

Aen  reduce  the  fraction  to  its  lowest  terms. 
W4.7«zx— 3a?)6a»+llaa:-|-3a:»(  1 

Now  dividing  this  4aa:-f-6a?  remainder  by  2a:,  the  quotient  is 
2a4-3a:;  and  £viding  the  divisor  W-^-lax — 3a?  by  this  quotient, 
We  have  2a+ac)6a2-+-7aa^-.3a?(3a— a: 

.^2flsa>— 3a? 

— 2aa>— 3a?f  and  since  there  is  no  TemainAear, 
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therefore  2(i-f-3x,  the  last  divisor,  is  the  greatest  common  measor 

miuired.     2a+&).^^j^_p^^-j_  Ans. 

In  this  example  the  dimension  of  the  numerator  is  the  same  a 
that  of  the  denominator;  therefore,  it  makes  no  difference  whethe 
we  divide  the  numerator  by  the  denominator,  or  the  denominate 
by  the  niimerator.  This  will  be  evident  from  the  following  ope 
ration:  6fl«+llar4-ai;»)6a»+7flKr— 3a:»(l 

Now,  dividing  this — ^axSo?  remainder  by — 2xy  th< 
quotient  is  2a-|-d:i? ;  or,  as  the  remainder  above  is  now,  negative 
And,  by  changing  all  the  signs,  we  obtained  4aa;4-6a?,  or  2a-f-33 
for  the  new  divisor.    2a-("3a;)6a'4-llaa:-j-3a?(3a-[-* 

2aa:4-ai? 

2ac+3a?     Hence  2a+3x  ii 

found  to  be  the  greatest  common  measure,  as  before. 

2.     Required  to  find  the  greatest  common  measure  of 

a?-<i»u-^«»        nf—l  7a'— 23a34-6*»  ^a?—€f 

or — ; — or,-=-« — ^^  o^  .  ^^  ,o — TTTsand 


a;»— 3a:y+2y«       ar4-a  ^  M—\B<^h+Ua»-^Jm a^— d* 

and  then  reduce  each  miction  to  their  lowest  terms. 

re* — xif — -2^ 

Divide  this  — ^tty-^A'tf  remainder,  each  term  of  which  can  h 
divided  by  2y,  and  the  signs  of  the  terms  being  changed,  we  ob 
tain  X — 2y  for  a  new  divisor,     x — 2y)3f — a;y — ^2^(a:-|-y 

tj^ — ^try 

+a:y— 2y« 

-j-a:y— 2y*  and  since  thep 

is  no  remainder,  therefore  x — ^2y,  the  last  divisor,  is  the  greatea 

common  measure  required. 

In  this  example,  the  dimensions  of  the  numerator  is  the  sam 
as  that  of  the  denominator ;  therefore  it  makes  no  differenfi 
whether  we  divide  the  numerator  by  the  denominator,  or  the  dl 
nominator  by  the  numerator.  The  same  remark  will  apply  to  tfj 
next  example.  This  will  be  evident  from  the  following  operatic! 
^_3xy+2y»):c»— a:y— 2y"(l  ; 

a^— 3a:y+2^  | 

2xf — 4y*  tte  remainder,  which  is  now  positii 
and  divide  by  -f'^Sfi  <^d  "^^  obtain  ;d— 2^,  for  our  new  diYisor, 
same  as  before. 


Here  the  greatest  common  measure  is  a?—Qx-^;   therefore, 
a*--a„_3)  3^__24,;:^='^  Ans.  as  required. 
_     ,        2a*— 16*— 6      2(a»— 8a;— 3)      2 

ox-f^)  or  )  :2^ — l(x — 1,  the  leaat  common  measure. 

— X — 1  '      €tx-^a         a 

"dd  empesdion  ^soH«d.     Multiply  the  denominator  by  7,  we  Bhijl 
have  7<?— 23aH-6^')35<^— 126fl'H-77a*»— 42i^5<^^ 

Multiply  by  7 . 


— 77a»*4-329rf»— 294^ 
— 77fl«i^.  -253fl^— 66^ 


Divide  this  remainder  by  76^'  and  76a^ — 2282^  we  ha¥e  for  the 

fivisor  a-^3)7<r^— 23fl^-f  6«^(7«r-23 
7fl»— 21a5 


— 2<;t&4-6^'  Therefore  a— r%  is  the  greatest 

— %(ib^%b^        common  measure  sought. 

^         -7a-».^^23aH^y  7fl— 2^       ^ 

^""^^  5^--a8a«H-l  Ifl^*— 6*^^  55»— 3«3+2y 
I^aWy  for  thOjl^t  fraction  in  example  second,  the  greatest  coi^mon 

measure  <tf  th*  imction  IS  a^)^^=^^^^Ai» 

lowest  tenns.  ar^+^fas'-Hi^a^r-^V+^^-H^l 

This  remainder,  — aa:'-|-^^'f^'^"H^**  which, 
.IMqI^  divided  by  a,  and  tHe  signs  of  the  terms  being,  (q1)P^(^4»  ^ 
comes  a:'--^r-rf*a>-r2a*)a:*+aa:^--a'a;--«*(a:+2a 

7^ — oof. — e^^'-r^X 

2ga:^— 2a^a:'— 2g^a:— 4g* 

.Ditide:this  reihainder,  3a?a?-|-3a'a;+3fl^  by  3i^,  we 
obtain  a^+oaj-j-a*  for  our  new  divisor. 
*\Qar\-<e)7f'-^—i:^x^Mi^^^ 

— 2aa?— a^a^-2a? 
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Divide  this  remaind.  c^x-^d^o? — as^ — sf  by  x 
(f-^-^x — €a^ — 3^(c^ — o^a:— £KC^-|-a^{  1 

(l^'—€^X—<UJ^ — ^iC* 

Divide  this  remainder  — ^x-^^  which  is  now  negative,  by 
—9;: =**— ^)a»-^ia:« 


.2a: 


Divide  this  remainder  fl^a? — oj^  by  x,  and  we  obtain  <f — ^a?  for  our 
new  divisor,     a' — ^2r)a*+a:*( — 1 


A 


^"^  ^^^Zl,^A.rA  ="rV  ^^®  answer 
fl^— Tfl  a; — «ar-j-ar  a — ^ar 

4.     Reduce  the  three  following  fractions,  which  are  from.  Simp- 
son's *  Algebra,'  to  their  lowest  terms,  viz  : 
M'\\^c(h-\'MV         af'+a:iF+b2^---2(^x+bax—2bef    ' 

4fb+Vl/'+2ab'+b*'^^  a^^bx+2ax—2ab  ^^ 

3? — aa^ — 8a^x+6a  *  *  ab — b 

Here,  dividing  first  by  the  greatest  simple  divisors,  dcf  and  b, 
^  we  have  a*+2a^+^^  and  (^•^2(^b^2al/'+b^ :  and  if  the  latter  of 
these  be  divided  by  the  former,  the  work  will  stand  thus  : 

(^'\-2a'b'\-(^ 

where  the  refaiainder  is  -|~^^~(~^'  >  which  being  divided 

by  l^i  its  greatest  simple  divisor,  gives  a-^b ;  by  this  divide 
(r-\-2ab-{-li^i  and  the  quotient  will  come  out  a-|-^»  exactly ;  there- 
fore, the  last  divisor,  a-|-^,  will  exactly  measure  both  quantities. 

5a*  I  5cfb 
.%  the  fraction  given  will  be  reduced  to  — aj^  \\.jji  1  £r*      Again, 

(if--^x—aa?'}r^)a*  +0  +  0  +  0  — ?(a+x 

tf'ar+a'a:* — 03^ — 3^ 

+2flV+0i:^ 

rf+Q— o^fl* — <fx — €a?'\'7f(ar^ 

— a^x+O-l-a:^.  From  whence  it  appears  that  flf  }  0    rf 
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or  ^-^  will  measure  both  d* — ^a:*,  and  (f — fifx — ae*+^  S  w^d,  by 
dividing  thereby,  the  fraction  proposed  is  reduced  to  — t— • 


remainder  — So'a:' — 4a*a:-f-4a*;  which,  divided  by 
— 2(^,  gives  :if-\utax — 2cf  for  the  next  divisor. 

a»+2aa:»— 2a«a: 


— ^3aa? — Gfl^x-  -6a;' 
-^■3fla? — 60*3:- -Gfl* 


g*+2aa:'— 2fl'a;» 
— 5(W»— 10a"a*+10fl»a: 


-  -4a V+So^a:— 8a* 

Now  if,  by  proceeding  in  this  manner,  no  compound  divisor  can 
be  found,  that  is,  if  the  last  remainder  be  only  a  simple  quantity, 
we  may  conclude  the  case  proposed  does  not  admit  of  any,  but  is 
already  in  its  lowest  terms.     Thus,  for  instance,  if  the  fraction 

proposed  were  to  be  --      ^  1^1  jr~^>  **  ^  plain  by  inspection, 

that  it  is  not  reducible  by  any  siimple  divisor ;  but  to  know  whether 
it  may  not,  by  a  compound  one,  i  proceed  as  above,  and  find  the 
last  remainder  to  be  the  simple  quantity  72* ;  whence  I  conclude 
that  the  fraction  is  already  in  its  lowest  terms. 

Another  observation  may  be  here  made,  in  relation  to  fractions 
that  have  in  them  more  than  two  different  letters.  When  one  of 
the  letters  rises  only  to  a  single  dimension,  either  in  the  numera- 
tor or  in  the  denominator,  it  will  be  best  to  divide  the  said  nume- 
rator  or  denominator  (whichever  it  is)  into  two  parts,  so  that  the 
said  letter  may  be  found  in  every  term  of  the  one  part,  and  be  to- 
tally excluded  out  of  the  other ;  this  being  done,  let  the  greatest 
common  divisor  of  these  two  parts  be  found ;  which  will  evidently 
be  a  divisor  to  the  whole;  and  by  which  the  division  of  the  other 
quantity  is  to  be  tried ;  as  in  the  following  example,  where  the 

fraction  given  is     ^   J_bxJ^StaZ^^oh '     ^^'^  *^^  ^^^^ 

minator  being  the  least  compounded,  and  h  rising  therein  to  a  sin- 
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I^e  dimension  only,  t  divi(k  the  same  into  tfie  parts  of^idXy  KtA 
'-^x — ^aby  which,  hy  inspection,  a]Hpear  to  be  equal  to  {z-^^a^y^jx, 
and  (x-\-2a)y, — b.  Therefore  z^2a  is  a  divisor  to  both  the 
parts,  and  likewise  to  the  whole,  expressed  by  {X'\-2a)y,{x — b\\ 
80  that  one  of  these  two  factors,  if  the  fraction  given  can  be  re- 
duced to  lower  terms,  must  also  measure  the  numerator ;  but  the 
former  will  be  found  to  succeed,  the  quotient  coming  out  .exactly 
of — ttx-\'bx — db :  whence  the  fraction  itself  is  reduced  to 

the  division  does  tiot  terminate  without  a  remainder,  as  upon  trial 
will  be  found. 

if-~b^)af — x\a    (See  p.  36,  ex.  2",  last  expression.) 

Divide  this  -f-a^»— 5*  by  P",  we  hate  a— ^o*— ^(a*-f<t5-f** 

Ans.  a — b.  '  -f-<^^ — i* 

dft — ai? 


(f — ifx — eM?-|-2')a* — a^^a-^-x  »         4-«^ — If 

c?x—€?3f — flir^+af* 

ik^idkiig  this  remidnder,  wof—^^x*  by  Sar^  or  leaving  out  2ar, 
which  is  found  in  each  tenn«  of  ftbe  remainder,  the  next  divisor  is 

t    •      I  IT.    »'i.wi 

— fl?^ar-j-ar 
Hel)K^e  if^-^f  is  t];Lereibre  — c^x-f-of  y  the  gteatest  common  mea* 
sure  of  the  two  quantitiesy  and  if  they  be  respectively  divided  t>y 

if,  ihe  fractioii  is  riBduced  to  -^ — ,  ite  lowest  teims. 

Qt'^'X 

This  quimtity,  2a^,  found  in  every  term  of  one  of  the  (tivisors, 
2«'a:'— 2a?*,but  not  in  every  term  of  the  dividend,  a*— a^a?— «a:^-f-a:*, 
must  be  left  out ;  otherwise  the  quotient  will  be  fractional, 
which  is  contrary  to  the  supposition  made  in  the  rule  :  and  by 
emitting  this  part,  2a:*,  no  common  measure  of  the  tlivisor  and  di- 
i^deAd  is  left  out ;  because,  by  the  supposition,  no  part  of  ^  is 
Cvftnd-  in  aU  the  terms  of  the^aividend. 

^     ^  ^        £^— *•    v?—cf     of— at         Sa?— 22a^f39  ^ 

6.    Reduce  -^^^.  ^j-^,  ^rz^^s*  3^_h:r«+39:^^  ^^^ 

taitslowe8\  terms.    Ans.      ^^     ^  "^^rfr- >nd  ^^^^^^^^ 


ALCIBBRAIC  FBACTIONS.  41 


This  divided -Ka?—«*  by  fl"  -|-a«**— *•    This,  diyided 

gives  Q? — fl?)a:'— V(l  by  4*,  gives  fl? — i^)tf* — i*(i^ 

Hence  o:^ — <^  is  the  simple  This,  again  divided,  a?^ — h^   by 

divisor.  ^,  gives  <^-^-i^)«^— ^(1 

^    _^a^— g'  '        1  fl*— ^ 

""^^^JiZItf* — "ogCI^        therefore  o^— ^^  is  the  simple  divisor. 


.     _  .        48a*+l&i!»--lfi         .       atte'+a*— 1  ^     , 

••    ^^"^    24Z-aSfa^-}-6  '  "'^    ^.ir^-<^\  ""^  "^ 
these  firactions  to  its  lowest  tenns. 
The  greatest  common  measure  is  12a^ — 5  and  ^ — 1,  and  the 

reduced  fractions  are   ^^^.  and  el^xJ     |  » 

each  to  its  lowest  terms. 

to  its  lowest  terms.    (For  ans.  to  7  and  8,  see  p.  69.) 


ADDITION  OF  FRACTIONS  IN  ALGEBRA. 

SuLE.  Reduce  the  fractions  to  a  common  denominator,  add 
the  numerators  together>,  and  under  this  sum  place  the  common 
denominator ;  the  result  will  be  the  sum  of  the  fractions  required. 

1.  Add  jr-  and  ^ ;  or  ^j  ^  and  -r ;  or  -tt-  and  —7=—  together. 

2a         6         234  7  6       ^ 

9zX^2aXx  __  I5x+2ax       SX^Xx   .  2X^X4        xXf^XB 

2aX5=l0a  ~      10a     '  ®'  2x3x4  "*"    2.3.4    "^     2.3.4 
13z    43;Xg+7(a>— 2)  _  20a:-}-7a>— 14  _  27a>->14 

"^  12  '  5X7  ~         35  ~      36     " 

2.  Add  2a,  9a4~  and  <^—  ^  ;  or  2a+  -=- ,  -^  and 

o  w  o    <t— a: 

together. 

4«  6      • 


.  ^    .        ^      ,  2t      8^      18x — 40a;        ^        %i» 
3.  Ad*  -jr  •»«  -*-»  Of  lox  and  — ^ —  or  #— ;•  and  i. " .  "*  I9- 

^^  35  35  1X8  8 

f  Atts*  ^ 


•y-H:« 


^    AAA    i^  j^A  ^^   ^     A  %       lda>-4      .   3«u:^  ^ 
4.  Add  -;*-'  ma  -^i^i  —  and  ^  01?  —  _  ■    and  — =—   to- 
gether.        ^  5        3  8  8  7 

Mfcg^frf  7'3ap  _  ♦te4>&l jp      8l£        ^*»4-3'3y  _  40y4*%  

7-5        ~      35       "^35'®'         3-8        ~        24      ~ 
49y  (10a:— 9)X7+(3a?-^)X8  _    70a>-^3+24c— 40    


56 

6.  A44-,gJa^dgor -^-^^andy  together- 

flX3«x4fl*.12fl^* )     12fl»*4-8«*H.l5i^       fiMb+Uk^        ^ 

2flX  *X4fl=  8a*i  \  •'• 12^^ = — ts^y""  —  t*- 

6*X  iX3*=154»   )  20iiP+y 

6X3dX4a8=rl2a^    vidingbyi)     loT    Ans. 


(3x— 1)X5  X7  a=105ar— 35 
4:f5<5  X&«t=:  40a*  ^ 

mrijrii    tr.nt    ^      -jit     winr      fiii  ar 

;7=s70asB=:  com.  den. 


70z 


•« '    '    A  jj '  ' '  Aa8» 


A    Aij^*4^      ,«■***  a:         .a:  2ar — 6     ^.   x — 1 

61  Add  — K  afid  ^-7--  m  --^  and  —7^  «  ---- —  and  -^r — 
a—*         a-f-*      a>— 3         :t-f  3  3  Sx 


.     ^2(f+a^        fix*        4**— 7a?— 3  .    * 


(ar— 3)  (x+3)      ***"         a^—»         "^sfi^r^^^ 
*      (2a:— 5)2a>— 3(2:— 1) 

2a:X3i=«6a: 

4a:       3a:  25       .  ^ 

■=-»  or  TT-,  s-  and  a  togfethei. 
7        2a  2c  ° 

(2—3)  (a:— 3)4-(^+S[)  (H"^    _    a;^+6a:.f  9-fa^— 6a:-f9 

(a;-L3)  (a>— 3)=a;«— 9  ~  a:*— 9  " 

2*— 9 

(ap-.7)74.9X4a:s=21a>— 49+32a:        53a:— 49    .  ,     , 

3a:X3c=9ca:^  j      Hence  the  fractions  re- 

Uem       2hx^€txmA  ab  >  new  nums.  J  quired  an 

rfX2gX8em6»k^ )  1 9«ir  4ai  6acd 

IXScXSrtfcttAw;,  com.  denom.  [dae  Bae         "itfT' 

Here  the  three  Iractio^  when  redtieed  are 

»2ar     ^      ,   4a:      SaA-^x, 
jjandtf+-g.=^— g— , 

QwK^^-r  L„m«  f--.The  new  fractions  are. 

4X3X5=60,  com.  denom.  ^^w    w  QU 

4X7  X(tf— <t)  1=  7fl»—  7fla:  )  f  Hence  7(if^7aar 

3^X2  X(<*-*-^)  «  6*J^—  ft*'  >  nums.  14a— 14a:' 

(fl— g)X2X7    =  14a-fl4a:    )  1  6aa>-6:e«  14g+14a; 

2X(fl^a:)X7=14a— 14a:  common     J  i4a— 14«         14<»--14x 
denominator.  '  |^  as  required. 

8.  Reduce  =»  *-p— ,  and  ^-r-  to  a  common  denominator. 
3.     5  1-f-a; 

*X«X(l+a?)  '  ===      6a:-f-5a:*> 

3x(a:-f  l)X(l4-^)=3(a:*4*2a:+l)  =3a:*-(-6a:-|-3  >  numerators. 
3X5X(1— a;)»       16(1— a:)       ^  asl5l^l5ic^     > 
3X5xU+a:)=1^153:,  the  common  denominatot 


Emce  the  new  fractions  are 


3a^^6a:4-3       ^   , 

r     "  '4'g'i"^g"'"'      and 


41  mmfBAonm  or  rAAcmns. 

-     ...  4af&      aaa      2a— 8      .6a       ,      ^   ,,      . 

9.  Add  n-»  -ST  or  ^  -;>  =  or  — ; —  and  Tr»  eac*i  ««t  of  fractions 

3a  o6       3  4  o  4  8 

together.  v 

10.  Add  2a+2±!:  to  4a  I  or  6a,  -7^1  and  ^^^  together. 

6  '4  4o  3* 

11.  Add  -p  — ,  and  — ^^,  or  2a,—  and  3-|-5  each  together. 

lA    Ajjo    I   3«      1  «       5a        10a      .4a         . 

12.  Add  8a4-  -7-  and  2a —  -rr^  or  -7^-  and  -=-  together. 

4  8  9  7° 


SUBTRACTION  OF  ALGEBRAIC  FRACTIONS. 

51.  Rttlb.  Reduce  the  fractions  to  a  common  denominator,  if 
required  ;  then  place  the  difference  of  their  numerators  over  the 
common  denominator,  and  it  will  be  the  difference  required. 

,   „        4c    ,    Sar+l        4a:4.2    /   2x— 3  1       ,        1 

1.  From  -r-  take  — —-,  or  — ^ — take  — jr — ,  or take  — r—. 

o  a:+l  3  3a:         x — y         «+> 

^        ag+1    _  4ar(a;-f  1)— 6(3a:4-l)     _  ^-^Jx—lSx--^ 

,  5        .  x+l    ~  5(a:+l)  ~  "       5a:+5  ** 

4g>— lly— 6         (4a>f2)3a:-l (2a>-3)3  _  12a-'-f6a:--6a:+9  _ 

fia;+5      »^'  3X32s=9ar  ~  9z  ~ 

12a!*+9       4a*+3  1  1  lX(a:+y)— lX(x— y) 

9^  3a:  x — y        x-f-y        (a?— y)(a:-f-y)=5a:*— y* 

2v 

—       ^     ,  Ans.  to  the  last. 


a?— y^ 


2.  From  a+  ": — • — v  take  -r-^ — r,  or  a-i r—  take  a ^— . 

'  a{a^xi  a{a — x)  '  a-f-a:  a— cc 

0 — X         -    a4-a:  e^ — 2ax-^a^       •  a*+2aa:4-a:*. 

Reduced   ,    ,    ,  and  -7-^ — r  are  — ,  a     "gv  ,  and  — *         '     ,.*. 

^^cf — 2ax'^a^     if-^2aX'{-a^ 4x         . 

•  +   aCrf'-o*)  S(?;=5^  ~  ^(a»— a:»)* 

«j  «  J      :i            •  a"— 2aa;4.a*      ,      a»+2aj:+a:^,    2rf+2a*  • 
9d.  Reduced  area-j ;jr~d (<* .^j — )=  ^^Vji  * 


^  .^^ ^  3:c  2x-— Si 

3.    From  a:+sr  take  a>— ,  or  4aH take  3a; — - 

•  2*  c  '    c 


c 
4 


flmwAMfti^  #y  Msmauno'  wsMmmm,  46 


caH*^2*;r— 2^a       ^     l  3«  o        2aj— »,         (4aa;4-ai:) 

=        TT, '     ■■■■■;     fe-f'—     •—    3a:— *.——)-  aas  ^-^ !- 

2^c  'a  ^a  a 

a                       « 
4.    FiMtt  - — take  — r-*»  orfe  4-— = —  take  2a;  H rs — . 


13(4a^-6)— 7(7x— 12)         52a:— 78—49:^+84  3x4^  . 

7X13=91  91r  »1  '    ^ 

&r^-2;r-fr3g  ;>  *•'.  3a:-f— ^-^y  iaiswer. 


&I 


^    15        «+*      ,      fl— ^        ^      lOa:— 9     ,    a^^— 6 

ii  FioDd:  ■■  '^  ,    take  -*r-t>  w  no™.  •■■  ,- take  — =— . 

a — b  a+i  .8  7 

(fl?^(fl+l)=:d*-f 2a* -|-5»  y    a*+2a^+«»— fl*+2ltft^-#      4at 
(fl-|-5)(a — ^)==a*— tf  J  a»  required. 


A    ^        £^     •  2a;+7     ,            fib— 6       ^     ,    lla?— 10      , 
0.  Ft€ttft2ar4'---S^  take;t~--5j-fc0«3»4 jg — tato 

^  \      ..      .  42a:+147       ,  40aj— 48 

By  ait.  42>  «t:.  ^  the  fractions  ase  — r^; —  and         ■    -; 

*v^..^*.^  t  42:^-147       ,.     4aa:-48,_^    ,,^  ,  82a:+99 


^^^ »^      16S  '  168    '      v—-*/--^      j^    . 

By  art.  42,  the  fractions  ai^      ■   l      »     and       -  yf^'*l  then 

5to4-  -Jog (SH-  -HoT^)^  ^+  -i^^^^- 

7.    From  1%  take      '  ^,  of  •-;—  ^ke  -^,  or  -7-—^  take  t-s — 
'875        i— c         d+c 

.^  39a;  ,  4a:        llStaH^l  2Map 


35  '—^^w  "*      s^*  "•  y:i? 


iS  aUBTBAGTIOIV  07  AU^BBBAIC  nUCIiOKt. 

8.  Take  -r  from  6a,  or  -; =-,  or  — t-- • 

4  ^        o  0  e 

^     «,     2a+e  ^       4fl+8       ^       a— 3*^       4    ,2a 

9.  Take  — ^ —  from  — ^ — ,  or  2(»— from  %a-\ . 

ft,  o  c  *    c 

The  fractions, reduced  to  a  common  denominator. 
2x  ,  6x_2a:X7   ,  ^^X^  _14a:    ,  25a:       39a; 
6'"+~7"~6X7  +6X7  ~l5^  +35"~35  '^^^" 

Here  ^^  I  ^  -^^^    I  ^^X5_2^    ,  15a:       16a:+2aa; 
2a^~2aX5    '  2aX5""10fl    MO^  10a     ' 

-,       X  jX    ,  g       12a;    ,  8a;  ,  6a; 13a;     . 

"®'®  2'+3"+4=''2r  +24+24— 12"' ^'''*' 

4r  ,  a;— 2     20a:  ' ,  7(a:— 2)     20a:+7z— 14      27g— 14 

7+5    ~T5  +     35     ™        35         Z=      35~*  ^^^^ 

Here  these  fractions  may.  be  written  thus;   2a -f"  3a -{- « -!> 
2a:      8a:      ^    ,  2a:      8a;      ^    ,    18a:       40a:     ^        22a;      ^ 

^—9=0^5       9  ==«'«+ 45       IT^"^ IT' ^^^• 

Here  the  fractions  reduced  to  a  pommon  denominntCHr  are 

a^a^-3aa;«        M  .  5fl?— 10aa;+5a;«      ,.      ^       ^ 

-p-s — = — f  ^T — = — ,  and  r-= — r-^ ;  therefore  the  sum  u 

oar-— 5aa;     ocr — ooa:  ocr — oax 

'  5<r — 5aa:  *      *       6(r — dax 

The  fractions  reduced  are  — 7= ,  and    ,,    ;  .•.  fiz-l --— — 

15a;  15a;  '       \5z 


,  ^      ea^— 9     -,    ,  5a*— 16a:4-9    . 
+*^-i^  =9aH r^— i-,  Ans. 


15a;  '  15a; 

But  if  the  firactioiui  were  5x,  — ^and4(r ^-—  the  final  lesol 

^1,.        «    ,x+2     2a!— 3      „    ,  ftr'4-lOa:     6»--9     „   , 

IS -^=9*4-  ^       .  Ans. 

The  fractions  reduced  to  a  common  denominator  are  -Ta3  ^ 

3«H^.    .  g^,    eg     I  3^-ffe*^^  I  8a+3ax+6a:' 
12z*      '  •  •  ^^^  12a*  '      12x»     °°=^^         i^        '^^ 

Add  «+«, ;— ;,  and together. 


XVLTlPUCATIOll  OF  ALGBBSAIO  FRACTIONS.  ;47 


MULTIPLICATION  OF  ALGEBRAIC  FRACTIONS. 

62.  RiTLE.  Multiply  all  the  numerators  together  for  the  nu- 
merator of  the  product,  and  all  the  denominators  together  for  its 
denominator ;  me  former  placed  over  the  latter  will  give  the  pro* 
duct  required. 

1.     Multiply-by  ^,  or  ^  by  ^,  or  j-j  by  y. 

2xX^     6a?       32*        6zX3x     152^        2zX3x         M 

or    ^.  .^,  g=-Tm  or 


6X2a  ~10a  ~6a'        2X3A  ~  2^  '       '^(p>-l)~  7aj— 7* 

2.    Multiply— J- by  ^r:^^,  or  gj-^  by -^j—. 
3aa?— fig         3a?(lfia>-^^)  _3a?X3  _9a?       9a? 

A      «  1  .  1     35 — 2 ,4a:        -3a:,      5a?       ^2a:.3a? 

a    Multiply -— by  y,or  2a:,  — by  y,or7a?,yby  ^ 

(g— 2)4a:  _4a?--aa?         2a:X3a:Xfig_30a?       Ifia? 
fiX7     ~~35~'  ^'       1X4X7         28  """Hr'  ^^• 
7a?X2a?x3a?     7a?X:rX3a?      21^ 

"*^'y*    lX5X2fl  IXfiXa  5a  ' 

4.    Multiply  |,  i^  by  ^,  or  3a?,  ^  by  ^. 

fi.    Multiply  2a^-| by3fl ,  or  fig  {  ^   by3<»— g-* 

6.  Multiply  flH by ,  or  3a?,  -5""  W  — rr  • 

^  ^      *  g— a:    ^   a — x  2a     ''.  g+0 

M     ««•  1  •  1     fl?— a?     g'— ^^  ,      ,    ga:  - 

7.  Multiply  ^p-,  -^ip-.  and  o+j-j  together. 


_,    ax    _  if         a* — a^        a^ — i*    ^^    «? 

z 

a  Multiply H-£-:^byaw±4^. 

By  Tt.  42.  ex.7,  lastset.  (^+^  )X('^-^ 


M.  Multiply «a:f-^ *y -^ or  ■  ^•■^V ■  ^^^-  togedwr. 
11.  Multiply  3a  and  -^  by  ^^  or  -,  —  bj  ;^ 

4a      6a      24fl?      «<^      8a  _ ««»       .,      3«_8ac^^4a« 

3a?  , 

— T->  Ans. 

"l2«^c-f3a%       «rfi-4(i^— «♦       ISrf*-^    . 
2ir— '"      3a«H-3«c      "'^S^T*^- 


DIVISION  OF  FRACTIONS   liN  ALGEBRA. 

I 

53.  %mB.    inrert  ^e^ms^or,  imd  ^en  proceed  «b  m  jlV^- 
plication. 


1.  Dmde    ■  .>    -by  -~  or  -75-  by  or,  or  ■  •    ^        by  -~»  or 

6     ^^T 
a?_9   .  :p-f-3       (#—9)4        4a:— 12  .  4a?   -  4a?  ^, 

-T- ^-4-=:(q:3)5 =''"^r-^^'' ^' ^ 

1       4i?  .        92^— 3y      3j^      V— 3y        7        3y— 1    , 

^^^2^       a>4-3_a:+l 
^6      '3  *^6x2x~  4a;  * 

2.  Dmde^-^by^or  g^by^or -g-by-. 
X      ^   X- z         6 5x 6     .         Qy'  .       ^ 

V  V  ^tz}P  —'1.  w'Sy— to  _  i^'^^  .  »«  . 


Divisioiff  or  VBAcnoNs.  9m, 

(&-J-a:):«  ^      a?    2fla;"f-a*       c — ^af  ^     2a-j--ar        . 

•    ,     .         a:*— 3^  :k«+3x  a;*— i*  a?—*     • 

AO^ID.         -4^   ...     *.....       ■f'-  ■■..11       I       S/  I  .     I       MBK' 

(1-^)  (:r_^)  {a;4-i)Xar  (a?-^)X«  ar 

(a:*+a^)  i^—2xy'{-^        (^+xy)  (x—y)       a:*+a;^i=a:(a:-4-y) 

(a;— y)  (a:*— y*)  a:*— y*  s^-^-x^y-^xy^-^' 

6tL^  —  oh*  ^  Qa^-^Sab  _      {5a*  —  5^*)  X  (4g  —  ^> 

(6X2)  (a*— 5*)  6.2.(ii^-Hi^3+g^^+^^_  10(fl^-f  fl'H-qy-f  3^ 

/;   T^A^^^Urr^^       ^^v   a.      3^+1  u    4*  4af     ^    x 

5.  Dp^4e-j.by^Qr  — byar,or-^by^or  g^--jbyg. 

4    •     12~  4  ^  11~11^''    &    '    1""   5  ^aa:**T'^' 

_   _.  .,    4ar,      2a         2tt--^  ,      5«;  6cfl-Sh* 

6.  I>.v.i«^by  g^  or    -.5^  by  ^    or  ^^^.^^jy  by 

tf+5fl3 
4a — 43  ' 

-   xv  .  J    "^^  ^    S^      a: — b  -     3ca:       2aa:4-a:^  ,       x 

7.  Kv.de  -^ by- or  -^  by-  or  -^_-by-^~, 

g.  mnie  ^^3  byw--  ot  ^CBjqr^-  by  -^.. 

at+1  ^  4a^  _  (3a:4-l);        1  _  1     r    J^  ^.^    ^±_    .    f 
§       •    3  ~        9^       '^  4a?  ~  4  ^   12a:         2*— 1>         3 
41  3  12         4a:        3fl        4r  ,    53       43at    .- 


(flx^l)  ^  X      2a?— 1       5        63         6  _  3rt       & 

5 


INVOLUTION. 

64,  IsvoLDTiON  is  the  raising  of  any  given  quantity  to  any  pro- 
posed power  ;  such  as  the  square,  cube,  &c. 

If  a  quantity  be  continually  multiplied  by  itself,  it  ia  said  to  be 
inTolTed,  or  raised;  and  the  power. to  which  it  is  raised  is  expres- 
sed by  the  number  of  times  the  quantity  has  been  employed  in  the 
multiplication ;  thus  aXa,  or  <f,  is  called  the  second  power  of  a; 
aXaXdi  or  a",  the  cube,  or  third  power;  a'X.a.,,,(n),aT<C,iii^ 
nth  power. 

liuLB.  When  the  quantity  or  root  has  no  indej,  its  power  will 
be  represented  by  placing  the  index  of  the  required  power  above 
it ;  thus  the  fourth  power  of  i  is  z* ;  the  fourth  power  of  xJ^ 
is  (z-j-y)*.  If  the  quantity  proposed  be  a  compound  one,  the  in- 
volution may  either  be  represented  by  the  proper  index,  or  it  may 
actually  take  place.  If  the  quantity  to  be  involved  be  negative, 
the  sigiis  of  the  even  powers  will  be  positive,  and  the  signs  of  the 
odd  powers  negative  ;  for  — aX — a==^\  ■ — aX — aX — a=-^. 

If  the  quantity  be  a  fraction,  raise  both  the  numerator  and  de- 
nominator to  the  same  power.  When  the  quantity  to  be  raised  is 
itself  a  power,  multiply  the  index  of  the  quantity  by  the  index  of 
the  power ;  thus  the  cube  of  <^  is  a*  ^  d*"' :  or  generally  let  w 
or  n  represent  any  powers  whatever  ;  then  i",  raised  to  the  »th 
power  18  aT"",  or  z"  ;  and  — a:",  raised  to  any  power,  m,  will  give 
-.|-,  plus,  OT  — ,  minus,  according  as  n  is  an  odd  or  even  number. 
If  n  be  used  for  an  uneven  number,  the  sign  will  be  -f-,  if  odd  — ; 
then  — a:"to  the  nth  power,  will  be  represented  by-f-z^  ■  \  3^. 
Boots  and  Powert  of  Number*. 


Eool 

2 

3 

4 

6 

e 

7 

8 

9 

10 

Square 

4 

9 

16 

25 

36 

49 

64 

81 

100 

Cube 

8 

27 

64 

125 

216 

343 

612 

729 

1000 

4t]i  power 

16 

81 

256 

625 

1296 

3401 

1096 

6561 

10000 

6th  power 

38 

L 

^ 

7776 

16SOT 

32768 

59049 

100000 

The  operation  is  performed  in  the  same  manner  for  simple 
algebraic  quantities,  except  that  in  this  case  it  must  be  observed, 
that  the  powers  of  negative  quantities  are  alternately  -|-  and  — ; 
the  even  powers  being  positive,  and  the  odd  powers  negatiTe. 
Thus  the  square  of  +2a  is  -|--2aX+2'ii  or  W;  the  square  <rf 


niTvumoii. 
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—2a  is — 2aX — ^  or  +4a' ;  but  the  cube  of  — gei    i    fiaX— 
The  several  powers  of  ~  are,  square  =-  X-;  =^7Sf  cube  s^ 

0  0  O        ir  b 

^a  ^a      fl?-,  a      a      a      a      0^ 

^ h  ^b  '^'  ^  P'"'*"  =*  X*  X*  Xj  =4?- 

Upon  this  principle  the  powers  of  the  several  roots  in  the  fol- 
lowing table  are  calculated. 

Boots  and  Powers  of  Simple  Algebraic  Quantities. 


o 
o 

a 

—b 

2i» 

a 
26 

2a 
34 

a»4 

4' 

3z 
6 

X 

§ 

cf 

-K 

4i* 

43* 

,  9^ 

4«' 
94' 

c^l? 

'  4' 

T^  26 

:f 

xn 

^ 

\H 

1 

€? 

—1? 

85' 

a* 
8i» 

27a' 

y" 

8«' 
274» 

aV 

a* 
4* 

27a:' 
125 

a* 

•SI 
'1 

a* 

+** 

16i» 

16i« 

\%\^ 

16a« 

814* 

a*b* 

1  ^u 

,81a* 

aC 

y. 

'  626 

266^* 

16th  . 
power 

a" 

— *• 

32ft» 

324^ 

243a* 
y" 

32a' 
2434» 

a»4' 

a" 
4" 

243a:» 
3126 

a*. 

1024/ 

What  is  the  square  of  a+2^  ? 
«+23 


What  is  the  cube  of  a' — a  ? 
fl? — ^a: 

0* — X 


c^'i-2ab 
■2g^4y 


Sq.  B=  fl«4-4fl3+43^ 
a --23 


Square 


a* —  €^x 

a*— 2a»x-f ^ 
a" — ^a: 


rf»+4a«3+  4a3« 
4-2a»34-  8fl3^-f83 

Cube  a»4-6a'H-12fl3^-fQ^' 


a* — 2a*a:-|-  a^a? 


a*a:- 


-2rfV— x» 


Cube  =  a«— 3fl^x+3^^— ^ 


It  is  very  well  known  that  the  value  of  the  figures  in  the  com- 
mon arithmetical  scale  increases  in  a  tenfold  proportion  from  the 
right  to  the  left ;  a  number,  therefore,  may  be  expressed  by  the 
addition  of  the  units,  tens,  hundreds,  &c.  of  which  it  consists. 
A  number  of  2  figures  may  be  expressed  by  lOa-f-3. 

3  figures by  lOOa+lO^+c.     , 

4  figures by  1000a -f  1003+  lOc-M^ 


B  STOUDIflMf* 


EVOLUTION. 

\ 
\ 

96.  EvoiiUTioN  is  the  reverse  of  Involution,  and  consists  in 
finding  the  square,  cube,  &c.  roots  of  any  giyen  quantity* 

Case  I.     To  extreLct  the  roots  of  a  simj^  qiumtityf  or  potoers. 

Pule.  Extract  the  root  of  the  numerical  coefficient,  if  it  have 
any,  as  in  common  arithmetic ;  then  divide  the  index  of  the  given 
power  by  2,  for  the  square  root,  3  for  the  cube  root,  4  for  the  bi- 
quadrate  root,  and  depending  on  the  index  of  tHe  root  required; 

thus  the  square  root  93i?==3ar=S3f=3x ;    and  the  cube  root  of 

If  the  coefficient  be  a^fraction,  extract  the  root  both  of  its  nu- 

4         2         11 

m^rator  and  denominator ;  thus, the  square ^ar'ssg-a?, or^a^^s^. 

1.  Find  the  square  root  of  16<i^a:'^16Xa^Xa:^?  or 
V16a'aA==j:V16xV«'XA/^=±4XaXas=±4ar,  Ans. 

2.  Find  the  cube  root  of  Scc^2^,  or  (SXfl^Xar*). 

.'.  ^8(;f2^=^8x4/(^Xii^^^'=QXaXx==Qax,  Ans. 

3.  Find  the. cube  ropt  of  — 125flV,  or  ^125X(^X^' 

.•.  ^^125a«afe=/5/— 126x4/a'X>^a;'=«— 5XaXafe:»--^ 
4    Fmd  the  6th  root  of  ■^aioTa' 

,,     32xV  -        2x^y*'         22^    . 

3a  * 

6.  Find.the  square  root  of  2fl?3*,  or  -«-r»  ^^  ^i^'a^j  or  ^-sni* 

.  6.    Find  the  cube  root  of  -I-64a'y,  or  — 125aV,  or  th^' 

7.  Find  the  fourth  root  of  81^*^,  or  256aV.   ^ah^h,  or  4aa?. 

32o^a:*'' 

8.  Find  the  fifth  root  of  — 32«V,  or  - — ^-^j^  • 

V2a«J^=V('»'**X2)=a«»V2.   or  V(-3^=»/s/(-^  X    gj)- 
?^V^.  or  V4^/  =  v'Wa'V^  =  S'W'.  or  V^  = 


SVOI^UTION.  Q 

3ai^/i,  or  ^256aV  =,i/25e^a*J^a?  =4a2^,  Ans.    ^— 32a?6« 

=4/(-32aVx3)=— 2fl3>C/3,  Ans.  or  4/     ^ 

_  i/-^4/(^^x'^  _— 2ga^ 

4/243  3~'     ^'' 

Case  II.     To  extract  the  square  root  of  a  compound  quantity. 

Rule.    Arrange  the  term?  according  to  the  power  of  some  let- 
ter, as  in  division.     Find  the  a»+2d4-^+2«c+23c-fc«(a-f-^c 
root  of  the  first  term,  and  set  a? 
it  in  the  quotient.     Subtract  2a-4-3)2aW-^* 
tjtt  square  of  the  root   thus  2ah-  -^ 

found  from  the  first  term,  and  o    i  or~i — ^^ — 5"    i  ox^  i  ji 
there  will>  no  repaiider.  2«+2H-c)    ^tg^K 

Then  bring  down   the   next  It iL-l 

two  terms  for  a  dividend,  and  take  double  (or  two  times)  the  root 
already  found  for  a  divisor.  Divide  the  dividend  by  the  divisor, 
and  put  the  result  both  in  the  quotient  and  divisor.  Then  proceed 
as incommon  arithmetic. 

1.     92r*— 122;»+16a»— &:+4(3a:»— 2a:+2 
9ic*  2 


ex'—2x 

Divisor. 


— 122:^4-162:'  62:*  constant  trial  divisofi 

— 122:»--  4a* 


6a^— 42:4-2|  122:«--8H-4 


First,  we  extract  the  square  root  of  dx*,  the  first  term.  Thia 
pTes  ^  for  the  first  term  of  the  root  required.  This  we  place 
on  the  right  hand  of  the  dividend,  in  the  manner  of  the  quotient, 
as  in  division.  Squaring  this  term,  and  subtracting  it  from  the 
dividend,  we  get  for  a  remainder  — 122:'-f"^^^ — 82:-j-4  :  we  now 
double  da:',  and  place  it  as  a  divisor  on  the  left  of  this  remainder, 
and  dividing  by  it,  62:*,  the  first  term  of  the  remainder,  we  get  or 
obtain  the  quotient  -*-22;,  the  second  term  of  the  root  sought, 
which  we  annex,  with  the  proper  sign,  to  the  double  root  6a?; 
multiply  the  whole  of  this  quantity,  62? — ^22r,  by  — ^22:,  and  sub- 
^ting  the  product  from  the  first  remainder,  we  obtain  for  a  se- 
cond remainder  122:* — 82:-f4 ;  then  by  doubling  32:* — ^22:,  the  two 
terms  of  the  root  thus  found,  and  dividing  122r,  the  first  term  of 
the  new  remainder,  by  62:*,  the  first  term  of  the  double  root,  we 
obtain  -|-2  for  a  quotient,  which  is  the  third  term  of  the  root 
Bonght;  and  by  annexing  it  to  the  double  root  62:* — 42;,  and  then 
nmltiplying  the  whole  of  this  quotient,  62? — 42:-f-2,  by  2,  and 
.  aobtnicting  the  product  firom  the  second  remainder,  we  find  0  for 
tQew  remainder,  which  shows  that  th«  root  required  is  Sx*— Sx-j-S. 


m1  g+'«+«^+'--^T+^-^' 


Mult. 


12s^-'\^*  4a^  constant  trial  diris. 


4a*+6a;8_a: 


^••**|i-"^»"~"«»iWi"«""*"«""^"^"W" 


Root. 

3.    9a:*—12aJ'+10a^—10aj'+52*— 22:4-1(32^— arH-aJ—l 
92*  2, 

eaJ_2a:»)_12a:«4-10a^'                 Constant  6?"  trial  divisor. 
Ist  divis.  — Iga^  +  4a^ 


2d  diTisor.    6a:*—  4x'- 


2;» 


3d  divisor.  — 62*4-40!* — ^2a:-  -1 


Dividend. 
4. 


4af— 2Q2*flf+a5A*+24«*yM— 60«V«***+3«^* 
4a^ 


4^--6A*)— 2oA^+S6A*  2x*— 5a;M— 6y V  root. 

fa>»^'    ^20A*+25:^a* 

4z*— 10A*4^6afyM)+24a:V**---€0A*A*-f3«y* 
ft    What  19  the  square  root  of  14  x  ? 

£+ii 


Ex.  6. 


6aV— 18gV4-  ^^ 

—  2a*a:*4-  6fl"a;*— Bor'-f-a^ 


7.    Extmct  the  square  root  of  Idb^* 


2±a^a:«)— W 


ar-T^^T^y^r 


^-'^-k^+^'^)±i^-^=^ 


±i^-\-^^Ta,-\-Th^ 


64 


2±a^a*dbK— T^  ai')*— Aa^=b»'f ^— ai^^ 


8.    Extract  the  square  root  of  <^±^. 


^i 


?' 


6«« 


2a      8a»  -*-16a»        128fl' 


± 


±»  &^*  answser* 


^4 


l+i)i±l-i±A-TW=. 

1 


±2*4 


40* 


2drJ)±l 


4^ 


2±1— J)— i 


=F 


4<^  ^8d'    '  64a^ 


dbi— A.  4«. 


8a^     64<^ 

a!*    .     a* 


l%d 


r=F 


a 


5a;» 


\d^W      128a? 


5?         P''  ?* 


to  on  ta  a»  infibate  iramber  of  termsv 


M  .waLjmov, 


* 


2«^^)^  ii_2*^(«_^2^ g^ 


^^    _^     2*-2i|tf )-^te- :^ 


.     -^-^+^        Rem.  J^^^J^ 


rf*_j»4a3-j_6af»-|-4fl4rl(a'4-2a+l  root, 
a* 


4fl«4-4rf» d* 


2rfi44a+l)+2a»+4a4-l  2a*— «)— 2a»+2a» 


2a»_2ffl+J)a*— a+j 


^^  a  1  root. 

— flW-l-  2— K)— 3^ 

i^a.i,^     I    "  Remainder,  — Jai* — g^a:* 


I' 


2»-*-?~?;r^ 


4a      16a«'     8a      64a« 

16.  Extract  the  square  root  of  4aJ*— 16a?4.24a;*— 16a:+4. 

Ans.  2a:'— 4a:-|-2. 

17.  Extract  the  square  root  of  16a;*+24a:^-f89a;*-f60a:+100. 

Ans.  4a;'-f-ai4-10. 

18.  Extract  the  square  root  of  \±:y* 

Aiis.l±^  — 8  *16     128^' 


♦ 

19.    Extract  the  squaie  nxit  of  9af— 122^-4-101^— 9Bx'-{-lV 
-ar-f  16.  Abb.  az*— SfP-j-o^ 


To  extract  the  Cube  Boot  of  a  Omipownd  QuantUy. 

56.  Rule.  Arrange  the  terms  according  to  the  dimensions  of  some 
letter,  as  in  diirision,  and  extract  the  root  of  the  first  term,  which 
must  be  a  cube.     Place  this  root  in  the  quotient,  subtract  its  cube 

from  the  first  term,  and  there^  ii'-P3<^*-j-3ay-|-*'{a4-^ 

will  be  no  remainder.    Bring  ^ 

down  the  ^  next  terms  for      3^  ig^mi^i^^fly-l^ 
a  dividend,    and  put.  three  •         '      2£^h    3al^    y 

times  the  square  just  found  — --1_— Il_ 

in  the  divisor's  place,  and  see  how  often  it  is  contained  in  the  first 
tenn  of  the  dividend,  and  the  quotient  is  the  next  term  of  the  root. 
Add  three  times  the  jRoduct  of  the  two  terms  of  the  root,  plus  the 
aqoare  of  the  last  term,  to  the  terms  already  in  the  divisor's  place, 
and  the  divisor  will  bo.  complete.  Multiply  the  divisor  by  the  last 
temi  of  the  root,  subtnu^t  the  product  from  the  dividend,  and  bring 
4own'  the  next  three  terms  for  a  dividend,  and  proceed  as  befoie. 

{(tfXa)3+3(aX^)+(*X^)}==a^-|-3flH*===**^e  fi"*  divisor. 

mvar  for  the  third  letter  in  me  root. 

3(A.|-^.c)'-|-3^(a4^4-c)4-(<^X<0===div^  for  the  fourth  term  ef 
die  root,  &c.  &c. 

1.  Extract  the  cube  root  of  af''^af4'16a^'S0sf4-l&Kf'--6x^. 

a?--«a^+lfe;*— 20a?+lfia»--&-j-l(a»--2a;+l. 
of 


32^— 12a?+15a?— ar+1 


3a:*— 12a:'-  -ISa^-Sx-  -1 


2.  Extract  the  cube  root  of  a^+6a:*— 40a?-f  96a:^-4J4 


a^J-^J-4a«j6a?_40a* 

ar»+12a^+ai? 


ai«4-12a!»— a4«Hrl6j— lat^— 4ar;-f96^^ 


12af*-^48a:»+96aj— 64 


8 


If  the  root  consists  of  three  terms,  a,  h,  c,  they  may  be  obtained 
by  first  finding  a,and  b,  as  above,  and  then  deriving  c  from  (i>-|-4) 
in  the  same  manner-that  b  was  derived  from  a. 

(»4-S)-+3(o-|-5)"o+3(-H)«'-K(M-H< 

(■H-*)° 

3(o+«)'-f3(<H-»)e-K)3('H-»)*=+3(»-H)«'-K 
3(a-|-i)■c+3(l^f-i)l:^-^V 

6.  Extnicl  the  cube  root  of  8z'-f36z*-f^4i:-|-37.    Aoa.  2z-f^ 

7.  Extract  the  cube'root  of  S?*"— 64a^-t-63a^— 44j^4-81i^-fl« 
+1.  Am.  a."— 2i+l. 


IDOnUB  XQITATIOMS. 


[From  p.  41.]  Here  the  numerator  being  the  least  compounded, 
and  h  rising  therein  to  a  single  dimension  only,  I  divide  the  same 
into  the  parts  M  —  40*6 ,  and  I6a*b  —  lOa^bi?,  which,  by 
inspection,  appear  to  be  equal  2cf(S€f-^2<?),  and  dcPbi^  —  2c') ; 
.'.  So*— 20^  is  a  divisor  to  both  parts,  and  l^ewise  to  the  whole,  ex- 
pressed by  (3<^-^2c^X(2fl'  +  5fl?^) ;  so  that  one  of  these  two  fac- 
tors, if  the  fraction  given  can  be  reduced  to  lower  terms,  must  also 
measare  the  denominator;  but  the  former  will  be  found  to  succeed: 
thus   3fl«— 2c»)9af'3— 27fl**c--6a3c»4-18*c»(3a^-9ic  .-.  3a»— 2c«. 

Here,  the  denominator  being  the  least  compounded,  and  d  rising 
therein  to  a  single  dimension  only,  I  divide  the  same  into  the  parts 
Mdn~Aacdy  and  — 2(u?  -|-  20* :  which,  by  inspection,  appear  to  be 
e([ual  to  4ad{a^-^,  And  —  2c*(a — c).  .'.  a^— c  is  a  divisor  to  both 
the  parts,  and  likewise  to  the  whole,  expressed  by  (4a'^  —  2c)  X 
(o^) ;  so  that  one  of  these  two  factors,  if  the  fraction  given  can 
be  reduced  to  lower  terms,  must  also  measure  the  numerator ;  but 
•the  latter  will  be  found  to  succeed  :  thus, 
fl— c)a?(? — (?dP — a'c'-|-c*(^-j-ctP— ac*— c" ;  .•.  a— c  is  the  greatest 

*~<^fr^i — 7—5 — ^--aV  ^^(= 4—5 — tta »    the    Answer. 


Vi— 4ac(i— 2ac'.^F^ 


4a<Z— 2c» 


Solution  to  the  8th.  Multiplying  the  numeator  by  5  and  I  have. 
lfe»-.2a?4.  10a?— a;  +  2)45aJ^+ 10:^  +  20/— 5z  4-40(ar 

45a:'  —  6a;*  +  30a?  —  ^\-%x 

X  by  .6,  63^— 20a?+2aa?— 1  la;  -fg 


15a?— 2z^-f  10a?— a:+2)30a;*— 100a?+l  15a?— 55a:+25(-f 2 

30a:*— 4a?+20a?— 2a: 


— 96«»+95a?— 53a;+21 
Multiply  the  last  divisor  by  32,  and  we  shall  have 
--96a?+95a?---53a:+21(480a:*— 64a?+320a?— 32a:+64(— 5flp 

480a:*— 475a?+265a?— 105a; 

-   mult  by  32,  411a?-f 55a?+73a;-f64 

-96a?+75a?— 53a;+21)13152a?+1760a?4-2336a;+2048(— 137 

13152a?+13015a?+7261a;— 2877 
Divide  this  by  4925,  it  becomes  3a? —  a?+  1  ;  which  by  anoth- 
er operation  exactly  divides  —  96a?+95a?— 51a;  +21 ;    and  .•.  in 

4e  greatest  common  measure  and  the  reduced  form,  is  loJ^  T^ 

SIMPLE  EQUATIONS. 

1.  An  equation  is  a  proposition  which  declares  the  equality  of  2 
joantities  expressed  algebraically.  This  is  done  by  connecting 
•mese  quantities  by  the  sign  (=) :  thus,  a;— 4=6 — x  is  an  equa- 
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turn  cxpmnng  ^e  eqvaJitj  ol  tke  quantities  3^— 4»  aad  6  —-2:. 
Also,  » — 5=0  is  an  equation  wkich  aawrtSi  that :»— ^  is  eqiuil  ta 
Bothingp,  and  thef efere  that  the  poeitrvtt  past  oi  the  exprestiou  is 
equal  to^  the  negative  pait. 

( 2/)  A  simple  equation  is  one  which,  when  cleared  of  fractibna 
and  surds,  contains  only  the  firsi  power  of  the  unknotwn  quoBti^* 
(See  Definitions  ^  and  4,  page  1 ;  and  also  Definitkwiff  3S  to  3% 
p«lge4.) 

(  6. )  A  cubic  equation,  or  an  equation  of  three  d^ensions,  isf 
one  into  which  the  cithe  of  the  unknown  quttBiCity  eatess,  with  tiie 
simple  and  quadratic  powers. 

(  7. )  A  pure  quaddratic  is  one  into  which  only  the  sqaaie  of  tte 
unknown  quantity  enters^ 

(  8. )  An  adfected  quadfratic  is  one  which  involves  the  square  of 
the  unknown  quantity,  and  also  the  simple  power  and  unkitowv 
quantities.  Thus,  or^-^  =  6^  is  a  pure  quadratic,  and  aa^-f-ftr-f- 
c=0  is  an  adfected  quadratic. 

(  9. )  The  resolution  0^  equations  is  the  determining  from  some 
qaontkies  given  the  valuer  of  eth»s  whi^h  are  unknown^  soi^  tliai 
these  latter  may  answer  certain  conditions  proposed. 

(10.)  And  these  values  are  called  ro6ts  of  the  equatiow. 

(11.).  K  equal  quantities  be  added  to  equal  quantities,  the  sunB 
wiill)e  equal. 

(IS.)  If  equal  quantities  be  taken  from  equal  quantities^  the  re- 
mainders win  be  equal. 

(13.)  If  equal  quantities-  be  multiplied  by  the  same  or  equal 
quantities,  the  products  will  be  equal. 

'     (14.)  If  equal  quantities  be  divided-  by  the  same  or.  equal  quan- 
tities, the  quotients  will  be  equal. 

(15.)}  If  the  same  quantity  be  added  to  and  subtracted  from  ano- 
ibsr,  the  value  of  the  latter  will  not  be  altered. 

(16.)>  If  a.  quantity  be  both  -multipliied  and  divided  by  another, 
itfi  value  wiU.  not  be  altered. 

(17'..)  Any  quantity  may  her  tvansposed  from,  one  side  of  ao^ 
tqjaatien.  to  the  other,  by  changing  its  sign  : 

Because,  in  this  ttanspositibn,  the  samequantftyiis  meretysaW 
tracted  from  each  side  of  the  equation ;  and  if  equals  be  taken 
from  equals,  the  remaondess  a«e  equal.*  Tlms,«if  x-^dsslSy  and 
9  be  subtracted  from  each  side,  x=l5- — 9,  or  6.  Also,  if  x-^bsst 
#,,  and  h  be  subtracted  from,  each,  side^,  x — a — b,  Andif '£• 
HuL  a  bemadded  tO'each  side^.^tss^i^pc. 

Alsofif  fa— g"igg  I  B»,afld  2aih8  taJteajGrom  aa&b.«dA» 
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2r— 7=2,  or  3a: — ^73sas2;  and  if — 1  be  subtracted^  or  (which  is 
the  same  thing*)  if  -{-7  be  added  to  each  side,  32as=2-f-'^==°^- 

Also,  if  X — a\h  c — 3z,  then,  by  snbtracting  — a-^lh--^x  from 
each  side,  we  have  iP-j-3a:=a — ^-f-c. 

Cor*  1.  Hence,  if  the  signs  of  all  the  tenns  on  each  side  of  an 
equation  be  changed,  the  two  sides  still  remain  equal ;  because  in 
this  change  every  term  is  transposed. 

Cwr.  2.  Hence,  when  the  known  and  unknown  quantities  are 
connected  in  an  equation  by  the  sigpis  -|-  or  -—,  they  may  be  se- 
pna^  by  transposing  the  known  quantities  to  one  side,  and  the 
unknown  to  the  other: 

C&r.  3.  Hence,  also,  if  any  quantity  be  found  on  both  sides  of 
an  equation,  it  may  be  taken  away  from  each ;  thus,  if  z-{^esa^ 
-|-y,  then  x=S.     If  a — b=c-\'il^,  then  a=c-f-rf. 

(18.)  If  every  term  on  each  side  of  an  equation  be  multiplied 
ly  the  same  quantity,  the  results  will  be  equal : 

Because,  in  multiplying  every  term  on  each  side  by  apy  quan* 
dty,  the  value  of  the  whole  side  is  multiplied  by  that  quantity ; 
and  (Id)  if  equals  be  multiplied  by  the  same  quantity,  tlie  pro* 
ducts  will  be  equal.  Xhus,  if  xs=sd -^  o^  then  62=  30-|-6a,  by 
multiplpng  every  term  by  6. 

Cor.  1.  Hence  an  equation,  of  which  any  part  is  fractional, 
may  be  reduced  to  an  equation  expressed  in  integers,  by  multi|rfy- 
ing  every  term  by  the  denominator  of  the  fraction.  If  there  be 
more  fractions  than  one  in  the  given  equatiDn,  it  may  be  so  re- 
duced by  multiplying  every  term  either  by  the  product  of  the 
denominators,  or  by  a  common  multiple  of  them  ;  and  if  the  least 
common  multiple  be  used,  the  equation  will  be  in  its  lowest  terms. 
Thus,  if  Jx  4*  i^?  +  ia:=  13 ;  if  every  term  be  multiplied  by  12, 
vhich  is  the  least  common  multiple  of  2,  3,  4 ;  62:-4-4];-|*3ei=158. 

^  Cor.  2.  Hence,  also,  if  every  term  on  both  siaes  have  a  com- 
nion  multiplier  or  divisor,  that  common  multiplier  or  divisor  may 
be  taken  away ;  thus,  if  <ui^^aba;==cdx ;  each  term  being  divi- 
dad  by  the  common  multiplier  rr,  02;  4-  a^  =:=  c<f .    Also,  if  for'  -l» 

"  '        — J— ,  then  also  &X'\-€^^:=^l3^-^1  . 
Also,  if  — — — = ( ,  then,  multiplying  by  -,  T\hv  n\i 

Cor.  3.  Also,  if  each  member  of  the  equation  have  a  common 
divisor,  the  equation  may  be  reduced  by  dividing  both  aidoR  by 
that  common  divisor  j  ^ 

Thus,  if  tuf^^ifzsszahx^-^hi  each  side  is  divinbk  by 
whence  apBa)(. 
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Cor,  4.  Hence  also  any  term  of  an  equation  may  be  made  a 
square,  by  multiplying  all  the  tenns  of  the  equation  by  the  quan- 
tities necessary ;  as,  if  aa!^-\-bcx=c(P,  the  first  term  may  be  made 
a  square  by  multiplying  each  term  by  «,  and  c^a?  -j-  obex  =  aceP. 

(19.)  If  each  side  of  an  equation  be  raised  to  the  same  power, 
the  results  are  equal ;  thus,  if  x — ^6,  2:^^=36  ;    . 

If  a:-(-a==y — b,  then  3^'j'2aX'j'(As=s3^ — ^by-^-V. 

And  if  the  same  roots  be  extracted  on  each  side,  the  results  ^x^ 
equal ;  thus,  if  a:^=49,  2:==7. 

If  7?=:a^b^,  then  x==ah  ;  if  a?-f.2a:+l=y* — y+i»  then  x^lsss. 
y—ii  and  if  x^ — 4aa:-f-4a*=y*-f-63y+9^»  then  a:— 8a=y--j-3^. 

For  (13  and  14)  when  equal  quantities  on  each  side  of  an  equa- 
tion are  multiplied  or  divided  by  equal  quantities,  the  results  will 
be  equal. 

Cor,  Hence,  if  that  side  of  the  equation  which  contains  the 
unknown  quantity  be  a  perfect  square,  cube,  or  other  power,  by 
extracting  the  square  root,  cube  root,  &c.  of  both  sides,  the  equa- 
tion will  be  reduced  to  one  of  lower  dimensions  :  thus,  if  a^^  8z 
4.16=36,  a;44=6 ; 

If  a;«+ar»+ai:+l=27,  a;+l=3 ; 
If  x*+22?+a^=:100,  a:*+te^lO. 

(20.)  Any  equation  m^y  be  cleared  of,  a  single  radical  quan- 
tity by  transposing  all  the  other  terms  to  the  contrary  side,  and 
raising  each  side  to  tho.  power  denominated  by  the  surd.  If  there 
are  more  than  one  surd,  the  operation  must  be  repeated.  Thus, 
if  as=/^(aa:-[-^,  by  squaring  each  side  a;^=:aar-}-^i  which  is  firee 
from  surds.  Also,  if  ^(a?-|-7)  -j-  a:= 7,  then,  (17)  by  transposi- 
tion, ^(a:^-l-7)=7 — x ;  and  (19)  by  squaring  each  side,  a?-|-7= 
49 — 14r-|-^>  which  is  free  from  surds.  Also,  if  a;4-\/(a*a:)  =5, 
then,  (17)  by  transposition,  \^{a^x)  =  b — x ;  and,  (19)  by  cubing 
each  side,  (rx=  b^  —  Sl^x  -f-  Sba^  —  a:*,  which  is  free  from  surds. 
Also,  if  V{ar*-f- V(^+21)} — l=Xj  then,  (17)  by  transposition, 
/^{i«*+V'(a^+21)|=a:-f-l,  and  (19)  by  squaring  each  side,  ar^-U 
j^{a*+2l)=3^+2x+l;  therefore,  (17,  Cor.  3,)  V(a:*+21)=i=2a; 
-}-l»  an4,  (19)  by  squaring  each  side,  a^-f-21=4:c^|-4r-f-li  which 
is  free  from  surds.  And,  if  4/{^^  -^  ^{^^^\  =c>  (19)  by 
cubing  each  side,  c^x  +  >\/(aV)  ^  c',  and  (17)  by  transposition, 
jy{cnr)=(? — c^x;  therefore,  (19)  by  squaring  each  side,  c?gfc=sif 
— ^2a*c'a:-|-aV,  which  is  free  from  surds. 

(21.)  Any  proportion  may  be  converted  into  an  equation  ;  for 
the  product  of  the  extremes  is  equal  to  the  product  of  the  means. 

fl       c 

Let  aihllc\  di  by  the  nature  of  proportion  ■=- s-^ ;  therefoiet 
(18,  Cot.  1,)  acts=^. 
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SIMPLE    EQUATIONS. 

Bfls  I.    Any  tenn  may  be  transposed  or.  transferred  frpm  one 
side  of  an  equation  to  the  other,  by  changing  its  signs. 

Thus,  if  a;-f-3==7 ;  then  will  a?=7^-3,  or  x=^ 
And,  if  a: — 4- 


•6=8 ;  then  will  a:=8-f  4-6=6. 
Also,  if  2;— -fl-|-fc=c— ^;  then  will  x=a — b-^-c — d. 
And,  if  4ar — 8==3a;-|-^5    *^®^  ^ — 3a:=20-|-8,  and   conse- 
quently ax=28. 

From  this  rule  it  also  follows,  that  if  a  quantity  be  found  on  each 
side  of  an  equation,  with  the  same  sign,  it  may  be  left  out  of  both 
of  them ;  and  that  the  signs  of  all  the  terms  of  any  equation  may 
be  changed  from  -|-  to  —  ,  or  from  —  to  +  ,  without  altering  its 
value. 

Thus,  if  Z'}-&==7"\'5 ;  then,  by  cancelling,  a:=^7. 
And  if  a — xs=b — c  ;  then,  by  changing  the  signs,  z — ai— c    b, 
or  x=a-\-< — b. 

1.  Given  22:-j-3=a;+17  to  find  x.  Ans.  x=14l. 
By  transposing,  gives  2x — as=17 — 3  =14.    Whence  05=14,  Ans. 

2.  Given  5x — 9=4ar-f-7  to  find  x.  Ans.  2::=16. 
By  transposing,  gives  5x — ix==zt  [  0     16.    Whence  2^=16^  Ans. 

3.  Given  x-^-^-^itssA  to  find  x,  Ans.  3dsss  ->-^. 
By  transposing,  gives  a5=4-j-2 — ^ft=s:—- 3,  Ans. 

4.  Given  ^x — 8s=8a: — 5  to  find  x,  Ans.  2^=3. 
By  transposing,  gives  9a? — 8xs=d8 — &=^.        Whence  as=s3,  Ans. 

5.  Given  7a;-|-8 — 3=6a:-|-4  to  find  x,  Ans.  as=  — ^1. 
By  transposing,  gives  7x— -62s=4-|-J3 — S=si  — s-1.  Whence  x=. 
— 1,  Ans.  - 

6.  What  number  is  that,  to  the  double  of  which  if  18  be  added 
the  sum  will  be  82  ? 

Let  ocsss  the  number  required.  Then  2x-|-18bsa82 ;  .*.  by  trans- 
position, 2x=s^,  and  2=32. 

7.  What  number  is  that,  to  the  double  of  which  if  44  be  added, 
the  sum  is  equal  to  four  times  the  required  number  ? 

Let  x=  the  number.  Then  2a:+44t=4a;;  .•.  by  transposition, 
44s=2a:,  and  22=2. 

8.  What  number  is  that,  the  double  of  which  exceeds  its  half 
by6? 

Let  xs=t  the  number.  Then  22— -|a%sss6 ;  .*.  42  jt.  12,  or  32 
=12, .-.  »=4.       ' 

9.  From  two  towns  which  -are  187  miles  distant,  two  travel- 
lers set  .out  at  the  same  time  with  an  intention  of  meeting.     On^. 


of  them  goes  8  miles  and  the  other  9  miles  a  day*    In  how  niaay 
days  will  they  meet  ? 
Let 


the  number  of  days  required ;  then  Qxtsa  the  number 
of  miles  one  travelled,  and  92txs  the  number  the  other  travelled ; 
and  since  they  meet,*  they  must  together  have  travelled  the  vriiiole 
distance,  consequently  Sx-^dxaBslS^,  or  17xssslQ7j  .*.  xassll. 

Rule  II.  If  an  unknown  quantity  has  a  coefficient,  its  value 
may  be  found  by  dividing  both  sides  of  the  equation  by  that  coef- 
ficient, because  if  two  equal  quantities  be  divided  by  the  same  or 
equal  quantities,  the  quotients  will  be  equal. 

Thus,  if  oxasaSo^—c;  then  will  o^BsS^—-. 

a 

And,  if  2a;-|-4?=:16 ;  then  will  a;+2=S,  or  3^8—2=6. 
Also,  if  ^  =  5+3 ;  then  will  2^104-6=16. 

2x 
Andf  if  -^  — 2sssA ;  thai  Qx    6it  12,  or,  by  division,  x — 3bs6, 

Of  XsssQ, 

.     1.  Given  Iftc+S^sSi  to  fiad  «.  Ans. 

By  transposinj^^  gives  16235=34 — ^2b=^,  and  by  division 

9e=2,  Ans. 

2.  Given  42—8= — 32-f-13  to  find  x.  Ans.  xssA 
Here  42 — 8    r     32-j-13»  by  transposing,  gives  42-{-32&=13-f-8, 

or  72i=21,  and,  by  division,  x=r^  s=s3,  Ans. 

3.  Given  102—19=72+17  to  find  x.  Ans.  zk=sl2. 
Here  l€l2-**19iBs72-{*17,  by  transposition,  lOa?— 72bsl7<-|-19,  or 

agiiiiW,  and,  by  division,  2i=-x-  =sl2,  Ans. 

4.  Given  82— 3+9=— 72+9-f27  to  find  2.  Ans.  2=2. 

Here  82— 3+9i=— 72+9+27,  by  transposing,  82+72=27+ 

^  30 

9 — ^9+3,  or  162a=30,  and,  by  division,  x=^-^  =:2,  Ans. 

lo 

4d 

5.  Given  3a2 — 3a&=12^.  Ans.  x^=b^ — . 

'  a 

Here  3fl2 — 3ah=zl2d,  by  transposition,  3a2&=sl2^+3a^,  and,  by 
15       «:H-— .Ans. 


32 
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6.  A  cask  which  held  146  gallons  was  filled  with  a  loizture  of 
bntndy,  wine,  and  water.  In  it  there  were  15  gallons  of  wiae 
more  than  there  were  of  brandy,  and  as  much  water  as  both  wine 
and  Inandy.     What  quantity  was  there  of  each  ? 

Let  £=  the  number  of  gallons  of  brandy, »%  x-^-l&sss  number 
of  gallons  of  wine,  and  2x'f-15s=sz  number  of  gallons  of  water. 

.'.  a:-f-a:-|-15-|-2a:-}-15=l^»  .'.  by  transposition,  4a — 116,  and 
xb:^.  .*.  there  were  29,  44,  and  7^  gallons  respectively  of  bran- 
dy, wine,  and  water. 

7.  A  person  employed  4  workmen ;  to  the  first  of  whom  he 
gave  2  shillings  more  than  to  the  second ;  to  the  second  3  shil- 
lings more  than  to  the  third ;  and  to  the  third  4  shillings  more 
tluui  to  the  fourth.  Their  wages  amounted  to  32  shillings.  What 
did  each  receive  ? 

Let  x=^  the  sum*received  by  the  fourth, 

third, 

second, 

ftnd  x-A-9=i first. 

...  a?+a:+4-f3:4-7+ar-f9=32, 
and,  by  transposition,   4xss=12y 
consequently  as=3. 
they  received  12,  10,  7,  and  3  shillings  respectively. 

8.  A  father,  taking  his  4  sons  sons  ;  the  second  received  10^., 


to  school,  divided  a  certain  sum 
■mongst  them.  Now  the  third 
had  9  shillings  more  than  the 
youngest ;  the  second  12  shil- 
lingB  more  than  the  third ;  and 
the  eldest  18  shillings  more  than 
the  second  ;  and  the  whole  sum 
was  6  shillings  more  than  7  times 
the  sum  which  the  youngest  re- 
ceived. How  much  had  each  ? 
Suppose  the  youngest  re- 
ceived X  shillings, 
then  the  third  received  ar-j-  9 
the  second,        -      -  a:- -21 

and  the  eldest,  -      -  a;-}-39 

/.  a;-f-2:4-94-a:+21-fa:+39= 
7a:-[-6 ;  .'.by transposition, 63= 
3a;,  and  .*.  21s=2;.  Consequent- 
ty  they  received  21,  30,  42,  and 
w  shillings  respectively. 

^  9.  A  sum  of  money  was  to  be 


the  third  14^.,  the  fourth  25d., 
the  fifth  28d.,  and  the  sixth  33^. 
less  than  the  first.  Now  the  sum 
distributed  was  lOd.  more  than 
treble  of  what  the  first  received. 
What  did  each  receive  ? 
Let  x=  what  the  first  rec'd., 

second, .  - 
third, 
fourth,    - 
fifth,       . 
sixth. 
The  sum  of  which  =6a; — ^110 
=3a;-^-10  by  supposition.     .•.  by 
transposition,  3a::=120  and 


X — 14= 
X — 25= 


X — 33= 


40.    .-.  they  received  40,  30,  26, 
15, 12,  7  pence  respectively. 

10.  It  is  required  to  divide  the 
number  99  into  five  such  parts, 
that  the  first  may  exceed  the  sec- 
ond by  3;  be  less  than  the  third 
divided  amongst    six  poor  per-my  10;  greater  than  the  fourth 


6* 
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11.  Wliat  two  numbms  are 
those  whose  sum  is  59,  and  dii^ 
ference  17  ? 

Let  xasa  the  less, 
.•.  a?-f-17=s  the  greater, 

and  .*.  X'-{'2>^l7:3aS9 ; 
by  transposition,  22:ass42, 

and  2ss=21,  the  less, 
.\  the  greater  sas38. 


Irf  9 ;  and  less  than  the  fifth  fay 
16. 

Let  xsas  the  first  part, 
.'.  X —  3=        second, 

X4-10E3S        third, 

a:—  9=a=        fourth, 

a^4-16cafi        fifthi 
...  aj-f.2:— 3-fa:-j-10+a:— 9+ 
a;-+-16=:99,  or  5a:-f  14=99. 
.*.  by  transposition,  5a:3=d5,  and 
2!s=sl7.     .•.  the  parts  are  17,  14, 
27,  8,  and  33. 

12.  What  nnmber  is  that,  the  treble  of  which  increased  by  12 
shall  as  much  exceed  54  as  that  treble  is  below  144  ? 

Let  x=z  the  number.     .*.  32;-|-12— ^4=144--ar,  .*.  6ai8a=186, 
and  22=31. 

13.  Two  persons  hegan  to  play  with  equal  sums  of  money: 
the  first  lost  14  dollars,  the  other  won  24  dollars,  and  then  tne 
second  had  twice  as  many  dollars  as  the  first.  What  sum  had 
each  at  first  ? 

Let  3cs=  the  sum ; 


and  ^^24  \  ^"^  ^^®  smtos  each  had  after  playing; 

.-.  2»— 2S=a:-f-24 ;  .-.  xs=52. 

14.  At  a  certain  election  943  men  voted,  and  the  candidair 
ehosen  had  a  majority  of  65.    How  many  voted  for  each  ? 

Let  Xsss  the  number  of  votes  the  unsuccessful  candidate  had ; 

.•.  x-{r-65s=:  the  number  the  successful  one  had.  .*.  x-^x-^SB 
Bd943;  2ar^878,  and  x     139.     .*.  the  numbers  were  439  and 

RtTLE  HI.  Any  equation  may  be  cleared  of  fractions  by  multi- 
plying each  of  its  terms,  successively,  by  the  denominators  of  those 
fractions,  or  by  multiplying  bbth  sides  by  the  products  of  all  the 
denominators,  or  by  any  quantity  that  is  divisible  by  each  of  the 
denominators. 

X     X  3^ 

Thus,  if  5  -f.  -  as  6,  then,  multiplying  by  3,  we  have  «+rr  «» 
3       4  4 

10;  and  this,  multiplied  by  4,  dves  4x^2xss^ ;  whence,  by  ad- 

60         4 
dition,  72iBsS0,  or  2SB>y  ^=^9-. 

X  X 

A&d,if  jH'g'^^^'  ^^^»  multiplying^  by  12,  (which   is  a 

120 
ttok^  of  4and<»)  3g>fftpil20, or  Sg»120» or g    ^mai 


/ 
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It  $ko  tfpemt  from  tkis  rule)  ihaX  if  tbe  saae  number,  or  qiian- 
%,be  found  ia  each  of  the  terms  of  an  equation^  either  as  a  mul- 
ti^  or  divisor,  it  may  be  expunged  from  all  of  them,  without 
ihering  the  result. 

Thus,  if  axsssuib'j-'ac  ;  then,  by  cancelling,  ocsaalh\<* 

X       b        c  ' 

And  if  -.  -I —  :=  - ;  thenv»-4-&t=c,  or  a^j-K    b* 
a  *  a       a  ' 

1.  Given  —  =?  4-  24  to  find  or.  Ans.  as=19*. 

2        4    * 

Multiplying  by  4,^  (which  is  a  multiple  of  4  and  2,)  6x=aBx4-96y 

«r  ^X'-x=Q6,  or  5x=96,  and  by  division  x  ^   -.  :s=  19  ,  Ans, 

o 

2.  Given|  +  1  +1  =  62  to  find  z.  Ans.  «b=69. 

2r       27        2 
Here  s  +  ?•  -f*  s  '^^^ ;  th^n,  multiplying  by  3,  we  have  x-f- 

-fr-f  "s-'^^lQ^t  *^^d  multiplying  by  5,  gives  &;-f"  ^"{"^  = 


;  and  this,  multiplied  by  2,  gives  10a:-+"8a:-f-l&»1960,  or 

1860 
)lftB&1860)  and,  by  division,  as=  "qT"  =60,  Ans. 

Multiplying  by  6,  (which  is  a  multiple  of  2,  3,  and  2,)  3^ — ^9-f- 

72 
8teal20 — Sar—^S?,  and,  by  transposition  and  division,  aL-i~tt=9, 

1  Given  -^i-  -f-    q--  *=  ^^ ?^  *<>  fi^d  ar.       Ans.  acawlS. 

Multiplying  by  12,  we  get  6a:+6+4z-[-8=192— 323—9,  or  13« 
•109;  and,  by  division,  a;=  J,^  =13,  Ans. 

0.  Given  — ^ — |-  -  s= — ^  to  find  x, 

Ans  j^  <^cH--gcy— aVrf 
ac(2-|-a^<{ — ^2cW 

Here  -i—  +  ~  = h  -^5^ »    ^^"'>  multiplying  by  ^,  a:-f« 

J  fa      2^a:    ,  «W-y        1^   i_          I       II       ^^cx    .  dbc-\'cV 
•|~aa 1— K,  mult,  by  c,  ftc+€B+6^»=« — -H ^i 

Wd»  by  multiplying  by  a  and  (if  .successively,  we  have  adcx-^^cd 
T^tea2ic4c-|-flftc-j-a(?^,   or,  by  transposition,  adcX'-\-€il>Acsa 


68  men*!  BquAtiam. 

RiTLfi  IV.  if  die  umknown  quantity  be  a  sufd,  trJUispose  the 
Test  of  the  tenns,  and  let  the  surd  quantity  stand  alone  on  one 
side  of  the  equation ;  then  take  away  the  radical  sign  from  it,  and 
raise  the  other  side  of  the  equation  to  the  power  denoted  by  the 
index  of  the  surd. 


Thus,  if  t^x — ^2=3 ;  then  w;^ll  ^xssQ  |  a>    5,  or,  by  squaring, 


And  if  >v/(3a:+4)=6 ;  then  will  3x-f-4=S5,  or 
21,0T»=^=7. 

Also,  if4/(2a;+3)+4=8;  then  will  >^(2a:-f3)  8  1-  nj,  or 
2a:+3=4«=64,  and  .•.'2a:=64— 3=r61,  or  a3=Vc=30J. 

1.  Given  2>^x-[-3=9  to  find  x.  Ans.  x=^. 
Here  2>^a:-j-3=9 ;  then,  2a/z=9 — 3=sx6  by  transposition,  and 

4x==36  by  squaring,  or  a5=^fi==9,  Ans. 

2.  Given  ^(^+1)— 2=3  to  find  x.  '    Ans.  x=^4u 
Here  a/(7+1)— 2=3 ;  then  V(^+l)=3+2^=^,  or  a:+l=s 

25  by  squaring,  and  consequently  x=Q5—l=24^f  Ans. 

3.  Given  „J^(3ar+4)-f  3=s6  to  find  x.  Ans.  :z!=7f . 
Here  4/(3a:-f4)+3=6 ;  then  4/(3:c+4)=6— 3=3,  or  32^-4 

=27  by  cubing,  and  3as=27— 4=23,  or  a=:^J=7J,  Ans. 

4.  Given  ^(4-|-a:)=4 — ^y^  to  find  z.  Ans.  2^=2^. 

Here  >^(4-[-a:)=4 — /i/x;  then  4-f-a:=16 — Sa/x-^-x  by  squar- 
ing, and,  by  trans.  8/v/as=12,  or  2>^a»=3 ;  and  42^=9  by  squar- 
ing, or  X — I — 2^,  Ans. 

5.  Given  V(4^+^)=>C^(4^*+«*)  to  find  x.       . 

Here  ;\/(4a?+a:*)=^(4&*-f-^*)  5  t^^n,  by  squaring  4ei?-f-aA=s 
^(4^*-j_^)j    and  squaring  again,    16a^-f-8a'^+^*=4i*4~^*>  ^ 

^*— 4a*  5<     4jj* 

transposition  and  division  a:^= — s-r"»  *^^  •*•  ai=>^(  ^^  ^— ),  An. 

RrLE  V.  If  that  side  of  the  equation  which  contains  the  un- 
known quantity  be  a  complete  power,  the  equation  may  be  re- 
duced to  a  lower  dimension,  by  extracting  the  root  of  the  said 
power  frofti  both  sides  of  the  equation. 

Thus,  if  a:«=81 ;  then  x=Ay8l=:9 ;  and  if  a:"=27,  then  a5= 
a5/27=3.  Also,  if  3a;»— 9=24 ;  then  3a^^=24+9=33,  or  a^=^ 
=11,  and  .'.  as=/^ll.  And,  if  a^-\^X'\-9=Q7 ;  then,  since  the 
left  hand  side  of  the  equation- is  a  complete  square,  we  shall  have, 
by  extracting  the  roots,  a:-(-3= V27  =  a/(SX3)  =  3V3,  or 
»=3V3— 3. 

1.  Given  9a;«— 6=30  to  find  x.  Ans. 
Then  9a*=304-6=36,  or  a*=^p=4,  and  .-.  xssi^4s=Q,  Ans. 

2.  Given  af-f-dsaO^  to  find  z,  Ans. 


y 


I 


T^mTAmM    On  I  tf7,  or  abea^gy— a,  Aim* 

3.  Given  a^-|-aJ-f"i="T"  ^®  ^^  ^'  •^®* 

By  extnu^ting  the  square  of  both  sides  x-j-|s=s|ss4},  or 
4J-i=4,  Ans. 

i  Given  a:*-f-ar-f-2~  =  ^  to  find  x.  Ans.  z — ib     ^. 

By  extracting  die  square  root  of  both  sides  fl>f-^  =saft,  or 

o>  Ans.  .  , 

5.  Given  a?+14a:-f49=12i  to  find  x.  Ans. 

By  extracting  the  square  root  of  both  sides  of  the  equation  x^ 
7=11,  or  a:a=l  1—7=4,  Ans. 


SuLB  VI.     Any  proportion  may  be  converted  into  an  equation 
by  making  the  products  of  the  extremes  and  means  equal  to  each 

other. 

Tkos,  if  3a; :  16:  :6  :  6 ;  then  3sX€sb16x^»  or  l&as^  or  9 

And  if  ^  :  a:  :&  :  c  ;  then  will  -^  =aabf  or  2cxsstSabs'  oti  by 

\.  , .  Sab 

dimon,  x=^^ 

Also, if  12--d; :  |::4  :  1;  then  12-^»»--  sa2z»  or  2x+tm^ 

12,  and  consequently  x    i^/i     i. 

1.  Given  -a: :  «:  :5bc  :  ci2  to  find  x.  Ans.  ji  1 1  x^  . 

4  &Oabc 
^Xcdss=aX&^  or  Scdr — ^Oabc^  and  consequently  «3= --;=--=- 

«=-g-,Ans. 

2.  Given  10— a;  l^xllSllto  find  a:.  Ans.  taid|. 
Then  10 — x — 2x  by  mult.  ext.  and  means,  and  3a:±=10,  or  xas 

■V««3i,  Ans. 

3.  Given  S-f-Sa; :  4a; :  :  8  :  2  to  find  x,  Ans.  aE&=l. 
Here  84-Sa: :  4a; :  :  8 : 2 ;  then  164-16a:i=32a;  by  mult.  ext.  and 

neans,  and  3^1;— 16as=16,  or  16as=l6 ;  .-.  as=Jf=l,  Ans. 

4.  Given  x  :  6 — x  :  :  2  :  4  to  find  x.  Ans.  xii.  t8. 
Here  x  :  6— a;  :  :  2:4  ;  then  4a5=12 — ^2a;  by  mult.  ext.  and 

means,  and  4a;-f-2a;B<sl2,  or  aa:^=sl2 ;  a:t=»V^c=2,  Ans. 


5.  Given  4a; :  a  :  :  dj^x  :  9  to  find  x,  Ans....    ^^. 

IQ 
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Then  9^x=&a^x  by  mult.  ezt.  and  means,  or  4.T  ■  ff>^g,  an 
by  squaring  l6sA=sa^x;  therefore,  by  division,  x     i\cfyAxk9. 

MISCELLANEOUS   EXAMPLES. 

1.  Given  5x — 15=2a;-[-6  to  find  the  value  of  x.    ^ 

Here  5xt'2x=6'{-18,  or  Sx=!^l5=^l ;  and  therefore  xss^ 

2.  Given  40— pa;— 16=120— 14ar,  to  find  the  vdne  of  x. 
Here   14a:— 6a5=120— 40+16  ;    or  8as=:13e--40=96  ;   m 

therefore  as=:^c=12. 

3. .  Given  3af* — 10a5=8a:-f-a:^,  to  find  the  value  of  x. 

Here  3a: — 10=8-|-a:,  by  dividing  by  x  ;  or  3ar    .r    8  |  lObsli 
by  transposition. 

And  consequently  2a:t=18,  or  as=s  A^=9. 

4.  Given  6aji^ — 12a^a:^=2aa:'-j-6a:?,  to  find- the  value  of  x. 
Here  2ar — 4fc=a:+2,  by  dividing  by  3aa:*;  or  2a; — a:s=2-j-4^. 

and  therefore  as=4^-f-2. 

5.  Given  a^-f-2a:-|-le=16,  to  find  the  value  of  x. 

H^re  a;-{-ls4,  by  extracting  the  square  root  of  each  side. 
And  therefore,  by  transposition,  a%=4 — 1=3. 

6.  Given  dax^^bssOdx-^^  to  find  the  value  of  x. 

Here  Sax — ^2<te=c-j-3^;  or  (5a — ^2<f)as=c-j-3i  /  and  theiefon) 

by  division,  x=^^^-^. 

7.  Given  Jz — ia:+Ja5=10,  to  find  the  value  of  x. 

Here  a>— §a:+|a5==20 ;  and  3a:— 2ar+faft=60 ;  or  iafr-a»+«i 
ss:240 ;  whence  102^=240,  or  a:t=;24. 

iT— 3     '  X  X— 19 

8.  Given  — — j-^  =20 g — >  to  find  the  vaiue  of  a^ 

120-5a^+Wi 


whence  3ar4-2x-f3a:s=120-f^74-9 ;  that  is,  8as=186,  or  asssMJ. 

9.  Given  ^§a:-|-5=7,  to  fina  the  value  of  a:. 

Here  ^§as=7 — 6=2 ;  whence,  by  squaring,  ix — g— 4  and 
2asa=12,  or  x==S. 

2^    ^ 

10.  Given  ar-f'/^(a'-f-a:^=    ^.  8j.jr\*  *®  *^^  *^®  YBlne  of  x. 


Here  arA/(«'+a^)+«'+aA=2fl?  ;    or  arV(a«+a:^  ^ti"-^,  and 
a?.(a»-f<c»)  =a*— 2aV+a:*;  whenceVa;»-f a:S=a*— 2^ai»+a^,  and 

4  IT* 

lAfcsa*— 2a"i« ;  therefore  S(^a^=a\  or  0:^=5-5  =  -o »    and  con- 
So*        3 

^  1 

eequently  x=a/-^  =  flVo  =  fl\/i=l«\/3»  the  answer. 
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BXAMPLES  FOR  PRACTICB. 

1.  Given  ftr— 2+24=31,  to  find  the  value  of  x. 

By  transposing  gives  3a5=31-f-2 — ^24^=9  /.  2i=f=3,  Ans. 

2.  GivQjj  4 — 9y^l4 — lly,  to  find  the  value  of  y. 

Here  4—9^^=14 — lly,  or  lly — 9y==14 — 4,  or  2^6=£lO,  whence 
j|fe=V^c=5,  Ans. 

3.  Given  a:-4-18=3a5 — 5,  to  find  the  value  of  a;. 
3a>— 22=18- -5,  or  2as=23,  whence  £=:11}. 

4.  Given  ar-f-Ja:-|-Jas=ll,  to  determine  the  value  of  a:. 
Molt,  by  6.     62:-f32r-f  22^=^6,  or  112^=66,  whence  2tea6 
6.  Given  2a? — Jar-f-lsssSa? — ^2,  to  find  the  value  of  x, 

Mahiply  the  given  equation  by  2,  and  we  have  42 — 2-|-2=10a; 
-4 ;  whence  162+2 — 42fc=4+2,  or  72s=6,  whence  21 — ^f. 

6.  Given  Jar+Ja? — ^2     J^^  to  determine  the  value  of  x. 

Mult,  by  60,  gives  3O2+2O2— l$2s=^,  or  352=42,  or  xs=^\i 
=a(=li»  Ans. 

X  I  3  X 5 

7.  Given  —£-  +  42  =4 7—*  to  find  the  value  of  x, 

2  4 

Muhiply  by  12,  gives  6ar+l&4-42i=48— 32+16,  or  132&b45, 
whence  x=\f^     3^,  Ans. 

8.  Given  2+>^32s?=>^(4+52),  to  find  the  value  of  2. 

Being  Squared  gives  4+4v32+32s=4+62,  whence  4>^32&= 
&p— 32=2a:.  Squaring  482=42*,  or -dividing  by  42,  we  have  a: 
=12. 

2* 

9.  Given  x  I  a      — i — ,  to  find  the  value  of  2. 

'         a+2 

a?+2a2+<A=^,  whence  2a2s= — fl?,  or  22 —     g,  or  .t         \a. 

Multiplying  by  >^(a+2),  gives  >\/(a2  +  a^  +  a  +  a:aK2«,  or 
^{a2-|V)=:a— ar. 
Hence  by  squaring  aa;+2S=fl* — 2a2+2*. 

Consequently  302=0",  or  32^=0,  or  2:=^,  Ans. 

11.  Given  — ;; |-q=-o o — » ^  ^^  ^'^  value- of  x. 

Multiplying  by  12  gives  3fl2 — 3^  |  la     6^2— 4^a:+4fl. 

3^ 
Whence  802— 2^2=3^  or  2(3fl— 23)=33.    .-.  21== — ^. 

12.  Given  A/(a?'+2»)i=4/(i*+2*),  to  find  the  value  of  x. 

By  squaring,  gives  fl*+aA=^(i*+aJ*),  squaring  again  gives 

whence  2flftA5=i*— a*,  or  xss^-—p. 
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13.  Giyen  \/(aH~^)4'a/('^'*^)^===^^^  ^^  ^^  ^^®  value  of  z. 
Here  \/(tf-|-<c)+/^(«— «)=^eLr,  by  squaring,  gives   2a.-f- 

2/i/(c? — 3^z=ax^  whence  /^(a^— «*)= — jr — - ;   squaring   agBin, 

a»— a^s— '       .•  .•.  ^-Aaftsscfof — 4flfe,  or,  dividing  by  «, 

4^ 


'  or 


14.  Griven  --|--  -H ==^>  to  determine  the  value  of  a?, 

I+x  '  1 — z 

By  reduction -^^^^-^—^=i^  or  rj — :t=^>  whence  2a  ^3 

i— <r*  1— <lr 

•^a*,  or  ba?=b — 2a.    .*.  z=s^- 


15.  Given  a+a:=A/{a'+W(*'+^)l»  ^o  ^^^  the  value  of  s; 

By  squaring.  fl+»=V{<^4"^V(*'+^)l>  ^®  ^^  €?-{-2az-{- 

'4-a;>\/(^+a^) ;  transposing,  2<M;-f-afc=ar/^(y+^)  >   divide 

by  X,  »i-f-«==  V(^"H^ »  ^y  squaring,  4fl?-f4ar+ar'=s:y-.^; 

whence  4gr-^y — ^o",  or  x — ^ — a,  the  answer  required. 

^  16.  Given  i  V(**-^-3<^)^W(a:'^'-*0===a:V«,  to  find  the  va- 
lue of  z. 

Multiplying  the  given  equation  by  2,  we  have  /^(a:^-{-3d?)— > 
f^(p^ — &r)==2ar>v/a ;  .'.  by  squaring  2^* — 2a/{z* — 9a*)==4aa:'^or 
— j^{z'^ — 9a*)s=2aa:* — 3?;    squaring  again,  2* — 9a*=iiih:* — 4aa^ 

-[-a;*,  or  (4fl^ — 4a')a:^=9fl*,  or  as=/^- 


4-4fl 

17.  Given  A^{a-{-z)-\-/s/(a — x)=h,  to  find  the  value  of  x. 
Here  V(*+*H">s/(^'^ — ^3c)5=*,  by  squaring,  2a4'2A/(«^— ^ 

=y,  or  /v/(fl* — a^)=z^b^ — a;  whence  c? — ^a:^=4^*— ii^+tf%  aod 

18.  Given  ^{a'\^zy\'/i^{a — z)=b,  to  find  the  value  of  z. 

By  cubing  both  sides  after  the  form  of  Ex.  7,  CJase  x,  Soids,  i 
we  have  2a-f34/(a»— a:»)  1 4/(a+a:)+4/(a— a;)  [=*'.  But  since ' 
^(ej^x)-|->^(«-^)s=3,  this  becomes  2o+3/4/(a»— fl?)Xi=»*", 

or  3/{/(d^— «■)  =-^~ — ,  or  >^(a?— «•)  =    ~    ■ ;  whence  o^^— <r*' 
18.  Given  V<H~V^''^=a/<»>  t<Q  &"!  ^^  'ralue  of  x. 


Which,  divided  by  4s/4^  Sivw  ^ +l^==vi/ai  sr^ss— )<i- 
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^fl,  or  ^fl— 1 ;  whence  /v/a;(^fl— l)s=>^a,  or  a/x—   7  ^.    ; 

V<^— 1 

therefore 


W^if 


20.  Given  ^  {^J I "^  '^  1  ^1 1  =  ^'  ^  determine  the 
nine  of  x. 

By  ^luaring,  gi^es  ^g+  S^^J  =  «..  o,  ^^ 
-f  a=fl« ;  or,  by  multiplying,  23^+2-^-23^— 2s=a?c?—€f ;  whei^ce 


fc?--(;?a*=— <^,  or  {a»— 4)a*=fl?;  therefore  as=— -^-— ,  Ans. 

>v/(<r — 4) 


21.  Given  A/(a*-(-«r)=:3fl5— >v/(a? — aa;),  to  find  the  valtw  of  a. 

This  equation  transposed  is  \/(a^ -j- oar)  + /\/{<»* -^<m:)  »^tf» 
squaring  2fl^-J-2V(a*--««a:»)=^» ;  whence  >v/(a*—a"a:')  =  —i«"; 
squaring  agam,  «*— «V=4«*,  or  dfa^satft^,  whence  asss^f^Aac 

p.  Given  ^/(a»-^)  +  a:V(fl'— l)==fl^>v/(l— ^,  to  find  the 
jValue  of  X. 

,  %  ttenspofeition,  ^(0*— a!")=====<^A^(l— a^)— W(«^— ^^  ;  8q«a^ 
ffig.  <^--^==z«*--«V— 2a:fl«V(l— ^)(«'— l)-f^^--«'.  Again, 
by  t»i»^)osition  SHid  division,  2a:V(l-*-a^)(«'— l)««a^^-^«*-4^--* 
1==(1— a^)  (a»— 1) ;  by  squaring,  4ar»(l— a:«)  (a«— 1)  =  (1— a:«)« 
(flj-l)»,  and  4a:'^(l— a;*)  (««— 1),  dividing  the  whole  by  (1--^ 
(^—1) ;  therefore,  by  actually  multiplying,  42\==«*--fl^ar-l-a:* — 1, 

«  32:*-|-rfaAas:ei? — 1 ;  whence  ^'^=^^rrh>  *^^»  consequently,  xvas9 

«^— 1 "  ^ 

V(^),  Am. 

23.  Given  ^(ar+fl)'==c — ^V(^+^)»  ^o  find  the  v«due  of  x. 
Squaring  x-\'a=z€^  —  2c/^(x -f- ^)  4"^+*»  *^d  transposing 

8^/(a;-f^)=3C*+A— ^  or  A/(a:-f-<^)=  ^ —  ;  whence  a;-f *=b 
*- — — — "^  — '^  - — ' — t )* — ^,  the  answer. 


^  c  4iftc 

^— I — |-  a/ =  ^-5 — :5,  to  find  the  value  of  «. 

a-j-x  '   ^  a — ^a:  a* — ^ar 

Bjr  «iuanng  gives  -_  +  --+  ^—-^^.^^^, 

whence  — j— -| =0,  or  V"  o^^^^=Q ;  therefore  a&— 

7  10 
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ia;  +  ^  -}-  ca:  =  0,  and  bz  —  cx  =  db-\'ac;   consequently  a^as 

Of  the  resolution  of  Simple  Equattons^  containing  Two  Unknown 

Quantities, 

« 

When  there  are  two  unknown  quantities,  and  two*  independent 
simple  equations  involving  them,  they  may  be  ^educed  to  one,  by 
any  of  the  three  following  rules  : 

Rule  I.  Observe  which  of  the  unknown  quantities  is  the  least 
involved,  and  find  -its  value  in  each  of  the  equations,  as  if  the 
oth€^  were  known,  by  the  methods  already  explained ;  "then  let 
the  two  values,  thus  found,  be  put  equal  to  each  other,  and  there 
will  arise  a  new  equation,  with  only  one  unknown  quantity  in  it, 
the  value  of  which  may  be  found  as  before. 

1.  Giv^n  J  Qxf^     10  { *^  ^^^  ^®  values  of  z  and  y. 

Here,  from  the  first  equation,  z  =  — jr— ^,  and  a5= — ^f^ ; 
whence  we  have.  — 5 — ^= — ~^  ,  or  115 — 15y=20-}-4y,  or 
19^b=l  15— 20=95 ;  that  is,  y=^=6,  and  z= — 5 — =4. 


2.  Given  j  ^iL—^  c  to  find  the  values  of  z  and  y. 

m 

Here,  from  the  first  equation,  z  =  a  — ^  y,  and  from  tne  second, 
at=3-j-y,  whence  a — y  =  3-|-y,  or  2y=a — b  ;  and  therefore  y  = 

a — b       ,                          1.        1  ...    .                  ^ — ^     a-i^b 
-^— ,  and  z=a — y ;    or,  by  substitution,  z=a 5—  —    '    . 

3.  Given  J  lyTLilZQ  c  to  find  the  values  of  z  and  y. 


Here,  from  the  first  equation,  as=14 — Jy,  and  from  the  second, 
z==21i    ly ;  therefore,  by  equality,  14 — %y^=Q4t — f y,  and,  conse«  ' 
quently,  4q — 2y=7%—^y ;  or,  by  multiplication,  84-— 4yi=144— 
-  9y ;  and,  therefore,  also  5y=144 — 84=dS0,  or,  by  division,  y==V 
=12,  and  a:=14— ^==6. 

4.  Given  4a:-j*y  ==  •^4,  and  4y-f-aJ=  16,  to  find  the  values  of  x 
and  y.  Ans.  2^=8,  y=:2. 

34 y 

From  1st  z  =  — ^p-^,  and  from  2d,  z  =  16— 4y ;  therefore)  by 


34— y 


4 


equality,  — .    ^     16 — 4y,  and,  consequently,  34 — y=364 — 16y,  or 
16y— y  =s 64—34,  or  15y s=30 ;  whence  yt=f{c=2,  and  2^=16^* 
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5.  Given  fts-^-^yssl^,  and  Sfv-^S^sll,  to  find  the  values  of  a; 

ind  y.  Ans.  xsss5f  y=6. 

Here  Sz  -f-  3y  s=  16,  and  Sx  —  2y  ss  11 ;  then  from  1st  x  a= 

16—%      J  r       oj  ll+2y     ,.     /.       V  ,.     ll+2y 

— 5—^,  and  from  2a,  a:= — ~-^  ;  therefore,  by  equauty, — 5— 2» 

B= — S"—^*  and,  consequently,  S2-f4y=48 — 9y,  or  19^bs=48 — 22 

=26 ;  whence  y=f|c=2,  and  a:i= — ——5=^1     5. 


6.  Given  f2:-[-|y==^,  and  ?a:+fy=i^i  to  find  the  values  of 
X  and  y.  Ans.  0:^=^,  ^^=i* 

By  multiplying  the  1st  by  20,  and  the  second  by  20,  we  «hadl  . 

have  82:-[-152/t=9,  and  15a:--[-8y=l  0^  ;  whence,  from  the  former 

9—l5y       ..        ^    ,  lOi— 8y 

equation,  x=z — - — ^,  and  from  the  latter  .t    i     °  -        ;     .'.    by 

o  lo 

equality,      *'7^=  ~q      >  or  81J— 64y=  136— 226y ;  hence 

161y.=63|,  or  y=63|-J-161=J  ;  also  :c=^Z^=?=:?  =J^. 

»   r^'         I  la:+2te=a  )  to  find  a:  and  y.     Ans.  a:=a+^,  and 

7.  Given  1 1^2^  \  j^j^j*.  ^  '  - 

From  the  1st  x  =  2a— 4y,  and  from  the  2d,a:=23-f4y ;  hence 
2W-4y=2a — 4y,  or  Sy=2a — 2b ;  y=\a — ^J3,  and  a:=2^-|-4j^s= 

8  Given  (  i^~f"iy^^^ )  *^  ^"^  ^  ^^^  y*     •^^'^'  ^=12,  and 

From  the  1st  ai=16— |y,  and  from  the  2d,  re  ==  3  +  Jy;  hence 
V^y=lQ—%y,  or  18+%=96— 4y  ;  whence  ys==^^|=6,  and  as= 
16— fy=16— J^fb=:12.     ' 

9  Given  1  i^'i'i^^^^^   i  ^^  ^'^^  ^  ^'^^  V*     ^^'  ^  ^^  1^»  ^^^ 

la: :  y::4  :  3  )  y=9, 

^   From  the  1st  a5=18— |y,  and  from  the  2d  a:=^y,  hence  j^y= 
18— |y,  or  4yi=64— 2y  ;  whence  2^=-S^=9,  and  a5=|yt=^=12. 

10.  Given  a:-f-y=80,  and  |a:=Jy,  to  find  x  and  y. 

Here  a;+y  =  80,  and  §a:  =  |y  ;  then,  from  the  1st,  x  =80 — y, 
and  from  the  2d,  a:  =  |y ;  hence  |y  =  80 — y,  or  9y4-8y  =  640, 
whence  y=g^y==37^,  and  x=S0—-y=S0S7^=^^.     . 


11.  Given  y — 6=:^a;,  and  as=y+6,  to  find  x  and  y.  Ans.  a;ss 
24,  and  yi=18. 

From  the  1st,  aj==2y — 12,  and  2y — 12=a=y-(-6;  whence  y=18, 
and  a;=y-)-6=18-f  6ss24. 


BmM  II.  ^isid  the  Tftkifls  ^  eid^r  dilim  uakaawa  qoantfties 
m  4bat  equation  in  which  it  is  the  least  involved ;  then  substitayle 
A\b  value  in  the  place  of  its  equal  in  the  other  equation,  and  there 
in^  arise  a  new  equation  with  only  one  unknown  quantity  in  it, 
the  value  of  which  may  be  found  as  before. 

.  1,  G^en  <  ^_  ]r^  2  \  *^  ^^  *^®  values  of  x  and  y 

From  the  first  equation,  2xs=17 — 2y  ;  which'^ulue,  being  substi- 
tuted for  a:,  in  the  second,  gives  3(17 — 2y) — ys=:2,  or  61 — 6y — y 
=2,  or  7y=51 — 2=49,  whence  y=^^P     7,  and  as=17 — ^2y  =ssd. 


2,  Given  J    2Ju=  3  v  *^  ^^^  *^®  values  of  x  and  y. 

From  the  first  equation,  a:=  13 — y  ;  which  value  being  substi- 
tuted for  a;,  in  the  second,  gives  13 — y — ^^=3,  or  2^^=13 — 3=10, 
whence  y     y>     5,  and  2i=:13 — y=sA. 

'^]*Q  *^  \  *®  ^'^  ^^  values  of  a:  and  y. 
Here  the  analogy  in  the  first,  turned  into  an  equation,  gives  hx 
i^mf,  €ff  ft    ^,  and  this  value,  substituted  for  x  in  the  second, 

gives  (-?)*-fV  =  c,  or  -j~-|-y*=c,  whence  we  have  cfi^4^lMsss 

^         Vc  e 

ffc^  or  3^  =c  -grrgr  i  "^^  consequently  y  =g  ^^/-rrffl  "^  2:  srs 

4.  Given  ifa;-[-7y=99,  and  |y+7a:=551,  to  find  the  values  *of 
x  and  y.  '         Ans.  x=7,  and  ^3=14L 

From  the  1st,  irt=693 — 49y;  which  value,  being  substituted 
for  a:,  in  the  second,  gives  ify4"'7(693— 49y)  =51,  or  2400^= 
33600,  whence  yt=14,  and  as=693—49y=693— 686=7. 

6.  Given  I  - 12  =1^-8,  and  ^  +  f-^fer^  +27,  to 

find  the  values  of  x  and  y.  Ans.  a::=a60,  y^=40. 

From  the  second,  xs=s — ^-^ ;   which  value,  being  snbsd- 

'     y^    n               9y+1050       ,«     f    ,  «        \      .      ' 
luted  for  «,  m  the  Ist,  gives       ' 12=  j-  -j-8,  or  clearing 

of  fractions  and  transposing,  11^=440,  or  ysssi^^t  .  10;  whence 
18y+2100       720+2100  _^ 

**       47  47         ^^ 

6.  Given  ar-j-ytc?*,  and  a? — y^=rf,  to  find  the  values  of  x  and  y. 

.  «*+££  ^—d 
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From  tbe  Ist,  x    i    y,  or  ai^axs'-^Sliy^'y  »  which  value  bding 

^ 4 

substituted  for  a:,  in  the  2d,  gives  5* — ^2sy-l-y* — «*=rf,  or  ys=        -, 

and  a:=;j— t/i=j       ^^   _    ^  . 

7.  Given  5x — 3yt=150,  and  lOx-^lSyssSQS,  to  find  a:  and  y. 

Ans.  a:s=s45,  and  ^==25. 

From  the  l§t,  as= J"      ,•  w^hich  value  being  substituted  for 


X,  in  the  2d,  we  shall  have  ?— ^  +  152/t=825,  or  2lyts=S25, 

whence  y — ^,    =25,  and  x= 3^  = 4" —  =45. 

8.  Given  x-^-y — 16,  and  x  lyiiS  :  1,  to  find  a:  and  y. 

Ans.  xs=sl2y  and  y6sa4. 
Here  a:-f-^t==16,  and  a;  :,y:  :3  :  1 ;  then,  from  the  2d,  xsssHy ; 
which  value  of  a;,  being  substituted  in  the  1st,  we  shall  have  3y-^ 
3^=16,  OT  y=4,  and  consequently  a:i=J2. 

9.  Given  x-\-^y=12,  and  y-f- Jas=9,  to  find  x  and  y. ' 

Ans.  a:s=:10,  and  y=i* 
Here  a:-|'^y^=12,  and  y-f-|2;s=9 ;  Uien,  from  the  2d,  x&kIS— 
3y ;   which  value,  being  substituted  in  the  1st,  we  shall  have  18— 
^-|-^y^=12 ;  hence  y=4,  and  a:=10. 

10.  Given  a: :  y:  :3  :  2,  and  a? — y^=20,  to  find  x  and  y. 

Ans.  x=sS,  and  ysseA, 
Here  a: :  y:  :3  :  2,  and  a^ — y'sdW ;  then,  from  the  1st,  as=sjy, 

or  a^i    ^  ;,  which  value  being  substituted  in  the  2d,  gives  ^-  -^ 


1/^=20,  or  y'sislG,  hence  yt=:>y^l6=4,  and  a:i=jy     ^     6. 

ll.Given|-  12=|+13and^  4:|  +  1&=?^  + 
S7,  to  find  X  and  y.  Ans.  a:=SOf  and  ^s^. 

Here|-12=i|H-13.and2±y+5-  +  16  =  ^  +27; 

660 27v 

then,  from  the  2d,  x= ^ — - ;  which  value,  being  substituted 

in  the  1st,  we  shall  have j — ^  ^="^  4"  ^ »  hence,  by  trans- 

posing  aiid  reducing,  28ys=s560,  or  yt=  -^  s=  20,  and 
660— 27y       660—640       ^^  -     * 
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BoLi  ni.  Let  one  or'  bojdi  4^  the  given  equatioiis  be  midti-' 
p^ed,  or  divided,  by  such  numbers,  or  quantities,  as  will  make 
the  term  that  contains  one  of  the  unknown  quantities  the  same  in 
each  of  them ;  then,  by  adding,  or  subtracting,  the  two  equatioiis 
thus  obtained,  as  the  case  may  require,  there  will  arise  a  new 
equation,  with  only^  cme  onknown  quantity  in  it,  which  may  be 
resolved  as  before. 

1.  Given     <      I914  [  *^  ^^  *^®  values  of  x  and  y. 
First,  multiply  the  second  equation  by  3,  and  it  will  give  3x-|- 


Then  subtract  the  first  equation  from  this,  and  it  will  give  6y 
-^-^■jajda     10,  or  JTsbS. 

Whence,  also,  xs=14^$^t=14— 4s=rlO. 

IL    CUvea  |  gjjI^l^lG  \  *^  ^^  *^®  values  of  a:  and  y. 

Multiply  the  first  equation  by  2,  and  the  second  by  6 ;  then  lOo: 
— «ys=fe,  and  10x+25yz=sSO. 

And  if  the  former  of  these  be  subtracted  from  the  latter,  diere 
▼ill  arise  3ly=S2,  or  yfc=4fc=2. 

VlMiice,  :by  the  inst  eqution,  .t.    ■  ^^  «s-^  a»3. 

3.  QweB,  Hr-  +  %w^  ^^  ^^  -^23    Sar,  to  findx  aad  y. 


JIn8  ^  +^^bc^l,  and^l^  -«S3-dr ;  then,  from  the  lat, 

«4-24^t»76,  and  from  the  dd,  y-f  152=63.  Multiply  the  1st  hf 
15,  and  we  have  152;-{-360y==:1140,  then  subtract  the  2d  equatictn 
from  this,  and  we  shall  have  259y=lQ77,  or  y.  XJ^J^^ssS,  and 
4mB  the  1st,  :r»:7ift— 24y=E76-~78»4. 

4.  Given  3a:-4-7y*=79,  and  2yt=9-f-i«»  to  find  x  and  y. 

Here  3a:-j-7y=s79,  and  2y=9-f-Ja: ;  then,  from  the  dd,  ty  ■  .g 
ssJB!     Mult^ly  this  equation  by  3,  and  we  have  12y — 32%=:54, 
to  which  add  the  1st,  an'd  we  shall  have  l%=i^l39,  or  ff^^fi^ 
7,  and  hence,  from  the  2d  equation^  a5=:4y — 18=28 — 18s=10. 

ik  Given  3QH40^^»270,  and  fik-f  30j/^=34Q,  to  find  x  and  y. 

Ans.  2fe=5,  and  yt=S. 

Here  30a;-)-40y^;=s27(>,  and  5es4-SQyk=340 ;  then,  multipMng 
the  1st  l)y  5,  and  the  2(1  by  9,  we  shall  have  150a;-f-200yssl358^, 
and  ISOx-^BOysxf^QSO;  then,  by  subtracting  the  latter  from  the 

former,  gives  1109^^:330,  or  y    l^^  s:^,  and  from  the  Ist 

270—40y      270—120      ,, 
30  ~™      30       ■^* 


SOffiLK  Mi^Avmm.  ft 


4.  Qvfen  gg  %  iiflA+ay,  and  2^-f*y  :  jy  ::  3  :  S»  to  &di^ 
•ad  IL  Aiifi.  ;ebbb10,  and  ysS. 

Here  3a: — 3y=2a;-f-2y,  and  a>fy  :  i:y::3  :  5;  then,  from  the 
Ist,  it — 6y,  and  from  the  1M,  634"gyr  3Lry,  or  by  substitutinff  the 
value  of  x,  found  from  the  1st,  we  shall  have  25f^5y=l&^t9Jki 
^imding  b^  fr  and  tfansposing  t^sss^^sssQ^  and  xsss6y=10. 

7.  Given  a:'y-f-a:y^=30,  and  2^'\-y^=36,  to  find  ar  and  y. 

Here  a:*^-!'^^^*  *^°^  a:'-f-y'==*^  J  then,  adding  3  times  the 
Ifit  elation  to  the  2d,  gives  ar4-3ar*y-j-3ay-f^=^^5,  and  by  ex- 
tracting the  cube  root  x-\-ys=s^  and,  from  the  1st,  (a:4-y)a:^==30 1 
hence,  by  substitution,  5xy=3f^y  or  xys=S,  and  a:'-}"2iy+y^=25, 
from  which  subtract  4  times  the  last  equation,  and  we  ahall  have 
af — 2xy'{-^^=li  and  by  evolution  x — ys=l ;  adding  this  equation 
to  a  I  ymiS,  and  we  shall  have  2apc=^,  or  «&s=3,  whence  yi    g> 

a  Giyen?^=?^-3,«ul»-^=|+|tofind 
X  and  y.  V  Ans.  x=12,  and  ^tasd6. 


from  the  1st,  27)^ — Ilac2=d30,  and,  from  the  2d,  9x — l^yii  06. 
Multiplying  the  1st  of  these  equations  hy  2,  and  the  second  by 
27,  we  shall  have  54y—22x=S0,  and  243a:— 54ys=:2592 ;  then, 
by  adding  the  two  last  equations  together,  we  have  221.^—^5^, 
or  xs=y^^=zl2y  and  9a:— 2^&=:96^  hence  2ys=9a:^96ssl08— ' 


9.  Given  a;-f-y  Id  II « — J(  I  ^»  and  a;* — ^=c,  to  find  the  valaea 
of  X  and  y.* 

la  the  first  of  tfie  two  equations  (ar-f-y)  I  all  {x — y)  :  hy  and  a? 
— j^=c ;  .-.  *(x-(-y)  =a(aj— y),  or  (H^)y=(«»— *)«• 

Whencey        .  .acyand  y^=si — r-T7ga^«  Substitute  this  iiac  ^ 

k  the  IM  ecrauu,  and  we  have  af —  - — ,  ..^x^  .  .c,  or 

a:»(fl4.5)»_(a— ^)V=c(a+5)*,  or 
a?{(a+5)«— (fl^-^f}=c(a+*)*,  or 

••(4e»=«(*+*)"i  whence  ^=^^^^^,  or  a«  ^  V^.  |^ 

*^— ^^45 te--5~-,ory=.^^V^,theaiww«. 

ICL  Gife»  4KD-f>iysB«y  and  <bp^^«^/  te  find  the  values  of  x 


80  SOfFtB  BQVATIOirS* 


11.  OiTen  ax-\-^bffBsse  > 

Mult.  Ist  by  dj  dax4-dhys=sdc 
Mult.  2d  by  a,  dax-f-aeys=:^f 
By  subt.  dby — aeys=dc — af 


Whence 


db — ae       eie — db 
Mult.  1st  by  6,  eax-4r€by^=ec 
Mult.  2d  by  b,  bdX'\-eby=bf 
By  subtrac.      eax—bdx=ec — bf 

ec — bf       bf—ce 


12.  Given  x-^^ytsssa,  and  2**—^ 
=b,     Perp  divide  a? — i^=ss:6  hy 

x-\-^y=a ;  and  we  have 


Whence  by  add.  2.T — aA — 


2a        ,  ^ 

And  by  subt.  2y=a ,  or  yt=s 

<^—b  ^ 


Whence 


ea — bd      bd — ea 


2a. 


13.   Given  a^-\'xys=sa,  and  i^-^zysssbt  to  find  the  values  of  x 
and  y. 

Here  a?'^xy=a ) 

By  addition,  3?-{-2xy'\-^=a-\-b,  or  (a;-fy)^=a-f-^,  or  z-^-t^sss 

.  a/(^H-^)*     Now  the  two  proposed  equations  may  be  put  under 

the  form  x(x^)=ay  or  a:V(«-M)= 

y(a:-|^)=j=3,  or  y V{a4^)s 

Whence,  by  division,  z       ^, — r-rr-;  and  ysss.  — 77 — -r-rr. 

Of  ^^  reft^ttf ton  of  simple  equations,  etmtatning  three  or  more 

uriknovm  quantities. 

When  there  are  three  unknown  quailtities,  and  three  indepen- 
dent- simple  equations  containing  them,  they  may  be  reduced,  to 
one  by  the  following  method.* 

*  The  necessity  for  observing  that  the  given  equations  in  this 
and  other  similar  cases  are  so  proposed  as  to  be  independent  <rf 
each  other,  will  be  obvious  from  the  following  example : 

X — 2y-{-25=5;  2a:-}-y — «=7;  x-^-Sy — 2z=s2; 

where,  if  it  were  required  to  determine  the  value  of  x,  y,  and  z, 
it  will  be  found,  by  eliminating  x  from  each  of  them,  and  then 
equating  the  results,  that  5y  —  3z  =  —  3,  and  5y — 3zs=s  —  3  ; 
whicl^  equations,  being  identical,  or  both  the  same,  furnish  no  d^ 
'terminate  answer.  And,  in  effect,  if  the  three  equations  be  prop- 
erly examined,  it  will  be  found,  that  the  third  is  merely  the  dif- 
ference of  the  first  and  second,  and  consequently  involves  nd 
eondition  but  what  is  contained  in  the  other  two. 


Rule.  Find  the  Talv«»of  one  <tf  Ibemuniowii  ^anlities  in 
each  of  the  three  given  equations^  as  if  all  the  xost  were  known ; 
tben  put  the  first  of  these  values  equal  to  the  second,  and  either 
the  first  or  second  equal  to  the  third,  and  there  will  arise  two  new 
^uations  with  only  two  unknown  quantities  in  them,  the  values 
of  which  may  he  found  as  in  the  former  case;  and  thence  the 
value  of  the  third. 

.  Or,  multiply  each  of  the  equations  by  such  numhers,  or  quan- 
tities, as  will  make  one  of  their  terms  the  same  in  them  all;  then 
having  subtracted  any  two  of  these  resulting  equations  from  the 
third,  or  added  them  together,  as  the  ease  may  require,  there  will 
ffemafn  only  two  equations,  which  may  be  resolved  by  the  former 
rules. 

And  in  nearly  the  same  way  may  four,  five,  &c.  unknown 
quantities  be  exterminated*  from  the  same  number  of  independent 
simple  equations ;  but,  in  cases  of  this  kind,  there  are  frequently 
du>rter  and  more  commodious  methods  of  operation^  which  csa 
eoly  be  learnt  from  practice.* 

EXAMPLES.    / 

^29 


C    x4-  yf  z=i 
1.  Crfren  <    X'\-2y4'2zs=s62  >  to  find  Xj  y,  and  2r. 

Here,  from  the  first  equation,  35=29— jf — z. 
From  the  second,  xs=S2 — ^2^ — Sz^ 

^  The  vahies  of  the  unknown  quantities  in  the  three  literal 

41^,  may  be  exkii»ted  in  general  terms,  like  those  before  mcsitionedy 
as  Jbllows : 

4h'(f'—dc'h''-{-cd:h"-^d:c'''^hc'df'—ch'd:' 


ad^c''—ac'df'+ca'd''—da'c"'\'dc'a''—cd:a' 


a5'dr—ad'b**'{'da'b^'—ba'(r'--\-bd'a''-^bW 


nb'c"—acT'  'j-ca'b''-^^'c"+bc'a''—cb'a'' 
which  formulae,  by  substitution,  may  be  employed  for  the  resoii|- 
tion  of  any  numeral  case  of  this  kind,  as  in  the  instance  of  two 
equations  before  given.  The  numerator  of  any  of  these  equa- 
tions, such  as  z,  consists  of  all  the  different  {Mroducts,  which  can 
be  made  of  three  opposite  ^coefficients  taken  from  the  orders  in 
which  z  is  not  feottd ;  and  the  denominator  consists  of  all  the  pro- 
ducts that  can  be  made  of  the  three  opposite  coefficients  taken 
the  foders  *whieh  mvolve  the  three  unknown  quantities. 
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And  from  the  third,  :e=s:20-^|y — ^z. 
Whence    29— y— «i=62-^2y— 3z, 
And,  also,  29 — y — ^2=20 — §y — Jar, 
From  the  first  pf  which,  ys=2^3— 2z, 
And  from  the  second,  y==37 — Jz, 
Therefore,  33— 2^=27— fz,  or  2t=12 ; 
Whence,  also,  y=33-r-2z=9. 
And  225=29 — y    z    8, 

i  2a:-f-4y— 3^=22  ) 

2.  Given  <  4a^— -2y-j-52i=18  >  to  find  a:,  y,  and  z. 

(  6a:+7y—  2±=63  ) 
Here,  multiplying  the  first  equation  hy  6,  the  second  by  3,  and 

(  12x+24y— 18zt=132,  ^ 
the  third  by  2,  we  shall  have  <  122; —  %-j-15z=  54,  >  And,  sub- 

{  ]22:+14y—  22=126.  ) 
tracting  the  second  of  these  equations  successively  from  the  first 

and  third,  there  will  arise  J  20w— 17^^72*  (  ^''  ^^  dividing  the 

first  of  these  two  equations  by  3,  and  then  multiplying  the  result 
v„o  J20y-22z=52,) 

Whence,  by  subtracting  the  former  of  these  from^  the  latter^  we 
have  6z=Q0f  or  zs=s^  And,  consequently,  by  substitatzon  and 
reduction,  y=7f  and  x — ^3.     Otherwise, 

Multiplying  the  first  equat.  by  2,  4a;-f-8y — 6zs=M 

and  subtracting  the  second,  42; — fty-^SzrsslB 

there  results  (A)  lOy — 112==^ 

Again,  mult,  the  first  equation  by  3,  62;-|-12y — 9zs=S6 

and  subtracting  the  .third,  62;-|-  7y —  zssM 

there  results  &y —  82^=  3 

and  mult,  this  result  by  2,  10^ — 16z=i  6 

which  subtracted  from  equation  (A),  Kh^-^^llzssSR 

gives  5xs^ 

.        ,3+82;.      „      ^        ,22— 4y4-3z,      „ 
.-.  «=4,y={  -^)  =7,  and  2;=( ^-L^)  =3. 

3.  Given  2r-}-y+2i=53,  2:+2y+32s==106,  and  a;+3y+4rs=: 
134,  to  find  the  values  of  ^c,  y,  and  z. 

Subtract  1st  from  2d,  y4-2z=62 )    -kt  vx     .•      .i.    i  **^, 

Subtract  3d  from  3d,  y+  z=£i9  \    ^°^'  ««l>tractmg  the  latter 

from  the  preceding  one,  we  have  2is=23.' 
Also  from  the  last,  y==:29— 2i=29— 23b=6, 
And  from  the  first,  2:t=s53 — y — z=6S — ^29b=a24, 
That  is,  2s=24,  y=S,  and  z=SS. 

4.  Given  2:+ Jy-f  J^»=32,  J^+iy-K«=15,  and  i^-^-jy-f^ij 
12,  to  find  the  values  of  2;,  y  and  z. 
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l^dplying  the  first  by  six,  and  the  second  and  third  by  60, 
we  have     »  6a;-f  %4-  2z=192  ) 

20a:4-15y-f  122=900  } 
I5x--{'l2y+l0z=720  ) 
Again,   multiply  the  first   by  10,  the  second  by  3,  and  the 
third  by  4,  give        60a:-f-30y4-20z=1920 

60x4-4%-H^^2=2880. 
Subtracting  now  the  first  of  these  firom  the  2d,  and  the  sec- 
firom  the  3d,  we  have         J  16y4.162s=780  ) 

(    3^4-  4z=180 } 
Mult  the  latter  by  6,     15y+202i=900 
Subtract 15y+162=780 

4z=120,  or  zs=30. 

«               180  — 42r     _.        .         192  — 3y— 2;?     ,«      .       ^ 
But  y  =  g =20,  and  x= ^ =12 ;  therefore, 

ftsl2,  yb==20,  and  2^=30. 

6.  Given  7x+5y+22=79, 8ar+7y4-92=122,  and  a^^-4y-|-dr 
ss55,  to  find  the  values  of  Xj  y  and  z. 

Multiply  the  first  by  8,  the  second  by  7,  and  the  third  by  58, 
and  we  have  (  56x--\-  40y4-  162t=  632  ) 


^66a:--  49y—  63^=  854^ 
(  56a;+224y4-2802=3080  ) 
Subtract  the  first  firom  the  2d,  and  'the  second  from  the  3d, 
and  we  obtain  9y4-  47^=  222  j 

17^+2172=2226  j 
Multiply  the  first  of  these  by  175,  and  the  second  by  9,  and  we 
have  1575y-f8225z=38850 

1575y4-1953^==20034 

By  subtraction  62722=18816,  or 

«            222—472     ^       ^        55— 4y-^z 
But  y= =9,  andas=  —       ^ 

1 

That  is,  z==^  y^=9,  and  2=3. . 

6.    Given    x- 

X'\^z:=sb  }  to  find  the  values  of  x,  y  and  z. 

By  addition,  2x-{-2y'{-2z=ia-^b-\-Cj  or 

x^  -  yJ^  ^sssja+i^-j-jc ;  from  which, 
subtracting  each  of  the  three  given  equations  respectively,  we  have 

^fssz    hor^lh-j-^c  >  the  value^  sought. 
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1^2^=38,  to  find  Xy  y  and  z. 

By  clearing  of  fractioi^,  titose  bec«Kne  C^-f^'f^^^^^^'^^  2(h:-f- 
15^4-1^2^=2820,  and  Idsr-f  t%+16tes=2a8a 

MnJitiplyin^  the  Ist  by  20,  the  second  by  6;,  ani  the  3d  b]p  8^  we 
shall  have  120x4-6e9-f^23srl4880 

120:2r-  -90sr-f  ^2k=rl6099 
120a;-fd69+80z&rr];8240 

Ancly  snbtraeCmg  the  Ist  of  these  equations  from  tha  second, 
and  the  second  from  the  thifd,  there  will  arise  10y-{^  122:  s»  2040^ 
and  Qy-^z  s=s  1320^  Or^  multiplying  the  1st  of  these  two  equa* 
tions  by  3,  and  2d  by  5,  we  i^all  have  30^+362s6120^  aaiid  30y 

i-  4O2:  =  6600  ;  whence,  l^  subtmcting  the  ibrmer  of  these  from 
e  latter,  we  have  4^  =s480,  or  2:=  120 ;  and,  consequently,  by 
substitution  and  reduction,  :iss24,  and  y=60. 

8.  Given  2+2P=^-f  100,  y—2x=Qz^lOO,  an42:+10a=3a^f 
3y,  to  find  x,  y  and  2. 

Then^  by  transaosing^  /H"y — ^  =  100,  y — ^2a^— 2«= — 100,  and 
z — 3a>--3yi= — 100.  And,  by  adding  twice  the  1st  to  the  second^ 
end  subtracting  the  third  from  the  1st,  we  shall  have  3y  —  4c  = 
100,  and  2x-\-iys=QO0  ;  multiplying  the  2d  of  these  two  equations 
by  2,  and  stdding  the  result  to  the  first,  we  have  ll^t==500,  or 
y:±=45|\- ;  and,  consequently,  by  substitution  and  reduction,  a;= 
9^»  and  2:=ss6d^. 

9.  Given  ar+y-j-^'^=^»  2a:— 3=^-f-32,  and  5a:-f-fe=  Jfy+Wi 
to  find  Xf  y  and  2.    . 

Then,  by  adding  the  1st  to  the  second,  and  3  times  the  Ist  to 
the  third,  and  transposing  the  terms  of  the  second  and  third,  W6 
shall  have  3a: — ^22s==10,.  and  8a:-|-82s=40.  Or,  dividing  the  latter 
of  these  two  equations  by  4,  we  have  2a?-|-22 — ^10,  and,  adding 
this  to  the  former,,  de7:^20,  or  a:=:4;  and,  conseauently,  2t=l, 
and  ys=Q. 

10.  Given  3a:-4^5y — 42!=:25,  5x — 2y-\^z=My  and  9y^9z^ 
2a=62,  to  find  x,  y  and  z. 

Thenr  adding  3  tknea  the  3d  to  the  1st,  and  §  times  the  3d  to 
the  1st,  we  shall  have 

14^-1-112^=211,  and  l%-fS82:=:356. 
Or,  multipiyiag  the  1st  ef  these  two  equations  by  13,  and  the 
«eeond  by  14,  dim  will  resuk, 

1822^+1432^=2743,  and  18%4-d822»a4984. 
And,  subtiasfebi^  tfae  former  from  the  lattei,^ 

2492t=2241„  oc  Z-rr^^f^^^^r-B^ 

And,  consequently,  by eubstitution andreduction, yssS^ and xiislf* 
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IL  *  Qiven  x-\-y-\-zs=s=13^  and  a;-(-y+w=17,  x-^z-^sslSf 
and  y-^z-{-t<=21,  to  find  2;,  y,  z,  and  t^. 

Then,  assume  Ssaj  +  y-j-^H"^'  ^'^^l  ^®  above  equations 
will  be  transformed  into  the  following  ones  :  S — u  =  13,  S — z 
=  17,  S — y  =  18,  and  S — x  =  21.  Add  all  these  equations  to- 
gether, and  we  have  45— a>— y — z — ^=69,  that  is,  4S — (a:-f-y 
4-24-a)=69. 

But  a:+y+z+tfc=:S,  therefore  45—5=69,  or  35=69,  and 
S=:23,  and,  consequently,  by  substituting  for  5  its  value  in  the 
loar  transformed  equations,  we  shall  have 

23— M=13,  23— J2=17, 23— ^/t=18,  and  23— as=^l. 
And,  consequently,  x=s=Q,  y=Sj  z=^y  and  i£=10. 

MISCELLANEOUS  QUESTIONS, 

^  PRODUCING   SIMPLE    EQUATIONS. 

The  usual  method  of  resolving  algehraic  questions,  is  first  to 
denote  the  quantities  that  are  to  be  found  by  x  and  y,  or  some  of 
the  other  final  letters  of  the  alphabet ;  then,  having  properly  ex- 
amined the  state  of  the  question,  perform  with  these  letters,  and 
the  known  quantities,  by  means  of  the  common  signs,  the  same 
operations  and  reasonings  that  it  would  be  necessary  to  make  if 
the  quantities  were  known,  and  it  was  required  to  verify  them, 
and  the  conclusion  will  give  the  result  sought. 

Or,  it  is  generally  best,  when  it  can  be  done,  to  denote  only  one 
ef  the  unknown  quantities  by  x,  y,  or  z,  and  then  to  determine 
the  expression  for  the  others  from  the  nature  of  the  question ; 
after  which  the  same  method  of  reasoning  may  be  followed,  as 
above.  And,  in  some  cases,  other  ihethods  of  proceeding  may 
be  used  ;  which  practice  and  observation  alone  can  suggest. 

1.  What  number  is  that  whose  third  part  exceeds  its  fourth 
part  by  16? 

Let  x=si  the  number  required. 
Then  its  \  part  will  be  \xj  and  its  \  part  \x. 

And  therefore  \x — ^|a:=sl6,  by  the  question. 

That  is,  a:— Jas=48,  or  4r— 3a^=lb2. 
Hence  ic=192,  the  number  required. 


^  This  can  be  resolved  by  proceeding  after  the  same  manner  as 
equations  involving  three  unknown  quantities  ;  but  the  resolution 
of  it  may  be  greatly  facilitated,  by  introducing  into  the  calcula- 
ti<Hi,  besides  the  principal  unknown  quantities,  a  new  unknown 
qoantity  arlHtrarily  assumed ;  such  as,  for  example,  the  sum  of 
ul  the  rest :  and,  when  a  little  practised  in  such  calculations,  they 
become  easy. 
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3.  It  is  required  to  find  two  numbers  such  that  their  sum  ahall 
be  40,  and  their  difierence  16. 

Let  X  denote  the  least  of  the  two  numbers  required, 

Then  will  ar-(-16  =  the  greater  number, 

And  a:-f-a:-f- 16=40,  by  the  question. 
That  is,  2x — 40 — 16,  or  x     y     12=  least  number. 

3.  Divide  $1000  between  A,  B,  and  C,  so  that  A  shaU  haye 
$72  more  than  B,  and  C  $100  more  than  A. 

Let  X  =  B's  share  of  the  given  sum ;  then  will  a;  -j-  72  =  A's 
share,  and  ar-j-^''^  =  C's  share.  Hence  their  sum  is  ar-f-  x-[-''2 
+a:+172,  or  3a;+244=1000,  by  the  question ;  that  is,  ar=1000 
—244=756  :  or,  x=^^=:z$252=  B's  share. 

Hence  ar4-  72=:$324==  A's  share. 
And  a;-fl72=$424=  C's  share. 

Also,  as  above,  $252=  B's  share. 

Sum  of  all  $1000,  the  proof. 

4.  It  is  required  to  divide  $1000  between  two  persons,  so  that 
their  shares  01  it  shall  be  in  the  proportion  of  7  to  9. 

Let  X  =  the  first  person's  share. 
Then  will  1000 — x  ^^  second  person's  share, 
And  X  :  1000 — x:  :7  :  9,  by  the  question. 
That  is,  9a:=(  1000— <r)  X  7=7000—73:, 
Or  9a:+7a:  =  7000,  or  a:  =  m^  =  $437J  =  1st  share,  and 
1000— a;  =  1000  —  $437^  =  $562^  =  2d  share. 

5.  The  paving  of  a  square  court  with' stones,  at  2s,  a  yard, 
will  cost  as  much  as  the  enclosing  it  with  pallisades  at  5s.  a  yard; 
required  the  side  of  the  square. 

Let  X  =  length  of  the  side  of  the  square  sought ; 
.  Then  4a:  :=  number  of  yards  of  enclosure. 

And  a?  ==  number  of  yards  of  pavement. 
Hence  4a:X5  =  20a:  =  price  of  enclosing  it. 
And  a:*X2  =  2ar^  =  the  price  of  the  paving. 

Thereifore  2afc=20a:,  by  the  question. 
Or  2a:  =  20,  and  x  =  10,  the  length  of  the  side  required. 

6.  Out  of  a  cask  of  wine,  which  had  leaked  away  a  third  part, 
21  gallons  were  afterwards  drawn,  and  the  cask  being  then 
gauged,  appeared  to  be  half  full ;  how  much  did  it  hold  ? 

Let  X  =  the  number  of  gallons  the  cask  is  supposed  to  have 
held.  Then  would  it  have  leaked  away  \x  gallons ;  whence 
there  had  been  taken  out  of  it,  altogether,  21-f-Ja;  gallons,  and 
therefore  21-|-i  a5=Ja;,  by  the  question  ;  that  is,  63-f-a:=sfa;,  or  126 
•^2x=Qx :  consequently,  3a>— 2z&=126,  or  a;ts=:126,  the  number  of 
gallons  required. 


« 

7.  What  fraction  is  that,  to  the  numemtor  of  which  if  1  be 
added,  its  value  will  be  J,  but  if  one  b6  added  to  the  denomina- 
tor, its  value  will  be  ^  ? 

X 

Let  the  fraction  required  be  represented  -. 
Then  — i— =J,  and  — rT==ijhy  the  question. 

y  Vnr^ 

Hence  3a:-}-3=y,  and  4»=sy-4~l»  ^^  ^ — 


Therefore  3  |  '^-^  |  +3=^,  or  3y4-3+12b=4y ;    . 

That  is,  2^15,  and  x=J^  =^^  =;=V=4 ; 

Whence  the  fraction  that  was  to  be  found  is  -j^. 

8.  A  market  woman  bought  in  a  certain  number  of  eggs  at 
2  a  penny,  and  as  many  others  at  3  a  penny,  and  having  sold  them 
out  again,  altogether,  at  the  rate  of  5  for  2(^.,  found  she  had  lost 
^,;  how  many  eggs  had  she  ? 

Let  a:  =  the  number  of  eggs  of  each  sort ; 

Then  will  \x  =  the  price  of  the  first  sort, 

And  \x  =  the  price  of  the  second  sort. 

But  5  :2ll2x  (the  whole  number  of  eggs)  :  ^x ; 

Whence  fa;  =  the  price  of  both  sorts,  when  mixed  together,  at 
the  rate  of  5  for  2d, 

And  consequently  Ja;-j- Ja5 — fa:  =  4,  by  the  question  ;  • 

That  is,  15a;+10a>--24a:  =  120,  or  a;  =  120,  the  number  of 
eggs  of  each  sort,  as  required. 

9.  If  A  can  perform  a  piece  of  work  in  10  days,^and  B  in  13, 
in  what  time  wiU  they  finish  it,  if  they  are  both  set,  about  it 
together  ?  ~ 

Let  the  time  sought  be  denoted  by  x. 

X 

Then  j^  =  the  part  done  by  A  in  one  day, 
And  Y^  ==  the  part  done  by  B  in  one  day ; 

X  X 

Consequently  ^^  [  |l=al,  (the  whole  work ;) 

That  is,  13a:+10a:  =  130,  or  23a:  =  130  : 
Whence  x  =  -^  =  5^^  days,  the  time  required. 

10.  If  one  agent,  A,  alone,  can  produce  an  effect,  e,  in  the  time 
0,  and  another  agent,  B,  alone  in  the  time  b  ;  in  what  time  will 
both  of  them  together  produce  the  same  effect  ? 
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Let  die  time  aoogbt  be  denoted  hj  x. 

6X 

Then  a:  elix  :  —  ==  part  of  the  efiect  produced  by  A, 

€X 

And  b:  e  11  x:  y  c=:  part  of  the  effect  produced  by  B. 

BX       €X 

Hence f-r-  =s6,  (the  whole  effect,)  by  the  question. 

a       o 

Or,  -  -j-  -  s=  1,  by  dividing^  each  side  by  e.    Therefore  x  -^ — j- 

s=  a,  or  bx'\-ax  =  ab;   consequently,  x  =  -—7-7=*  time  required. 

11.  Ho^  much  rye,  at  4;.  6d*  a  bushel,  must  be  mixed  with  50 
busheb  of  wheat,  at  6s.  a  bushel,  so  that  the  mixture  may  be  worth 
6s,  a  bushel  ? 

Let  X  =  the  number  of  bushels  required. 
*    Then  9a;  is  the  price  of  the  rye  in  sixpences. 
And  600  the  price  of  the  wheat  in  ditto  ; 
Also,  (50-|-a:)  X 10  the  price  of  both  in  ditto ; 
Whence  9a:+600fc=500+10a:,  by  the  question. 
Or,  by  transposition,  10a: — 9a:s=600 — 500 : 
Consequently,  a:i=100,  the  number  of  bushels  required. 

12.  A  laborer  engaged  to  serve  for  40  days,  on  condition  that 
for  every  day  he  worked  he  should  receive  20^.,  but  for  every  day 
he  was  absent  he  should  forfeit  8d. ;  now,  at  the  end  of  the  time, 
he  had  to  receive  11.  lis.  8d. ;  how  many  days  did  he  work,  and 
how  many  was  he  idle  ? 

Let  the  number  of  days  that  he  worked' be  denoted  by  x;  then 
will  40— <r  be  the  number  of  days  he  was  idle  ;  also  20a;  the  sum 
earned,  and  (40— a;)  X  8>  or  320 — 8a:,  the  sum  forfeited  ;  whence 
20a:— (320— 8a:)=380<i*  (=1Z.  II5.  8d.),hy  the  question  :  that  is, 
20a:— .S20-f8a:  =  380,  or  28a:  =  380+320=700  ;  consequently, 
X — yy — ^5,  the  number  of  days  he  worked,  and  40 — ^a;=40 — 26 
s=15,  the  number  of  days  he  was  idle. 

13.  It  is  required  to  divide  a  line,  of  15  inches  in  length,  into 
two  such  parts,  that  one  may  ]be  three-fourths  of  the  other. 

Let  one  of  the  parts  =  z.     Then  the  other  will  be  =  15  —  ar, 
And  by  the  question,  15 — x=i^Xy  or  60 — 4as=3x,  or  7a:  =  60; 
whence  x     %^     8f ,  the  one  part ;  and  15 — x=6^,  the  other. 

14.  My  purse  and  money  together  are  worth  20^.,  and  the 
money  is  worth  7  times  as  much  as  the  purse.  How  much  is 
there  in  it  ? 

Let  the  value  of  the  purse  be  a; ;  then  the  money  =  7x  ;  and 
by  the  Question  7a?+a:=20,  or  8a:=S0,  or  as=V,  2s.  6rf.,  the  va- 
lue of  the  purse,  and  consequently  17i.  6<2.,  the  money  contained 
in  it. 
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15.  A  shepherd  being  asked  how  many* sheep  he  had  in  his 
flock,  said, '  If  I  had  as  many  more,  half  as  many  more,  and  7 
sheep  and  a  half,  I  should  have  just  500.'     How  many  had  he  ? 

Lei  the  number  of  sheep  =  x;  then,  by  the  question,  x  +  3?+ 
f a:-j-7 J=500 ;  or  2ia;=492i ;  mult,  by  2, 5xz=986; 
Whence  x=^l'*     Idlf,  the  number  sought. 

16.  A  post  is  one-fourth  of  its  length  in  the  mud,  one-third  in 
the  water,  and  10  feet  above  the  water.  What  is  its  whole  length? 

Let  the  length  of  the  post  =  x;  then  by  the  question  \x -4- -^x 
+10=2:;  mult,  by  12,  3a:-f4a:+120=?2a:; 
Transposing,  5a:=120,  6r  a:=^|^==24  feet,  the  answer  required. 

17.  After  paying  away  J  of  my  money,  and  then  ^  of  the  re- 
mainder, I  had  72  guineas  left.     What  had  I  at  first  ? 

Let  the  number  of  guineas  =  a: ;  then  x — ^x —  -^x  s=72;  at 
mult,  by  20,  20a: — 5a:— 3as=1440 ;  whence  12a:  =  1440,  or  a?=as 
^=120  guineas. 

18.  It  is  required  to  divide  $300  between  A,  B  and  C,  so  that 
A  may  have  twice  as  much  as  B,  and  C  as  much  as  A  and  B  to* 
gether. 

Let  B's  share  sas   x;  then,  by  the  question, 
A's  share  sss  2a:, 
C's  share  =3x; 
Consequently,  a:-(-2ar4-S^K==300,  or  6as=300 ;  whence  x  =  AJA 
asS50,  B's  share ;  2a»:$100,  A's  share,  and  da%i^$150,  C's  share. 

19.  A  person,  at  the  time  he  was  married,  was  3  times  as  old  as 
his  wife  ;  but,  after  they  had  lived  together  15  years,  he  was  only 
twice  as  old.     WTiat  were  their  ages  on  the  wedding  day  ? 

Let  the  age  of  the  wife  at  the  time  of  the  marriage  =  x,  and 
that  of  the  husband  3a:; 

Then  after  15  years  their  ages  will  be  a; -4- 15,  and  3a:-f-15; 
and  by  the  question,  3a:  +  15  =  2(a:  +  15),  or  3a:+15  =  2a:4-30  j 
whence,  by  transposing,  a:=15,  the  age  of  the  wife ;  and  3.r-— 45, 
the  age  of  the  husband.  ' 

20.  What  number  is  that  from  which  if  5  be  subtracted,  two- 
thirds  of  the  remainder  will  be  40  ?- 

Let  the  number  sought  sss  a: ;  then  by  the  question  x — 5  will 

.  2(a;-— 5) 

he  the  remainder,  and  ^^^— ^ — ^=40;  whence  2x — 10=120,  or 

2a^l30  ;  and  consequently  -igo — 65,  the  number  sought. 

21.  At  a  certain  election,  1296  persons  voted,  and  the  success- 
ful candidate  had  a  majority  of  120.     Ho-w;  many  voted  for  each? 

Let  the  less  number  of  voters  equal  a;/  then  the  greater  niDSi- 
ber^-4-^^0»  &^cl  by  the  question. 

8*  12 
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ar+a:+120s=r:1296  ; 
Whence  2»=1296— 120s=1176 ;  conseq.  as=688for  one  can- 
didate, and  a;-j-120i=:708  for  the  other. 

22.  A's  age  is  double  of  B's,  and  B's  is  triple  of  C's,  and 
the  sum  of  all  their  ages  is  140.     What  is  the  age  of  each  ? 

Let  X  represent  the  age  of  C ;  then  ^ 

Sx  is  the  age  of  B,  and 
6a;  the  age  of  A. 
Now  by  the  question,  x-\-3z'\'6x=sl0xs=:14i0 ;  whence  x     ^/^ 
s=i4,  C's  age  ;  3x=42,  B's  age,  and  625=84=A's  age. 

23.  Two  persons,  A  and  B,  lay  out  equal  sums  of  money  in 
trade ;  A  gains  8126,  and  B  loses  $87,  and  A's  money  is  now 
double  of  B's»    What  did  each  lay  out  ? 

Let  the  equal  sum  laid  out  by  each  he  x;  then  A  leaves  off 
with  a;-}- 126,  and  B  with  x — 87 ;  and  by  the  question  a;-f-126 
te2(?;— 87) ;  or  a:+126=2a>— 174  ; 

Whence  a::=$300,  the  first  stock  of  each. 

24.  A  person  bought  a  chaise,  horse  and  harness  for  602. ; 
the  horse  came  to  twice  the  price  of  the  harness,  and  the  chaise 
to  twice  the  price  of  the.  horse  and  harness.  What  did  he  give 
for  each  ? 

Let'  the  price  of  the  harness  =  a; ;  then  the  price  of  the  horse 
ass  2x,  and  the  price  of  the  chaise  =s  6a; ;  and  by  the  quesdflD 

Whence  a;=:£^=6Z.  I2s.  M.,  the  value  of  the  harness;  2zse 
131.  6s.  8d*,  the  horse,  and  6a:=402.,  the  chaise. 

25.  A  person  was  desirous  of  giving  3d.  apiece  to  some  beg- 
gars, but  found  he  had  not  money  enough  in  Jiis  pocket  by  Sd, ; 
he  therefore  gave  them  each  2d.,,  euid  had  th^n  3d.  remaining. 
Bequired  the  number  of  beggars. 

Let  X  denote  the  number  of  beggars ;  then,  by  the  question, 
9x — 8  was  the  number  of  pence  he  had  about  him ; 

Which,  from  the  other  part  of  the  question,  may  also  be  denoted 
by  2a:+3  ; 

Whence  3af  8i  fix  \  3,  or,  by  transposing,  a:=ssll,  the  nnmber 
of  beggars.    • 

26.  A  servant  agreed  to  live  with  his  master  for  81.  a  year, 
and  a  livery,  but  was  turned  away  at  the  end  of  seven  months, 
and, received  only  2Z.  13;.  4d.  and  his  livery.  What  was  its:  value? 

Let  X  denote  the  value  of  the  livery ;  then  ar  -j-  B  is  the  whole 
iPMHintof  his  hix0  for  the  year,  or  for  12.  months. 

12:8::7:4| 
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Hace,  as  12  :  7  : :  i-j-8  :  .    ^ — ,  the  hire  foi  7  months ;  but, 

7a:  +  56 
by  the  question,  the  servant  received  a>j-2| ;  whence  — -J^  ■•  sax 

a;-|-2i,  or  7a:-}-56=12a:+32, 
And  by  transposition,  6.Yrr-'24,  or  .t     ^i     HZ.sg4Z.  I65. 

h  the  preceding  examples  only  one  unknown  quantity  has  been 
employed ;  but  it  will  be  more  convenient  in  many  of  the  follow- 
ing questio|is  to  use  two  or  more  unknown  letters,  according  to 
the  nature  of  the  equation. 

27.  A  person  left  5601.  between  his  son  and  daughter,  in  such 
a  manner,  that  for  every  half  crown  the  son  should  have,  the 
daughter  was  to  have  a  shilling.  What  were  their  respective 
shares? 

Here  let  x  denote  the  son's  share,  and  y  the  daughter's ; 

Then  the  value  of  their  shares  will  obviously  have  to  each 
other  the  same  ratio  as  half  a  crown  to  a  shilling ;  that  is,  es  5  to 
2.    Hence,  then,  we  have  x  lyi:5  :2) 

And  X'\-y=560  )  From  the  firBt  2.Trr-6y, 
or  xsss^y,  whence,  from  the  second,  ^^-f-^&s560 ;  or  6y-{-2^&ss 
7^^1120;  where  ^  =  -^^^2=160/.,  the  daughter's  share,  and 
xsss^yz=400l,y  the  son's  share* 

28.  There  is  a  certain  number,  consisting  of  two  places  of 
figures,  which  is  equal  to  four  times  the  sum  of  its  digits ;  and 
if  eighteen  be  added  to  it,  the  digits  will  be  inverted.  What 
it  the  number  ? 

Here  it  may  be  observed,  that  every  number  consisting  of 
tv^o  digits  is  equal  to  ten  times  the  digits  in  the  tens  plaee, 
l^his  that  in  the  units. 

If,  therefore,  x  be  put  for  the  former,  and  y  iot  the  latter,  the 
nunyber  itself  will  be  denoted  by  lOx-j^  ;  and  the  number  mA 
the  digits  inverted  by  lOy-j-a;* 

Hence,  by  quotion.    |  wl'^itt.m^  \ 
Where  the  second  equation  gives  9a; — dy    n     16, 

or  x    y  -I — 2,  or  ax=y— 2; 
Which,  substituted  in  the  1st,  gives  W{y — ^3)4-2^±ss4(y— '2)-f^«^ 
And  this,  by  multiplication  and  transposition,-  becomes 
10v4-y— 4^ — 4^t=:2a>— S,  or  3^12, 
Whence  y     tft    1,  and  a*    y    2    2; 
Therefore  the  number  sought  i»  fUL 
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29.  Two  p^rsonsi  A  and  B,  hare  both  the  same,  income;  A 
saves  a  fifth  of  his  yearly,  but  B,  by  spending  $50  per  annum 
more  than  A,  at  the  end  of  four  years  finds  himself  SlOO  in 
debt.     What  was  their  income  ? 

.  Let  X  represent  the  income  of  each ;  then,  by  the  question, 
A's  yearly  expenditure  is  ^x,  and  that  of  B  f a;-f-50 ;  in  4  years 
.*.  B  spends  -^a:-|-200,  which  exceeds  his  income  in  the  same 
time  (viz.  4a:)  by  100 ;  hence  we  have  the  equation  J^-|-200= 
4a:+100,  or  16a:-|-1000x=:20a:+500,  whence  4a5=i500,  or  x  »;« 
=$125. 

30.  When  a  company  at  a  tavern  came  to  pay  their  reckon* 
ing,  they  found,  that  if  there  had  been  three  persons  more,  they 
would  have  h^d  a  shilling  apiece  less  to  pay,  and  if  there  had 
been  two  less,  they  would  had  a  shilling  apiece  more  to  pay. 
Required  the  number  of  persons,  and  the  quota  of  each. 

Let  the  number  of  persons  in  company  be  x,  and  the  number 
of  shillings  each  paid  t=y  ;  then  acy  will  be  the  whole  reckoning. 

Now  had  there  been  three  persons  more  in  company,  viz.  (a;-j-3), 
each  would  have  paid  (y — 1)  shillings  ;  whence  we  have  (a:-j-3) 
.{y  —  «1 )  =  icy ;  and  from  the  other  conditions  of  the  question, 
(x — 2)(y-^\)=sxy;  whence,  from  actual  multiplication,  these 

we  have  2xy-\-y — 5=^xy. 

Or,  cancelling  the  2xy  on  both  sides  y  6  =0,  or  y=6,  the 
number  of  shillings  each  paid.  And,  by  subtracting  the  second 
equation  from  the  first,  5y — 2x — 1=?=0;  whence  2x=5y — 1,  or 

a;=-=~ —    '  y  I     12,^  the  number  of  persons  in  company. 

31.  A  person  at  a  tavern  borrowed  as  much  money  as  he 
had  about  him,  and  out  of  the  whole  spent  1«. ;  he  then  went  to 
,a  second  tavern,  where  he  also  borrowed  as  much  as  he  had  now 
about  him,  and  out  of  the  whole  spent  Is, ;  and  going  on,  in  this 
manner,  to  a  third  and  fourth  tavern,  he  found,  auer  spending  his 
shilling  at  the  latter,  that  he  had  nothing  left.  How  much  money 
had  he  at  first  ? 

Let  X  denote  the  money  he  had-  about  him ;  then,  by  borrowing 
X  and  spending  one  shilling,  he  had  left  2x — 1. 

Also,  at  the  second  tavern,  after  borrowing  2x — 1,  he  had  4e-- ' 
2 ;  but  spending  one  shilling,  he  had  left  4r — 3. 

At  the  third  tavern  he  borrowed  ^ — 3,  and  then  had  Sx'^i 
and,  after  spendii\g  one  shilling,  he  had  left  8a>— 7. 

At  the  fourth  taverp,  borrowing  8a; — 7,  he  had  16a; — 14 ;  bat, 
after  spending  another  shilling,  he  had  left  16a:— 15 ;  which,  \fj 
the  question,  is  equal  to  nothing. 


Whence  I62; — 15=0,  or  xsss^^^Os.  ll^d.  the  money  be  haii 

at  first. 

32.  It  is  required  to  divide  the  number  7S  into  two  such  parts, 
that  &ree  times  the  greater  shall  exceed  seven  times  the  less  by  15. 

Let  X  and  y  denote  the  two  parts  ;  then,  by  the  question, 

2+  y==75,  and  |  (  Mult,  the  first  by  3,. ..  .3ar-f3y=S25 

32^72/s=15        *  J  I  Subtract  the  2d, Sx—7y=:=:  15 

And  we  have 10^a=S10 

Whence  y=^\^^=21,  the  least, 

And  x=75 — y=54,  the  greatest  number. 

33.  In  a  mixture  of  British  spirits  and  water,  jt  of  the  whole 
phis  25  gallons  was  spirits,  and  |  part  minus  5  gallons  was  water. 
How  many  gallons  were  there  in  each  ? 

Let  x=  the  whole  quantity  of  the  mixture  ; 

then  Ja:-j-25  was  the  quantity  of  spirits,  and 

I  a: —  5  the  quantity  of  water. 

Which,  altogether,  made  the  whole  x  ;  therefore,  by  addition, 

Jar4-Sa:-f-20=a: ;  or,  by  mult,  by  6, 

3a;4-22'+120=6a:  ; 

Whence,  by  transposing,  x  ==  120,  and  conseq. 

ja:-[-25c=^  gallons  of  spirits,  > 

\x —  5s3s35  gallons  of  water. 

34.  A  bill  of  120Z.  was  paid  in  guineas  and  moidores,  and  the 
nmaber  of  pieces  of  both  sorts  that  were  used  were  just  100 ; 
bow  many  were  there  of  each,  reckoning  the  guinea  at  21^.,  and 
4e  moidores  at  27*..? 

Let  xs=,  the  numbei  of  guineas,  and 
y=  the  number  of  moidores  ; 
Then  21x==  the  shillings  paid  in  guineas. 
And   27ys=  the  shillings  paid  in  moidores. 
Now,  the  whole  number  of  pieces  used  being  100,  and  the 
Bumber  of  shiUings  paid  being  2400,  we  have, 

i-f    y=  100  )      Multiply  the  first  by  i  27a:+27y==2700 
2^4-27^=2400  i  27,  and  we  shall  have  I  21a:+27yt=:2400 
Heuce,  by  subtract.  62^=300,  or  ar=50,  the  number  of  guineas ; 
Mid  consequently  i^=slOO — x,  or  y=50,  the  number  of  moidores. 

35.  Two  travellers  set  out  at  the  same  time  from  London  and 
York,  whose  distance  is  197  miles.  One  of  them  goes  14  miles 
a  day,  and  the  other  16.     In  what  time  will  they  meet  ? 

Let  x  be  the  number  of  days  ;  then  14a:  miles  will  be  travelled 
^  one,  and  I62:  miles  by  the  other. 
Hence  302=197,  or  x=^^=z6\  13^f ,  the  lime  required. 

36.  There  is  a  fish  whose  tail  weighs  9lb, ;  his  head  weighs 
as  much  as  his  tail  and  half  his  body,  and  his  body  weighs  as 
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Biiicli  a9  his  head  and'his  tail.  What  is  the  wAole  weight  of  the 
fish? 

Let  X  to  denote  the  weight  of  the  body ;  then  Ja:  -}-  9  is  the 
weight  of  the  head,  and,  by  the  question,  a5==Ja;4-94-9,  or  Ja5=18; 

Whence  a:=36,  the  weight  of  the  body,  Ja:-f-9==:27,  weight  of 
the  head,  and  9  the  weight  of  the  tail ;  consequently  36-J-27  -[-  9 
=72lbs.j  the  weight  of  the  fish.        ^ 

Otherwise,  ^  . 

Let  2x=  the  weight  of  the  body ;  then  9|-3? —  the  weight  of 
the'  tail.  .•.  9'^9-\-z=^  ;  by  transposition,  05=18 ;  .*.  the  fisb 
weighed  36+27'+9=72Z**. 

37.  It  is  required  to  divide  the  number  10  into  three  such 
]i>arts,  that  if  the  first  be  tnultiplied  by  2,  the  second  by  3,  and  the 
third  by  4,  the  three  products  shall  be  all  €qual. 

Let  Ja:,  \x  and  j^x  represent  ^he  three  parts  required,  and  the 

three  latter  conditions  of  the  question  will  be  answered  : 

.     For  the  first  multiplied  by  2,  the  second  by  3,  and  the  third  by 

4,  will  obviously  be  all  equal  to  2:,  and  therefore  equal  to  each 

other.     Hence,  then,  it  only  remains  to  fulfil  the  equation.     Jar-j- 

Ja;4-Ja:t=10  ;  or,  multiplying  by  12,  to  clear  it  of  fractions,  6a; -f" 

4a:4-3a:=120,  whence  13a:=120,  or  a?=J^. 

„,       .  120  -     .8        120        ^       .      120        ^4 

Therefore,  33^=453;  3><i3=3j5,  and  43^=%  are 

the  parts  sought. 

38.  It  is  required  to  divide  the  number  36  into  three  such 
parts,  that  i  the  first,  \d  of  the  second,  and  ^  of  the  third,  shall 
be  all  equal  to  each  other.. 

Let  2a:,  3a;  and  4a;  be  th^  three  parts  ;  then  it  is  obvious  that  j 
the  first,  ^  of  the  second,  and  ^th  of  the  third,  are  equal  to  each 
other ; 

Wherefore,  there  only  remains  the  equation 

2a;+3a;+4as=36, 

Whence  9a5=36,  or  a:t=^=4  ; 

tJonseq.  2a: =8,  3a:=  12,  and  4a?=16,  are  the  parts  required. 

39.  A  person  has  two  horses,  and.  a  saddle,  which  of  itself  is 
worth  $50.  Now,  if  the  saddle  be  put  on  the  back  of  the  first 
horse,  it  will  make  his  value  double  that  of  the  second,  and  if  it 
be  put  on  the  back  of  the  second,  it  will  make  his  value  triple  that 
of  the  first.     What  is  the  value  of  each  horse  ? 

Let  4he  value  of  the  fiist  horse  be  x,  and  of  the  second  y;  the& 
by  the  question, 

StS^S  I '  °'^'  ^  transposition,  I  .^T^^ 
Multiply  the  latter  by  2,  and  we  shall  have  — 2y  -f-  6z  s=  100; 
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to  which  aading  %  —  a;s=:  50,  we  have  fia^— 150,  or  x=  H^,  the 
value  of  the  iurst  horse  ;  and,  from  the  second  equation,  yss:3x— 
fiOb=$40,  the  value  of  the  second. 

40.  If  A  gives  B  5s,  of  his  money,  B  will  have  twice  as  much 
IS  the  other  has  left ;  and  if  B  gives  A  5s,  of  his  money,  A  will 
iuive  three  times  as  much  as  the  other  has  left.  How  much  has 
each?  ' 

Let  0;=  A's  money,  and  y  =  B's.  Then,  when  B  gives  A  5s. 
tbe  latter  will  have  a;-j-5,  and  the  former  y— 5 ;  and  if  A  gives  B 
&.,  then  A  will  have  x — 5,  and  B  y-|-5. 

Now,  hy  the  question, 

JjS(^)  I  *'•  ^  ""^^*'  """^  transposition,  j  ^^^^ 
Multiply  the  latter  hy  2,  and  we  shall  have  •<—  2a:  -j-  6y  =  40  ;  to 
which  aading  2x — ^s=15,  the  sum  gives  5y  =  55,  or  y  =  11,  B's 

^r*       .^.  15+y      15+11     ,„„, 

money,  and  2a5=15-f-y,  or  x= — ^-^= — 5 — =13,  B's  money. 

41.  What  two  numbers  are  those  whose  difference,  sum,  and 
product  are  to  each  other  as  the  numbers  2, 3  and  5,  respectively  ? 

Let  X  and  y  be  the  two  numbers.  Then,  by  the  question,  me 
difference  is  to  the  sum  as  2  :  3,  and  the  sum  to  the  product  as 

3:5;thatis.     j  ^  ;  ^+2';  :| ;  ^  ]  which,- by  multiplying  ex- 

Hemes  and  means,  gives     j  |^-|^H-2y  j     prom  the  first 

»=5y;  which,  substituted  in  the  second,  gives  25^-j-5^=  15^; 
hence,  dividing  by  y,  and  transposing,  15^^=  30  ;  or  ^  =  2,  one 
number,  and  as=5ys=:10,  the  other. 

42.  A  person  in  play  lost  a  fourth  of  his  money,  and  then  won 
hack  &.,  after  which  he  lost  a  third  of  what  he  now  had,  and  then 
won  back  2s. ;  lastly,  he  lost  a  seventh  of  what  he  then  had,  and 
<fer  this  found  he  had  but  12^.  remaining.  What  had  he  at 
first? 

Let  x=  the  number  of  shillings  he  had  at  first.  Then,  by  the 
question,  he  lost  Jar,  and  therefore  had  ^x  left,  to  which  he  won 

3».    After  this,  he  had  |a;-|-3  s=  — ~ — ,  of  which  last  he  lost  one- 

6a: +84 
third,  and  had  then  two-thirds  of  it  remaining,  viz.  — ^ —  ;    to 

62:+48* 
which  adding  2s,  won,  he  had  — r§ — .    Then,  losing  one-seventh 

36x-t-288 
of  this,  he  had  six-sevenths  of  it,  viz.  ■■     q. —  left ;  which,  hj 
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the  question,  was  12^. ;  whence  — ^ — =  12,  or  36a;-}- 2883= 

1006;  and,  consequently,  36x  =  720,  ot  xs=s20s.f  the  money  he 
had  at  the  beginning. 

43.  A  hare  is  50  leaps  before  a  greyhoahd,  and  takes  4  leaps 
to  tibe  greyhound's  3,  but  2  of  the  greyhound's  leaps  are  as  much 
as  3  of  the  hare's.  How  many  leaps  must  the  greyhound  take  to 
catch  the  hare  ?  Ans.  300. 

Let  a;  be  the  number  of  leaps  taken  by  the  dog ;  then  will  ^ 
be  the  number  taken  by  the  hare  after  the  starting  of  the  dog ;  and 
consequently,  |a;-|-50  will  be  the  whole  number  of  leaps  taken  by 
the  hare,  and  which  must  be  equal  in  extent  to  the  distance  run 
by  the  dog ;  that  is,  Sx^^Hx-fdO),  or  dxssSx-^SOO,  and  2&=300, 
the  answer  required. 

44.  It  is  required  to  divide  the  nunlber  90  into  four  such  parts 
that  if  the  first  part  be  increased  by  2,  the  second  diminished  by 
2,  the  third  multiplied  by  2,  and  the  fourth  divided  by  2,  die  sum, 
difference,  product,  and  quotient  shall  be  all  equal.     , 

Ans.  The  parts  are  18,  22,  10,  and  40. 
Let  X — 2,  x-\-2,  Ja:,  and  2a:  be  the  parts  required  ;  then,  if  the 
first  be  increased  by  2,  the  second  diminished  by  2,  the  third  mul- 
tiplied by  2,  and  the  fourth  divided  by  2,  the  results  will  be  eqtial; 
and,  by  the  question,  x — ^2-|-a;+2-j-ix-|-2as=90,  or  4a;-j-ia3=r90 ; 
that  is,  8ar-|-as=180,  or  a5=^i^p=20 ;  hence  a>— 2b=18,  a:4-2b=22, 
^ax:slO,  and  2a5=40,  the  answer. 

45.  There  are  three  numbers  whose  differences  are  equal, 
(that  is,  the  second  exceeds  the  first  as  much  as  the  third  exceeds 
the  second,)  and  the  first  is  to  the  third  as  5  to  7 ;  also,  the  simi 
of  the  three  numbers  is  324.     What  are  those  numbers  ? 

Let  a:,  y  and  z  be  the  three  numbers ;  then,  by  the  question,  ; 
^  +  y-f"^  =  324,  a: :  z::5:  7,  and  a:+«=2y,  or  x-^z — 2ysss0,  \ 
Now,  by  subtracting  the  last  equation  from  the  first,  we  have  J 
3y =324,  or  y  =  ^^  =  108 ;  and,  consequently,  by  substitution 
and  reduction,  2=90,  and  2s=126. 

46.  A  man  and  his  wife  usually  drank  out  a  cask  of  beer  in 
12  days,  but  when  the  man  was  from  home  it  lasted  the  woman 
30  days.     How  many  days  would  the  man  alone  be  in  drinking  it? 

Let  a;  be  the  number  of  days  the  man  would  be  in  drinking  it 
by  himself.  Then  i  will  be  the  quantity  he  drinks  in  a  day,  and 
.^  is  the  quantity  the  woman  drinks  in  a  day ; 

Therefore,  the  quantity  both  drink  together  is  J^-f-g^f. 

Buty  bv  iht  question,  i2(f-f^)  s=  h  or,  multiplying  by  Sfe ' 
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)m-\-12x=30x  ;  whence,  by  transposing,  I82;  =  360^  or  x  »=  20, 
the  number  of  days  sougI\t. 

47.  A  general,  ranging  his  army  in  the  form  of  a  solid 
square,  finds  he  has  284  men  to  spare  ;  but,  increasing  the  side  by 
one  man,  he  wants  25  to  fill  up  the  square.  How  many  soldiers 
kdhe  ? 

Let  X  be  the  number  of  men  in  the  side  of  the  less  square,  and 
z-fl  the  number  in  the  side  of' the  greater.  Then  a?  will  be  the 
whole  number  of  men  in  the  former,  and  (x-\-lY  =a^'\'2x'{-ly  in 
the  latter ;  whence  ar*-j-284,  and  a?-^2x'^l — 25  will  each  express 
the  whole  number  of  men ;  from  which  we  have  this  equation, 
2«X2a:— 24  =  a?+284,  or  2a:  =  284+24=308,  whence  as=154 }  - 
and,  consequently,  2^ -{-284 =24000^  the  whole  number  of  men. 

48.  If  A  and  B  together  can  perform  a  piece  of  work  in  8 
bp,  A  and  G  together  in  9  days,  and  B  and  C  in  10  days, 
how  many  days  will  it  take  each  person  to  perform  the  same  work 
alone?  Ans.  A  14i|  days,  B  17if,  and  C  23^. 

Let  x,  ^,  and  2r,  be  the  number  of  days  in  which  A,  B,  and  0, 

nspectiyely,  would  finish  the  work ;  then  A  will  do  -  part  of  it  in 
o&e  day,  B  will  do  -  part,  and  C  -  part.     Then,  by  the  question, 

,„^        1,1       11,1       11,1        1       ^    ^ 
we  shall  have  - -f--:=s  ;-+-==  ;r;  -  -j — =t7v«    And  con- 
X  ^  y      8   z   *  z       9y'z       10 

aequendy  by,addition?  +  ? +?=i  +  l  +  l=l?l.  Or.by 

dinsion,  — I 1-  -  =  sscc-    From  this  subtracting  each  of  th©  . 

\x   '  y   '  z      720  "^ 

u>ree  first  equations,  we  have 

l_3i  720      -.7.       .     _ 

1      41  720        ,„23       ^       ,     _ 

y =rao' "' r=  IT  =  ^^41  = '^'^y  ^"  ^• 

49.  The  hour  and  minute  hand  of  a  clock  are  exactly  together 
*t  12  o'clock.     When  are  they  next  together  ? 

Let  :z;  be  the  time  required  in  minutes ;   then  will  r^  be  the 

^psce  passed  over  by  the  hour  hand  in  that  time,  and  which  is 
9  13 
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equal  to  a?— 60 ;  that  is,     r— .t    60,  or  x=12af— 720,  and  x=sJf^ 
tss65{*i     lb,  &|^  min. 


50.  There  is  an  island  73  miles  in  circumference,  and  three 
footmen  all  start  together  to  trayel  the  same  way  about  it  :^  A  goes 
5  miles  a  day,  B  8,  and  C  10.  When  will  they  all  come  together 
again  ?  • 

Put  p==73  miles,  the  circumference  of  the  island,  a==s5,  d=s8^ 
c=±:10,  and  let  x  be  the  time  required  in  days.  And  when  the 
bodies  have  all  come  together  again,  let  us  suppose  that  G  has 
overtaken  B  m  times  ;    and  A,  n  times.     Then  c  —  d  is  what  C 

tnms  <m  B  every  hour,  and  therefore  c — b  I  I  ll  p  l r=  the 

C-—0 

time  in  which  C  first  overtook  B ;  consequently,  — ^      the  time 


in  which  C  would  overtake  B,  m  times ;  hence  x= — ^.     Againi 

,  '  c — o 

c — a  is  what  C  gains  on  A  every  hour,  and  therefore  c^--a  :  1 : :  j> 

*     "        the  time  in  which  C  first  overtook  A ;  consequend?) 
c — a 

—    I      the  time  in  which  G  would  overtake  A,  n  times ;  there- 
c — a 

fore  X  =  —s—.     Hence,  — ^  =  — ^--,  or ^  = ;  and 

c— ^  c — o        c^~a        c — 0        c-—a 

fn{c — a)ssan{o — A),  where  m  and  n  must  be  the  least  whole  numben 

that  will  satisfy  the  equation. 

Now,  in  the  questk>n,  e-^^-a;^,  and  c — i=2;  hence  5m=2if 

and  the  least' integer  values  of  m  and  n  are  evidently  2  and  5; 

that  is,  m=32f  and  iv=5 ;  whence  x=  — ^g=-^ —  73  days,  the 


anitwer 


.  I 


61.  How  much  foreign  brandy  at  Ss,  per  gallon,  and  British 
spirits  at  3; .  per  gallon,  must  be  mixed  tqgether,  so  that  in  selling 
the  compound  at  9^.  per  gallon,  the  distiller  may  clear  30  per  ct. ! 

Let  X  be  the  number  of  gallons  of  brandy,  and  y  the  gallons  of 
'British  spirits  ;  then  will  8i-j-3ybe  the  prime  cost,  and  9a; -f^ 
the  price  sold  for,  so  as  to  gain  ^  per  cent. 

Hence  100  :  130  ::  8a; .4-  3y  :  9a:  +  9y,  or  130(8a;  +  3y)  = 
100(9a;-f-9y) ;  that  is,  104a;-|-39y=90a:+90y,  or  14a;=51y,  and  a? 
fr  ::  51  :  14;  whence  it  appears,  that  the  braidy and q^ts  jbm^ 
be  mixed  in  the  proportion  of  51  gallons  to  14. 


£3.  A  person  bought  a  certain  number  of  sheep  for  $04; 
kving  lost  7  of  them,  he  sold  ^th  of  the  remainder  of  them,  at 
prime  cost,  for  $20.     How  many  sheep  had  he  at  first  ? 

M 

Let  X  =.  the  number  of  sheep  iie  had  at  first :   then   — 

X 

whole  sum       -.     ,  ,     ,  t.,  ^   . 

= \ 7—. =  what  each  sheep  cost.     JMow  x — 7^  num- 

Dumber  of  sheep 

•p—^7 
ber  remayiing  when  7  were  lost ;  '.*.  a=  the  number  sold  for 

|20.    But  the  number  sold  X  price  of  each  £=  whole  price  of 

«heep  sold.     Hence,"  by  substitution,  — -p-  X — =  20,  or 


4    r    z  '  14 

=47. 

^.  A  and  B  have  the  same  income ;  A  is  extravagant,  and  con- 
tracts an  annual  debt  amounting  to  ^^th  of  it ;  B  lives  upon  fths 
of  it ;  at  the  ^nd  of  10  years  B  lends  A  money  enough  to  pay  off 
his  debts,  and  has  then  $160  to  spare.  '  What  is  ^heir  income  ? 

Let  X  =  their  income ;  then  4^h  of  2;,  or  -fa:,  =  A's  annual  debt, 
and  lOXf^i  or-V^a;=:  A*s  debt  contracted  in  10  years.  As  B 
lives  upon  ^ths  of  his  income,  he  saves  annually  -^th  of  it ;  hence 
iifc=  B*s  annual  saving,  and  10Xi^»  <^'  V^»  ^^  2as==  B's  savings  in 
10  years.  But,  by  the  question,  B*s  savings  =  A's  debt  -j-  160 ; 
.-.  by  substitution,  235=4^+160,  6r  14a;=10a;+1120,  and  4c=aB 
1120 ;  or  a:=JLj^iv==$280. 

64.  A  person  passed  ^th  of  his  age  in  cb^ildhood,  i^th  in 
youth,  ^th  -\^  5  years  in  matrimony ;  he  had  then  a  son  whom  he 
Borrived  4  years,  and  who  reached  only  half  the  age  of  his  father. 
At  what  age  did  this  person  die  ? 

Let  X  =  age  of  the  person  at  the  time  of  his  death.  Then  ^x 
« time  spent  in  childhood ;  -^xsss  time  in  youth  ;  |a:-|-fes  time 
in  matrimony ;  /.  ^a;  4"^*  +  "i^"!"^  =  ^S^  ^^  *^®  person  when 
the  son  was  bom,  and  x — ^x  -^^a;-— ■fa;--n5  s=z  interval  between 
the  birth  of  the  son  and  the  pld  man's  death ;  .*.  x  —  ^x — •^3>^. 
jar  5  1  the  age  of  the  son  when  he  died.  But,  by  the  ques- 
tion, the  son  died  at  half  the  age  of  the  father.  Hence,  x^-^aii^-^ 
T^a^-fa:— 9=4ar.  Multiply  by  12,  then  12a:— 22;-T-a:— 4^a^— 108 
=6a;,  or  Sx — X/Lx—  108,  and  21a:— 12a; =756  ;  .-.  9xasz766 ;  or 
2=4^^=84. 

55,  If  three  agents, 'A,  B  and  G,  can  produce  the  effects  a,  h; 
c,  in  the  times  c,/,  gy  respectively,  in  what  time  would  they  jointly 
produce  the  effect  d  ? 

€tX 

Let  the  time  sought  be  denoted  by  z.    Then  elBZlx;i — a? 


MO 
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part  of  the  effect  produced  by  A,  /:  3 : ;x  :  --^&=s  part  of  tke  e 

ex 
feet  produced  by  B,  g  I  c::x  I      n    part  of  the  efiect  produce 


by  G ;  whence 


grv         Qjp  f»j^ 

y--  I      I    d,  by  the  question,  and  x 


I  -  +-7.H —  [ » the  time  required. 

66,  A  and  B  have  certain  sums  of  money ;  says  A  to  f 
give  me  $15  of  your  money,  and  I  shall  have  6  times  as  much  s 
you  will  have  left ;  says  B  to  A,  give  me  $5  of  your  money,  axki 
I  shall  have  exactly  as  much  at  you  will  have  left.  What  siua 
of  money  had  each  ? 

Let  X  =  A*s  money,  y  ss=  B'«,  then  ar-|-15  =  what  A  woul^ 
have  after  receiving  $1&  from  B,  y  — 15  =  what  B  would  harvi 
left.     Again,  y-^-Q  =  what  B  would  have  after  receiving  $5  fron 
A,  X— -5  c=  what  A  would  have  left. 
Hence,  by  the  question,  a:-f-lflfct=5X(y — 15)=5y — 7Bi ) 

and  y-j-5c=aa:— -5.  y 

By  transposition,  6y — as=    90  (A) ) 

andy— as=-10  (B)  J 


Subtract  (B)  from  (A),  4y  '  =100;  .•.ys=25,.B'a  money. 
Fron\  equation  (B),  a!:=sy-\-10=Q5'{'10==35f  A's  money. 
57.  Three  men  began  talking  about  their  money;  the  first 
said  to  the  others,  two-thirds  of  your  money  would  make  mine 
$37  ;  and  the  second  said  to  the  others,  three-fifths  of  your  money 
would  make  mine  $37 ;  but,  if  the  other  two  lent  five-eighths  of 
their  money  to  the  third,  it  would  make  hia  mcMiey  amount  to  837. 
What  sum  did  each  possess  ? 

Putting  a=$37^  dnd  z,  y,  x  for  the  1st,  2d  and  3d  pers(»'s  doK 
lars  respectively,  we  shall  have,  by  the  question, 

2;4-f  y4-|a::=a,  or  3z-j-2y-  -2a?=3<r, 
y-  -f  z-  -^xtssa,  or  3z-  -5y-  -3as=5a, 
ar-f-f ^-j-|y=«>  01^  5z-f-5y-f"8ass=:8a. 
Taking  the  1st  equation  from  the  2d,  we  have  3y  +  *  =  ^  ^ 
2&=s2a— 3$r;  this  substituted  in  the  1st  and  3d,  we  have    ^ 

l^f    5t    f^  I  '  ^^^  ^  times  the  latter  of  these  equations  sub- 
tract 5  times  the  former,  and  there  will  be  obtained  37y  ^  19a; 

hence  y=*=g=-  =^ ^IS.    Then  »—Qa  —  3y=-5y- = 1' io^'> ""^ 


Generjd  Solution^    Ist.  Let  there  be  given  the  «two  equationy, 

\    ,    '  ,/        /  J  to  find  the  values  of  x  and  v. 

fMttltiplying  the  first  by  a',  and  the  second  by  a,  they  beconM 

aa'x-^a'bytsssca' 
^\  aa'x-f-ab'ys=c'a ; 

subtiacting  the  first  from  the  seccHid,  we  have 

/  1/      /i\        /          f             ^'^ — ^^ 
(ah  — ao)y=c  a — ca\  or  y-r  ^ ^  • 

ifiiln  like  manner,  if  the  first  equation  be  multiplied  by  h\  and  the 
if  spcoxid  by  3,  and  the  latter  product  subtracted  from  tbe  firsti  we 
Lve 

(fl3'-«'3)a5=cy— c'3,  or        ^'~  ^'* 


ab'—a'h 

In  this  case,  where  there  are  only  two  unknown  quantities,  it 

evident  what  factors  will  render  the  coefficients  of  x  and  y,  in 

le  two  equations,  equal  to  one  another,  as  above ;  but,  when  there 

re  more  unknown  quantities  than  two,  it  is  not  so  obvious  what 

iters  will  answer ;  therefore,  in  what  follows,  I  shall  make  use. 

>ii  a  method  for  determining  them,  which  is  applicable  to  all  cases, 

whatever  may  \&  the  number  of  equations. 

In  the  preceding  example,  if  we  multiply  by  the  indetenxuiMiie 

iters  771  and  n,  the  equations  become    amx^hmy^szcm 

a'Tix-^b'nysxsc'n 
■'fftnd,  subtracting  the  second  equation  from  the  first,  we  have 

{am — a*n)X'-\'(hm-^'n)y — cm    t'n. 

Now,  in  order  that  y  may  disappear  from  this  equation,  hm  — 

Vn  must  be  SS&  0,  then  ^5= j-*     But  hm^^n  will  be  equal 

wm, — a  71 

0,  when  m=^*  and  n=a^  ;  and,  these  values  being  substituted  for 

TO  and  n  in  the  esoression  for  a;,  we  have  x        ., -p.. 

^^  aJb  — ah 

Again,  to  make  x  disappear  from  the  equation,  am  -—  cln  muit 

be  =0,  then  y  =  r =7-.     But  am — o'7i=0,  when  m^s=>fi  mid 

om^^'o  n 

r 

n=a ;  therefore,  substituting  for  m  and  n  their  values,  we  ksf^e 

y=s  -^ — -y- ;  or,  changing  the  si^:n8  in  the  numerator  anddeno- 
oa- 


) 


ac — ac 

When  one  of  the  unknown  quantities  has  been  determined  by 
this  method,  the  other  may  be  found,  without  repeating  the  prd- 

'9# 


cess,  by  only  changing  the  coefficients,  or  writing  a  in  pkoe  of 
b,  and  a'  in  place  of  b\  or  the  contrary.     Thus,  if  in  the  value  for 

*  ca' c'a 

X  we  write  a  for  b,  and  a'  for  b\  it  becofiies  y-? — n~>  the  value  of 

y.     And  if  in  the  value  for  y  we  write  b  for  a,  and  b'  for  a',  we 

have    Tj ni  ^or  the  value  of  x.    2nd.  Let  there  be  three  equa- 

aff^^b 


tions, ,    iax  -)-by 

•       \  a!x  4-3'y  -4-c'z  =<i'  \  to  find  the  values  of  a?,  y  and  z. 

\a''x'!^b''y-\-c"z=d'') 
Multiplying  by  the  indeterminate  factors  m,  n,  and  j?*  we  have 

amx  -^-bmy  -^cmz  =dm 
a^TUc  -X-b'ny  •\'C*nz=d*n 
ayx+b''py4-c''pz=dy, 

and,  subtracting  the  last  from  the  sum  of  the  other  two,  there  re- 
mains {am-\^'n — a"p)a;-j-(^/w-|-5'7i — b''p)y'\-(cm'-\-^^n — c"p)z  s=s 
dm-^d*n — d*'p.  Now,  in  order  that  y  and  2  may  disappear  firom 
this  equation,  and  x  only  remain, 

bm4~b'ii-^''p=0y  or  bm-\-b'n=b"p 
cm-f-c'n — c'*p=^,  or  C7w-f-c'«=«"jp  ; 
.  dmr\-d'7ir—d"p      From  the  equations  bm'-\4f*7ts=i>"p 

am-A-a'n — a"p'  and  cin4-c'«=c"jp, 

^     ^    n  p(c'b"—b'c'')       ^         sp(bc"-^"c) 

we  have,  by  the  first  case,  m — .     ^  ^      ^^  ■ — ,  and  w=r  ^  ^  -^ — 

and  since  p  is  arbitrary,  we  may  take  it  equal  to  the  denominator 
bc''^'cy  then  m  =  c'b  — ^'c",  and  n  b=  ic" —  3"c.  These  values 
being  substituted  for  m,  91  and  ^,  in  the  expression  for  or,  we  have 

d{c'b"—bV)'\-4'(bc''—b''eh--d"{b€'—b'c) 

a(c'^"_^V')-f-a'(*c"— *"c)— a"(*c'.^-*'c)' 

In  like  manner,  if  we  make  am-\-a^n==a''p 

and  cwt-f-c'n=:c"p, 
«  and  z  will  disappear  firom  the  equation,  and  we  shall  have 

y = .     11/ TfT-     A-nd,  proceeding  as  before,  we  find 

ofn-\^  n^—b  p 

m    icV^— ^V\  ftssac'^ — ca",  and  p=ac — wt' ;  therefore, 

_  d{c'a''—a'c'')']-d'  (ac''—ca'')—d''(ac'-'ca') 

^  ~  a[c'a''—a'c'')\^'\ac''—ca'')—a'\a(/^<a') 

Lastly,  if  we  make    a»i-4-a'w=a"o )  ,        -n  j- 

^  and  *mlp'»=i"j  j '  *  '^"'^  ^  ^^  dmppw 

from  the  equation,  and  we  shall  have  z= — ^7—7 ~.      Andt 

cm  -4-c  w  — c  jp 

« fabstitating  for  mt  n  and  j?,  their  values  founa  as  above,  namely^ 


I" 

Jt 
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nssVa" — a'h",  nsssab'^'-^Hi" ,  and  passM-^ho!^  we  have 

These  values  being  multiplied  out,  and  the  terms  so  arranged  at 
to  be  positive  and  negative  alternately,  we  have 

^  ~  ah'e'—ac'b"  \-cQ!h"—ba:c"  -f^c'tf "— c^'a' 

^  ~  oc'^"  — ^  V  +cfl'^>"  —ba!c"  -fie  V  --c^  V" 

the  signs  in  the  first  and  third  expressions  being  changed,  in  order 
that  the  denominator  of  each  may  be  the  same. 

When  one  of  the  unknown  quantities  is  determined,  the  others 
may  be  found  without  going  through  the  separate  operations,  by 
only  changing  the  coefficients  ;  thus,  if  in  the  first  value  of  a;,  we 
substitute  the  respective  coefficients  of  y  in  place  of  those  of  z, 
viz.  ^  in  place  of  a,  1/  in  place  of  a\  and  h"  in  place  of  a!\  we 
shall  have  the  value  of  y:  and  if  we  substitute  the  coefiicients  of 
I  instead  of  those  of  x^  viz.^c  in  place  of  a,  c'  in  place  of  a',  and 
c"  in  place  of  a",  we  shall  have  the  value  of  z. 

The  reason  of  this  will  be  obvious,  if  we  suppose  the  unknown 
({oantities  y  and  z  to  change  places  successively  with  x  in  the 
original  equations.  To  apply  these  formula  to  the  example  in 
question,  where  2x-(-2y-}"3^2=3a 

1TO  have  a=2,  a' =3,  a"==:8,  *=:2,  y=t=5,  3"=6,  c=3,  c'a=3, 
c"s=5,  i=:3a,  J'=5a,  and  (2''=8a. 

And  substituting  these  values  in  the  above  expressions, 
_3>g*5-,^'3'6-f3'5'^-»2'6'54-2'3*8— 3'6-8  —17 

*"~2-5-6--2a:5+3'3-6— 2-3-54-2-3-8--3-5-8'^'' 
_25'6— 2'3'8+^'^Q"-^'36-f3-38— 3'5'8 

^"^2-6-6— 2-3-54-3-3-.5--2-3-64-2-3-8--3-6-8^ 

^_2'5'8--g5'H-^9'^"--^'3'84-2'6'8--3'5*8 

2-6-5— 2-3-64-3-3-5--2-3-54-2-3-8--3-6-8'^'      ^—57 

M  before. 

This  method  may  be  extended  with  the  same  facility  to  as  many 
mknown  quantities  as  we  please ;  thus,  if  there  be  four  equations 

ac  +^  +€«  '\-4w  s=e 
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tf'o:  -W'y  -fc'z  +d'w  =e' 

a'''ar+*'''y4-c'''^-t-^'''«»<''' 5  then,  multiply- 
ing  the  first  by  m,  the  second  by  n,  the  third  by  pt  the  fourth  by 
q^  and  subtractmg  the  last  product  from  the  stun  of  the  other 
three,  we  find  (a;w-f-fl'«+a"p — a^''q)x'\-{bm-^b'n*^b*'p — b'"q)y 

€  'p — e    q.     Therefore,  to  find  a:,  we  have 

m  +  b'n^b''p .—  b"'q  =  0,  cm  +  c'n  +  c''p  —  c'''q  =  0  and: 

am-f-a  n-j-a  p-'~<i  q 
The  values  of  rrif  n  and  p  must  now  be  found  from  the  formuliB 
in  case  2nd,  and  substituted  in  the  last  expression,  we  shall  then 
have  the  value  oix;  and  from  thence,  by  changing  the  coefficients, 
we  shall  obtain  the  values  of  y,  z  and  m*  The  .values  of  z^  y^  z, 
and  w,  are  as  below«     The  numerator  of  x  is 

eb'€"d'''^€yd''c"'+ed'b''c''^—  ed'c'T''  +  ec'^V"  -  ec'h"d'" 

J^Mc"e'"--bd'e"c'*'\bee"d"'—bed"t'"  +  he'd'^c"'  —  he'c"d!*' 

4-(tt'e"c"'— (^i'c' V"+(£c'^' V"—  do*e"V"  +  ^'C'^"  —  dt'V'c"'' 
The  numerator  of  y  is  % 

•\.td'c"a!"—  c(Z'a"c"'+  cc'a"(i'"— cc'rf"a'"  +  ea!d"c"'—  ea'c"d'*' 

The  numerator  of  2  is 

J^ye"a"*—  bXa"e!"\-  ht'ud'd'"—  he'ra!"\-ba!d'*e"'—  ha't'T 

J^h^'iT—  €t^d"b"'^  ed*<£'h'"—ei!h"a'"\^b'r4i''—tVa!*t" 

J^b'al'e'"—  db'e'W^:  de'b"(i"—  de'a''b'"\'da'B"V"—  do^l^t"' 
The  numerator  of  w  is 
fli'c'V"—  a^'e"c'"+  fl«'y'c'"—  a«'c  '3'"+ flc'«"A'"  _  «c'^' V" 

J^le'e'a*''—  beWV-^  bc'a'V"—  bc'e'W^-  ^aV'c'"—  Mc^'e"' 

^ca'b"e'"—ca'e"b"'^  ce'a"b'"—  ce'b'^a'''^-  d^W"—  c*VV" 

4-g3'a''c'"—  ebYW"+  ec'b'W'—  e€Wr''+  eac'^r'—edVe*' 
And  the  denominator  of  each  is 
«*'c''(i'''4.<ii'd''c'''-f  «^*''€'''-f  «<fc'V+  flc'^^'r'—  aJVT 

.^V'c'"—  ^'c' V"+  efc'A' V"~  ££c  V^'"+  da'c"b'''—daTc'" 
If  there  were  5  unknown  quantities^  the  uumeriEttors  and  den<h 
minators  of  each  would  consist  of  120  terms. 
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58.  Given  |z+i(y+^)=17,  y+J(^+^)==17;  and  z+i{a:H-y) 
=17|,  or  {a:H-J(y4-^)=1000;  y+i(x-}-z)=lOOO  ;  and  2:  + 
i{x-j'z)=1000\  ;  to  find  a:,  y  and  2,  in  both  the  above  cases. 

Iffl  =  2;5  =  3;c  =  4;  Ans.  x=;=5,  ^=11>  4s=13. 

A  general  theorem  for  all  questions  of  a  similar  nature : 
(flfe-f^-f c — 2dc'-^)n _Q7n .,    {abc-{-a-\-c — 2ac — b)n 77n 

abc-j'2 — a — b — c         107  abc-\-2 — a — b — c  107 

T,,  ,  (abc4-a4-b — 2ab — c)n      83w      ^, 

=B's.  and  ^ — i-f^ r ^  =  yk^  =C's  part 

abc-{-2 — a — b — c  107  ^ 

In  this  question  n  is  =  to  one  thousand. 


EXPRESSION     OF    QUESTIONS. 

As  it  is  sometimes  difficult  for  learners  to  know  how  to  express 
the  conditions  of  a  question  algebraically,  the  following  remarks 
may  be  found  useful ; 

^the  question  be  concerning  one  unknown  number,  or  quantity ; 

it  Tnay  be  represented  by  z  or  y. 

If  the  unknown  quantity  is  to  be  multiplied  by  5,  that  condition 
M  expressed  thus  :  6x,  or  5y. 

If  4  be  added  to  that  product,  and  the  sum  is  equal  to  14,  theiii 
&44=14 ;  but  if  4  is  to  be  subtracted,  then  5a: — 4s=:14. 

If  the  unknown  quantity  is  to  be  divided  by  3,  that  condition 

inay  be  expressed  thus :  k.oi^  k^  ^d  if  7  bo  subtracted  from  that 

quotient,  and  the  remainder  is  equal  to  10,  those  conditions  are 
ej^ressedthus  :  \x  — 7=10. 

If  the  third,  fourth,  s^id  fifth  of  a  number  be  added  to  itself,  and 
the  sum  is  equal  to  35,/ that  condition  is  expressed  thus : . 

X  X  X 

V  the  question  u  concerning  two  numbers  or  quantities,  they  Tnay 

be  called  x  and  y. 

If  it  be  required  that  the  sum  of  the  two  numbers  sought  be  60, 
that  condition  is  expressed  thus  :  x-\-ys=SO, 

If  their  difference  must  be  24,  then  x — ^t=24.  / 

If  their  product  is  156,  then  a:^=156. 

If  their  quotient  must  be  6,  then  -  =6,  or  x^T-y^ssS, 

If  their  ratio  is  as  3  to  2,  ihen  2; :  ^:  :3  :  2,  and  hence  2rTT3y. 
If  the  sum.  of  their  squares  is  100,  then  a;*-j-y^=100. 

14 
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•  If  the  difieience  of  their  squares  is  27,  then  ofi    y*    27* 
If  the  product  of  their  squares  is  36,  then  2^^Bsa36. 
If  the  quotient  of  their  squares  is  16, 

Then  -^  =  16,  or  :r»-5-y^=16. 

If  their  sum  added  to  their  difference  be  10,  and  x  be  the  greafr 
er  number  and  y  the  less,;  then  2g— 10; 

For  aj+y-j-a; — y — 2x. 

]f  the  difference  of  iheir  sum  and  difference  be  6,  and  :>;  be  die 
greater  and  y  the  less,  then  2y=6 ; 

For  a:-)-y— (a:— y)=2y. 

If  the  product  of  their  sum,  multiplied  by  their  difference,  must 
be  64,  then  {x-^)(x — y)=64  ;  whence  a? — ^^^=364. 

If  the  square  of  their  sum  be  96, 

Then  (a;+y)«,  or  a:»-f  2xy4V^=36. 

If  the  square  of  their  difference  be  16, 
-   Then  (a:— y)«,  or  a:*— 2a:y-fy^^l6. 

If  the  sum  of  the  squares  of  their  sum  and  'of  their  difierence  be 
100,  then  2:r«+22^=100. 

For  ai'+2a:y-f  ^  added  to  a:*— ary-+y=2a*-f  2/. 

If  the  oifference  of  the  squares  of  the  sum  and  difference  equal 
64,  then  4x^=^4.  As  may  be  seen  by  subtracting,  a?^^2xy^ 
from  2?-\'2xy-\-^. 

If  their  sum»  diTided  by  their  difference,  be  3,  then  ^^g=3. 

If  two-thirds  of  one,  and  four-sevenths  of  the  other,  nuike  60, 

If  two-thirds  of  one,  subtracted  from  four-sevenths  of  the  othtf, 

leave  14,  then  -=  — -=14. 

7       3 

If  their  sum  must  be  four  times  their  difference. 

Then  x-^-ysss^z — y),  or  a;-f-3ft=4a>— 4y. 

If  the  sum  of  their  squares  is  five  times  the  sum  of  the  num* 

bers,  then  a:*-f-y^=6(ar-|-y)=5x(a;+y-) 

Or  a;*-4-^=5a:-}-5y.  * 

If  their  product  is  six  times  their. sum, 
Then  a:^^(a:-|-y),  or  xy=Qx-\Sy. 

9x 

If  their  product  is  nine  times  their  quotient,  then  zy= — . 

If  one  number  must  be  as  much  above  20  as  the  other  wants  of 
20,  then  a?— 2(^=20— y. 

If  one  number  must  be  three  times  as  much  above  20  as  the 
other  wants  of  20,  then  a;— 20==3(20— ^)b3x  (2(^— y>. 
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Or  2>— 20b=d6a— 3y. 

If  tkeir  di^tence  and  sum  are  to  each  other  as  the  numbers 
two  and  three,  then  x — y  I  x4-y:  :2  :  3;  or, 

Multiplying  extremes  and  means,  ^s>^^4kf:=2s^2y. 

If  their  sum  and  product  are  to  each  other  as  the  numbers  three 
and  five,  then  a:-4-«  :  xy::3  I  5;  or, 

Multiplying  extrems  and  means,  5x+&y=^. 

If  one  number  ought  to  be  as  many  times  contained  in  20  as 

on 

the  other  contains  the  number  4,  then  —  =  t  >    or  20  :  a;:  :y  !  4; 

X       4 

Whence  xyss=80. 

If  the  number  20  must  be  a  mean  proportional  between  the  two 

Dnmbers  sought,  then  x  :20  i:20  :  y;  whence  xy=^0,^ 

If  the  greater  being  divided  by  the  less,  and  again  the  less  by 
tke  greater,  the  iirst  quotient  must  be  to  the  second  as  5  to  3; 

Then  i  :  ?:  :5  :  3.     Whence  —  =^. 
y     X  y  '     X 

If  one  number  increased  bv  2,  and  multiplied  by  the  other  di- 
nunished  by  three,  produce  40,  then  (a:4-2)  (y— 3)b=40,  or  xy-^^ 

If  three  numbers,  a;,  y,  and  2,  must  be  in  continued  proportioay 
4en  X  :  y\  \y  \  z.    Whence,  xzsssit^^ 

It  is  sometimes  easier  to  employ  fewer  letters  than  th^re  are 
^ffiknown  cruantities.  Thus,  the  solution  becomes  more  easy  and 
elegant.    There  are  some  examples  of  this  kind  of  notation. 

Conditions,  Notation* 

The  sum  of  the  two  numbers  )  Let  x=.  one  number,  then  will 

sought  is  60 • )       60 — ^2=the  other. 

Their  difference  is  24  x  and  x-\-2^  (or  x — ^24). 

Their  product  is  146.  x  and * 

Their  quotient  is  6.  x  and  -,  or  x  and  ftr. 

2x  3jc 

Their  latio  is  as  3  to  2.   x  and  •^,  or  Sx  and  2x ;  because  ^  ts= 

2.  or  ac  :  2a: : :  3  :  2. 

The  greater  is  4  times  the  less  •••••'•• 2;  and  47. 

Tiese  and  the  preceding  are  some  of  the  relations  whioh  are 
«Mily  expressed ;  many  omers  occur  which  are  less  obvious,  but 
as  thiey  cannot  be  described  by  paxtieukr  rules,  th*eir  expresaon  is 
^  exjAauied  by  exam^sit  ud  must  be  acouired  by  experience. 
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SOLUTION    OF    QUESTIONS.    . 

To  solve  a  simple  equation  containing  hut  one  unkneum  qua/ttf 
tity. 

Rule.  Clear  the  equation  of  fractions  by  rule  3,  and:  of  radicle 
by  rule  4 ;  second,  transpose  the  unknown  terms  or  quantities  to 
one  side  of  the  equation,  and  the  known  terms '  to  the  other,  by 
rule  1. 

Collect  each  side  into  one  term,  and  the  unknown  quantities, 
with  a  known  coefficient,  will  form  one  side  of  the  equation,  and 
a  known  quantity  the  other  side.  Divide  each  side  by  the  coef- 
ficient of  the  unknown  quantity,  and  the  valire  of  the  unknown 
will  be  exhibited. 

1.  What  number  is  that,  from  the  treble  of  which  if  18  be  sab- 
tracted,  the  remainder  is  6  ?         •  Ans.  & 

Let  as=the  number  ;  .*.  3a;-;-18=6,  or  3.T — ^24,  and  2ts=8. 

2.  What  number  is  that,  the  double  of  which  exceeds  four-fifths 
of  its  half  by  40  ?  ^^  Ans.  25, 

Let  rc5=  the  number;  .*.  2z — -.-  =40,  and  10a:.   ^x    200,  or 


3.  In  fencing  the  side  of  a  field,  whose  length  was  450  yards, 
two  workmen  were  employed ;  onfe  of  whom  ^nced  9  yards,  and 
the  other  6  per  day.     How  many  days  did  they  work?    Ans.  30. 

Let  Xj  %x  and  6a:t=  the  number  of  days  and  of  yards  fenced  by 
each  respectively;  .*.  (9a:-|-6a:)=:15a5=450,  and  as==30,  Ans. 
' '  4.  A  mercer  bought  4  pieces  of  silk,  which  together  measured 
50  yards ;  the  second  was  twice,  the  third  three  times,  and  the 
fourth  foui*  times  as  long  as  the  first.  What  was  the  respective 
lengths  of  the  pieces  ?  Ans.  5,  10,  15,  20  yards. 

Let  X,  2x,  SXf  4xy  and  10a%=s50,  be  the  number  of  yards  in  the 
first,  second,  third,  fourth,  and  the  equation,  respectively,  and  x 


5.  A  fieirmer  sold  13  bushels  of  barley  at  a  certain  prfee ;  and 
afterwards  17  bushels  at  the  same  rate  ;  and  at  the  second  time 
received  36  shillings  more  than  at  the  first.  What  was  the  price 
of  a  bushel  ?  Ans.  9  shillings. 

Let  x=  the  price  of  a  bushel,  13^;  and  17a;  the  sum  received  for 
the  first  and  second ;  .*.  (17ar — 13a5=4a:)==36,  and  x=9f  Ans. 

6.  A  person  bought  198  gallons  of  beer,  which  exactly  filled  4 
casks ;  the  first  held  twice  as  much  as  the  second,  the  second 
twice  as  much  as  the  third,  and  the  third  three  times  as  much  as 
the  fourth.    How  many  gallons  did  each  hold  ? 

Ads,  108,  54,  27,  and  9  gallom. 
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Let  jK,  3a:,  6x,  and  ISar-r-  the  number  of  gallons  the  fourth,  third, 
second  and  first,  respectively;  .\  22a;ss=198,  and  x — 9,  and  108, 
54, 27  and  9  were  the  answers. 

7.  A  silversmith  has  3  pieces  of  metal,  which  together  weigh 
48  oonees.  The  second  weighs  12  ounces  more  than  the  first, 
and  the  third  9  ounces  more  than  the  second.  What  were  their 
leroective  weights  ?  Ans.  5,  17,  and  26  ounces. 

Let  Zf  aj-|-12t  a:-|-21=  the  number  of  ounces  the  first,  second, 
and  third  weighed,  respectively,  and  3a;-|-33=48,  or  x-)-ll=16, 
and  x=5^  and  17, 26  ounces,  Ans. 

8.  A  vinter  fills  a  cask,  containing  96  gallons,  with  a  mixture 
of  biandy,  wine,  and  water.  There  are  20  gallons  of  water  more 
than  of  brandy,  and  17  more  of  wine  than  of  water.  How  many 
are  there  of  each  ? 

Ans.  13  gallons  of  brandy,  33  of  water,  and  60  of  wine. 

Let  X,  20-j-a:,  37-|-a;  be  the  number  of  gallons  of  brandy,  of  wa- 
ter,- and  of  wine,  respectively ;  57-|-3as=96,  or  19-j-as==32,  and 
2^13,  and  the  number  of  gallons  of  brandy,  wafer,  and  wine, 
were,  13,  33,  50,  respectively. 

d.  A  gentleman  buys  4  horses ;  for  the  second  of  which  he 
gives  $12  more  than  for  the  first ;  for  the  third  S6  more  than  for 
the  second ;  and  for  the  fourth  $2  more  than  for  the  third.  The 
Mm  paid  for  all  was  $230.     How  much  did  each  cost  ?    • 

Ajis.  45,  57,  63,  and  65  dollars. 

Let  Xy  a:-{-12,  a;-j-18,  a:-f-20  denote  the  price  of  the  first,  second, 
third,  and  fourth ;  .-.  4a;-4-50==230,  or  4ax=180,  and  as=45. 

10.  A  poor  man  had  6  children,  the  eldest  of  which  could  earn 
^d»  a  week  more  than  the  second  ;  the  second  Sd.  more  than  the 
third;  the  third  6d.  more  than  the  fourth;  the  fourth  M,  more 
than  the  fif^h ;  and  the  fifth  5d.  more  than  the  youngest.  They 
altogether  earned  10*:  10<^.  a  week.  How  much  could  each  earn 
a  week?  Ans.  38,31,  23,  17,  13,  and  8  pence  per  week. 

Let  X,  a:-|-5,  a:-f-0,  a:-}-15,  a;-|-23,  and  a:-f-30  be  the  sum  earned 
ly  the  youngest,  fifth,  fourth,  third,  second,  and  eldest;  .•.  6a:-j- 
82=130,  or  x=8. 

11.  An  express  set  out  to  travel  240  miles  in  4  days,  but  in  con- 
sequence of  the  badness  of  the  roads  he  found  that  he  must  go  6 
inues  the  second  day,  9  the  third,  and  14  the  fourth  day,  less  than 
the  first.    How  many  miles  must  he  travel  each  day  ? 

Ans.  67,  62,  58,  and  53  miles. 
Let  j;,  X — 5,  X — 9,  X — 14b=  die  number  of  miles  travelled  the 
first,  second,  third,  and  fourth  day ;  .*.  4a: — ^28=240,  or  x — 7=s 
60,oras=67.       ,  ' 

12.  There  are  5  towns,  in  the  orders  of  the  letters  A,  B,  €,  D, 
£•   From  A  to  E  is  80  miles.     The  distance  between  B  and  C 
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is  10  miles  more,  between  6  and  D  is  1&  miles  less,  and  betw|en 
D  and  E  17  miles  more  than  the  distance  between  A  and^. 
What  are  the  respective  distances?  Ans.  from  A  to  B  17;  from 
B  to  C  27;  from  C  to  D  2 ;  and  from  D  to  £  34  ipiles. 

Let  Xf  a:-f-10,  x — 15,  a:-f-17  denote  the  distance  from  A  to  B, 
B  to  C,  C  to  D,  and  D  to  E,  and  we  have  4a:-f  12=80,  or  xsr=17. 

13.  A  gentleman  gave  $27  to  twopoor  persons ;  but  he  gave 
more  to  one  than  to  the  other.     "Wnat  did  he  give  to  each  ? 

Ans.  11,  and  16  dollars. 
Let  X,  and  x-\^  be  the  number  of  dollars  given  to  one  and  the 
other,  and  2a;-}-5=:27,  or  a?=ll,  and  16,  are  the  answers. 

14.  What  number  is  that,  the  treble  of  which  is  as  much  above 
40,  as  its  half  is  below  51  ?  '    Ans-  26. 

Let  22s=  the  number;  .*.  6x — 40=51 — x^  and  7z:=^l,  or^cK 
13,  2as=26. 

15.  Two  workmen  received  the  same  sum  for  their  labor ;  but 
if  one  had  received  $15  more,  and  the  other  $9  less,  then  one 
would  have  had  just  three  times  as  much  as  the  other.  What 
did  they  receive  ?  Ans.  21  doUafs  eatih. 

Let  x=  the  sum ;  .*.  a:-|-15=3(z — ^9),  and  22:=sa42,  or  asaaSl 
dollars,  Ans. 

16.  Two  merchants  entered  into  a  speculation,  by  which  out 
gained  54  dollars  more  than  the  other.  The  whole  gain  was  49 
dollars  less  than  three  times  the  gain  of  the  less.  What  were 
the  gains  ?  Ans.  $103,  and  $157. 

Let  a:,  2:-f-54  denote  the  less  gain  and  the  greater,  and  236^ 
6i=3x — 49. 

17.  The  perimeter  of  a  triangle  is  75  feet,  and  the  base  is  11 
feet  longer  than  one  of  the  sides,  and  16  feet  longer  than  the  oth- 
er.    Required  their  respective  lengths. 

Let  Xi  X — 11,  X — 16  be  the  length  of  the  base  and  the  length 
of  the  sides,  and  (a:+a;— 11-fa;— 16)=32:— 27=75;  .\  a»^^ 
and  the  sifles  were  23  and  18. 

18.  A  company  settling  their  reckoning  at  a  tavern,  pay  8  shit 
lings'  each ;  but  observe,  that  if  there  had  been  4  more,  they 
should  only  have  paid  7  shillings  each.     How  many  were  there  ? 

Ans.  38. 
Let  X  and  Sx  be  the  number  and  the  sum  paid,  and  8i»sb 
7(a:4-4) ;  .-.  x==2S. 

19.  Divide  the  number  46  into  two  such  parts,  that  one  of  them 
being  divided  by  7  and  the  other  by  3,  the  quotients  may  tc^ether 
be  equal  to  10.  Ans.  18  and  28. 

Let  X,  46    mm  oae  paH md,  the  othec,  ands  -H  — 5^  «wlO, 

and  xsalS. 
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SDl  A  eertein  sum  k  to  be  miaod  ayon  ^o  estates,  one  of  wkich 
p^  19  sliilUiigs  le»s  thaa  the  other ;  aad  if  5  shUliags  be  added 
to  treble.the  less  payment,  it  will  be  equal  to  twice  the  greatei • 
Wbt  are  the  sums  paid?  Ans.  33,  and  52  shilUngs. 

Let  x^  a;4*19  denote  the  payment  of  the  less  and  greater  in 
riullings,  ancl  32H-5»^24-d8,  and  :i%=33,  and  x^19sbs52  shil- 
lings, the  Ans.  ,  . 

21.  Having  bought  a  certain  quantity  of  brandy  at  19  shillings 
a  gallon,  and  a  quantity  of  rum  exceeding  that  of  the  brandy  by 
B  gallons,  at  15  shillings  a  gallon,  I  find  that  I  paid  one  shilling 
more  for  the  brandy  than  for  the  rum.  How  many  gallons  were 
4ere  of  each  ?  Ans.  34  of  brandy,  and.  43  of  rum. 

Let  X  and  a:-|-9  be  the  number  of  gallons  of  brandy  and  of  rum, 
tad  19^  and  1^(2;4*9)  are  the  prices  respectively ;  .*•  Idxssldz 
•f  135-|-1)  and  4{:=136,  or  xs=S^  gallons  of  brandy,  and  43  0I 
Tuin,  Ans. 

22.  Two  persoiis,  A  and  B,  have  each  an  annual  income  of 
400  dollars.  A  spends  every  year  40  dollars  '  aM>re  thcuA  B,  and 
at  the  end  of  4  years  the  amount  of  their  savings  is  equal  to  one 
year's  iaeome  of  either.    What  does  each  spend  annually  ? 

Ans.  $370,  and  $330,  respectively. 
Let  z,  and  ir4*40  denote  the  sum  spent  by  B  and  A,  and  400 
*<»«,  360--^  a;,  denote  the  sum  saved  by  B  and   A  ;  whenot, 
4(760->2jr>=slO0,  or  2x=:am>  and  a»s33aR:B,  and  37(]b»A. 

23.  A  draper  sold  two  pieces'  of  cloth,  by  one  of  wkich  he  kit 
t  doUars  more  than  by  the  other ;  and  his  whole  loes  was  5  do]- 
int  less  than  treble  the  less  loss.  What  were  the  losses  sustauMd 
by  each  piece  ?  Ans.  $11,  and  $17. 

Let  z,  x*^^  denote  the  loss  sustained  by  one  and  the  other,  and 
S2>^6c3s3:e — 6,  and  xsszll,  and  x-^Geitaill,  Ans. 

24.  A  person  engaged  to.  reap  a  field  of  com  for  4  dollars  an 
acre,  but  leaving  61  acres  not  reaped,  he  received  40  dollars.  Of 
hew  many  acres  did  the  field  consist  ?  Ans.  16. 

Let  X  denote  the  number  of  acres,  and  4(a;'*-^)s33:40  dollars,  or 
4i&— 24ss40,  or  42^=3^,  and  2:ts=16  acres,  Ans. 

25.  In  a  naval  engagement,  the  number  of  ships  taken  was  7 
niore,  and  the  number  burnt  2  fewer,  than  the  number  sunk.  Fif- 
teen escaped,  and  the  fieet'consisted  of  8  times  the  number  sunjk. 
Of  how  many  did  the  fleet  consist  ?  Ans.  3S. 

Let  2,  x-^7,  X — 2  denote  the  number  sunk,  taken  and  burnt;  then 
».j.x-|-74.x— -S+-15sa8a:,  and  6x=s^,  or  xssA,  and  the  fleet  32. 

26.  A  farmer  hises  a  farm  for  $175|  a  year;  part  of  which  he 
is  not  allowed  to  plcmgh ;  he  gives  $2  per  acre  for  the  arable,  ^nd 
&r  the  rest,  which  was  6  acres  less,  he  gives  $1^1  per  acre.  How 
aumy  acres  were  arable,  and  how  many  not? 

.  Ans.  56  acres  arable,  51  not. 
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Let  X,  and  x-^  denote  the  nnmber  of  acies  of  arable,  and  the 
rest ;  then  8x-{^{x — 5)s=:703,  or  132:3b  728,  and  x^ssSS  aratte, 
and  51  the  rest. 

27.  A  cistern  is  filled  in  twenty  minutes  by  three  pipes,  one  ct 
which  conveys  10  gallons  more,  and  the  other  6  gallons  less,  than 
the  third,  per  minute.  The  cistern  holds  ^0  gallons.  How 
much  flows  through  .each  pipe  in  a  minute  ? 

Let  X,  x-^lO,  and  x — 5  denote  the  number  passing  through  the 
third,  first  and  second,  respectively ;  then  20(3a;-f-5)  ==  ^0,  or 
2?  =  12.  ^         Ans.  22,  7,  and  12  gallons. 

28.  A  fortress  is  garrisoned  by  2600  men ;  and  there  are  9 
times  as  many  infantry,  and  three  times  as  many  artillery,  as 
cavalry.     How  many  are  there  of  each  ?  ,     *  ' 

Let  Xj  Sx,  9x  denote  the  number  of  cavalry,  artillery,  and  in- 
fantry ;  then  13«==3600,  and  a:==200. 

29.  A  and  B  began  to  play ;  A  with  exactly  |  of  the  sum 
which  B  had.  After  winning  10  dollars,  he  found  that  they  had 
each  the  same  sum*     Wh&t  had  each  at  first  ? 

Let  9a;  and  42;  denote  the  sums  which  B  and  A  had  at  first; 
then  42;-f  lOssOa;— 10,  or  5x=20,  x=4,  and  A  had  16  and  B  36. 

30.  A  person  has  a  certain  number  of  horses  at  livery  stables^ 
and  3  times  as  many  at  grass.  He  keeps  15  in  constant  employ- 
ment ;  and  his  whole  number  is  7  times  the  number  in  the  stables. 
Bequired  the  whole  number.  Let  x,  3x  be  the  number  at  Uvery 
and  at  grass,  4x  -)-  15  ==  72;,  and*a:&sa5,  and  35,  the  Ans. 

31.  Two  men  at  the  distance  of  150  miles  set  out  to  meet  each 
other ;  one  goes  -3  miles  in  the  time  the  other  goes  7.  What  part 
of  the  distance  does  each  travel  ? 

Since  they  travel  at  the  rates  which  are  in  the  proportion  of  3 
to  7,  let  32;  and  72;  be  the  number  of  miles  each  goes  ;  then 
(32;4-72?=:102;)=150,  or  2=15,  and  they  travel  45  and  105  miles. 

32.  A  farm  of  864  acres  is  divided  between  3  persons.  C  has 
as  many  acres  as  A  and  B  together ;  and  the  portions  of  A  and 
B  are  in  the  proportion  of  5  :  11.     How  many  acres  has  each  ? 

Let  52;,  11 2;,  I62;  be  the  number  A,  B,  and  C  each  had  ;  then 
3225=864,  or  2:^=27.  .  Ans.  A  has  135,  B  297,  C  432. 

Solutions  by  Arithmetic  to  Questions  43  and  46,  page  96. 
2  gfreyhound's  leaps  =  3  hare's  leaps;  hence  6  greyhound's  leaps 
ass  9  hare's  leaps.  ~  But  while  the  greyhound  made  3  leaps,  the  hare 
made  4 ;  .*.  the  greyhound  made  6  leaps  in  the  same  time  which 
the  hare  made  8 ;  consequently  every  6  leaps  the  greyhound  took 
he  gained  1  hare's  leap ;  1  H.lp.  :  6  G.  Ips. :  :50H.lpiS.  :  300,  Ans. 

As  (30  —  12)  =  18  :  12  : :  30  :  J^^^^  ==  ^  =  20  Ans. 

33.  A  charitable  person  distributed  £5  14$.  amongst  some  po<Mr 
women  and  children^  giving  to  each  woman  6  shillings,  and  t6 


Meh  dkiUL  two ;  the  nuinber  of  w6Biai  was  to  the  nttmber  of  cluli' 

diea  as  4  :  7.     How  mmiy  were_relieved  ? 

Ans.  12  women,  and  21  children* 

Let  4x  and  7z  be  the  number  of  women  and  children,  and  2Az 
and  14r  represent  the  number  of  shillings  the  women  and  children 
bad;  then  dSocaxll^  and  xsss^ ;  .*.  4c=sl2  and  72:s=;21  children. 

34.  A  and  B  begin  trade,  A  with  triple  the  stock  of  B.  They 
e&ch  gain  50  dollars,  which  makes  their  stocks  in  the'  proportioa 
of  7  to  3,     What  were  their  original  stocks  ? 

Ans.  A's  was  300  dollars,  and  B's  100. 

Let  X  Mid  3x  represent  the  stock  of  B  and  A;  then  32;-4*50  : 
z+50 : :  7  :  3,  and  xssslOOy  and  A's  stock  was  300  dollars,  and 
B's  100. 

25.  There  are  two  numbers  in  the  proportion  of  |  to  |,  which 
being  increased  lesi^cxivilj  by  6  and  5,  are  in  the  proportion  o( 
f  to  ^.    Required  the  numbers.  Ans.  30  and  40. 

Let  3^  and  4x  be  the  numbers ;  then  32;-|-6  :  42:4-6  2 :  f  •  |. 
: :  4  :  5,  and  152>4-30ssl62;-f  20,  and  2:&=10,  and  the  numbers 
30  and  m. 

36.  A  farmer  has  a  stack  of  hay,,  from  which  he  sells  a  quan- 
tity which  is  to  the  quantity  reimaining  in  the  proportion  of  4  tA 
5-  He  then  uses  15  loads,  and  finds  that  he  ha?  a  quantity  left 
which  is  to  the  quantity  sold  as  1  to  2.  How  many  loads  did  the 
stack  at  first  contain  ?  Ans.  ASu 

Let  9x,  4zy  and  6x  denote  the  number  of  loads  it  contained  and 
aold  and  remaining ;  .*.  5x — 15  :  42  : :  1  :  2,  <»  3xs=sl5f  and 
the  number  in  the  stack  .\  was  45. 

37.  There  are  three  pieces  of  cloth,  whose  lengths  are  in  the 
l^oportion  of  3,  5,  and  7 ;  and  6  yards  being  cut  off  from  each^ 
the  whole  quantity  is  diminished  in  the  proportion  of  20  to  17. 
Required  the  length  of  each  piece  at  first 

Ans.  24,  40,  and  56  yards. 

Let  3^:,  5:2;,  and  7x  be  the  lengths ;  and  since  the  whole  quan- 

%  is  diminished  in  proportion  to  20  :  17,  the  whole  c^aaaitkt  is 

to  the  part  cut  off::  20  :  3,  or  15a;  :  18  ::  20  :  3,  and  then 


38.  The  number  of  days  that  4  Workmen  were  employed  wet» 
seTerally  as  the  numbers  4,  5,  6,  7 ;  their^  daily  wages  the  wtMs 
yrz.  3  shillings,  and  the  sum  received  by  the  first  and  second  was 
9S  shillings  ^ss  than  that  received  by  the  third  and  fourth.  How 
nrach  did  each  receive  ?  ~  -^  Ans.  36,  45,  54,  and  63>  shillings 

Let  4a;,  8xj  Sx,  7x  denote  the  number  of  days  employed ;  ^'i 
8(4aj-f5r)4.36=3(6x+7ar)  or  9a;-f  12=13a:,  or  as=3. 

39.  Prom  twt>  casks  of  e<|ual  size  are  draw»  quantities,  which 
«te  in  i£oe  niopoTtioii  of  6  td  7 ;  and  it  sapetasf  that  if  16  gallooi 

10*  M 
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less  had  been  dmwn  from  that  which  is  now  the  eniptier,  only 
half  as  much  would  hare  been  drawn  from  it  as  from  the  other. 
How  many  gallons  were  drawn  from  each  ?.         Ans.  24  and  28. 

Let  6x  and  7x  denote  the  number  of  gallons  drawn  off;  .*.  7x — 
16=ar,  or  42t=16,  2^=4,  6z^=24,  7a:£=S8. 
'  40.  On  the  inclosure  of  a  parish,  a  proprietor  had  fo¥  his  allot- 
ment  two  pieces  of  land,  which  were  of  ^e  form  of  rectangular 
parallelograms.  The  longer  sides  of  the  parallelograms  were  in 
the  ratio  of  6  to  11,  and  the  adjacent  sides  of  the  less  as  *3  to  2. 
The  periphery  of  the  less  was  135  yards  more  than  the  longer 
side  of  the  greater.  Required  the  sides  of  the  less,  and  the  longer 
side  of  the  greater.  Ans.  the  sides  of  the  less  were  90  .and  60 ; 
and  the  longer  side  of  the  greater  was  165  yards. 

Let  6x  and  llx  be  the  longer  sides,  and  4zs=s  the  shorter  side 
of  the  less,  and  2(6a:-f-4ir)=llar+135,  and  9x=lS5 ;  .-.  2:&=:15. 

41.  Two. persons,  A  and  B,  travelling,  each  with  80  dollars^ 
meet  with  robbers,  who  take  from  A  twice  as  much  as  from  6 
and  5  dollars  over,  and  leave  A  within  13  dollars  half  as  much 
as  B.     How  much  is  ttd^en  from  each  ?    Ans.  69,  and  32  dollars. 

Let  X  be  the  sum  taken  from  B ;  then  2x'\-5=  the  sum  taken 
from  A ;  .•.  76 — 2x=^  sum  left  with  A  and  80  x  the  sum  left 
withB;  .-.  2(75— 2ar+13)=80— a:,  or  325=16;  .-.  ax=32=B*s. 

42.  A  person  distributed  forty  shillings  amongst  50  people; 

e'ving  to  some  nine-pence  each,  and  to  the  rest  fifteen  pence, 
ow  many  were  there  of  each  ?  Ans.  45,  and  5. 

Let  X  and  50 — x  denote  the  numbers ;  then  9a:-f- 15(50 — x)sss 
40X12,  or  3a:+250— 52^=160,  or  2a:=90,  and  2^=45. 

43.  A  person  put  out  a  certain  sum  to  interest  for  6^  years,  at 
6  per  cent,  simple  interest,  and  found  that  if  he  had  put  out  the 
same  sum  for  12  years  and  9  months  at  4  per  cent,  he  would  have 
received  185  dollars  more.    What  was  the  sum  paid  out  ? 

Ans.  1000  dollars. 

Let  qr denote  the  sum;  .*.  —  =  the  interest  for  one  year,  and 

^  X  f  +18fc=  J  X  12i  =^  X  ^,   and  130x+74000- 

204i;,  (X  74£=74000,  and  |c=1000,  Ans. 

44.  A  regiment  of  militia,  containing  594  men,  is  to  be  raised 
from  three  towns,  A«  B,  C.  The  contingents  of  A  and  B  are 
in  the  proportion  of  three  to  five ;  and  of  B  and  C  in  the  propor- 
tion of  eight  to  seven.    Required  the  numbers  raised  by  each. 

Ans.  144  by  A,  240  by  B,  210  by  G. 
Let  dx  and  5x  be  the  numbers  raised  by  A  and  B ;  .'.8:7:: 
&x ;  the  contingent  of  C  =^x ;  whence,  3x^\^-{^fa:^=59^i  and 
(64i4-352;)=99»=8X6H  and  x=48. 
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46.  Two  persons,  A  and  B,  were  partners.  A's  money  re- 
mained in  the  firm  6  years,  and  his  gain  was  one-fourth  of  his 
principal ;  and  B's  money,  which  was  60  less  than  A's,  had  been 
in  the  firm  9  years,  when  they  dissolved  partnership,  and  it  ap- 
peared that  if  B  had  gained  6^  dollars  less,  his  gain  and  princi- 
pal would  have  been  to  A's  gain  and  principal  as  4  to  6,  What 
was  the  principal  of  each  ?         Ans.  200  dollars,  and  150  dollars. 

Let  ix  =  A's  principal,  and  z=  his  gain  ;  then  4c--50  =  B's 

principal;  .-.  6x4a; :  9(4x—50)::x  :  B*s  gain  =| (2a:— 25),  and 

K.A.r  A  rAi3(2a:— 25)  25  .  .  ^^  ,  3(22;— 20) 
5 :  4:  :5a: :  4a: — 50+  -^-^ '—  — ,  or  4as=4i:— 50-f  -^^ — j — - 

25  ' 

— -J,  and  6a:i=300 ;  .•.  a;!=s50,  and  their  principals  were  200  dol- 
lars and  150  dollars. 

46.  The  estate  of  a  bankrupt,  valued  21000  dollars,  is  to  be  di- 
vided amongst  four  creditors  proportionably  to  what  is  due  to 
them.  The  debts  due  to  A  and  B  are  as  2:3;  B's  claims  and 
C's  are  in  the  proportion  of  4  :  5 ;  and  C's  and  D's  in  the  pro- 
portion of  6  :.7.     What  sum  must  each  receive  ? 

,  Let  2a:  and  3a:  denote  the  sums  A  and  B  received ;  then  4  :  5 
: :  3a: :  sum  C  received  =^x,  and  6:7::  -^a:,  sum  D  received, 
which  .-.  is  ^^Xy  and  therefore  2a:  4-3a:  -\^x  -\-^x  =  21000,  or 
(16a:-f24a:-f30a:+35a:=)105a:=8x21000;  .-.  a:==1600. 

47.  A  merchant  bought  wheat  at  the  rate  of  $3 J  for  5  bushels. 
He  afterwards  bought  some  inferior,  which  was  in  quantity  to  the 
foraier  as  3  to  4,  at  the  rate  of  $3f  for  8  bushels,  and  sold  the 
whole  for  10  shillings  a  bushel,  in  consequence  of  which  he  lost 
$74  by  the  bargain.     How  much  of  each  did  he  buy  ? 

Let  4a;  and  3a:  denote  the  number  of  bushels  of  each  sort,  and 
14x43:4-9 xai?=104-7a:+156,  or  83a:=70a:+156,  or  a?=12. 

48.  Three  persons.  A,  B  and  C,  spent  equal  sums  at  a  tavern* 
C  having  no  money,  the  reckoning  was  paid  by  A  an^  B.  When 
C  came  to  reimburse  them,  he  paid  4  times  as  much  to  A  as  to  B, 
ftnd  observed,  that  if  B  had  p^id  3  shillings  more  of  his  reckon- 
ing) their  demands* would  have  been  equal.  Required  the  sum. 
each  spent,  and  the  respective  part  of  C's  reckoning  that  A  and 
B  paid. 

Let  4a:  and  x  denote  the  part  paid  by  A  and  B,  and  the  reckon- 
ing =5a; ;  therefore  x  \  3  la:— 3,  and  a;s2 ;  consequently,  the 
leckoning  was  10;.     A  paid  8s.,  and  B  2f. 

49.  A  certain  sum  is  divided  among  three  persons  :  A  receives 
19000  more  than  the  half,  B  $1000  less  than  the  third  part,  and 
G  tSOO  more  than  the  fourth  part  of  the  whole.  What  is  the  sum 
Mded,'and  what  did  each  receive  ? 
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Let  12xr  be  the  sum  divided ;  6a;— 3000,  4r~  1000,  3a; -f  800, 
represent  the  sums  that  A,  B  and  C  each  receired.  Then,  by  the 
question,  132;--d200s=12x,  and  ;r=3S00,  and  the  whole  83840a 
A  receiyes  $16200,  B  $11800,  C  $10400. 

50.  A  farmer  had  two  flocks  of  sheep,  one  of  which  contained 
40,  and  the  other  was  sold  for  $30 ;  but  one  sheep  of  the  latt^ 
was  worth  four  of  the  other,  and  the  value  of  the  first  flock  was 
only  $4  more  than  the  price  of  eight  sheep  of  the  second. 
How  many  sheep  did  the  second  flock  contain,  and  what  was  the 
value  of  a  sheep  of  each  ? 

Let  x:^  the  number,  — =  the  price  of  one,  and 
of  one  of  the  first ;  .-.  8|^}+4=4d|^},  or  --f  1 
8B-*-,  and  xssilS,  and  the  prices  were  $2,  'and  50  cts. 

X 

51.  A  and  B  playing  at  billiards,  A  bet  five  shillings  to  4  on 
every  game,  and  fou^nd  that,  after  a  certain  number  of  games,  he 
had  won  10  shillings.  Had  B  won  one  game  more,  the  number 
won  by  him  would  have  been  to  the  number  won  by  A  as  3  to  4. 
How  many  did  each  win  ? 

Let  4tx  and  3;z;  —  1  denote  the  number  won  by  A  and  B  ;  then 
4X4a?w5(3a:— 1)+10,  or  16a?=15a:+5 ;  .-.  :?s==5,  and  A  won !», 
B14. 

58:  A  besieged  garrison  had  such  a  quantity  of  bread  as 
would,  if  distributed  to  each  at  10  ounces  a  day,  last  6  weeks ; 
but,  having  lost  1200  men  in  a  sally,  the  governor  was  enabled  to 
ilierei^se  the  allowance  to  12  ounces  per  day  for  8  we^ks,  Se* 
quired  the  number  of  men,  at  first  in  the  garrison. 

Let  X  denote  the  number ;  then  6X7XlOa:=8-712(a5 — 1200), 
«r  &:==8a^-9600,  and  30:^^9600 ;  .-.  2:^=3200,  Ans. 

53v  A  compositioii  of  copper  and  tin,  containing  100  cubic-  iBche$, 
treighed  505  oftnces.  How  many  ounces  of  each  metal  did  it 
contain,  supposing  a  cubic  inch  of  copper  to  weig^  5|  ounces>aiid 
n  cubic  mth  ei  tin  to  weigh  4^  ounces  ? 

Let  X,  and  505 — x  be  the  number  of  ounces  of  copper  and  tin, 
,  Ax  ,  4(505-^a:)     -^^       ,         .^^'  ^^  . 

Md  5|  4*       w — '^^^^J  ^^  25=420=5  copper^  85  tm, 

54.  A  and  B  are  131  miles  distant  from  each  other..  A  eoseh 
set9  OQt  from  A  at  6  o'cllock  in  the  morning,  and  travels  at  the  rate 
<rf  4  m9le»  aa»  hmnr  witheizt  intermissioiir  in  the  direct  road  towasAi 
B.  At  9  o^clock  in  the  afliemooa  of  the  same  day,  ■>  cooHrk  sets 
out  from  B  to  go  to  A,  and  goes  »t  ike  isle  of  5  Miles  an  hsmtf 
constantly.    Where  will  they  meet  ? 


Let  Xy  and  x  —  8  denote  the  number  of  houn  the  first  and  sec- 
ond travel  before  they  meet,  and  ^x^-dx  —  40  ss  131,  and  x  as 

171 

-r-=19 ;  therefore,  they  meet  76  miles  from  A,  and  55  miles 

from  B. 

55.  Out  of  a  certain  sum  a  man  paid  his  creditors  96I>.;  half 
of  the  remainder  he  lent  his  friend ;  he  then  spent  one-fifth  of 
what  now  remained,  and  after  all  these  deductions  'had  one-tenth 
of  his  money  left.     How  much  had  he  at  first? 

Let  2x,  X — 48,  and  f  (a: — 48)  denote  the  sum,  what  he  lent,  and 
what  remained  after  spending ;  .*.  ^(a;-— 48)=^ar,  and  4a: — 192= 
I,  and  .*.  3a5=192,  or  xs^4.,  and  the  sum  was  128I>.  Ans. 

56.  At  the  review  of  an  army,  the  troops  were  drawn  up  in  a 
solid  mass,  40  deep,  when  there  were  just  one-fourth  as  many 
men  in  front  as  there  were  spectators.  Had  the  depth,  however, 
been  increased  by  5,  and  the  spectators  drawn  up  in. the  mass  with 
the  army,  the  number  of  men  in  front  would  have  been  100  fewer 
than  before.     Of  what  number  of  men  did  the  army  consist  I 

Let  Xj  4a:,  and  40a;  denote  the  number  of  men  in  front,  specta- 
tors, and  the  army.     Hence,  45(a: — 100)^44a:,  and  ass=:4500. 

57.  A  and  B,  in  order  to  keep  up  the  price  of  copper  to  86 J9. 
per  ton,  agree  for  a  certain  time  to  sell  all  the  copper  they  raise, 
jointly,  yet  so  that  each  shall  be  paid  proportionally  to  the  quan- 
tity he  raises.  Notr,  the  whole  quantity  raised  in  the  stipulated 
time  was  235  tons ;  and  A  receives  4214Z>.  more  than  B.  Be- 
({oired  the  quantity  raised  by  each. 

Let  a:,  235  —  x,  be  the  quantity  raised  by  A  and  B,  and  then 
86a:=  86(235  —  a:)  -f  4214,  or  a;  =  235  —  a:-f49,  and  2a;  =  284, 
21=142. 

58.  Bought  two  pieces  of  linen,  one  of  which  wanted  twelTe 
yards  of  being  four  times  as  long  as  the  other.  The  longer  cost 
5  shilling^,  and  the  shorter  4  shillings  a  yard ;  23  yards  being  cut 
off  from  the  longer,  and  5  from  the  shorter,  and  the  remainders 
being  sold  for  one  shilling  a  yard  more  than  they  cost,  I  received 
1425.     How  many  yards  of  each  were  there  ? 

Let  X,  and  4a; — 12  be  the  length  of  the  shorter  and  longer; 
then  5(a;--5)+6(4a>— 35)=  142,  or  (5a:+24a;)  =  29a:  =  377,  and 
«=13.  '  i 

59.  A  travels  at  the  rate  of  13  miles  in  2  hours ;  12  hours 
afterwards  B  passes  through  the  same  place,  travelling  the  same 
road,  at  the  rate  of  26  miles  in  3  hours.  How  long  and  how  far 
must  B  travel  before  he  overtakes  A  ? 

Let  6a;,  and  6(a:  -j-  2),  denote  the  number  of  hours  the  second 
travels,  and  do.  first;  and  3  :  26  : :  6a: :  the  distance  the  second 
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tzwreifl  ftfter  passing  A,  whieh  .*.  =»  s52a;.  In  the  same  maaner, 
^le  distance  ^i^^tacli  the  first  traveb  after  passing  B  is  :=39{Z'^2) ; 
consequently,  S2x==39x'^78,  and  x=6 ;  and  he  must  .*.  tiaveidB 
hours  and  312  miles,  Ans. 

60.  As  A  and  B  were  going  to  school,  A  shot  an  arrow  in  the 
direction  in  which  they  weic^  going,  which  B  took  up  and  shot 
forward ;  and  so  on,  alternately,  till  the  arrow  had  passed  exactly 
from  one  mile-stone  to  another  ;  when  it  appeared  that  A  had  shot 
the  arrow  8  times,  and  B  7  times.  Some  time  afterwards,  A  stnd 
B  were  on  the  opposite  banks  of  a  river,  the  breadth  of  which 
they  wished  to  ascertain.  A  first  shot  tiie  arrow  across  the  river, 
and  it  flew  13  yards  beyond  the  bank  on  which  B  stood ;  B  then 
took  it  up,  and  from  the  place  where  it  had  fallen,  shbt  it  back 
across  the  river ;  it  now  fell  9f  yards  beyond  tha  bank  upon  which 
A  stood.     Required  the  breadth  of  the  river. 

Let  a;,  a;-}- 13,  a:-[-22f ,  denote  the  breadth  and  the  length  of  A's 
and  B'  shots,  and  8(a:+13)+7(a:+22f  )=1760,  and  1525=1760^ 
260=1500,  and  05=100  yards,  Ans. 

61.  Three  merchants.  A,  B  and  C,  enter  into  a  speculation. 

.B  subscribes  lOD.  more  than  four-fifths  of  what  A  does  ;  and  C 

30Z).  more  than  half  of  what  B  does.     A's  gain  is  two-fifths  of  his 

subscription,  and  B?s  is  148D.     What  are  the  lespectiTe  sums 

subscribed,  and  "vy^hole  gain  1 

Let  a;  =:  A's  subscription,  4a:-f  10  =:  B's,  and  2a:+36  t=  C*s ; 
and  ^x  =  A's  gain,  and  5a: :  2a:  : :  {4a:-j-10  :  148  :  :)2a;-f-5  :  74, 
or  4a:+10=370,  and  4a:=360,  and  as=9Q.  Also,  5:2t :  ISOHh 
35  :  C*s  gain,  f  •215=86 ;  .•.  the  sums  subscribed  were  450, 370, 
215,  and  the.  whole  gain  =  180+148+86=414. 

62.  There  are  two  places,  154  miles  distant,  from  which  2  per- 
sons set  out  at  the  same  time  to  meet,  one  travelling  at  the  rate  of 
3  miles  in  two  hours,  and  the  other  at  the  rate  of  5  miles  in  four 
hours.     How  long  and  how  far  did  each  travel  before  they  met  ? 

Let  4a:  ==  the  number  of  hours  ;  .•.  2  :  3  : :  4a: :  the  •number  of 
miles  the  first  travelled  =  6a:,  and  5x  =  the  second  travelled;  .'. 
lla?=154,  and  aj=14,  the  number  of  hours  =  56. 

63.  A  sets  out  from  a  certain  place,  and  travels  at  the  rate  of 
7  miles  in  5  hours  ;  and  eight  hours  afterwards  B  sets  out  firom 
the  same  place,  and  travels  the  same  read  at  the  rate  of  five  miles 
in  three  hours.  How  long  and  how  far  must  A  travel  befiM^  he 
is  overtaken  by  B  ? 

Let  z  =  the  number  of  hours ;  .•.  5  :  7  ; :  «  :  the  number  of 

miles  A  travels  s=  ^a; ;  in  the  same  way, ^ =  ^®  number 

B  travek,  and  ^i^^i^  »^x,  and  25a>-*25x8Bs:2lx,and4Bs: 
25x8i  and  xs=:60  hours,  and  70  miles. 
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64.  A  man  lent  out  a  certain  stun  to  interest  at  8i}«  per  cent. 
per  annum.  He  Buffered  this  to  accumulate  at  simple  interest  fiaf 
12  years ;  and  then  putting  out  the  principal  and  interest  at  the 
same  rate,  found  that  the  present  annual  interest  exceeded  the  foi* 
mer  by  d8f  D.     Required  the  sum  put  out  each  time. 

^t  ^»  (T*TJ^o=)2?k«»  and  Jfa;,  and  Jfa: ;  ^  •  ff2;>s  the  sum.ss 
the  interest  for  one  year,  s=  the  interest  for  12  years,  ess  the  sum 
pat  oat  the  second  time,  and  s=s  the  annual  interest,  respectively ; 

^   49aj     2a:   .  192       ,     49a:       a:  .  ^^       ,  24a: 

••'ig-^+T-'"'^  5X25=6' ^^>'^'^--- 5X25=^' 
and  £=$500,  and  $960  the  second  time. 

65.  A  waterman  finds  by  experience  that  he  can,  with  the  ad- 
vantage of  a  common  tide,  row  down  a  river  from  A  to  B,  which 
is  16  miles,  in  an  hour  and  a  half,  and  that  to  return  from  B  to  A, 
against  an  equal  tide,  though  he  rows  back  along  the  shore,  where 
the  stream  is  only  three-fifSis  as  strong  as  in  the  middle,  takes  him 
just  two  hours  and  a  quarter.  It  is  required  from  hence  to  find  at 
what  rate  per  hour  me  tide  runs  in  the  middle,  where  it  is 
strongest.  • 

Lei  ^  s=t  the  rate  required,  6:4::  18  :  the  distance  he  can 
low  with  the  tide  per  hour  ss=  12 ;  .*.  12  —  5x  =  the  distance 
withoat  the  tide,  and  9:4  H  18  :  the  distance  he  can  row  up  the 
><ieam  per  hour  against  the  tide  =s=  8;  .*.  8-f-3i2:  =  the  distance 
per  hour  without  the  tide,  and  8-f-3x  =:  12  — 5xj  or  8a:  ^a  4,  and 
3&b|,  and  its  rate  .*.  is  2^  miles  per  hour. 

66.  The  ingredients  of  a  loaf  of  bread  are  rice,  flour  and  tit- 
ter, and  the  weight  of  the  whole  is  151bs.  The  weight  of  the 
nee  augmented  by  dibs,  is  two-thirds  of  the  weight  of  the  flouT, 
and  the  weight  of  the  water  is  one-fifth  of  the  weight  of  the  fimir 
and  rice  together.     Required  the  weight  of  each. 

Let  3a:,  2x —  5,  and  x  —  1  denote  3ie  weight  of  flour,  rice  sold 
water  respectively  ;  then  Gx — 6scsl5,  and  6a?-— 21,  and  a:ssQ^ ;  .«. 
there  were  21bs.  of  rice,  10^  of  flour,  and  2^  of  water. 

67.  In  a  battery  two  cannon  were  employed,  the  first  of  which 
had  been  fired  36  times  before- the  second  began  to  play ;  and  af- 
terwards was  fired  eight  ^times  whilst  the  second  was  fired  seren. 
But  the  quantity  of  powder  used  for  each  shot  of  the  first  was  less 
Aon  what  was  used  for  the  second  in  the  proportion  of  3 :  4. 
How  many  times  was  the  second  fired  before  it  had  consumed  ses^ 
vuich  powder  as  the  first  ? 

Let  7a:,  and  8a:-{-36  denote  the  number  of  times  the  second  and 
fiist  were  fired ;  and  since  the  quantity  of  powder  consvtmed  Is 
ike  same  as  8a:--|-36  :  7x  ::  4  :  3,  or  2a;+^  :  7ar  ::  1  :  3;  .%  7x 
»ft^i-27,  and  xss4X9^  and  c'.  the  number  ia  189  times. 
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68.  Suppose  two  fingers  of  a  watch,  (a)  and  (5),  were  together 
on  Sunday  noon  at  12  o'clock,  and  that  the  motion  of  each  was 
such,  that  (a)  moved  round  the  horary  circle  in  one  hour,  and  (b) 
in  1^  hour.     When  will  they  be  together  again  for  the  first  time  ? 

Let  X  :=:  the  number  of  hours ;  .*.  the  first  makes  x  revolutions 
and  ^x  =s  the  number  of  revolutions  the  second  makes ;  .*.  a;  = 
f^ar-f-1,  and  x=Sh 

69.  A  draper  bought  a  piece  of  cloth  for  $69,  from  which  he 
cut  oflf  11  yards.  He  then  met  with  another  piece  of  equal  good- 
ness, for  which  he  gave  $21,  and  found  that  if  it  had  been  1  yard 
longer,  its  length  would  have  been  to  the  length  of  the  reoiainder 
of  the  first  as  2  to  3.  How  many  yards  were  there  in  each  piece, 
and  what  was  the  price  of  a  yard  ? 

-      „    23  ^        25       3       63       .  ^  ^       ^       ^ 

Let  oXj  — ,2x ?r-,  and  r — '— r^,,  denote  the  number  of  yards 

X  3  Dx — 25  "^ 

in  the  first,  r=  the  price  of  a  yard,  =  the  number  in  the  second, 
=:the  price  of  a  yard,  whence  — =^ —,  and  23{6a:  — 25)  = 


63a:;  .-.  75a:==23x25,  and  x=  ^. 

70.  A  fruiterer  sells  for  19«.  6<2.  a  certain  number  of  oranges 
and  apples,  of  which  the  latter  exceed  the  former  by  180.  He 
sells  the  apples  at  the  rate  of  five  for  3(2.,  and  fifteen  oranges  bring 
him  in  l^cf.  more  than  35  apples.  How  many  are  there  of  each 
sort,  and  what  are  the  oranges  worth  apiece  ? 

Let  5x  =  the  number  of  apples  ;  .'.  5x — 180  =  the  number  of 
oranges,  and  5:3::  5x1  the  price  of  the  apples  =  3a; ;  in  the 
■same  way  the  price  of  35  apples  ==  21<i.,  and  ^-t-15=^  =  the 
price  of  an  orange  ;  .*.  3a;-j-2-(5a; — 180)  =  234,  or  a;4-^a: — 90  = 
78,  or  Ja:s=168,  and  a:=48.  / 

71.  Divide  the  number  198  into  5  such  parts,  that  the  first  in- 
creased by  one,  the  second  increased  by  two,  the  third  diminished 
by  three,  the  fourth  multiplied  by  four,  and  the  fifth  divided  by  5, 
may  be  all  equal. 

Let  Xy  20a:,  4a:+3,  4a: — 2,  Ax — 1,  be  the  fourth,  fifth,  3d,  2d  and 
first.  Hence  33a:  =  198,  and  a:  =  6,  and  the  parts  23,  22,  27,  6, 
and  120. 

72.  A  person  has  four  casks,  the  second  of  which  being  filled 
from  the  first,  leaves  the  first  four-sevenths  full.  The  third  being 
filled  from  the  second  leaves  it  one-fourth  full ;  and  when  the  3a 
is  emptied  into  the  fourth,  it  is  found  to  fill  one  nine-sixteenths  of 
it  only.  But  the  first  will  fill  the  third  and  fourth,  and  have  fif- 
teen quarts  remaining.     How  many  quarts  does  each  hold  ? 

Let  7a:,  3a:,  fa:,  and  4,  denote  the  first,  second,  3d  and  fourth,  re- 
kSpectively.  Hence,  7a:^fa:-|-4a:+15,  and  |a:=  15,  and  a: =20, 
and  the  casks  hold  140,  60,  45,  and  80  gallons* 
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73.  A  packet  sailing  from  Dover  with  a  &ix  windi  aitives  at 
Calais  in  two  hours ;  and  on  its  return,  the  wind  being  contrary, 
it  proceeds  six  miles  an  hour  slower  than  it  went.  Now,  when  it 
is  half  way  over,  the  wind  changing,  it  sails  two  miles  an  houc 
&ster,  and  reaches  Dover  sooner  than  it  would  have  done  had,the 
wind  not  changed,  in  the  proportion  of  6  :  7.  Required  the  rates 
of  sailing,  and  the  distance  between  Dover  and  Calais. 

Let  z,  X — 6,  2xj  be  the  rate  of  sailing  in  going  and  in  returning, 

and  the  whole  distance.     Hence :;,  and 7  =  the  times  of 

X — 6  X — 4 

going  half  way  before  and  after  the  .change  of  the  wind ; 
■ '  'x — 6  *  X — 4  *  X — 6  *  *      *    '         X — 4  *  X — 6  * '     '    ' 


.'.  a>-6  :  X — 4  : :  5  :  7,  or  2  :  X — 4  :  2  :  7,  x — 4s=7,  ^nd2i=H. 

74.  A  and  B  set  out  from  two  places,  G  and  D,  at  the  same 
time,  towards  E  ;  the  road  from  C  to'  E  being  through  D.  A 
travels  7  miles  an  hour,  and  at  that  rate  of  travelling  would  have 
OYertaken  B  5  miles  before  he  got  to  E  ;  but,  after  arriving  at  D, 
lie  travels  Bf  miles  an  hour,  in  consequence  of  which  he^overtakes 
Bjust  as  he  enters  E.  Supposing  B  to  travel  5  milesrad  hour, 
what  are  the  distances  between  C,  D  and  E  ? 

Let  a5=CD  ;  ,\  ^x  =.the  time  of  travelling  to  CD,  and  \x  + 

^m?    DE        -.„       20a:     ^       CE— 5     DE— 6  .     , 

5jrDE=--,  or  DE  =  -— .    Now  —^ — =     ^     ,  or    («  + 


^ .,  .".  10=--- — 5rR=---,  and  2s=14,  the  dis- 

tance  from  C  to  D,  and  the  distance  from  D  to  E  s=  40,  Ans. 

75.  A  gentleman  wishing  his .  two  daughters  to  receive  equal 
portions  when  they  became  of  age,  bequeathed  to  the  elder  the  ac*- 
camulated  interest  of  a  certain  sum  of  money,  bought  at  the  time 
of  his  death  into  the  four  per  cent,  stock  at  88 ;  and  to  the  younger 
the  accumulated  interest  of  a  sum  less  than  the  former  by  35002). 
^ght  at  the  same  time  into  the  3  per  cents,  at  63.  Supposing 
their  ages  at  the  time  of  their  father's  death  to  have  been  17  and 
14,  what  would  be  the  sum  bought  into  the  stocks  in  each  case', 
and  what  would  be  the  fortune  of  each  ? 

X         x    2x  ar— 3500  z— 3500       ,  a:— 3500     2x       , 

^' "» 22'  n'  -21—'  —3—'  ^^^  —3—  =n'    ^"^"'^ 

^  sum  bought  into  the  4  per  cents.,  =  the  interest  for  one  yeaB, 
=  the  eldest 's  fortune,  =  interest  for  one  year  in  the  3  per  cts,, 
=  the  youngest's  fortune,  and  the  equation,  respectively;  .*.  lliC 
•~llX3500=r6a:,  and  5x=  11x3500,  and  afe=77002>.==  the  sum 
^ght  into  the  4  per  cents.,  and  4200  ss  the  sum  bought  into  ibm 
^  per  cents.,  and  $1400  s=s  the  fortuse. 
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76.  Out  of  a  common  pack  of  cards,  a  cortaia  number,  indu- 
ding  the  ten  of  diamonds,  was  dealt  equally  among  four  persons, 
the  dealer  turning  up  the  last  card,  which  was  the  ten  of  spades, 
which  he  gave  himself.  Now,  if  twice  the  number  of  cards  kad 
been  dealt  to  each,  the  ten  of  spades  being  turned  up  by  the  deal- 
er, and  the  ten  of  diamond's  being  still  dealt  out,  the  chance  of  the 
dealer's  having  the  ten  of  diamonds  would  be  to  the  chance 
ags^nst  him  as  3  :  10.  Required  the  number  of  cards  dealt  to 
each  the  second  time. 

Let  X  be  the  number  dealt  to  each ;  then  3z  :  x  —  1  : :  10  :  3, 
or  9a:s=10x — 10,  or  ar=10,  Ans. 

77.  Two  companies  Sf  soldiers,  consisting  of  equal  numbers, 
were  sent  out  under  A  and  B,  from  two  hostile  camps,  to  recon- 
noitre. .  Falling  in  with  each  other,  a  skirmish  ensued,  in  which 
A  lost  50  killed  and  prisoners,  and  B  had  20  killed.  A  however, 
having  been  rc^inforced  by  a  party  equal  to  five-sevenths  of  the 
number  which  B  had  remaining  ;  and  B  having  been  reinforced 
by  a  number  greater  by  46  than  three-fifths  of  the  number  which 
A  had  remaining,  they  renewed  the  engagement,  when  A  was 
forced  to  retire  with  the  additional  loss  of  30  men.  When  the  re- 
turns were  made,  B  foiind  he  had  again  lost  20  men,  but  that  he 
had  then  twice  as  many  men  remaining  as  A  had.  How  many 
had  each  at  first  ? 

Let  X  =  the  number ; 
...  a;u-50-f-f (a:— 20)— 30= J  { a:— 20+46-f4(a5— 50)— 20 } > 
or  |(24a;— 1320)  =  -^(82:  —  120),  .-.  a;  =  i^A=90. 

78.  A  sportsman,  who  kept  an  account  of  the  number  of  birds 
which  he  killed,  found  that  each  succeeding  year  he  wanted  50, 
in  order  that  the  number  killed  might  bear  the  proportion  of  3^ :  2 
to  the  number  killed  in  the  preceding  year.  In  the  fourth  year  he 
found  that  he  had  killed  170  fewer  than  three  times  the  number 
killed  in  the  first  year.     How  n^any  did  he  kill  the  first  year  ? 

Let  2xs=:  the  number  killed  the  first  year ;  .*.  2  :  3  : :  2a; :  the 
number  killed  in  the  second,  -\-60  ;  .-.  Sx  —  50  ==  the  number 

Q2; 250 

killed  in  the  second,  and  f  (3a: — 50) — 50= — ^ — =  the  number 

g«. 250 

killed  in  the  third ;  also,  f  ( — ^ "-^  =  the  number  killed  in 

0735 qR(\ 

die  fourth ;  .\     "V^      =6a:— 170,  and  27a;— 24a;=270,  or  x= 

A|Ac=90,  Ans. 

79.  Several  detachments  of  artillery  divided  a  certain  number 
of  cannon  balls.  The  first  took  72,  and  one-ninth  of  the  remain- 
der ;  the  next  144,  and  one-ninth  of  the  remainder ;  the  third  216| 


and  one-nmth  of  the  remaiikder ;  the  fourth  28B,  and  one-ninth  of 
diose  that  were  left ;  and  so  on  :  when  it  was  found  that  the  balk 
liad  been  equally  divided.     Determine  the  number  of  detachments 

and  balls. 

'  a:— 72 

Let  a:  =  the  number  of  balls ;  .*.  72  |         —  equal  the  numr 

X ^72     8 

ber  taken  by  the  first  detachment ;  .•.  x — ^72 5 —  s=s-(a>-72) 

==  the  number  remaining,  and  144  -j-  ^jf  (ar — 72) — 144}  =  the 

ar— 72 

number  taken  by  the  second  detachment ;  .*.  72 -| ^—  ae:  144 

+  gj{x-72)— l&=1284-^(a:— 72),  and  t_L  =  56,  .-.  a:«: 

72  -f  56  X  81  =  4608,  and  the  number  of  the  detachment  =» 
4608     _.4608 

724-504"  576 

80.  Four  men  walking  abroad,  found  a  purse  containing  shil- 
lings only,  out  of  which  one  of  them  took  a  number  at  a  venture. 
Afterwards,  comparing  their  numbers  together,  they  found  that  if 
the  first  took  25  shillings  from  the  second,  it  would  make  his  num- 
ber equal  to  what  the  second  had  left.  If  the  second  took  thirty 
sellings  from  the  third,  his  money  would  then  be  triple  what  the 
third  had  left.  And  if  the  third  took  40  shillings  from  the  fourth, 
his  money  would  then  be  double  of  what  the  fourth  had  l^ft. 
Lastly,  the  fourth  taking  50  shillings  from  the  first,  he  would  then 
have  three  times  as  much  as  the  first  had  left,  and  5  shillings  over. 
What  had  each? 

T             .  iTA  a:  +  170   a: 4- 170   ,  ^^        ^  a:+170   ,  ^^  ,  ^-, 
Let  a:,  a:+50,  -^ — ,  --tg-: 1-60,  and  -—2^ [-60+50 

=3(a: — 50)  -(-  ^>  denote  what  the  first,  second,  third,  fourth  had. 
and  the  equation,  respectively  ;  then  a;-l-170-|-660  =  18a:  — 900 
+30,  and  tp  =  ^p^=zl{)0. 

81.  Fifteen  current  guineas-  should  weigh  4  ounces ;  but  a 
parcel  of  light  gold  being  weighed  and  counted,  was  found  to 
contain  9  more  guineas  than  was  supposed  from  the  weight ;  and 
a  part  of  the  whole,  exceeding  the  half  by  10  guineas  and  a  half, 
was  found  to  be  \\  oz.  deficient  in  weight. ,  What  was  the  num- 
ber of  guineas  ? 

Let  3CSSS.  the  number ;  then  15  :  4  : :  a: :  the  proper  weight,  as: 

1^,  and  in  the  same  way,  ff  =  the  proper  weight  of  9  guineas* 

.  ,  4a;  —  36 

and  tV(^  —  36)  =  the  apparent  weight.    Also,  z  :       ..-    ■ 


•  9 


-*-^ —  :  toe  ai^Murent  weight  of  — ^ — giiineaa  n     . —  '^    '    ^ 


and    15   :  4   ::  ^"^       :   their  real  weight  =    '^71    ';  /. 

<&r^l8)(^+21)    ,  4_2(a:+21).     .    4_  18     *   ,    ^,. 

15  ."'"3  ~       15~'   ••  3~I&^''^"  "^^^   ^ 

fr(a:4.21),  and  10as=9a:+189,  or  as3=189,  Ans, 

82.  A  merchant  bought  a  quantity  of  wheat  for  $200,  half  of 
which  he  reserved  for  his  private  use.  He  then  sold  five  bushels 
more  than  |  of  the  remaining  quantity  at  sueh  a  price  as  to  gaia 
$40  per  cent.  But  the  price  of  wheat  having  advanced,  he  sold 
the  remainder  s^  such  a  price  as  to  gain  $67  per  cent,  by  what  he 
sold.  And  had  the  whole  been  sold  at  this  latter  price,  he  would 
have  gained  $160  per  cent.  How  much  did  he  buy,  and  how  did 
he  sell  it  ? 

Let  82:  =  the  number  of  bushels  he  bought ;  .•.  4cs=the  quan- 
tity reserved,  and  3a;  -rf-  5  ==  the  number  first  sold,  and  x  —  5  = 
the  number  second  sola.  Also  ^J^  =  ^^^  =  the  buying  price  of 
a  bushel,  and  (100  :  140  ::)5  :  7  : :  3,s  :  5  5  =  the  first  selling 
price  of  a  bushel,  and  (100  :  260  :  :)5  :  13  : :  sj*  :  e,5  =the  sec- 
ond selling  price ;  .-.  {3x+5x)%^  +{x—  5)V  —  100  =  70  —  H^ 
=  the  gain ;  and  as  100  :  67  : :  100  :  70— i-|-fi,  .\x=±^=^50, 
and  the  number  of  bushels  =  400.  Also,  the  first  selling  price 
53s:  "1^=370  cts.,  and  the  second  =  fj==l,30  cts. 

83.  A  brewer,  from  a  certain  quantity  of  ingredients  which 
cost  $20,  brews  500  gallons  of  ale,  (on  which  there  is  a  duty  of 
6^.  a  gallon,)  and  sells  it  at  2s,  a  gallon.  Afterwards,  from  the 
same  quantity  of  ingredients,  he  brews  a  certain  number  of  gal- 
%on9  of  strong  beer,  (on  which  he  pays  the  ale  duty,)  and  the  re- 
mainder small  beer,  making  together  the  same  number  of  gallons 
as  before  ;  when,  by  mixing  them  together,  and  selling  the  mir- 
ture  as  ale,  he  finds,  his  gains  increased  in  the  proportion  of  10  ! 
7.  Determine  the  number  of  gallons  of  strong  be.er,  supposing 
the  duty  on  small  beer  one-fourth  of  that  on  ale. 

Let  X  =  the  number  of  gallons  of  strong  beer,  and  as  12^  =s 

the  duty  on  the  ale,  and  50  what  he  sells  the  ale  for ;  .*.  17 J  = 

-         .      ,.       X    500— X   ^^  ,   500  +2x      ,  _     ^    5OO4.3Z 
the  gam;  then -,  ^j^,  20+  -^, and 50-20 jj- 

will  represent  the  duty  on  the  strong,  and  the  duty  paid  on  the 
•mall  the  sum  expended  in  the  second  case,  and  =  the  second 
gain.     Also,  as 

17j:30^«-2«±^::7:lO;  ...  | :  3a-^i«+^ : :  i  :  io,«d 


SO  — ^^S^  =  25;  .-.  500-1-3^;  =  800,  and  z  =  ~  =  100. 

\ 

On  the  Solution  of  Simple  Equations  which  involve  more  than 

one  unknoum  Quantity, 

70.  If  the  equation  involve  several  unknown  quantities,  and 
definite  values  of  these  are  required,  there  must  necessarily  be  as 
many  independent  equations  as  there  are  unknown  quantities  <  In 
which  case,  the  values  will  be  found  by  exterminating  all  the  un- 
known quantities  except  one ;  and  this  may  be  done  by  either  ot 
the  three  following  methods  : 

1.  By  equalising  the  coeficients  of  the  same  unknown  quantitg^ 
in  the  several  equations. 

2.  By  substitution. 

3.  By  equating  difierent  values  of  the  same  unknown  quantity. 
1.  Of  exterminating  an  unknown  quantity  by  the  first  method 

in  equations  where  two  unknown  quantities  are  concerned. 

If  the  coefficient  of  either  unknown  quantity  in  one  equation  be 
contained  a  certain  number  of  times  exactly  in  the  coefficient  of 
the  same  Unknown  quantity  in  the  other,  multiply  the  former  equik 
lion  by  that  number,  then  add  it  to,  or  subtract  it  from,  the  other 
equation,  according  as  the  signs  are  different  or  the  same,  and  am 
equation  urises,  in  which  only  one  unknown  quantity  is  found. 

Thus,  if  4a:4-y=34  )      jj^^^  ^j^^  coefficient  of  x  in  the  second 
and  4y^xssslo  ) 
equation  is  contained  4  times  exactly  in  the  first ;  multiplying 
therefore  the  second  equation  by  4,  and  subtracting  the  first  nroift 
it,  4a:4-16y==64, 

and  4x4~    V=^9 

.\  16y=30j  and  yassQ* 
Having  thus  obtained  a  value  of  one  of  the  unknown  quantiti^ 
die  other  maybe  determined  by  substituting  in  either  equatioil  the 
value  of  the  quantity  found,  and  thus  reducing  the  equation  to  one 
iwhich  contains  only  the  other  unknown  quantity.  Thus,  from 
the  second  of  the  preceding  equations,  a;s3=sl6— 4y=16 — 8=6* 

The  vSilues  of  x  and  y  might  be. found  in  a  similar  manner,  by 
multiplpng  the ,  first  equation  by  4,  and  subtracting  the  second 
from  it.  But  if  neither  of  the  coefficients  be  a  measure  of,  the 
coefficients  of  the  same  unknown  quantity  in  the  other  equation, 
multiply  the  first  equation  by  the  coefficient  of  one  of  the  unkno^rtti 
quantities  in  the  second  equation,  and  the  second  equieition  by  (he 
coefficient  of  the  same  unknown  quantity  in  the  first.  If  the  signs 
of  the  unknown  quantity  be  alike  in  both,*  subtract  one  equatipn 
11* 
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from  the  other;  if  unlike,  add  them  together,  and  ftn  equation 
arises  in  which  only  one  unknown  quantity  is  found. 

'^^^^^i  fi^ltJ^O  1  ^^  *^^^  ^^^  ^^^*®'  ^^  *^®  coefficients 
IS  a  measure  of  the  coefficient  of  the  same  unknown  quantity  in 
the  other  equation ;  and  therefore,  multiplying  the  first  equation 
by  2,  and  the  second  by  3, 

and  I5x^  6ysssQ0; 

\  by  addition,  19asBc76,  and  xssai ;  whence,  as  before, 

^fegg3-^a>s=a23    9     16,  and  y=ss5. 

The  values  of  x  and  y  might  also  be  obtained,  by  xnultiplying 
Y^e  first  equation  by  5,  and  the  second  by  2,  and  then  subtmcting 
the  second  from  the  first. 

2.  By  substitution.  Find  the  value  of  one  of  the  unknown 
quaintities,  in  terms  of  the  other  and  known  quantities,  in  the  more 
(simple  of  the  two  equations  ;  and  substitute  this  value  instead  of 
the  quantity  itself  in  the  other  equation ;  thus  an  equation  is  ob* 
tained  in  which  there  is  only  one  unknown  quantity. 

Thus  in  the  first  of  the  preceding  examples ;  from  the  second 
^nation,  :Es=:16»-4y ;  substituting  therefore  this  value  of  x  in  the 
&8t  equation,  4*  (16 — 4y)-|-y=a34,  or  64 — l^-^-ysasQi:;  .-.  hf 
transposition,  (64— 34s=:)30==:15y,  and  therefore  2s=r^ ;  whence, 
as  belbve,  xs:^.  Here  a  value  of  x  might  have  been  obtained 
from  the  second  equation,  and  substituted  for  it  in  the  first ;  whence 
an  equation  would  havfe  arisen,  involving  only  y;  the  value  of 
which  being  found,  that  of  x  also  might  1^  determined,  as  before, 
hy  substitution. 

Or  a  value  of  y  might  be  determined  from  either  equation,  and 
substituted  in  the  other ;  from  which  would  arise  an  equation  in- 
Yolying  only  x,  the  value  of  which  might  be  found ;  and  therefore 
the  vahie  of  y  also  might  be  obtained  by  substitution. 

Again,  in  the  second  example ;  from  the  first  equation  is  ob* 

23— 3t/ 
tained  2ztB-23 — 3y;  and  therefore  "* — 


2      ' 

substituting  therefore  this  value  in  the  second  equation, 

23— 3v 
5  •  — g-^  -r-2ytealO,  or  116—1% — 4^ts=a20 ;  .'.by  transposition, 

115  —  20  =  l&y  +  4y,  or  95=19y;  .-.  5=y,  and  x=^~^  =* 

fl6U*-15      8 

'!■  ^^  ' —  sssx  ^=4.    Here  also  a  value  of  x  might  be  obtained  from 

the  second  equation,  and  substituted  in  the  first,  which  would  giTS 
*lbi  equation  involving  only  y;  or  a  value  of  y  might  be  obtained 


sums  sbQiTATioinr.  ttt 

from  either  equation,  which  substituted  in  die  other  would  give  an 
equation  involving  only  x ;  the  value  of  which  might  therefore  be 
foand,  and  consequently  that  of  y  might  also  be  determiaed. 

9.  By  equating  different  values  of  the  same  unknown  quantity. 

From  each  equation  find  the  value  of  the  same  unknown  quan* 
tity  in  terms  of  the  other  and  known-quantities;  then,  by  equating 
tbe  values  so  found,  an  equation  arises  containing  only  one  u^*- 
bown  quantity.  Thus,  in  the  {irst  of  the  preceding  examples  ; 
from  the  first  equation,  y=s34 — 4a:,  and  from  the  second  equation, 

ty=16 — x;  and  therefore  y= — ■: —  ;  .*.  — ^ —  =34 — 4a;:  con- 

4  4  V 

sequently,  16 — ^a:i=136 — 16a;;  .-.by  transposition,  16ar — assclSd 

—16;  or  15a=120; 

/.  x=3,  and  2^2=34 — 4a?sss34 — 32=2,  as  before. 

In  this  case,  also,  two  values  of  x  are  deducible  from  the  two 
equations,  which  would  ^ive  an  equation  involving  y  only;  and 
tie  value  of  y  being  determined,  that  of  x  might  also  be  found. 

Again,  in  the  second  of  the  preceding  examples  ;  from  the  first 

equation,  asss — -^^t  and  from  the  second,  xsss — ~^;  therefore, 

l(H-2y,     23—%    '       ^'  ,,^      .^      , 

— — 2.=3 — —2^,  and  20-[-4y  =  llo — I5y;  by  transposition, 

iaj-f  15^=115 — ^20,  or  19y=95;  .\  ysss5y  and  a;=:4,  as  before. 
Here,  again,  two  values  of  y  might  have  been  found,  which  would 
have  given  an  equation  involving  only  x ;  and  from  the  sohition 
of  this  new  equation,  a  value  of  a;,  and  therefore  of  y,  might  be 
feuud. 

1     and  ttp^S  ]  ^^  *^*  *®  ^^^^^«  °^  ^  ^^^  y- 
Multiplying  the  second  equation  by  5,  and  the  first  by  3, 

15a;+35y=335, 
and  16a;-f  12y=174 ; 

/.  by  subtraction,         -     23y=161,  and  y=7  ; 
whence,  6xs=s58 — %=5=:58^2S=30,  and  therefore  x=6. 

If  the  second  equation  had  been  multiplied  by  4,  and  subtracted' 
from  the  first  when  multiplied  by  7,  an  equation  would  have  arisen, 
involving  only  x,  the  value  of  which  might  be .  determined,  and 
thence,  by  substitution,  the  value  of  y. 

Second  Method, 

From  the  second  equation,  3as=67 — *tyi  .*.  as= — 5-—.    Sub- 

» 

«tituting  this  value  of  a;  in  the  fir«t  equation,  5  • — 5--^  -^4y  = 
Aland  335— 36y-fl2y«Bl74;  .-.  by  transposition,  33&-174Ba 
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36^— 12y,  or  161tss3l3y;  .*.  7sssy;  whence,  as  before,  the  value 
of  z  may  be  found.  In  the  same  manner,  a  value  of  x  might  be 
found  from  the  first  equation,  which  substituted  in  the  second, 
would  give  an  equation  involving  only  y,  .  Or  a  value  of  y  might 
be  obtained  from  either  equation,  and  substituted  for  it  in  the 
other ;  whence  an  equation  would  arise  involving  only  a;,  the  Ta- 
lue  of  which  might  be  found,  and  therefore  that  of  y  also  determined. 

Third  Method, 
From  the  first  equation,  6x=S& — iy;  ,\  -' — 


^         1.  J  67— 7y  68— 4y       67— 7y        ,  ,„, 

From  the  second,  «=  — jr— ^.     .*.  — =— ^  = — jr-^i  and  174 

— 123/s=335— 3% ; 

by  transposition,  35y — 12y==3!35 — 174,  or  23^=161;  .\ysss7; 
whence,  as  before,  acsssB,  In  this  case,  two  values  of  y  might  be 
deduced  from  the  two  equations ;  and  from  equating  these,  there 
would  arise  an  equation  involving  z  only ;  whose  value  being 
found,  that  of  y  also  might  be  determined  by  substitution. 
2.  Given  flx-|-%=m  )  ^^  ^^^  the-values  of  z  and  y. 

Multiplying  the  first  equation  by  c,  and  the  second  by  a, 

acz-^bcyssmct 
acz-f-adysssTui ; 


,'.  by  subtraction,  {ad — be)  .  ys=ma — mc,  and  y=  — -= — =— ; 

€Ul — oc 

.                  m      by       m      nab — mbc        mad — mbc 
whence  x  = ^  =—  -; --;  ==:  — 5- 

a        a        a        crd — abc  era — abc 

ndb^-^mbc       mad — nab      Tnd — nb      ^     ,        ,        -        .t.t 

— ;— ,  =  —5^ r-  =  —3 — r— .     Or  the  value  of  z  might  be 

.   ird — aJbc  <td — ahc        ad—^dc 

\fi      dy 

determined  from  the  second  equation,  as= . 

0        c 

If  the  first  equation  had  been  multiplied  by  d;  and  subtracted 

«  from  the  second  multiplied  by  3,  an  equation  would  have  arisen 

involving  only  z,  the  value  of  which  might  be  determined ;  and 

this  being  substituted  in  either  of  the  equations,  the  value  of  ]f 

might  also  be  found. 

Second  Method, 

From  the  first  equation,  ax=m-by;  and  .-.  —"'-^ 


a 
Substituting  this  value  of  z  in  the  second  equation, 

c •        ^  -|H{yi=n;  .".  mc — bcy'\-^ys:=an^ 
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and  {ad — be)  •  y=an — mc ;  ••.  y  i     ^     — ;  whence,  the  ra- 

lue  of  X  may  be  determined,  as  before. 

in  die  same  manner,  a  value  of  x  might  be  found  from  the  tec- 
ond  equation,  which  substituted  in  the  first  would  give  an  equa* 
don  involving  only  y,  the  value  of  which  being  found,  that  of  or 
might  also  be  determined.  Or,  a  value  of  x  might  be  obtained 
from  either  equation,  which  substituted  in  the  other  would  give 
an  equation  involving  only  :2;,the  value  of  which,  and  consequently 
that  of  y,  might  be  found. 

Third  Method. 
From  the  first  equation,  xssi -,  and  from  the  second, 


n — dy         m — by       n — dy         ,  ,  ^  ,  . 

ai= ;  .'. ^  = ;  and  mo — hcy=!ML — nudy ;  .'.  by 

tnmqwsition,  ajdy^'-^>cy:ssma — mc\ 

nor-'-mc       -  _    ^  7nd—~nb 

.'.  «t=  — ; — r-  ;  whence,  as  before,  2s= — ; — r-. 
^       CM — be  ad — be 

In  this  case,  two  values  of  y  might  be  deduced  from  the  two 

equations ;  and  from  equating  these,  there  would  arise  another 

equation  involving  only  z^  the  value  of  which  being  determined, 

that  of  y  also  might  be  found  by  substitution. 

L  A  draper  bought  two  pieces  of  cloth  for  £12, 13^ ;  one  bein^ 
8f.,  and  the  other  9^.  per  yard.  He  sold  them  each  at  an  advanced 
price  of  2;.  per  yard,  and  gained  by  the  whole  £3.  What  were 
the  lengths  of  the  pieces  ? 

Ans.  17  yards  of  the  firist,  and  13  of  the  second. 

Let  X  and  y  be  the  lengths,  and  ^8x  and  9^=s'what  they  cost, 

and  by   the  question  j  ^[fg^eO  }  ^13. 

2.  A  bill  of  £26  5s.  was  paid  with  half  guineas  and  crowns,  and 
twice  the  number  of  half  guineas  exceeded  three  times  the  num- 
ber of  croWns  by  17.     How  many  were  there  of  each  ? 

Let  2x  and  y  denote  the  number  of  half  guineas  and  of  crowns ; 

(    4» — oy:=  17  )       20a: — lo7j=    85  )  y=Ql. 

3.  A  person  expands  half  a  crown  in  apples  and  pears,  bupng 
his  apples  at  4,  and  his  pears  at  5  a  penny ;  and  afterwards  ac- 
commodated his  neighbour  with  half  his  apples  and  one-third  of 
his  pears  for  13  pence.     How  many  did  he  buy  of  each  ? 

Let  2x  and  3y  denote  the  number  of  apples  and  pears ;  then 
|2=  the  price  of  apples,  and  iy=  the  price  of  the  pears,  and  by 

17 
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the  question,  |  +|  ==  13,  and  |  +^  =  30,  and  2af  =72,  3y 


4.  Two  laborers,  A  and  B,  received  £5  lis,  for  their  wages ; 
A  having  been  employed  15,  and  B  14  days ;  and  A  received  for 
four  days  11^.  more  than  B  did  for  three  days.  What  were  their 
daily  wages  ?  % 

Let  a^A's  )  ^  „  (  15x+liy=117  )  .-.  a^=5 

y=B's  \  ^^^^y  '^^®^-  I    4a^  Sy=  11  J      y=:3. 


5.  A  person  had  two  casks,  the  larger  of  which  he  filled  with 
ale,  and  the  smaller  with  cider.  Ale  being  half  a  crown,  and  ci- 
der II5.  per  gallon,  he  paid  £8  6s. ;  but  had  he  filled  the  larger 
with  cider,  and  the  smaller  with  ale,  he  would  have  paid  J£ll  5t, 
6d.     How  many  gallons  did  each  hold  ? 

Let  X  and  y==:  the  number  of  gallons  held  by  the  larger  and 
,  ,,         5a:+22y=332  )         .  5(a:-f-    y=  29)  )  and  j^£=ll 

^®^^'  ^^^^  22a;-j-  5y^451  \  But  15a;  +22y=332  ]         as=18. 

Addition,  27a; 4- 27y=783    Subtraction,  172^=187 

6.  Two  persons,  A  and  6,  played  cards,  each  with  a  difierent 
sum.  After  a  certain  number  of  games,  A  had  won  half  as  much 
as 'he  had  at  first,  xind  found  that  if  he  had  16s,  more,  he  would 
have  had  just^  three  times  as  much  as  B.  But  B  afterwards  won 
IQs.  back,  and  he  had  then  twice  as  much  as  A.  What  had  each 
at  first  ? 

Let  2a;  and  f^=  what  A  and  B  each  had ;  then  we  have  Sz-^- 
15=3(y-Ki;) ;  and  2(3a;r-10)=:y — ^ar+lO ;  here  x=z7  and  y=19, 
and  A  14,  and  B  19^. 

7.  A  certain  sum  of  money  put  out  to  interest,  amounts  in  8 
months  to  $297f ;  and  in  15  months  its  amount  is  Sd06,  at  simple 
interest.     What  is  the  sum,  and  the  rate  per  cent.  ? 

represent  or  =  the  sum,  =  the  rate,  =  the  interest  for  one  year, 
=  the  interest  for  8  months,  =  the  interest  for  15  months,  and 
=  the  equations;  whence ^297f— a;)  150=(306—a;)80,  or 

4464—15as=2448— 8a; ;  .-.  a;=?^=£88;  .-.  ^^=18>or 
163fb=80.  ^  ^ 

8.  A  farmer  being  asked  how  many  quarters  of  wheat  he  had 
sold  in  the  market,  answered  if  he  had  sold  8  quarters  more,  and 
got  75.  per  quarter  more  than  he  did,  he  should  have  received  £11 
I5s.  more  than  he  had  j;  but  if  he  had  sold  7  quarters  more  at  8j. 
per  quarter  more,  he  should  have  had  £11  17;.  more.  How  many 
quarters  did  he  sell,  and  what  was  the  price  ? 
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Let  2  be  the  number  of  quarters,  and  2s=s  the  price  of  one ;  then 


(x+8)  {y+7)=xy^235  \  ^^  J  7:c+8yt=179  \   •.•  y=ll 


{xV7)  {y\^)^=xy^237  J  ^^  {  8a;+73/t=181  J       ^=13. 

9.  There  is  a  number  consisting  of  two  digits,  the  second  of 
which  is  greater  than  the  first ;  and  if  the  number  be  divided  by 
the  sum  of  its  digits,  the  quotient  is  4 ;  but  if  the  digits  be  invert- 
ed, and  that  number  divided  by  a  number  greater  by  2  than  the 
di&rence  of  the  digits,  the  quotient  becomes  14.  Required  the 
number. 

LetlOar-fybethenumb.;  then ^!^!^  ==4,  ^^^  =  14;  by 

the  question,  from  the  first,  10a:-)-^s==4a:-j-4y,  or  2Lir — y,  and  from 
the  2d,  10y-|-»=14y— 14a4-28,  or  15ar-t4y==28,  or  (15a:— &»=) 
7as=28,  or  a:s=4,  and  y=S ;  and  the  number  is  48,  Ans. 

10.  What  fraction  is  that,  whose  numerator  being  doubled,  and 
denominator  increased  by  7,  the  value  becomes  |;  but  the  de- 
nominator being  doubled,  and  the  numerator  increased  by  2,  the 
value  becomes  f  ?  ^  ^ 

Let  -  be  the  fraction ;  .*.  — r-=  =  ~  and  -J—  =-^  f 
y  y+7      3  2y        5  ) 

11.  A  fanner  parting  with  his  stock,  seHs  to  one  person  9  horses 
and  7  cows  for  )^0 ;  and  to  another,  at  the  same  prices,  6  horses 
and  13  cows  for  the  same  sum.     What  was  the  price  of  each  ? 

Let  x=  the  price  of  a  horse,  and  y=  that  of  a  cow ;  .*.  9z'^7y 

300 
s=300=62;+13y,  and  xs=Qy ;  then  12y-f  13yt=300,  yts=  — -  b 

12,  and 


12.  A  farmer  hires  a  farm'  for  8245  per  ann.,  the  arable  land 
being  valued  at  82  an  acre,  and  the  pasture  at  28  shillings ;  now 
the  number  of  acres  of  arable  is  to  half  the  excess  of  the  arable 
above  the  pasture  as  28  :  9.  How  many  acres  were  there  of 
each? 

Let  a;=z  the  tiumber  of  acres  of  arable,  and  y=  that  of  the  pas- 
ture; .\z  :  Ux — y)  ::  28  :  9,  and  2a:-|-^yt==245 ;  hence  zss&B, 
y:=35, 

13.  A  person  owes  a  certain  sum  to  two  creditors.  At  one  time 
he  pays  them  853,  giving  to  one  four-elevenths  of  the  sum  which 
is  due,  and  to  the  other  ^  more  than  one-sixth  of  his  debt  to  him. 
At  a  second  time  he  pays  them  842,  giving  to  the  first  three- 
sevenths  of  what  remains  due  to  him,  and  to  the  other  one-third 
of  what  is  due  to  him.    What  were  the  debts  ? 

Let  11a;  and  &y=  the  debts  ;  .•.  4a;-{-y-|-3=53,  and  3g|jy— 
1=42;  /.  llas=121,  and  33=11,  and  6y=36. 

14.  A  and  B  playing  at  backgammon,  A  bet  83  to  82  on  every 
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game,  and  after  a  certain  number  of  games  fonnd  that  ha  had  lost 
$17.  Now  had  A  wcm  3  more  from  B,  the  number  he  would  then 
have  won,  would  have  been  to  the  number  B  would  have  won  as 
5  to  4.     How  many  games  did  they  play  f 

,  Let  X  and  y  denote  the  number  A  and  B  won ;  then  3y — 2ar-s 
17,  and  a:-|-3  :  y— 3  : :  6  :  4,  and  y=l,  and  25=2. 

15.  A  vinter  has  two  casks  of  wine,  from  the  greater  of  which 
he  draws  15  gallons,  and  from  the  less  11 ;  and  finds  the  quan* 
tities  remaining  in  tlie  proportion  of  8  to  3.  After  they  become 
half  empty,  he  puts  10  gallons  of  water  into  each,  and  finds  that 
the  quantities  of  liquor  now  in  them  are  as  9  to  5.  How  many 
gallons  will  each  hold  ?  Let  x  and  y=fsi  the  number  of  gallons 
each  holds;  then  x — 15  :  y — 11  :  :  8.:  3,  and  ia:-|-10  :  Jy  -}" 
10  :  :  9  :  5,  by  the  question  and  from  the  first,  3^:  =  8y  —  43 
and  from  the  2d  equation,5a:  =  9y-[-  80  5  and  we  have  40y —  27y 
=  240  -}-  215,  or  2^  =  -*^  =  35,  and  j:=79. 

16.  A  person  having  laid  out  a  rectangular  bowling-green,  ob- 
served that  if  each  side  had  been  4  yards  longer,  the  adjacent  sides 
would  have  been  in  the  ratio  of  5  to  4 ;  but  if  each  had  been  4 

irards  shorter,  the  ratio  would  have  been  4  to  3.     What  are  the 
engths  of  the  sides  ?     Let  x  and  y=  the  sides;  .*. 
hence  a:-|-  4  :    y  -{-  4  : :  5  :  4, )  x+4  :  a:  —  y  i:  5  :  l,ar  ==  36 
ahd     a:— 4:  y  —  4  : :  4  :  3,  j  x—y  ;  a:  —  4^; :  1  :  4,  y  =  28. 

ex  aequali,  x-^^  :  x — 4: : 5  :  4,  or  a; :  4  ::  9 : 1. 

17.  At  an  election  for  two  member  of  parliament,  three  men 
offer  themselves  as  candidates,  and  all  the  electors  give  sing^ 
votes.  The  numbers  of  voters^  for  the  two  successful  ones  are  in 
the  ratio  of  9  to  8 ;  and  if  the  first  had  had  7  more,  his  majority 
over  the  second  would  have  been  to  the  majority  of  the  second 
over  the  third  as  12  :  to  7.  Now  if  the  first  and  third  had  formed 
a  coalition,  and  had  one  more  voter,  they  would  each  have  suc- 
ceeded by  a  majority  of  7.     How  many  voted  for  each  ? 

Let  9a:,  8a;,  and  y  be  the  numbers ;  then  8a; — y  :  a;-}-7  :  :  7  : 
12,  and  4(9a;+y-j-l)==8a;-f  7  ;  and  from  the  first,  ^^x—l2y=:7x 
4-49 ;  and  from  the  2d,  9a;4-y+l=16a:-|-14,  and  x=^^^xiA\ ; 
.-.  y=7a;+13=300,  and  8a;=328,  9a;s=369. 

28.  To  determine  three  numbers  such  that  if  6  be  added  to  the 
first  and  second,  the  sums  will  be  in  the  proportion  of  2  :  3 ;  if 
5  be  added  to  the  first  and  third,  the  sums  will  be  in  the  proportion 
^7  :  11 ;  but  if  36  be  subtracted  from  the  second  and  third,  the 
remainders  will  be  as  6  :  7. 

Let  2t— ^,  3a; — 6,  and  y  be  the  numbers ;  then  2a; — 1  :  y-f5 
:  :  7  :  11,  and  3a;— 42  :  y— 36  :  :  6  :  7.  Hence,  22a>— ll=7y 
+35,  and  7a;-t-2ys=26,  as=*%2i=18,  and  2ys=7a;— 26=100,  or  y 


19.  Two  shepherds,  A  and  B,  are  intrusted  with  the  charge  of 
2  flocks  of  sheep.  A's  consisting  chiefly  of  ewes,  many  of  which 
produced  lambs,  is  at  the  end  of  the  year  increased  by  80  ;  but  B 
finds  his  stock  diminished  by  20 ;  when  their  numb^s  are  in  the 
proportion  of  8  to  3.  Now  had  A  lost  20  of  his  sheep,  and  had 
B  an  increase  of  90,  the  numbers  would  have  been  in  the  propor- 
tion of  7  to  10,     What  were  the  numbers  ? 

Let  X  and  y  denote  the  numbers ;  .*.  a;-j-80  :  y — ^20  :  :  8  :  3, 
and  a?— 20  :  y+90  :  :  7  :  10,  Hence  y=Aifft==110,  -and  x=st 
H^160. 

20.  Two  persons,  A  and  B,  can  perform  a  piece  of  work  in  16 
&y8.  They  work  together  for  4  days,  when  A  being  called  off, 
B  is  left  to  finish  it,  which  he  does  in  36  days  more.  In  what 
time  would  each  do  it  separately  ? 

Let  X  and  y  be  the  number  of  days ;  then  by  the.  question,  — * 

-] —  cs  1,  and =1,  or  ( — =1) — (-  4-  -  =7)1 

=i36-^y}=j;and  ys==48,  and  as^4. 

21.  There  is  a  cistern,  into  which  water  is  admitted  by  three 
cocks,  two  of  which  are  of  exactly  the  same  dimensions.  When 
tiiev  are  all  open,  five-twelfths  of  the  cistern  is  filled  in  four  hours ; 
uia  if  one  of  tbe  equal  cocks  be  stopped,  seven-ninths  of  the  cis- 
tern is  filled  in  ten  hours  and  forty  minutes.  In  how  many  hours 
would  each  cock  fill  the  cisteiti  ? 

Let.andybe  the  numbers;  «+^=Aa„dP+|=Jr 
^  ar     '  y        12         3a:   '  3y       9 

.8       8    '     7.      .8.4        6,     4       1        .         oa       a^ 
X    *  y        12        X      y        12       y       6  x 

«J,  and  xs=s32, 

22.  Some  hours  after  a  courier  had  been  sent  from  A  to  B, 

which  are  147  miles  distant,  a  second  was  sent,  who  wished  to 

<>Tertake  him  just  as  he  entered  B ;  in  order  to  which  he  found 

he  must  perform  the  journey  in  28  hours  less  than  the  first  did. 

Now  the  time  in  which  the  Srst  travels  17  miles  added  to  the  time 

in  which  the  second  travels  56  miles  is  13  hours  and  40  minutes. 

How  many  miles  does  each  go  per  hour  ?  ' 

17 
Let  X  and  y  be  the  number  the  first  and  second  goes ;  dien  ^ 

,56      41       ,^,  ,              ^  147       147      ^  ^     , 
Tr-  =  -^  s=  13}  hours,  and =28,  by  the  question.; 

,,      8,147       147    ^,     ^17   ,  m      41,      168      168     ^. 

1/  ^ 
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_(5i+2??-4J)=— =73,  and -=1  and  x^=S,  and  n^ 

X         y  X  X  ^ 

1. 


23.  Two  loaded  waggons  were  weighed,  and  their  weights  were 
found  to  be  in  the  ratio  of  4  to  6.  Parts  of  their  loads,  which 
were  in  the  proportion  of  6  to  7  being  taken  out,  their  weights 
were  then  found  to  be  in  the  jatio  of  2  to  3 ;  and  the  sum  of  their 
weights  was  then  10  tons.     What  were  their  weights  at  first  ? 

Let  4cX  and  6xs^  their  weight,  and  6^  and  7^±=x  the  parts  taken 
out;  .-.  4ir — 6y  :  5x — ly  : :  2  :  3.  and  9aj — l^t=10,  y=^,  x==A. 

24.  A  gentleman  gave  away  a  certain  sum  in  charity  to  14  men 
V  ^nd  15  women.     Had  the  sum  been  less  by  12  shillings,  and  only 

half  the  number  of  men  relieved,  the  rest  being  divided  amongst 
^e  women,  each  woman  would  have  received  two  shillings  more 
than  each  man  did.  But  if  there  had  been  only  8  women^  and  the 
Rst  had  been  divided  amongst  the  men,  each  man  would  have  re- 
Qeiyed  twice  as  much  as  each  woman.  How  much  n^oney  wi|8 
given  away  ? 
Let  X  and  y  be  the  number  of  shillings  one  man  asid  one  wonuui 

received;  .•.  14a:4-15y=  the  whole  sum,  and  —      iT^ —  ^^^ 

« 

4^2,  wd  -  '\1^  =5=2y».   Hence  x==Sly  and  y=14. 

25.  When  wheat  was  5  shillings  a  bushel,  and  rye  3  riiilliniiv, 
%  man  wanted  to  fill  his  sack  with  a  mixture  of  rye  and  wheat  for 
th^  money  he  had  in  his  purse.  If  he  bought  7  bushels  of  m, 
and  laid  out  the  rest  of  his  money  in  wheat,  he  would  want  2  du- 
fhels  to  fill  his  sack;  but  if  he  bought^  bushels  of  wheat,  and 
filled  his  saek  with  rye,  he  would  have  6  shillings  left.  How  must 
he  lay  out  his  money,  and  fill  his  sack  ? 

.   Let  X  and  y  denote  the  number  of  bushels  of  wheat  and  ryi 
be  must  buy;  5z-}-3y=  his  money;  and  then  by  the  question,' 

fe+%— 21  j^j^^^^^^^^^^^^^^^  5ar4^— 21+35«5j?+6y^l0  orM 

^Fs&y  and  30+  3(a;+«— 6)=5a:+3y=6  ;hence,  y=l2,  and  x^. 
^  A  draper  bought  two  pieces  of  cl6th  of  difierent  kinds  for 
J744  ;  there  were  6  yards  of  the  coarser  more  than  there  weif 
it  the  finer ;  and  had  the  coarser  cost  2  dollars  a  yard  more 
than  it  did,  6  yuds  of  the  coarser  would  have  cost  just  as  q^uch 
as  5  yards  of  the  finer.  He  afterwards  bought  4  yards  of  the 
finer>  and  12  of  the  coarser  at  the  same  prices  ^t  yard,  aiid  fonad 
l^eir  value  less  than  that  of  the  former  pieces  in  the  ratio  of  20 : 
'^h.^  How  many  yards  did  he  ^uy  th«  first  time,  and  what  did  1^ 
give  pef  yard  for  each? 


\'^ 


r' 


Let  xsgt  tke  iramber  oTyffirds  of  th«  finer,  and  yaadiSa^  ntnnber 
of  the  coarser ;  .%  ^^b*  the  prke  of  a  yard  of  the  coafserj  and  fibt 

price  of  a  yard  of  the  finer  =d  ^!^±^';  ...  ^W^  ^y^^^i) 

=.744-and  ?1^  +lSy  :  744  ::  20  i  31,  or  M^  ^ 
12y :  24  : :  20  :  1,  or  ?^^  +2^40,  or  yt=m«=28,  and  as=x 

27.  A  mercer  bought  two  pieces  of  silk  of  difTetent  lengths  for 
£50 ;  the  price  of  two  yards  of  the  shorter  Was  6*.  Stf.  more  than 
the  price  of  3  yards  of  the  longer ;  and  each  pi6ce  cost  the  same 
sum.  He  cut  off  two  yards  from  each,  and  sold  the  rest  for  £53 
12s.  Now  if  he  had  sold  the  whole  at  that  rate,  he  would  have 
gained  £5  by  each  piece.  How  many  yards  did  eafefc  piece  con- 
tain? ^       ^ 

Let  x=  the  pumber  contained  in  tie  shorter,  and  y  that  of  the 
larger;  then  —  and  —  :^  the  price  of  a  yard  of  each*  add  *^  *^ 

.  X        y  :  -^  ^      X 

^^      1      t      30,      ^   ,   30,      >«     -««         ^o.      60       00 
7^3'  ^1^^ -(^-2)+ -(|/-^2)^3| {  /.60-  -j--^ 

f^nn       4  .10    ,    10        16,       JO        16  1,,        25       .         . 

6a|;wliencea~  +  y  =  i5)-(-^--=-lB)l=7=I^«^ 

SP=25,  and  a:s=15. 

te.  A  set»  dttt  i^xpifess  from  C  towards  D,  and  three  hottrs  after- 
tWtfd^  B  sets  out  from  D  towards  C,  travelling  2  miles'  an  hottf 
Jidre  than  A.  When  they  meet,  it  appears  that  the  distances  theV 
nave  travelled  are  in  the  proportion  of  13  to  15 ;  but  had  A  tratr^t 
led  five  hours  less,  and  B  gone  2  ipiles  an  hour  more,  thay  would 
kaTe  been  in  the  proportion  of  2  :  5.  How  many  niiles  aid  each 
go  per  hour,  and  now  many  hours  did  they  travel  before  they  meH  1 

Let  x=  th6  number  of  miles  A  weiit  per  hour ;  .*.  x-^-^i^i  thd 
liuittber  B  went ;  let  y=  the  number  of  hours  B  travelled ;  .*. 
y+3=  the  number  A  travelled  ;  and  a:(y-f^)  :  yix-^^  t:lA\ 
IS;  .*.  15a:y-f-452i=13a^-|726y,  or  2xy==!S^-A5x,  Again,  x{y-^2y 
•  y{^+4)  ::  2  :  5;  .*.  5xy—l0x==:2xy-\-Sy,  or  3a;j/5s=10ar-f% ^ 
'•'hence,  20a:-f  162/i=78y— 135a:,  or  165a5=62y,  and  5a:=i=2y;  .'. 
*«y=4y-}-825=12y,  and  25=4,  3^=10. 

^  29.  A  and  B  engaged  to  reap  a  field  of  com  in  K  days.  Th^ 
™€s  in  which  they  could  severally  reap  an  acre  are  as  2  :  9* 
After  fiome  time,  finding  themselves  unable  to  finish  it  in  the  sti|)tt* 
rated  time,  they  called  in  C  to  help  them  ;  whose  rate  of  working 
fas  such,  that  if  he  had  wrought  with  them  frdtn  the  beginning, 
«  wotiH  have  been  finished  in  9  days.  Also  the  times  in  which 
^  could  severally  have  reaped  the  field  with  A  alotte,  and  with 
"  <^ae,  are  in  die  proportion  of  7  to  8.    When  was  G  called  in  ? 


Let  SosBB  A'fl  daily  work ;  .-.  2xsss  B's ;  let  ztas  C%  end 

number  of  days  G  worked ;  .*.  {3x^9x)l2'\-^zs:s  the  whole  quan- 
tity of  work  done;  and  9{^'\-2x'f-z)=i  the  same ;  .*.  I2(3x'\-2x) 
J^zs=^(SX'\-2x^z),  and  ISx-^yzassBz.  Now  3x-^z  :  2x'^z  :  : 
8  :  7,  and  5zssz ;  .'.Sz-^zsxsQz^  or  y-\-3^9;  .*.  t^sssS,  and  C 
was  called  in  after  6  days. 

30.     The  letters  I,  n^  n  representing  any  given  numbers,  as  for 
instance,  16,  17  and  18,  it  is  required  to  find  a,  b^  c. 


(1.)  (  a»-fte=Z  =16  ) 
Suppose  (2.)  \  y-  -flc=:wi=17  >  What 
(3.)  (  c»+flfc=:n=18 ) 


are  the  numbers a^  b^cl 


Before  I  proceed  to  the  solution,  I  shall  give  Dr.  Wallis's  ac- 
count of  the  problem  in  his  own  words,  from  which  I  have  been 
induced  to  think  that  it  may  have  been  intended  by  the  first  pro- 
poser. Dr.  Pell,  as  a  trial  of  the  skill  of  the  author  of  the  arith- 
metic of  infinities,  of  whose  algebra  it  occupies  four  whole  chap- 
ters, viz.  60th,  61st,  62d,  and  63(dt  extending  over  three  and  thirty 
folio  pages. 

"  For  a  further  explanation  of  Dr.  Pell's  method,  I  here  subjoin 
another  question,  not  undetermined  as  the  former ;  but  (in '  itself 
determined)  proposed  to  myself,  long  since,  by  Col.  Sila»  Titos, 
'(then  of  his  majesty's  bed-chamber)  a  very  inffenious  person,  and 
well  skilled  in  afiairs,  civil  and  military,  and  very  well  accom- 
plished in  mathematics  and  other  learning. 

The  process  of  which  (because  I  understood  firom  the  colonel,  it 
was  a  question  proposed  by  Dr.  Pell)  I  drew  up  in  general  tejqptu^ 
(after  Dr.  Pell's  method,  with  which  the  colonel  was  wej^  n^ 
quainted,)  in  this  form ;  as  I  find  it  yet  amongst,  my  loose  m^oKs.** 

The  62d  chapter  concludes  with  the  following  paragraph: 

"  And  thus  I  have  pursued  the  problem,  through  all  its  cases 
and  varieties,  to  an  ansolute  and  universal  solution  and  determi- 
nation of  them.  Which  I  have  done  mpre  at  large  and  distinctlvt 
to  shew  a  method  how  the  like  may  be  done  in  other  problems  m 
like  manner  proposed.'* 

I  think  it  must  now  appear  highly  probable  that  this  was  a  sort 
of  challenge  from  Dr.  Pel]  to  Dr.  Wallis,  and  that  the  latter  con- 
sidered the  problem  worthy  his  best  attention,  and  the  solution  as 
fit  to  be  a  pattern  to  succeeding  analysts :  that  he  retained  this 
opinion'  in  1693  is  a  strong  presumtion  that  his  cotemporaries  had 
given  him  no  reason  for  changing  it,  yet  this  solution  has  been 
pronounced  ^remarkably  operose  and  inelegant,"  and  so  it  cer^ 
ta^nly  is,  but  for  patient  labor,  exactness  and  completeness  almost 
beyond  example  or  imitation. 

Bv  transposing  if  in  the  first,  and  ^  in  the  second  equation,  W9 
obtain  (4.)  ic*\\'\l    fl^> 


ninui  M^MTtWB*  Mf 

«Ml  ^  lat—iii     y,  tb^  bf  the  idiiltiflieatioB  #f  eqoidir  tbei^  il»r 
suits  (6.)  tf^c*=wi(/-^)— (e— «i^)y, 

te^  bjF  t^BSfpsiiitif  4^ 4ft  (fee  third  equatHMft,  (7.)  n — o&sc', 
whence  by  multiplying  the  tw»  left  and  the  two  right-hand  mem- 
bers of  (6.)  and  (7.),  and  omitCi'Dg  tiie  commort  factor  c*,  we  shall 
obtain  the  loilowing  quadratic  in  b,  'viz.  «a^— «^i'W=sf»(i-Hfl?)— . 
if—^l^,  wBich  arranged  accarding  to  the  powers  of  6  becomes 
(8^)  (£— 2a^)l*-f-wafaB33«(Z-*-a*)  Another  equation  in  b  and  a  witb^ 
out  c  will  enable  us  to  solve  the  preUem,  by  finding  an  equation 
in  0,  and  the  given  quantities ;  this  we  proceed  ^o  find  as  follows : 
We  have  seen  |hat  bc=d — a',  and  that  m— ^Sbsoc,  now  multiply 
dieir  leftf  and  aW  their  rigkl^haiHi  members  together^  and  omit 
the  comBMA  factor  c,  there  fesplts,  for  »  aoecmd  et^uition  ia  a  and 
h,  the  following  cubic,  viz. 

(9.)  «^— ^.'aa(^a'^)fl. 

But  by  (8.)  w(/--a')=(/— 2fl{^)y-f.n«3,  therefore,  by  multiply- 
ing their  left,  and  also  their  right-hand  members,  and  omitting  the 
common-  factor  {T-'*^)b  there  will  remit  n^ — mli^e=a{l — 2(rjb^ 
nrf,  aud  by  transposition,  we  obtain 

(10.)  m'''^'^n(f=ml^'\-a{l—2c^b. 

But  by  (8.)*  {^^^(^l^-^-noBsamil-*^)  thertefere  muftiplyirtg  as 
Before,  afid  omittSng  tfte*  cotnwota  ftictbr  ^, 

ty  tnmspositioH,  |  {m^^^fic^)  {I — ^SW?)--^(^— «*)  ^&sa 

Wkence,  by  division,  we  obtain  the  following  value  of  d^  viz« 
^         almij—^  {I — 2a*) — n{7}t^ — ne^)\ 

^      ^*  (?— ^rf")  (77^— W»)— ^*(^-(A       * 

2?»a*-j-(7t'— -.3Zm)a*-f-^(ZZ — mTi) 

a{2na^ — In — ttt) 
Again,  by  multiplying  (10.)  by  2 — 2fl?,  and  (8.)  by  w,  we  olitam 
m(l~2a^W-^a{l^2a'fb={l—2(t')  (7rt'---na') 
and  m(l — 2c^)b^-\^nn(ib=m\l — a^)j  whence,  by  subtraction, 
{^2a«)»— wi7i|afc=(Z—2a2)  (w^— »a*)— m«(Z— a«). 
Whence,  by  division,  b  is  found,  viz.  (12.)  b== 
(Zi-2a^)  {m?—na')^7n'(l-^y        fl(2wfl^— Zti— ^*) 

I  ,'  ■  ■    — — ^^— — — .^— —  III       SSSS  '    ■  ■  '  ■  .ill         «• 

af  (^ — ^2a?^)' — nm\  4a* — 4^-f-^^-*w« 

No w by  eqtmta^  ^e  values  of  bin  (11.)  aildr  (Id.)  w^  alitaAl 
Ike-  fbliomng'  final  equation  in  a,  viz. 

(1^)'  8a?-*S0&i*-f  «(9ffi— TOw)fl*-f-(5&«n--  tm^^^^^n^-f 
(S-'^^Rfi^isia^,  if  this  equatioifi  b^  muitipU^  by  2,  an  A  ik^Mevsf» 
ttitutod  it/t  %a4Xi  tfaeci^  wqil  veamlt 
(14.)  ^§li?+{%U  —  mn)^4-(6l—mn—  ntM^¥ff'^  ifi^*^ 

12*  18 


sums  MSOArmtm* 

wfai<A  eoiiicMcflf  with  that  found  by  I^*  Wallis,  AIgiebra»  pp.  m^ 
^t  1685,  also  pp.  250,  lat.  edit.  1693. 
Now  then  ^  being  found  from  (14.)  m    ^^(|€^  ;  then  b  is  found 

by  (11.)  or  (12.),  and  lastly 


e 

When  16, 17, 18  are  isnbstituted  for  Z,  m,  n  in  the  final  equation, 
it  becomes  e*--80c*-|-1998e*— 14937g»-f^0()0===0,  and  hence,  Wal- 
lis  finds  the  approximate  value  of  c*  to  be  12.7564,4179,4460,744; 
or  0-350,987,046 ;  or  34-832,280,28 ;  or  32060,29038 ;  and  the 
coiresponding  values  of  a,  h,  c  are 
a  =  2-525,513,986,744,158  a  =s  0*418,919,470 

h  =s  2-969,152,768,619,848  h  =  3-912,226,866 

e  =  3-240,580,681,617,074  c  =  4044,884,670 

a  =  +  4-173,264,926  a  =  +  4003,766,407 

b  =  +.4-287,022,553  3  =  —  0-007,099,744 

c  =  —  0-330,331,815  c  =  +  4-245,989,3 

And  he  observes  that  if  the  signs  of  every  ,one  of  any  set  be 
changed,  they  will  solve  the  proUem,  because  the  signs  of  the 
planes  aa,  bby  cc^  ab,  oc,  cb  are  not  changed. 

As  it  was  not  generally  known,  when  the  Doctor  solved  this 

'  problem,  that  b  and  c  mi^t  be  expressed  by  rational  functions  of 

«,  he  determines  b  from  a  quadratic  equation  in  a,  and  /,  m,  n,  as 

also  from  a  cubic,  and  is  at  pains  to  show  that  only  one  root  of 

the  quadratic  will  serve,  and  that  the  cubic  furnishes  none  service- 


able  but  diis  same ;  c  he  finds  from  the  equation  c=  — ? — .     The 

o 

quadratic  the  Doctor  found  is  less  simple  than  mine  ;  a  ascending 

in  it  to  the  4th  power :  the  quadratic  and  cubic  resulting  for  the 

extermination  of  b  after  c  has  been  expelled  are  the  same  in  Kirk- 

by,  as  in  this  of  mine  ;  but  his  solution  is  complicated  with  the 

unnecessary  fiictors  ef  and  I — (f  as  that  of  Wallis  is  by  the  square 

of  this  last ;  and  I  think  they  both  seem  to  have  imagined  these 

factors  somehow  connected  with  the  general  problem,  though  it 

seems  evident,  from  the  solution  here  given,  that  they  are  not  in 

the  least.     I  have  only  to  add  that  Dr.  Wallis's  solution  is,  in  my 

opinion,  as  curious  a  morsel  as  can  easily  be  found,  as  from  its 

copiousness  and  minuteness,  it  enables  us  to  ascertain  very  exactly 

the  analytical  skill  of  one  who  made  so  great  a  figure  in  the  world 

of  science,  during  the  latter  half  of  the  seventeenth  century,  being 

fdong  with  Lord  Brounker,  the  unfoiled  champion  of  inland  in 

the  mathematical  contests  with  M.  M.  Frenicle,  Pascal,  and  Fei^ 

mat,  and  in  the  doctrine  of  series  and  quadrature  of  curves,  the 

preeursor  of  Newton. 


QVASSAtlO  fiQVAtMM. 


Qifm  ^— 802*4-19962' -  14937;e «  _  MOO  to  find x. 


-SO 

+12 


12 

12 

-44 
12 


.7 


1998 

—  816 

1182 

—  672 

*  510 

—  528 

—  18 
—21.91 

—39.91 
—21.42 


—14937 
14184 


-31.3 
.7 

--30.6 
.7 

-29.9 
.7 

f.2 
.05 


-^L33 
—20.93 

—82.26 
—1.4575 

[7l75 
1.4550 


K1725 
—  1.4525 


—29.15   —86.6250 
5      — 173964 


.10 
5 


.798964 
—  173928 


.05 
5 


.00 
.006 


-^28.994 
6 


L972892 
—  173892 

.146784 

—  1359 

.15837,4 

—  115 


-28.988—87.1699,6 
A     116 

-^982—87.1816 
6    —  12 


-.2a976— 87.182,8 
--87.184 


—753  DiT. 
6120 

5367"TF. 
—  27.937 

5339.063 
42.931  . 

5296.132 
—4.185875 

5291.946125 
—  4.258625 

5287.687500 
—  .520793784 

5287.166706216 
—.521837352 

5286.644868864 
—  34863350 

5286.61000551,4 
—  3486798 

5286.57513753 

—  348731 

5289.5716502,2 

—  34874 

5286.5681628 

—  872 

5286.568075,6 

—  872 

5286.567988 

—  61 

5286:56792,7 

—  6 

5286.56787 


—5000(12.756441794480744 
— '9036  Answer. 

4036  See  rule  page  197. 
3737.3441 

298.6559 
264.59730625 


34.05859475 
31.723000237296 

2.335593512704 
2.114644002206 

220949510498 
211462866009 

9486644489 
528656807g 

4200076413 
3700597549 

499478864 
475791108 

23687756 
21146271 

2541485 
2114627 

426858 
422925 

3933 
3701 

^^ 
211 

21 


1.  Given  2'+1728|a;^12.3578,  to  find  the  value  of  z.    Kete 
die  valae  of  ;r  «  68.7652857. 

2.  GKven  2^— ff{a&»^/g^,  to  find  the  yalae  of  x.^ 

3.  Given  a^  I  J4.T1 1  iV^^i'^^,  to  find  the  vahie  of  «• 

«  Ans.  :e  «- .44464894.      Aoa.  »  m»  J2M1179t, 


V^^^^P  B^^^^^^^^*^^^*^^    ^^^Wf^  ^^^^^^^^^^^ 


OfL  (Quadratic  EquaHont. 

65;  Quadratic  Equations  are  divided  into  pure  osd  adfedted. 
Puis^  quadratic  equations  are  those  which  contain  only  the  s^tare 
of  the  unknown  quantity ;  such  as  2Sbb36  ;  x^TJ-ds*^ ;  oz*  ^u^ 
c;.&c.  Adfected  quadratic  equations  are  those  which  involve 
both  the  square  and  simple  power  of  the  unknown  quantity,  such 
as  a:»+4rs==45 ;  Oar*— 225=21 ;  aa^-{'2bx==C'\-d  ;  &c.  &c. 


On  the  Solution  of  Pwre  Qnadratic  Equatums. 

66.  The  Rule  for  the  solution  of  pure  quadratic  equations  is 
this :  **  Transpose  the  terms  of  the  equation  in  such  a  maimer, 
that  those  which  contain  2*  may  be  on  one  side  of  the  equaticm, 
and  the  known  quantities  on  the  other ;  divide  (if  necessary)  by 
the  coefficient  of  a^ ;  then  extract  the  square  root  of  each  side  of 
the  equation,  and  it  will  give  the  value  of  x." 

Let  a*  f  5i    54«     By  transposition^  a^-^54    5egs49. 
Extract  the  square  foot  ef  both  sides  of  the  equation,  then 

Let  3b^  %  7L  By  transposition,  Sa:*™ 714-4=75.  Divide 
by  3,  a^  \  \\'ff\ «  25^    Extract  the  square  root,  xsss/y25=5. 

On  the  Solution  of  Aifkcted  Quadratk  Equations, 

67.  The  most  general  form  under  which  an  adfected  quadratoc 
equation  can  be  exhibited  is  oa:'  4~  ^^  ^=  ^  /  ^^^^  ^>  ^>  c,  may  be 
any  quantitiey  whatever,  positive  or  negalivey  integral  or  me* 

tional.     Drvide  each  side  of  this  equation  by  Oy  thea  a:*  [    a*.  ■  i  . 

Let  -ssfi^  ~  =  9  ;  then  this  elation  is  reduced  ta  die  fprm  si-^- 

pxs=sqy  where  p  and  q  may  be-  any  quantities  whatever,  positive  or 
negativev  integral  or  fractional. 

68.  From  the  two-fold  forai  under  which  adfected  quadratic 
equations  may  be  expressed,  there  «rise  two  Sufes  for  theic  so- 
lution. 

69.  Let  ±  a3f±bx  ±  <r=s  dt  <i  be  an  adfected  quadratic  eqaa- 

tion,   then,    by  transposing  and  dividing  by  ^  a,  ft  becomes 

•    .    ^         -A^d^c         .  n      h       .       ^     d^c 

ar  ±  -ar=— - —  ;  or,  by  putting  jp  for  -,  and  q  for  — ^,  it  M 

Add  now  lfa«  a^uava  of  y^  to  each  aide  o£  this  equatioor  «nd  thm 
results  a:'±j>ah(^Jlfta3±§[«^ Jjj?;,  whesa  it  is.  readiJgr  p€^eii:«d  Aat 
tlfcRtoib«d»ig  a  ewnpletg  w^pmi^.vig,r(y=tcto)*;  consequently,  if 


the  sqaaie  root  of  each  side  be  extracted,  we  obtain  ^diil'essdb 
/^(±9-f'il'^*  ^®  double  sign  db  being  placed  before  the  radical, 
liecause  the  square  root  of  a  quantity  may  be  either  -^^  or  — ; 
hence  it  appears  that 

a:  =  +  V  (  ±  ^  +  ip^  =F  ip»  or  —  V  (  ±  ^  +  iP^  =F  ip. 

70.  The  above  general  values  of  x  evidently  include  every 
possible  case,  from  which  separate  formula  for  each  distinct  case 
aie  readily  obtained,  and  are  as  follow :  -      ^ 

In  equations  of  the  form, 

In  the  third  and  fourth  forms,  when  (J)',  or  ^  is  less  than  —  q, 
.  tlie  root  will  be  in\possible,  (the  square  root  of  a  negative  quantity 
l)eing  impossible,  viz.  ^(  —  g  -j-  Jp) )  because  in  the  solution  of 
problems,  if  the  expression  for  tne  root  happens  to  be  the  square 
loot  of  a  negative  quantity,  it  will  show  that  the  conditions,  in  such 
eqaations,  are  inconsistent.  Every  quadratic  equaton  has  2  equal 
or  2  unequal  roots,  either  real  or  imaginary.  Sometimes  one  root 
is  offirmative  and  the  other  negativcy  and  sometimes  they  are  both 
^firmoHve,  or  both  negative. 

RtTLE  I.  Hence  it  appears,  that  if  to  each  side  of  the  equation  be 
aclded  the  square  of  half  the  coefficient  of  the  second  term,  there  wiU 
«rise,  on  the  left-hand  side  of  the  equation,  a  quantity  which  is 
lhe  square  of  a:  -|-  iP  5  ^^d  by  extracting  the  square  root  of  each, 
side  of  the  resulting  equation,  we  obtain  a  simple  equation,  from 
wUch  the  value  of  z  may  be  determined. 

RuuB.    n.  Hindoo  Method  of  Solving  Quadratics. 

71.  Let  the  equation  o^e"  ±  i^  c=  c  be  multiplied  by  4a,  then 
lii^a:' ±  4a^2;  =  4ac,  and  if  h^  be  added  to  each  side,  the  equation 
becomes  Atfo?  ±  ^kabx  +  ^  =  4ac  -}-  ^  I  now  the  first  side  is 
evidently  a  square,  «=  (  2ax  ±  h  )\    whence 

'2«±  i=±  V(4ao  +  y),.-.^  =  ±i^^^^i±^^*. 

Prom  which  we  infer,  that  if  each  side  of  the  equation  be  multi- 
plied by  four  times  the  coefficient  of  a:*,  and  to  each  side  there  be 
added  the  square  of  the  coefficient  of  rr,  the  quantity  on  the  left- 
band  side  of  the  equation  will  be  the  square  of  ^ax-^c   Extract 


&e  tqilare  rool  of  each  side  of  the  equation,  tad.  theie  ames  a 
simple  equation,  from  which  the  value  of  z  tnay  be  determined. 
If  a,— rl»  the  equation  is  reduced  to  the  form  ar  -f*  p^  =  S^  /  in 
this  case,  therefore,  the  Rule  may  be  applied,  by  multiplying  each 
side  of  the  equation  by.  4,  and  adding  the  square  of  the  coefficient 
of  X. 

Rule  Third,  from  Bmer$on*s  Algebra^  (1764.) 

When  you  have  large  numbers  to  deal  with,  it  is  better  ta  pro* 
ceed  thus.     Clear  the  equation,  and  ii  «f  A;- ha  ^ss^  d^  then  a  :^ 

>    it'  d. 

•7— i — ,  the  form.  To  find  the  first  quotient  figure,  take-,  when 
b  -|-a  "^  °  o 

b  is  far  greater  than  a;  or  take  ^d,  when  a  is  far  greater  than 

b  :  or  take  ^  when  a  and  b  are  nearly  equal ;  thus  it  will  easily 

be  found  by  a  few  trials.  Or,  in  genersJ,  take  the  first  figure 
such,  thai  when  it  is  multiplied  by  the  sum  of  itself -tind  b,  it  will 
produce  the  first  figure  or  figures  of  <f,  oirthe  nexf  less :  this  iar  all 
the  difilculty.  Then  multiply  and  subtract  as  usual ;  the  remain- 
der is  the  resolvend. 

TheUt  to  continue  the  division,  you  must  find  a  new  divisor,  for  , 
each  quotient  figure, thus.  Add  the  last  quotient  figure  to  the  last  dip 
visor»  (duly  observing  their  places,)  for  a  new  divisor;  see  how  oft 
this  IS  contained  in  the  resolvend^setthe  answer  in  the  quotient,  and 
also  add  it  to  the  divisor ;  then  multiply  the  whole  divisor  by  that 
quotient  figure,  and  subtract  the  product  for  a  new  resotvend.  But 
when  any  of  the  signs  are  negative,  the  proper  quantities  are  to  be 
subtracted,  instead  of  being  added*  Tbls  work  is  always  t*'  be 
cepeated  for  each  quotient  figure. 

when  any  quotient  figure  is  so  great  that  the  product  exceeds 
the  resolvend,  place  a  less  figure  in  the  quotient. 

When  you  have  got  more  than  half  your  intended  number  of 
figures  in  the  quotient,  you  may  continue  the  division,  without  ad- 
ding the  new  quotient  figures  to  the  divisor. 

Observe,  each  quotient  figure  is  to  be  added  twice  to  the  divi- 
sor, onee  before  multiplication,  and  once  after ;  just  as  in  extract- 
ing the  square  root,  and  for  the  same  reason.  For  this  method 
extracts  the  square  root  when  d  ass  0. 

When  one  root  is  had,  the  other  is  foond  by  adding  this  to  the 
coeffiesent  b;  iar  the  sfitm,  changing  its  sign,  is  the  other  root. 

This  rule  is  the  foundation  of  the  method  for  extracting  the 
roots  of  adfected  equations. 

Scholium,  If  2;M-&£^=sd.  Futa^ssx^y  then  a^*}-^a=^/  and 
find  a  as  above.  Then  xsssz^Of  by  extracting  the  root  And  the 
same  for  bigjber  equations. 
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Lat  i^4^SaM4644,  lo  find  a. 

4644 
then  a  =  -7527-; —    Suppose 
4600         --      32-|-a. 


I 


32 


a  100    too   great   for   a. 
^4644^1?  60,  which  is  also  too 

,  .  rp  ,  4600     „ 

great  for  a.     Take  rri  ...y, 

too  £7^t     Take  a=50. 
32 
-^60 


82)4644(50 
-f-  54     410' 

136)    544(  4  ' 
544    54  = 


a. 


3.  Let  0*  4- 35^  =  aS84MM 

28349994 

35-fa 
Here  a  ss  V^»  ^-  =»  ^^000 
4-35 
5000 

5035 )  28349994(5307 
5300)  25175, ,, 

10335)    31749 
.  307 )    31005 


10642) 


74494 
74494 


5307a  =  —  184520.  to  find  a. 
-184520        184520 


5307 


■^p^n 


?■  Suppose  if  m 

Here  a  s=  J4^  =»  30  nearly. 

5307)184520(3&aa. 
:^>^30  15831' 

5277)  26210 
—35   26210 


5242) 


•  • 


26698 


i    Leta?  +  463a:=26698,  ora:  =  ^^^g_^^^ 

c  r         P      N 

r-^C       =463  +  50  rrs  513  )  26698  (  51.855342 

rj-j  =  +  51     2565 

r-f  P  +  *  =  564     1048  =  ir 

^  -f  g  =  +  1.8  564 

r-fP  + 2^+^  =  565.8    4§I.0000==iV" 

^  -f-  ^  =  -f-  .85  452.64 

r  +  P-^2s  +  2^  +  16  =  566.65     31.3600=sJV" 

5 


^|6|6.|70 


28.3325 

3.0275 
2.8335 

1940 
1700 


^45 
226 

TE:111=3  remain' 
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4.   Given  364a*  —  127a:  «= 
15.49699958,  to  find  x,  by  Em- 
erson's  method. 
—127        + 15.4969(— .095747 

_32.76   +14-3784 


—159.76  D 
—32.76 

—192.52 
—1.820 

—194.340  D 
—1.820 

—196.160 
—2548    . 

—196.4148  D 
2548 

— 196.669|6 
—146 


— 196.684|2  D 
—146. 

T-196.69|9 
3_ 

— 1916.|7|0|2 ' 


1.11859958 
.971700 

.14689958 
.13749036 

""  940922 
786737 

154185 
.       137691 

16496 
15736 

758 
580 

178 
177 

1 


8S 

CO 

o 
o 


5.  Given  102a!*— 101«  «r  — 
16.27843657,  to  find  the  value 

—101     —16.27843657 
4-  71.4  — gO.72  ^ 

Divisor— 29.6     +4.45     >% 

3.9968?  8i 


Divisor 


+  71.4 

41.8 
8.16 

49.96 
8.16 


Divisor 


Divisor 

Divisor 
Divisor 


See  page  220. 


58.12 
714 

58.834 
714 

59.548 
51 

59.599 
5 

59.656 

59.|6|6|1 


.444763  g 
411838  g 

'3292543 
2979950 

312593 
298290 

14313 
11932 

2381 
1790 

591 
«7 

54 
54 


Rale  4.  When  an  equation  assumes  the  form  of  a:'  +  ca:=fli, 
a  solution  may  be  effected  by  quadratics  as  often  as  ^ +  c=a=«; 
for  multiplying  both  sides  by  a:,  there  is  produced  o^-^af^ss:.  ahx, 
ss  a  X  ^^ ;  and  by  adding  ^x*  to  these  equals,  a:*  +  (^  +  c)a?=s 
ya?  +  (x*a;;  therefore,  by  page  141,  art.  70, 1  have  a;*  +  (3*  +  c)a;* 

J.  J(^  4- c)«  =  i^a;«  +  fl^a;  +  4(A«  +  <^)'»  t^at  is»  «*  +  ^  +  i^=== 
n^)^  -j-  a(bx)  +  Ja' ;  and  by  extracting  the  root,  a?  +  Ja  =  &r  -f" 

|a,  or  a^  =s  bz,  and  a;  =  &. 

Given  x^  +  3a:  =  140,  to  find  x.  Here  140  is  a  composite  num- 
ber, and  if  it  be  resolve^  into  the  factors  28  X  5,  then  a  sas  28, 
Icsdy  and  c  =  3,  5'  +  c  being  equal  to  a,  therefore  ar  sss  5. 

Rule  5.  When  an  equation  assumes  the  form  of  a;**  —  2a:*"  + 
af*  ^  a,  a  solution  may  be  effected  by  quadratics,  in  this  manner : 
add  a?*  to  both  sides  of  the  equation,  and  transpose  a* ;  then  a{*" 
—  2a**  +  a**«=a;**— «"  +  »;  that  is,  (a**— a:")"— (a*"— aT) 
ass  fl ;  by  art.  70,  case  1,  I  havd  (a**  —  a:*)  —  J  =q  V(«  +  i)» 
or  ah  —  a:*  =  V(<*  +  i)  +  i'  a  quadratic  equation. 

Rule  6.  When  the  sum  of  two  quantities,  and  the  sum  of  their 
first,  or  second  powers,  reciprocally  divided  by  their  first  powers, 


Ud  given,. sabstitttte,  as  io  tke  last  case,  m  -f-  ?&  ^i  th^e  greater,  and 

fli  —  n  for  the  less.  Now  the  same  method  applies,  when  the 
difference  of  two  quantities,  and  the  difference  of  their  second 
powers,  reciprocally  divided  by  their  first,  are  given. 

Rule  7.  When  the  product  of  two  quantities,  and  the  sum  of 
their  squares  respectively,  constitute  the  unknown  part  of  the 
equations, .  add  twice  the  equation  containing  the  product  to  the 
equation  containing  the  squares ;  and  subtract  twice  the  equatio|i 
containing  the  product  from  the  equation  containing  the  squares ; 
80  shall  the  square  root  of  the  first  result  give  the  sum  of  the 
quantities  sought,  and  the  square  root  of  the  second  result  their 
difierence.  Now  any  examples  in  the  preceding  pages  may  be 
solved,  by  substituting  m  -\-  n  for  the  greater,  and  m  —  n  for  the 
less  of  tte  unknown  values ;  for  if  double  the  eqaiyalent  of  thp 
pioduct  of  the  unknown  quantities,  in  terms  of  m  and  n,  be  added 
to  the  equivalent  of  the  sura  of  the  squares,  in  the  same  terms,  the 
▼alue  of  4:171^  will  be  obtained,  and  if  subtracted,  the  value  of  4n* ; 
whence  m  and  n  are  easily  determinable.  See  Index. 

Rule  8.  When  two  unknown  quantities,  x  and  y,  are  proposed, 
Bach  that  tbe  two  equations  containing  them  cannot,  by  any  method 
yet  given,  be  freed  from  the  product  and  the  square  of  one  or  both 
the  quantities  sought,  or  from  the  two  squares,  assume  vx  =  y, 
and  substitute  this  value  of  y  for  y;  then  determine  the  value  of 
o,  and  thence  that  of  a:.  Lastly,  substitute  known  values  in  the 
equation  vx  =  y,  and  thus  make  y  known. 

Rule  9.  When  the  value  of  thei  product  if  two  quantities  and 
of  their  sum  or  difference  are  given,  if  the  sides  of  the  equation 
containing  the  sum  or  the  difference  be  squared,  and  if  four  times 
the  equation  containing  the  product  be  added  to,  or  subtracted 
from  the  result,  (that  is,  added  when  the  difference  is  squared,  and 
the  contrary  for  the  sum) ;  there  will  be  obtain,ed  an  equation  in 
W-ychr  the  square  root  being  taken  on  both  sides,  the  value  of  tke 
difference  of  the  unknown  quantities  ^viIl  appear,  where  their  suhi 
was  given  ;   and  of  their  sum^  where  their  difference  was  known. 

Rule  10.  When  the  sum  or  ddflference  of  two  quantities,  and  the 
sum  or  difference. of  their  squares  or«, cubes,  are  given,  substitute 
{m  -f-  n)foT  the  greater  and  (m ;—  n)  for  the  less.  Then  involve 
(«4--^)  and  {m  —  »}  respectively  to  the  second  or  third  power,^as 
the  case  may  be  ;  and  by  addition  or  subtraction  form  an  equation 
in  terms  of  m  and  n.  Now  since  the  sum  or  difference  of  x  and  y 
is  giveft,  the  value  oi  m  qt  n  is  Renown ;  substitute  therefore  the, 
known  value  in  the  formed  equation,  and  determine  the  value 
ulnoh  is  unknonfn^.  Bat  m  and  n  being*  known^  tke  iproblopft  or 
question  is  solved. 

13  19 


'146  qvADiunc  EctUAXionm. 

7S.  A  new  method  of  resolving  Equations  of  all  ordersj  AoteeMf 

complicated. 

A  universal  method,  which  may  be  applied  to  equations  of  all 
dimensions,  was  first  given  by  W.  Emerson,  in  his  Algebra  in 
1764,  first  edition,  with  a  new  demonstration,  thus  :  let  j^-^axssn 
be  the  general  form  of  a  quadratic  equation,  let  r  denote  the  first 
figure  of  the  root,  and  y  the  remaining  part  of  the  root ;  that  is, 
if  the  root  be  integral,  then  r  denotes  the  left  integer,  with  as 
many  ciphers  as  figures  in  the  root.  If  the  root  consist  of  an  in- 
teger and  decimals,  then  r  will  denote  the' integer,  and  y  the  deci- 
mal part ;  then  w,e  shall  have  x  =  r-j-y,  or  {y  -f-  r),  and  then,  by 
substituting  r  for  x  in  the  equation,  we  have  r*-^ars=».     Hence, 

■   .       will  give  r,  or  the  first  figure  of  the  root.     To  find  the  re- 

maining  figures,  substitute  r-\-y  for  x  in  the  given  equation ;  2dly, 
Then  y*+2ry-l-  r" )  _, 
ay\'ar'  \ 


y^-f-  a'y-|-p==7i,  or  ^-|-a'y=:7i — p  =  n\  From  this  equa- 
tion, which  is  to  the.  first  y,  can  be  found  y  =  *  -f-  z,  or  (2  -j"  3)  > 
then  by  substitution,  2dly, 

'     s^-f-as  y 


n 


iii?A-a'z-\-^  =71,  or  z^A-a"2^==n' — ^n==n"*    Also,  — ,        j^ 
'        '  -^  '  s  -f-a 

From  this  equation  z  can  be  determined.     Let  Z'=.t  -\-  q  ;  then 


In  the  same  manner,  we  find  — j — ,,r^^^  ^* 


t-\-a  u-^-a 

Now,  the  value  a\  a'\  a'",  &c.  can  be  easily  determined,  and 
hence  w-e  have  the  following  expressions  for  *,  f,  tt,  &c.  or  the  re- 
maining figures  of  the  root,  thus 
n  71  n  n  ^  ^ 


r+a""  '  * +a' ~  *  +  2r  +  a       ' *  ^+ a" ~f+2*+2r-fii 


and  — ; — «7= — r'Tz — m — m — s — =w,  &c. 
w+a"'      M+2^+2s+2r-|-a 

I  shall  close  the  subject  •of  quadratic  equations  by  on6  obser- 
vations. Consequently  this  method  appears  to  be  a  generaliza- 
tion of  the  extraction  of  the  square  root,  if  we  suppose  a=sO,  then 
a*=ssn,  or  a:!=^«,  and  the  formulas  b^ome 


n  n  n  ,  n 


,  and  — J— tr — r-j; — ,   -    I  ly, 


,       r       ' «  +  2r      '  f+25+2r      '  —  ^+2^4-2*+  2r 

This  is  a  demonstration  of  the  rule  usually  given  for  the  eztac^ 
tion  of  the  square  root  of  numbers. 
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147 


Given  3f*\-3f — 5x^25,  to  find  the  value  of  x  true  to  about  10 

figores,  and  also  af  —  «•— 2af = —  1,  to  find  x.         i 

25(2.236067977     _  2  — l(l-801d3 

+  0—2^         794 

—  2      1 
+1        .992 
2.8 . . .  2.24      "8^ 

4124401 


0 
6^ 

6 
10 

16 
14 

30 
1.84 

31.84 
1.88 

33.72 
1.92 

35.64 
2949 


7 
39 


1 
2 

3 
2 

5 
2 

7 
2_ 

9.2 
2 

9.4 

9.6 
2 

9.83 
3 

9^ 
3 

9.89 
3 

19.9126  36.586  9  5|4|.7|2|1 
60 


U 

11 
9.0736 


1.9264 
6.368  1.59570141 


45.368     33069859 
6.744    32697893 

52.112         371966 
1.078047  328311 


1.24 
64 


3875599 
4.401 4401 3719490 

4.124401   155109 
1    124106 


53.190047 
1.086921 

54.276968 
219521 


43554  440|39>..,3964 

38305  ""      4.132767 

"4350  4|.4|0573  .  >  >  132 

4925 


35.9349   54;49648(9 
2958        21988 


36.2307    54.716 
2967  21 


37 

20 


425 
383 

.  42 

38 


4.1368J63 
31 

41.1|3|7(0 


31003 
28959 

2044 
1655 

389 
372 

17 
16 


36.5274   54.718 
595  2 


57 
2 


See  Rules  that  follow  page  195. 


36.646 

36|70 


AU  the  passible  forms  of  Cubic  Equations  exhibited  at  one  view. 

1.  Given  2'-(-aa:"=r,  or  af'\'3?=^600. 

2.  Given  of — aa!^z=ri  or  af — 3a:'=5. 

3.  Given  3f—a2^=—r,  or  a:*— 48a?  =—200. 

4.  Given  3f'\-ax=r,0Ta^'^9x=6. 

6.  Given  a? — az=iry  or  a? — 27a:=36. 

6.  Given  a?  —  ax=s  —  r,  or  a:® — 12a:= — 12. 

7.  Given  a:»  4- aar*  +  ^a:  =  r,  or  a:*  4- 5a:»+ 29a;  =1829. 

8.  Qiven  a^ -f- 00?  —  *a:=  r,  or  a?4-2a;'— 3a:=9. 

,9.  Givena?— aa:'4-^a:=r,ora?— 39,6a:»+585,6a:=2937,6.  , 

10.  Given  a?  —  aa/^—bx  —  ^r,  or  a:«—120a:»  — 300a:  =  8487. 

11.  Given  a:* — a3?^^x= — r,  or  a? — a;*— 2a;= — 1. 

12.  Givena:*— fla:»-f3a:  =  — r,  orar»  — 5a;*+2a:  =  — 12. 

13.  Given  a?^aa?—bx=—r,  or  a:»-f-23*— 23a:=s=— 70. 


^148  BCfLCTkCH  OF  (JTTB8TI0M. 

It  may  be  observed,  thai  all  equations  may  be  solved  as  qnaclra- 
tics,  by  completing  the  squares;  in  which  there  are  two  terms  » 
volving  the  anknown  quantity  or  any  fanction  of  it,  and  the  index 
of  one  is  double  that  of  the  other.     Thus, 

H  • 

of  '\' pa?  s=  q,  a?^  —  poT  =  gr,  a?^  -j-  af*  =  a,  aV  -{*/  ^a:  =x.  h 

a^-\-ax^  =  by  j?x^  — p3^  =  dy  o^ -^ px '\- q\ 

-)-  (a,-*  4"  l'^  4"  ?)  =  ^>  ^  '  (^  "h  ^^  -\-hz  *  {3^-\'  aa)  =  rf, 

ate  of  the  same  form  as  quadratics,  and  the  value  of  the  unknown 
quantity  may  be  determined  in  the  same  manner.  Many  equa- 
tions also,  in  which  more  than  one  unknown  quantity  are  involved, 
may  in  a  similar  manner  be  reduced  to  lower  dimensions  by  com- 
pleting the  square,  as  3?y^  -(-  pxy  =  q^  {pi^-{-'i^f-\'P'{p^'\^)=T' 
Instances  of  this  kind  occur  in  the  following. 

Thus,  if  there  be  taken  any  general  equation  of  the  abovemen- 
tioned  form,  ar^-)-aa:"==3,  we  shall  have,  by  first  finding  the  square 
'root  of  7?^  in  terms  of  the  rest,  according  to  the  common  rule, 
and  then  taking  the  mxh.  rule  of  the  result,  x 

ic""=— iflzh  V(K+^).  and  as^l— i«=t\/(K+^)r- 
And  if  the  equation,  which  is  proposed  to  be  resolved,  be  of  the 

following  form,  a^ — a£^=by  we  shall  have,  according  to  the  same 

principle,  ^=^a±^(\c?+t),  and  x=  ^Ja±V(i«'— *)}»• 

1.  Given  3^-^^tX=l^^y  to  find  the  value  of  x. 

Here  a:*  -|-  4a;  =  140,  by  the  question,  whence  a:  =  —  2  ± 

^(44-140),- by  the  rule,  or,  which  is  the  same,  a:= — 2±/^144, 
Therefore,  a:=—2-|- 12=10,  or  —2— 12=— 14 ;  from  which  so- 
lution it  appears  that  one  of  the  values  of  x  is  positive  and  the  other 
negative. 

2.  Given  ar*— 12a;-f30=3,  to  find  the  value  of  ^. 

Here  3^ — 12ax=3 — 30=  — ^27,  by  transposition,  whence  a:  =  6 
ifc  /^(36  —  27),  by  the  rule,  or,  which  is  the  same  thing,  a:  =  6 
±>\/9,  therefore,  a:=6-f-3=9,  or  db^ — 3=3,  where  it  appears 
that  X  has  two  positive  values. 

3.  Given  2a:*-f-8a:--20=70,  to  find  the  value  of  x. 

Here  2ar^4-8a:=70+20=90,  by  transposition,  ad  ar*-f4a:=45, 
by  dividing  each  side  by  2,  whence  x  =  — ^2ih>v/(4+45);  by  the 
Tule,  or,  which  is  the  same  thing,  x= — 2  ±  \/^^  therefoe  x  = 
— ^2-[-7=5,  or  ==  — 2 — 7==  — 9,  where  one  of  the  values  oix  is 
positive,  and  the  other  negative. 

4»    Given  Bar* — 3a;-|-6=5J,  to  find  the  value  of  a:. 
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Here  3a? — 2xsssSl — fti  i  §,  by  transposition,  and  a? — a*  f, 
by  dividing  each  side  by  3,  whence  a5=J±^(J — |),  by  the  rule» 
or,  by  subtracting  f  from  J,  asasidbV  A »  therefore  a!==4+4e=§, 
or  =J — i=\,  in  which  case  z  has  two  positive  values. 

5.  Given  |a?— Ja:+20J=42|,  to  find  the  value  of  a;. 

,  Here  ^ar*— Ja;  ===  42§— 20J  =22^  by  transposition,  and  a;»— far 
=  441,  by  dividing  by  J,  or  multiplying  by  2,  whence  we  have 
aJ  =  i=b  \/(i+44J),  by,case  2.  or,  by  adding  i  and44|  together, 
^\±^H^ ;  therefore  x  =  i+6f=7,  or  =  J  —  6f  =  —  6J, 
where  one  value  of  a;  is  positive,  and  the  other  negative. 

6.  Given  ar^3a5=c,  to  find  the  value  of  z. 

b        c 
Here  a?  -f-  '-z=  -  by  dividing  each  side  by  a.     Whence,  by  the 


a       a 

LS 


rule,  as= — g-iV  \  t^H —  c  >  or,  multiplying  c  and  a  by  4a, 

'' — k^^  ^=^'  ''^'^'  ''y  * = -  4  ±4^(*'-H«,). 

7.  Given  oc^ — ^ar-|-c==i,  to  find  the  value  of  a:. 
Here  aa:* — hx=szA — c,  by  transposition,  and 

a? — ar=r ,  by  dividing  each  side  by  a,  whence  « s=s -- ± 

a         ,a  za    . 

a/  I f- 7-5  I ,  by  the  rule,  or  multiplying  d — c  and  a  by  4a, 

8.  Given  z^^^-aa^sssb,  to  find  the  value  of  x. 

Here  af'\-€uA=hy  by  the  question,  or  a;^= — |fl±^/  }  T  "f"  ^  \ 

=— (J«dzi^/(a^-^-4^),  by  the  rule,  whence    ' 
a5=di\/{ — iadbi\/(4i+^) } »  ^7  extraction  of  roots. 

9.  Given  ^af  —  ^3?  ==  —  ^,  to  find  tHe  value  of  ar.         *  - 
Here  ^sf — ^3:*= — aV»  ^7  *^®  question,  and  of — ia^=  -~tV»  W 

multiplying  by  2,  whence  :^  =  4±V(-A — tV)  =  i»  ^Y  tte  rule, 
and  consequently,  a?=4^|=>^f=i/^2. 


I         4 
10.     Given  2a;^+3a:^=2,  to  find  the  value  of  z. 

;         I  SI 

Here  2ar  4"«^=2,  by  the  question,  and  a:'-f-f  ^=1»'  ^  ^^^' 


ding  each  side  by  2,  whence  ar*=s — jdb\/(A4"l)  =* — ^idbfes=| 
or  —2,  therefore  a?aB(i)«=J,  or,  (—2)'==:. 

13* 


IL  Gimi  3^—mi!'  4-  Ua?  --  482:  b  9009(a),  to  And  Che  value 
oi  X, 

This  eqimtion  may  be  expr^sed  as  follows :  {2*  —  6a:)*  -|^ 
8(a:^ — 6a;)s=stf,  whence  2* — %x=sa — 4it>v/(16-|-a),  by  the  conuiaon 
rule  ;  and,  by  a  second  operation,  a:=3dbv/{9 — 4±/^(16-}-rt)  \ ; 
therefore,  by  restoring  th^  value  of  a,  we  have 

a?=3±V(5d:/s/9025) 
Or,  by  extraction  of  roots,  as=13,  the  answer. 

12.  driven  ic*—-82:-f- 10=19,  to  find  the  value  of  z. 

By  transposition,  3? — 8yTr-9,  by  completing  the  square^  and  ex- 
tracting the  root  by  c^e  2d,  we  have  Qii=5  |  i, . ,  9,  Ans. 

13.  Given  3^ — x — 40=170,  to  find  the  value  of  x. 

By  transposition,  3^ — ^a;=210,  whence  x  =  izb>v/  (i-(-210)  = 
J±//^f»- ;  therefore,  a:=J±¥=15»  01^  —14. 

14.  Given  ^3?-^2x — 9=76,  to  find  the  valne  of  x. 

By  transposition,  23^-\-2x  =  85,  or  2:'-|-|a;=  ^ ;  where  x  = 
^1  .     ^  t  ,85,     —  1         ^256     ^      ^  _1      16         ^ 

-g^^VCg  +-3-)=-3-±:  Vn-q-  ;  therefore  2:=-3-  db-3  =  5, 

or  —  Jf. 

15.  Given  \3^ — j2-f-7|=8,  to  find  the  value  of  x. 

'    By  tiEnspositioB,  ^a?-^z  =  f ,  or  ar* — |a;  =  J^,  where  a;  =  J± 

Vf|-Hy^)=i±/N/*f  ;  therefore,  a:t=^±J=l J,  or  — f. 

\   16*     Given  ^ — ^/^.Yrrff22j^,  to  fijid  the  value  of  z. 

Multiply  by  2  ;  x—Wx=^\  ;  where  V2?=iit/v/(*+^)  * 

19 

=iifc\/(H^)  5  therefore  V^2^=(i±^)=7,  or-^j  coBsequenfri  , 

ly,  as=7«=49,  or  (-^-)'  = 


6    '        36  ^ 

17.    Given  a:-|-y^(5a:4-10):±=8,  to  find  the  value  of  x.  ^ 
By  transposing  >v/(5a:-j-10)=a=6;— a:,  by  squiuring  §x-^10=srBl 
16x4-^:',  where  a::^— 21a5=--54 ;  therefore  x  =  ^db/y/C^I^    ■^) 
==^zt V^F  J  that  is,  25=23idbV^=18,=*«',  or  3,  the  answer. 


18.     Given  (10+a;)^— (104-a:)^=2,  to  find  the  value  of  x. 
Here,  since  the  first  index  is  double  the  second,  the  equation  Is 
a  quadratic  ;  therefore,  by  the  rule,  <10+z)J=JdbV(i4-2)  =  4 

±V|=2,  whence(10-fa:)^=2;  (10+a:)^=4,  10-f:j=  16,  and 
a:  =  6. 

i 

"^  This  value  of  x  does  not  axiswer  the  c(mditioQ  of  the  ques- 
tion ;  because,  from  the  transposed  equation^  ^'must  be  less  than  & 


19.  Given  2a?*— a:'-j-96«=99,  to  find  the  value  of  z. 

By  transposition,  2a;' — a^s=3,  X)r  x* — ^=:t|.,  whence  a'^Ji 
VdVfD^ii  V?*  i  therefore  a;«=f ,  and  z=:Vf=iV^- 

20.  Given  a:'+20a:«— 10=69,  to  find  the  value  of  x. 

By  transposition,  2^  -j-  ^^^  =  ^^ »   whence  a:*  =  —  10  ± 
V(100+69)  =  — 10±:13=«8,  or  —23  ;  and  a»=^,  or  — >y23. 

21.  Given  Sa**— 2aj-+a=:ll,  to  find  the  value  of  x. 

By  transposition,  da^ — ^2a:"is=8,  or  »** — ^sf^ss^^  whence  a*  «»=  J 

±V(i+f)=^i±>v/¥;  therefore  a;»=j=2,  and  a:=2\ 
21.  »  Given  5/^X — S/yj^=^l\,  to  find  the  value  of  a;. 

Here  S  /^  x  —  6>^a;  t=  —  1 J  ;  then,  by  division,  a:^ — ^x*^=r~^ 

1  1 

wkere  «^*=|d:\/(|*-^)=f zfcV A»  whence  a:*=J±|a=J,  or  | 
consequently  a:=(|)^=z=3jf ,' or  ^. 

^    Given  ^A/(3+22^)s4-f  9^^  ^  fii^<i  the  value  of  x. 
Muhiply  by  f,  and  we  have  ar>^(3  -(-2a:')  =  J  -|-  a:*,  squaring, 
3i:*-[-2z*  =  -j^^-f-far^-l-ar*,  whence  a;*-|-J:j:'sss  -^ ;  therefore,  by  the 
—3      '9    .   9.      3        .18        „    — 3  .  3 


rule,  2^=—±^{^  +-)  =.±  V  _  or  a:^-^  ±j,  ^2,  or 

«*  *V(--3+3V2). 

6  1-i-a:* 

23.     Given  i:>\/( x)         \    ,  to  find  the  value  of  a:. 

x  s/x 

Multiply  by  t^x^  x^/i^ — :?)=•  l-f-a:*;  or,  by  squaring,  6a?-f-a^ 

=l-f-2^4"^ »  whence  2z* — ^=^ — 1,  or  a^ — 2afe= — J  ;  therefore, 

2^1±:a/(1— i)=l±iV2,  consequently  x=^{\±^^^). 


24.     Given  -a/(1 — a:')s=a?,  to  find  the  value  of  a:. 

X 

Multiplying  by  a:,  we  have  >^(1— .-2:')s=z',  or  l-*-ic^=sa^,  or^-f- 
i:sA\  whence  also  we  have,  a^'sa — ^±/\/(i+l)  =-o"=ti'^^' 


25.  Given  a:>v/( 1)=\/(^ — ^')»  to  find  the  value  of  z. 

Ju 

By  squaring  ax — o^i=sof — I^,  or  2o^ — ax  =  ^ ;  that  is,  a? — ^ax 

26.  Given  /^{l-\-x—x')—2(l^x  —  ;r»)  =  J,  to  find  the  value 
of  X. 

Here  (i-fa^— 2^)— j(i+a:— a*)*=*=^.>  therefore  (1-f-a:— :t»)* 
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consequently  l-f-a; — afe=(^)^=^,  or  (^)^=^y.  From  the  1st  we 
have  ^ — x==:%,  which  'gives  a;s=i±\/Ci+f  )=i=fci>v/41.  From 
the  2d,  we  have  a:* — as=|i,  which  gives  »==Ji>^(|-f-ff ):=:^± 

27.  Given  ^(x — )-^^(l =ssa;,  to  find  the  value  of  x. 

_  1 

Multiply  hy  ^{a>^ — ) — V(l ),  and  we  have  a:  —  1  =b  « 

•C  '  X 

^{x ) ;  divide  by  a:,  1 = V(a: ) — a/{1 ),   and  from 

X  XX  X 

the  1st,  a;t=^(aj )4-a/(1 )>    therefore    \    +  x = 

'  ^  X    ^  ^  X  *  X 

1                                             11 
2^{x ),  or  which  is  the  same,  (x ) — 2^ix )-4-l  =0 ;  or, 

X  XX 

by  extracting  s/(x — ) — 1=0,  or  x =al,  or  a?— ass=l ;  conse- 

X  X 

« 

28.  Given  x^ — ^2a:^*+af  6,  to  find  the  value  of  x. 

Then  this  expression  is  evidently  =  to  (a:**  —  tT)^  -j-  (a)**)  s=b  6, 
Put  ys=a^ — oif*;  then  y^ — y==6,  and  ^ — y-j*J  =  6-^4  =  ^,  by 
completing  the  square ;  a:  —  ^  =  ^  =  2J,  by  extractmg  the  root, ' 
Whence  y=Q ;  therefore  ^ — ^a:^=3 ;  and,  completing  the  square, 
:«*•— of 4"i  =  3}  =-^,  or  a:" — i=jA/l«^»^y  extracting  the  root; 
therefore  af5=j4-^^14,  and  a5=X/(^^>s/I3),  the  Ans. 

29.  Given  x — 22:*-J-a:=a,  to  find  the  valine  of  x. 

Here  this  equation  may  be  expressed  thus :  (a:*  —  a^)^^{2? — x) 
s=x ;  then  {x^ — a:)* — {x^ — )-|-J=fl-|-J,  by  completing  Uie  square  j 
se^-^x — J  =  ±\/(«4-i)>  by  extractmg  the  root,  and  a:* — ^a:s=  J± 
V(«+i)-  Again,  ar  —  a:+i  ^fzhA/Ca+i)?  by  completing  the 
square ;  x — J=\/(l=t\/(^+i)>  ^Y  extracting,  the  root ;  therefore 
as=4dbV(idzA/{«+l)»  the  An^. 

When  there  are  more  equations  and  unknown  quantities  than 
one,  a  single  equation,  involving  only  one  of  the  unknown  quan- 
tities, may  sometimes  be  obtained  by  the  rules  before  laid  down 
for  the  solution  of  simple  equations ;  and,  in  this  case,  one  of  the 
unknown  quantities  being  determined,  the  others  may  be  found  by 
substituting  its  value  ii)  the  remaining  equations. 

1.    Given    <      '^'    ^q  |  to  find  the  values  of  x  and  y. 

28 
Here,  from  the  second  equation,  we  havey^&ss — ;  and,  by  mtb* 

X 


784 

ttftuting  this  in  the  first,  aJ*+--5-  =  65,  or  a^  -*•  65a:'  =  —  784. 

Whence,  by  the  common  rule  before  given,  we  have  a;  sas  ± 
Vi*s^  ±  V(H^— ''^)} '  <>r,  by  reducing  the  parts  under  the 
kst  radical,  and  extracting  the  root,  as=:d::>^(i^±W=''>  ^^  "~^ 
and  consequently,  y=^^j  or  — ^fcssA,  oi  — ^7. 

Or  the  solution,  in  cases  of  this  kind,  may  often  be  more  readily 
obtained  by  some  of  the  artifices  frequently  made  us^  of  upon 
these  occasions,  which  can  only  be  learned  from  experience ;  thus, 
taking,  as  before,  (1.)  a^-^y^=^65y  (2.)  xif=s^y  we  shall  have,  as 
in  the  former  method,  by  multiplying  by  2,  2a:^  s==  56,  and  by  ad- 
ding this  equation  to  the  first,  and  subtracting  it  from  the  same, 
a?-|-2a:y-f^=121,  and  ar^— 2a:y-f-y'=9.  Whence,  by  extracting 
the  square  roots  of  each  of  these  last  equations,  there  will  arise 
2:+y=d=ll>  ^^^  ^ — ydb  =  3,  and  consequently,  by  adding  and 
subtracting  these,  we  shall  have  2x  =  ±14,  or  as=s7,  or  — ^7,  and 
yes 4,  or  — 4.  It  will  also  sometimes  facilitate  the  operation,  by 
substituting  for  one  of  the  unknown  quantities  the  product  of  the 
other,  and  a  third  unknown  quantity ;  which  method  may  be  ap- 
plied with  advantage  whenever  the  sum  of  the  dimensions  of  the 
mtknown  quantities  is  the  same  in  every  term  of  the  equation. 


2.     Given    j     tS^    />/v  j  to  find  the  values  of  z  and  y. 

Here,  agreeably  to  the  above  observation,  let  z — gy,  then  »y-|- 
m^xjSO,  and  ry*-f-2^=^»  whence,  from  the  first  of  these  equa- 

tions,  t^=s  .  ,     ,  and  from  the  second,  jA —    ,  ^.     Therefore,  by 

equating  the  right  hand  member  of  these  two  expressions,  we 

shaU  have  -^=1^,  or  60tj»  +  60t^  =  56«>  -|-  112.     And,  by 

1  28 

transposing  56r,  and  dividing  the  result  by  60,  t?*  +  tf^==  t? 

15         15 

Hence,  by  the  common  rule  for  quadratics,  we  have  t?  =  —  Adc 

V(iw4"ff  )= — 3V4~H=I-     ^^^^  consequently,  by  the  former 

60  60 

part  of  the  process,  f  =  ^T:2^n+2  ~  ^^'  ^^y=  a/(18)== 

3^2,  and  x  =  vy  =  iX  W?  =  W^-  The  work  may  also  be 
sometimes  shortened,  by  substituting  for  the  unknown  quantities 
the  sum  and  difference  of  two.  other  quantities ;  which  method 
uiay  be  used  when  the  unknown  quantities,  in  each  equation,  are 
similarly  involved. 

j).  .  Given     ^  y  "^x  ^  (  ^  ^^  *^®  values  of  z  and  y. 

a:  +  y=12)  2q 


I 
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Here,  according  to  the  abore  obseryation,  let  there  be  assumed 
x==z-:\-Vj  and  y=z — v.  Then,  by  adding  these  two  equations  to- 
gether, we  shall  have  a:-|-^s==2»=12,  or  z=6 ;  also,  since  a:  :=  6 
-|-r,  y=6— ©,  and  by  the  first  equation  a^-\-'^=18xy,  we  shall  ob- 
tain, by  substitution,  (64-(jf+(6— »)^»==18(6+«){6— »),  or,  by  in- 
volving the  two  parts  of  ,the  first  member,  and  multiplying  those 
of  the  second,  432-}-36i7^  =  648 — ISi?*,  whence,  by/  transposition, 
64tfc=216 ;  and,  by  division,  tj^^ss^^j^sai,  or  t?=s=±2 ;  and  there- 
fore, by  the  first  assumption,  and  the  first  part  of  the  process,  ^e 
have  a:=z-}-t7==6±2==8,  or  4,  and  y=z — ir=6T2==4,  or  8. 

4.  A  and  B  gained  $18  by  trade.  A's  money  was  in  trade 
12  months,  and  he  received  for  his  principal  and  gain  $26.  Also 
B's  money,  which  was  $30,  was  in  trade  sixteen  months.  What 
money  did  A  put  into  trade  ? 

Let  X  =  the  number  of  dollars  he  put  in  ;  .•.26  —  a:  =  the 
number  he  gained,  and  12a;  +  16  X  30  :  12a;  ::  18  .  26  —  a:,  or, 
18as==1040— 14a:— a?,  or  a:«4-32a:=;=  1040 ;  and,'  by  case  1\  a?=SO, 
or  — 52 ;  consequently  A  put  in  $20,  Ans. 

5.  A  sold  a  quantity  of  brandy,  for  $39,  and  gained  as  much  per 
cent,  as  the  brandy  cost  him.     What  was  the  price  of  the  brandy? 

Let  ic  ==  the  price  of  the  brandy ;  then  100  :  a:  : :  a; :  =  Ae 

gain,  ^gg-,  and  .-.  —=39-^,  or  a?==390a-100ar,  or  a^+lOftr 

88=3900 ;  and,  by  case  1,  as=30,  or  — 130 ;  consequently,  the  price 
was  $30,  Ans. 

6.  A  sold  a  piece  of  cloth  for  $24,  and  gained  as  much  per  cent, 
as  it  cost  him.     What  was  the  price  of  the  cloth  ? 

'  Let  X  :=  cost  price  of  the  cloth  in  dollars ;  then  24  —  a;  =  the 
whole  gain.  Hence  100-f  a; :  x:  :24  :  24--a: ;  (1004-a?)-(24-ar) 
=  24a; ;  .-.  2400— 100a;— ar*=0 ;  .-.  a:»+100a;  ==  2400,  by  case  1, 
we  have  a5=$20,  the  price  of  the  cloth. 

7.  A  horse  dealer  bought  a  horse  for  a  certain  number  of  dollars, 
and  sold  it  again  for  $119,  by  which  means  his  profit  was  as  mach 

Eer  cent,  as  the  horse  cost  him.     Required  the  cost  price  of  the 
orse  ?  Ans.  $70. 

100        :x  ::  X  :  119— a:,  or  a*+100afc=11900. 

8.  A  person  bought  a  horse  which  he  afterwardsi  sold  for  $24, 
and  by  so  doing  lost  as  much  per  cent,  as  the  horse  cost  him. 
What  sum  did  he  cost  ?  Ans.  $60. 

Let  X  denote  the  number  of  dollars  the  horse  cost ;  then,  as  the 
owner  lost  x  per  cent.,  the  loss  upon  x  dollars  will  be  found  thus: 

100  :  z  i:  zl  -rjjjr ;  since  .•.  he  lost -tj^jt*  and  the  horse  costWm 
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of 

t  dollars,  it  is  obvious  he  must  have  sold  it  for  x — -=^ ;  therefore 

a* 

s=24,  or  Q? — 100a:  Bss — 2400 ;  by  case  4  we  have  a?  — 


100 

100a:+25OO=25OO— 2400,  or  a:— 50=V100=±10,  and  .;.  a:  = 
50±10=6O,  or  40.  Hence  it  appears  that  the  price  of  the  horse 
might  be  either  60  or  40  dollars,  for  both  these  values  of  x  equally 
satisfy  the  conditions  of  the  question. 

9.  A  sets  out  from  C  towards  D,  and  travels  8  miles  a  day.  Af- 
jie  had  gone  27  miles,  B  set  out  from  D  towards  C,  and  goes 
every  day  ^^yth  of  the  whole  journey ;  and,  after  he  had  travelled 
as  many  days  as  he  goes  miles  in  one  day,  he  met  A.  Required 
the  distance  of  the  places  G  and  D. 

Let  X  be  the  distance  in  miles ;  t}ien  B  travelled  ^  miles  a  day, 

qS^  8  2ar 

and  — -.  miles  in  all.     Also,  A  travelled  27  "f-— a?,  or  27  -f-  -^ 

ic*  2ic 

miles  in  all.     By  the  question,  -^TJa +27-}--=-==a;,  or  a:'-j-10800 

+160a;=400a:;  by  transposition,  a;^—240x  =  — 10800;  byTJase 
4,a:«—240a:+(120)^=  14400— 10800=3600;  root  is  a;— 120  = 
V3600s=±60 ;  therefore  a5=  120±60  =  180  oi  60,  both  which 
values  answer  the  conditions  of  the  question.  The  distance  .*.  of 
C  from  D  is  180  or  60  miles.         , 

10.  An  oblong  pond  was  surrounded  by  a  terrace  walk  4  yards 

broad ;  the  pond  measured  15200  square  yards,  and  the  walk  2104 

square  ysirds.     Required  the  length  and  breadth  of  the  pond. 

15200 
Let  X  ==  the  length  of  the  pond  ;   then =  the  breadth. 

/.  (a:.^)x(  I  8)  =  (15200+2104)=  17304  ;  that  is, 

8a;-|  ^^^^^9  I  15264=17304,  or  Sa:'— 2040a=4-121600.  Divide 

by  8,  a:»—255a5=— 15200  ;  by  case  4,  a;  =127 -5^32  •5=160,  or 
95,  both  of  which* values  answer  the  conditions  of  the  question. 
The  length  of  the  pond,  therefore,  is  160  or  95  yards,  and  the 
breadth  ijfgi4=95,  or  ^,^^=160  yards. 

11.  A  and  B  gained  $140  by  trade.  A's  money  was  three 
months  in  trade,  and  his  gain  was  $60  less  than  his  stock ;  and 
B's  money,  which  was  $50  more  than  A's,  was  in  trade  5  months. 
What  was  A's  stock  ? 

Put  140es^,  60b=a,  50  =;&,  aitd  a?=A's  stock ;  then  will 


t» 


^JktfBULmO  ws^Aviem^ 


be  A's  gain  ;  also,  x-^b  will  be  B's  stock,  and  g  —  {x  —  a)  s^ 
{g'\-a)  —  %  B's  gain  ;  but  the  gains  must  be  proportional  to  the 
stocks  multiplied  by  the  respective  times  ;  therefore  3a; :  5{  x-^,b) 
: :  X — a  :  g-{-a — x,  or  Sx(g-]-a — xy-szs  {5x-\-4^)  {x — a)  j  .•.  8i* — 
Sax — dgX'-\T5bx  :=  dab,  by  multiplying  and  transposing ;  or  SxF-^ 
650a:=15000,  in  numbers  by  case  2d,  x'—^^x4'{^^f=lS4^5-^. 
(A|^)^:s=;'^S||8&  ;  by  Completing  the  square,  its  root  is  x —  ^f-^  = 

V(^M  ^)  =^F»  and  x=^^^^=^^=loo,  ^ 

12.  A  tailor  bought  a  piece  of  cloth  for  $147,  from  which  he 

cut  off  12  yards  for  his  own  use,  and  sold  the  remainder  for  $^^ 

aud  gained  4$ J  per  yard.     How  many  yards  were  there,  and  what 

did  it  cost  him  per  yard  ? 

147       J       481  147  481  1    ^ 

Let  a:,  — ,  and rrr.,  .*. =  .- r-r- — -  denote   the 

X  4:(x — 12)  X        4{x — 12)      4 

number  of  yards,  the  buying  price  per  yard,  the  selling  price,  and 

the  equation,  respectively,  and  3^-\-95x'j-{y^f  i=  7066-{-^si^  = 

a;[  jiA,  and  a:-4-^a^J^f4,  or  asBa4&,  Ana. 

13.  A  farmer  received  $288  for  a  certain  quantity  of  wheat, 

and  an  equal  sum  at  a  price  less  by  $3  per  bushel  for. a  quantity 

of  barley,  which  exceeded  the  quantity  of  wheat  by  16  bushels. 

How  many  bushels  were  there  ?    Ans.  32  bushels  of  wheat,  an<| 

48  of  barley. 

288  968 

Let  Xi  a?+16,  - — ,  and  — r----  denote  the  number  and  price  of 

x  rc-j-lb  ^ 

a  bushel  of  wheat   and  barley,  respectively,  by  the    question, 
^-^6+3>  or,?=^6+l,96(.+16)=.96x+^+l^ 

General  solution  by  which  all  such  questions  may  be  solved ; 
let  a»=5»  the  number  of  bushels  of  wheat ;  .-.  a;-|-a=s  the  aumber 

of  barley.      Also  —  =  the  price  of  a  bushel  of  wheat,  and  — ; — 

X  h         b  ^"T-^ 

=  the  price  oT  a  bushel  of  barley ;  .*.  -= — - — \-c ;    .\  bx~\-ah 

X     x-f-a  g^ 

assbX'-\-c2?-\-acx,  or  fX^-\-acx=ah.     By  case  first,  3^^ax=  — -,  or 


a;===V(--^-X— )— H-     If  0=16,  fc=288,  and  c=3,  we  have  ; 


and 


yg=40    8-^32 ;  there  wer9  31  bushels  of  wheat,  a»d  48  of  bup- 

ley* 

14.  A  and  B  were  dispatched  at  the  same  time  to  a  place  90 
Wi^  dis(tant»  the  former  of  whom  riding  oi(e  mvl^  «A  litur  more 
than  the  other,  arrived  at  the  end  of  his  journey  an  hour  before 


kim;  at  what  rate  did  each  travel  per  haur?    Aqs.  A  went  10, 

and  B  9  miles  per  hour. 

Let  x=:  the  number  of  miles  A  went  per  hour ;  .*.  x — 1=  th^ 

90        90 
number  B  went,  and  —  = j-  — 1,  or*  90(aj — 1)  =s  9(b*-ci^-f-^> 

or  35*— <e=90 ;  by  case  2d,  a:=^10,  the  miles. 

15.  A  man  travelled  106  miles,  and  then  found  that  if  he  had 

not  travelled  so  fast  by  2  miles  an  hour,  he  should  have  been  6 

Lours  longer  in  performing'  the  same  journey.     How  many  miles 

did  he  go  per  hour  ?  Ans.  7  miles. 

T  1.  ,_  105        105       ^        .      ^      ^^    . 

Let2t=:  the  number :  .'. ?= ^  — 6,  orar — 2a^r— 35;  by 

X         X — 2  '- 

case  2d,  2s=±>^/(35-fl)+l=7,  and  -4^=11*— 6=15  hours. 

16.  A  and  B  distributed  1200  dollars  each  among  a  certain 
number  of  persons ;  A  relieves  40  persons  more  than  B,  and  B 
gives  5  dollars  a  piece  to  each  person  more  than  A.  How  many 
persons  were  relieved  by  A  and  B  respectively  ? 

Let  x=  the  number  of  persons  B  relieves,  then  a:-)-40  will  m* 

.1.         ^       A      ,.            T,      1200     ,  ^      1200      ^    ,  , ,  ^^  V 
tile  number  A  relieves.     But     .  ^    \  5     X  by  (ar-f-^Os), 

or  120ar4-52:'-f-200a:tr=12002-f48000 ;  transpose  and  divide  I^ 
5, 1  have  a:*-f  40as=9600 ;  by  case  1,  a»F:±100— 20=80,  or  120. 

17.  A  person  bought  a  certain  number  of  sheep  for  1140  dollars. 
Having  lost  8  of  them,  and  sold  the  remainder  at  8  dollars  a  head 
profit,  he  is  no  loser  by  the  bargain.  How  many  sheep  did  he 
buy?  Ans.  38. 

Let  X  denote  the  number  of  sheep ;  then  each  sheep  will  cofll 

!^.     But  11^  =1—2  +  8X{^-Bx),  or  a:»— 8ar=  1140;  by 


case  2,  :Et?=4-f>v/ 1156=34+4=38,  Ans. 

18.  A  and  B  set  off  at  the  same  time  to  a  place  at  the  distance 
of  300  miles.  A  travels  at  the  rate  of  one  mile  an  hour  faster 
than  B,  and  arrives  at  his  journey's, end  10  hours  before  him ;  at 
what  rate  did  each  person  travel  per  hour  ? 

Let  a>=  the*  rate  per  hour  B  travels ;  then  a:-|-ls=  the  rate  A 

travels.     But  ^  =  ^^  — lOX  (^+x),  or  300a;s=300a:  —  10a* 

X '  i   X  X 

— lOa^-300,  or  3^'^xs=sz20,  and  by  case  1,  a;=-y — |s:4/^stE5» 
rate  B  travels  per  hour,  and  54-l=€c=s  A's  rate  per  nour. 

19.  A  person  bought  some  sheep  for  72  dollars,  and  found  that 
if  he  had  bought  6  more  for  the  ssune  money,  he  would  have  paid 
1  dollar  less  for  each ;  how  many  did  he  buy,  and  what  was  the 
piiee  of  «ack  ?  Ans.  18  sheep,  and  the  price  4  ddkia* 


Let  X,  — ,— T-^i  and  .*.  — r—  +1= — >  denote  the  number  of 
X  x-fS  ar-f-o   *  x 

llieep  bought,  the  price  of  one  in  dollar^,  the  price  of  one,  if  he 

had  boug)^  6  more,  and  fbe  equation  respectively ;  th^  o^^-Bs 

=s4^,  and  by  case  1,  x—ztz^l — 8ssl8. 

.  20. .  A  and  B  set  off  at  the  same  time  to  a  place  at  the  distance 
of  150  miles.  A  travels  3  miles  an  hour  faster  than  B,  and  ar- 
rives at  his  joumey^s  end  8  hours  and  20  minutes  before  him ;  at 
what  ilBLte  did  each  person  travel  per  hour? 

Let  x=  the  rate  per  hour  at  which  B  travels,  then  X  \  3      the 

150 

late  per  hour  at  which  A  travels,  and =:  the  number  of  hours 

150  * 

fot  which  ft  travels,  and  —7-^  =  the  number  of  hours  for  whi<^ 

x-fu3  ; 

A.  tisaveldw    But  A  is  8  hour»  20  minutes  (8J  hours)  sooner  at  hit 

Journey's  end  than  B.    Hence  — p^  4-8*  =  -^,  or        ^   1  -g* 

150  ^"P*  *         *T^       * 

«B — ,  and  .*.  the  equadoii  is  a^^^fs=i&L    By  case  IbI,  as^^f 

^  15----3 

«tt  -^,  and  ^Efete  — ~ —  is=6  miles  per  hour  for  B,  and  g^j'tli  fiOj 

Mr  A  per  htour. 

"JEl.    A  peiBon  bot^fht  a  certain  number  of  c^eep  for  2t0D  dof<^ 

)ars.    If  ^ere  had  been  8  more,  each  sheep  would  have  cost  him 

|0  dollars  less.    How  many  sheep  were  there  ?  Ana.  Afk 

2400      2400 
fiy  the  question,  we  have =— -^ -[-10,  and  .'.  2*-[-8xsi 

i920.<    By  case  1^,  xssA/i^ — 4c:a40,  Ans. 
-22.    Given  16a;»— 225a5=225,  to  find  x. 

Rule  II.  Multiplying  by  (4X 16)  =  64 ;  10242*—  1440Q2ra=: 
14400  ;  completing  the  square, 

}0242'— 144002r4-(-^225)'^14400-f-50625»:65025. 

E^tiactiiag  ihe  roots,  32^; — ^b=s^A/%^&^t&faaSt&5,  By  trasuii^* 
•»tio«,  322;tss255-f  225=480.    Dividing  by  32,  a^cni^/axrl^  Ana* 

^uMwns  prodmd^g  Quadratic  Eqtai^iMii, 

The  methods  of  expressing  the  conditions  of  questicms  of  this 
kind,  and  the  consequent  reduction  of  them,  till  they  are  brought 
15 -a  quadratic  equation,  involving  only  one  unknown  quantity  and 
its  squaiet,  are  the  same  as  those  already  giv^&  for  simple  tqvut' 
tions. 

.  Iv  To  dnd  two  numbersrsuch  thad  th^ir  difieneitee  «baU  be  9^ 
and  their  piquet  240. . 
Let  jcaes  the  least  numbeiv  then  will  x-ffii^  ^*  >0Deatttr, 


^PftWAtlQ.  MfiJOMI^  Ml 


f(c+8)n±a^4^8ars:&IO,  by  thequestioB;  wlMiice  2^=3^44* 
^(1^4^MQ)Trr  1 1  j^266  fay  the  oomraoa  rule,  before  given; 
tbsiefoTe  «9;b  16-**4aRl3.  the  less  Bjunber,  and  jb  |  Siulg^fSae 
80,  the  greater. 

2,  It  is  required  to  divide  the  niimba;  60  into  tvo  such  parts 
that  their  product  shall  be  864. 

Let  2;:=  the  greater  part,  then  will  60— ^a?=  the  less,  and 
«(60— a:)  =  60a;  —  a:*=874,  by  the  question,  or,  by  chajmng  the 
signs  on  both  sides  of  the  equation,  2*  — 60x==s— <864;  2=39; 
30±V(9OO— 864>;=30±V36=30±6,  by  the  rule,  and  conse- 
quently, ai=30-f  6c=36,  or  30— 6;=;24,  the  two  parts  sought- 

3.  It  is  required  to  find  two  numbers  such,  that  their  suma  shaU 
be  10(a),  and  the  sum  of  their  squares  58{L) 

Let  x=ss  the  greater  of  the  two  •  numbers,  then  will  a  x  thf 
less,  and  3^-\'{a — i^:)^=2aa;-|-<i2^=^»  by  the  question,  or  2a:*— 720^ 

ssb — ^,  by  transpositioii,  and  j?— «r=» -— ^— ,  by 


whence  a5=|db\/{|  +  ''2^)=2  ^2^^^~^  ^  *^  "*^®' 
and  if  10  be  put  for  a,  and  SB  for  b,  we  shaU  have  :e  =  -y-  -|- 
k/(n6--100)5»;7,  the  greater  number.  And  10— ajs^-j^-^ 
Ii/(116-^I00)=3,  the  less. 

.  i*  IfaiTing  sold  a  piece  of  cloth  for  834, 1  gained  08  much  pel) 
cent,  as  it  cost  me;  whkt  was  the  price  of  the  cloth  I 

Let  ass*  pounds  the  cloth  cost,  then  wUl  24— «=  the  whole 
fain ;  but  100  :z::  24— ar,  by  the  questioui  or  a:*s=»100(24— a?! 
= 2400  —  100a:,  that  is,  3*  +  100a: = 2400 ;  whence  x^  —  50-^ 
^^58004.2400)55=:  --50+70=:;20  by  the  rule»  and  consequentfy, 
120=  price  of  the  cloth. 

6.  A  person  bought  a  number  of  oxen  for  880,  and^if  he  had 
heoght  four  more  for  the  same  moneyj  he  would  have  paid  81  less 
for  each ;  how  much  did  he  buy  ?  qq 

Let  X  represent  the  number  of  oxen,  then  will  ~  ba  the  pcic^ 

80  80 

rf  each,  and  _  ,  ^  =:=  price  of  each,  if  af-f-4  cost  880.     But  —  «iw 

80  "^^  QOx 

-j  .  1 1,  by  the  question,  or  80s=  — -^  -{-  x,  by  multiplioation. 

And  8a;-]-320==80a:-f-a:'-|-4a:,  by  the  same,  or,  by  leaving  out  SQbc 
on  each  side,  a:*-f-4as=a320,  whence  x=z  —  V{H^^)«=*  -r^-f  18, 
hy  the  rule,  and  consequently,  x=l6,  the  number  of  oxen. 

In  this  and  in  many  other  eases,  especially  in  the  solution  of 
philosophical  questions,  we  deduce,  from  the  algebraical  process, 
Answers  which  do  not  correspond  with  the  eenditiona.  The  rea- 
«m  seems  to  be,  ^t  the  algebraical  expr^ipn  It  kn^m  gwnad 


tkan  the  common  language,  and  the-  equation  which  is  a  irtropor 
representation  of  the  condition,  will  also  express  other  condidons, 
and  answer  other  suppositions.  In  the  foregoing  instance,  x  may 
either  represent  a  positive  or  a  negative  quantity,'- and  cannot  in 
the  operation  represent  a  positive  quantity  alone,  (Art.  70,)  and  the 

equation       "^  = 1,  where  x  is  negative,  or  represents  the 

denomination  of  stock,  will  be  a  proper  expression  for  the  solution 
of  the  following  problem  :  A  person  seUs  a  certain  number  of 
oxen  for  80  dollars,  and,  had  he  sold  4  fewer  for  the  same  sum,  he 
would  have  received  1  dollar  apiece  more  for  them ;  required  the 
number  sold.  Ans.  20. 

6.  It  is  required  to  find  two  numbers,  such  that  their  sum,  pro- 
duct, and  difference  of  their  squares,  shall  be  all  equal  to  each 
other. 

Let  Jtes  the  greater  number,  and  y=ss.  the  less. 


^^"^  1  ^ifiS'- ^\^1'^  ^l^estion. 


;  Hence  lass   ^"  =sx— y,  or  xsa^-^X^  by  2d  equation.     And 

(y-fl)-fy==j(y-fl),  by  1st  equation,  that  is,  2y-f  l=r^-fy ;  ^4. 
«ss=l.  Whence,  y=rJ+>s/(i+l)=i+W5»  by  rule  1-  There^ 
fore,  ys=^\-^i^b=\J^\^,»  and  a:^^^^'^— f+iV^'^-^^^*** 
where  ...  denotes  that  the  decimal  does  not  end. 

7.  It  is  required  to  find  four  numbers  in  arithmetical  progres- 
sion, such  that  the  product  of  the  two  extremes  shall  be  45,  and 
the  product  of  the  means  77.  ^ 

Let  x=ssx  the  least  extreme,  and  ^^=s  common  difierence ;  then  x, 
9'\-y%  x-fSy,  and  «-[-%>  will  be  the  four  numbers ; 

and  2^^=77 — 45:^=32,  by  subtraction,  or  ^=aA^=16  by  division, 
and  yi=^16=:4 ;  therefore,  d^-\-'^^xys==o^'\'\Sl3i==s^y  by  the  1st 
equation,  and  consequently,  x=^  — 6-j-^(36-j-45)=  —-6  j  0.  ,  8» 
by  case  1.    Whence  the  numbers  are  3,  7,  11,  and  15. 

.8.  It  is  required  to  find  three  numbers  in  geometrical  progres- 
sion, such  that  their  sum  shall  be  14,  and  the  sum  of  their  squares 
84. 

Let  2;,  ^,  and  Xy  be  the  three  numbers,  then  xz=^,  by  the  na- 
ture of  proportion, 

And  j  ^ijljilj:^^  j  by  the  question ; 

Hence,  X'^^ss\^r'-J^f^  by  the  second  equation,  and  a:*4-2z;B4-i^ 
ndtlk-WHV)  by  aqoaring  both  sides,  or  2'4-2:'-fJt^l96~ 


^"ly  bf  putting  ^  %  its  equal  2xz,  that  is,  x^-^^-^^fsszl^i 

— ^ by  sobtxaction,  or  196-— 26^bK=84  by  equality;  henoevta^ 

19^—84 

— ^ — -  3F=4|  by  trangpofiition  atid  division.     Again,  gafj-j^^satlO-^ 

er  arsaa — ,  by  the  1st  equation,  and  a?-f-y^**°='^"{'^4'^'*=^^^<'^ 


the  2d  equatioUt  or  16-^Az-\-s^=:l4a,  or  s^ — XOz= — 16 ;  whence, 
ft=5±^(25— 16)=5db3«=8,  or  2  by  the  rule ;  therefore,  the  3 
nombers  are  2,  4,  and  8, 

9.  It  is  required  to, find  two  numbers,  such  that  their  «u]n  shaU- 

be  13  (9)4  and  the  sum  of  their  fourth  powers  4731  (b). 

Let  xa^  the  diffevenee  of  the  twQ  numbers  sought;  then  wilt 

1    ,  1  «+*        1.  v  J  1     I    1         a  +  » 

oM"  o"^'  Of  "9"  ==  *be  greater  number,  and  Q^a+  -q^i  or  — —— 

«;the  leiis;but  ^^-^-^ — f-     .^-   sgs&,bythe  questions, or  (a-f-;?)* 

-j-(ffl— a;*)=163,  by  multiplication,  or  2a*— 12a»ar'+2aA^lW,  by 
involution  and  addition,  and  aJ*-|-^fl^==  8J  —  fl^,  by  transposition 
and  division-,  whence  x«=  — 3a' -f>v/(^«*  +  8*  — <!^™V-|^ 


V{8{a*+^)|,by  the  rule,  and  25=y(— 3a*+2V12[tf*4  d)If,  bjr 

extracting  the  root ;  where,  by  substituting  1^  for  a,  mi  4^1  fet  J, 

13+«       1^ 
we  flhajil  have  afe5:3 ;  therefore  —^ —  =ss  r^;?;=8,  the  greater  ni^n- 

ber,  and  — ^ — ^^"o"  "^^^  *^®  ^^^  number.    The  ^nm  of  wl^ek; 

is  13,  and  8*4-5W472L 

10.  Given  the  sum  of  two  numbers  equal  1,  aud  their  pr(4u^ 
«9f»,  to  find  the  mm  of  their  squares,  cubes»  biquadrate^,  ^c* 

liet  X  and«^  denote  the  two  numbers ;  then  {h)x^^^-y=sfs^  (^')  ^ 
^=p.  From  the  square  of  the  first  of  these  equations  take  twl<^ 
the  second,  and  we  shall  liave  (3,)  ;i?-f-y'=s=«*-^%>=  sum  of  Jne 
^ttares.  Multiply  this  by  the  1st  equation,  and  the  producjt  wjfl^ 
be  i"-f  ^+^^4'r'»^-"2»p.  Frcwa  which  pujbtiact  thcL-.pir9Wrt 
of  the  first  and  second  equations,  and  there  will  remain  {4)  ^rf- 
I(W^*--34;;>8S9  (sum  of  the  cubes.    Multiply  this  likewise ,  oy  ^he 

to,  and  the  jwroduct  will  be  a?*  -f  ajy*  +  ^V'fy^'^^^^^JP  ^  fr^^ 
Which  subtract  the  product  of  the  second  and  third  equatioi)^  an^ 
tbc»c  wiU  Teauin  (5.)  fl:*-f«Wf*^4/H*2l^'==^  »wm  of  the  biquad- 
tates.  And,  again,  multiplying  this  W  the  1st  equation  and  sub- 
tncting  from  the  result  the  pri^uet  of'^  the  second  and  fblU^d|y~)ir« 
shall  lmveJ6;)  3f-\-f7=rs^—6s^p-^5^^:^  the  sum  of  ^he  fi^  powe 
tt9t  and  30  on;  me  expression  for  the  sum  of  aiiy  {liOwers  ill 


gmeml  being  a:*-f.y»a=s^  —  wu^-^-j ^5 — ^ «"*y — 


2-3  ^    '  2-3-4 

Wiieme  it  is  evident  that  the  series  will  terminate  when  the  index 
of  *  becomes  =  0. 

11.  It  is  required  to  divide  the  number  40*  into  two  such  parts, 
that  the  sum  of  their  squares  shall  be  818. 

Let  X  and  y  represent  the  two  parts ;  then  we  have  a:-{-y==40, 
and  a;*+^^=618.  From  the  1st,  x^^JO-^,  or  a*=160(X--80y-f 
ly*.  By  substitution,  1600— 80y+2y*==fil8.  or  2y»-:-80y=:  —782, 
or  y«— 40yft=:— 391;  whence,  y=^dbV(400--391)=r:20±3b= 
1^,  or  17,  but  a:=40 — y=:l7,  or  S3 ;  therefore  17  and  23  are  the 
paits  sought. 

12.  To  find  a  number  such,  that  if  you  subtract  it  from  10,  and 
dieii  multiply  the  remainder  by  the  number  itself,  their  product 
shall  be  21. 

,  Let  2  represent  the  number  sought;  then  by  the  question 
(J0^«)as«21,  or  a?— »10jp=5~21.  Whence  a»=5±(2^-31)= 
i;li:2=7  or  3. 

13;  It  is  required  to  divide  die  number  24  into  two  such  parts, 
that  their  product  shall  be  equal  to  35  times  their  difference. 
Let  X  and  y  be  the  two  parts ;  then  by  the  question  we  have 

M^'^^^em  \      ^®'®  as=:24 — y,  which  substituted  in  the  2d eq. 

gives  35(24— 2^=y (24— y),  or  840— 70^^=24^— y*,  or^— 94y= 
—840;  whence  y  =  47±V(47»— 840)= 47±37=  10;  conse- 
quently XssQ^ — yts:24 — 10b=14. 

14.  It  is  required  to  divide  a  line  of  20  inches  in  length,  into  two 
such  parts  tnat  the  rectangle  of  the  whple  and  one*  of  the  parts 
shall  be  equal  to  the  square  of  the  other. 

Let  one  part  :=x  ;  then  the  other  will  be  20 — x.  And  by  the 
question  20(20— a:)ss=2*,  or  a^4-20a!s=400 ;  therefore  x=  — 10± 
V(I<K)4-400)=  •^lO-flOA/5,  and  the  other  part  =20—0:^=30 

—10^5. 

15.  It  is  required  to  divide  the  number  60  into  two  such  parts 

lliat  their  product  shall  be  in  the  sum  of  their  squares  in  the  rado 
6f  2  to  5. 
'  Let  X  and  y  represent  the  two  parts,  then  x-^yssSO^  and  zy  :. 

^+3^  : :  2  :  5,  or  «-|-ysa^O,  and  ^~-  =  a?  +  y"*     Squaring  the 

ist,  2*4-ary-j-y^=3600.     Subtract  2d,  re*— 2Ja;y4V^=0,  we  have 

*                                                    800 
'(y^yiBaSeOO,  or  ay-yy^-nrSOO.    From  this  we  have  x  b ; 


which  substitutec^  in  the  1st  gives f-ys=60,  or  y* — 60y  a=—  ♦ 

800.  Whence  y==30±>v/(90Q--800>=30±lGb«r40i  or  20 ;  con- 
sequently  ai=60— 40=20,  or  60— ^Oh=40. 

In  all  quadratics  of  this  kind,  in  which  z  may;  be  changed  for 
y,  andy  for  x,  in  the  original  equations,  without,  altering  their 
form,  the  two  values  of  one  of  the  quantity,  may  be  taken  for  the 
value  of  the  two  quantities  sought. 

16.  It  is  required  to  divide  the  number  146  into  two  such  parts, 
that  the  difference  of  their  square  roots  shall  be  6. 

Here,  in  order  to  avoid  radicals,  let  us  assume  sf  and  ^  for  the 
two  parts  ;  then  by  the  question  a^-j"y*==l^»  *^^  ^ — y=^7  which 
may  now  be  solved  the  same  as  Ex.  1.  Another  method  is  as  fol- 
lows :  By  squaring  the  second,  3^ — 2xy-\'i/^s==36 ;  subtract  it 
from  twice  the  first,  2a?-|-2j:'s=292,  and  we  have  a?+2aw-[-y^ 
256.  Hence  by  extracting,  a:-f-y=16  ]  but  x — ■y=6.  Wnence 
by  addition  2x==22,  or  axssll,  and  2^=121,  and  by  subtraction, 
1^10,  or  y=5,  and  y*==25. 

17.  What  two  numbers  are  those  whose  sum  is  20  and  theirpro- 
duct  36  ?  ,. 

Let  X  and  y  represent  the  two  numbers,  then  by  the  question, 

andt^^e  I  S<l^a™&  *^  ^*'  a;»+2a;y-+yb=400 ;  subtract  4 

times  the  2d,  4flfy=144,  and  we  have  a? — 2xy''\']^ss=256 ;  whence 
ifc— ^fc=16 ;  and  since  also  x-{-^i=20 ;  by  addition  we  have  also 
2£s=:36,  or  2^=18,  and  by  subtraction,  2^i=4,  or  ^^=2. 

But  the  more  direct  solution  is  as  follows :    From  the  second 

36  36 

equation  25=  — ,  which  substituted  in  the  first,  gives |-^r=20, 

or  ^-.20y  ='—26 ;  whence  y  =  10db/v/(100— ^) = 10±&=rl8 
or  2 ;  therefore  18  and  2  are  the  parts  sought.  , 

18.  The  sum  of  two  ntimbers  is  IJ,  and  the  sum  of  their  recip- 
ncals  34 ;  required  the  numbers. 

1  1 

Let  X  and  v  be  the  two  numbers,  and  consequently  -  and  ^ 

1116^y 
4eir  reciprocals ;  then,  a;-f-y=t  and  — \-  "■=*  "T  >   where  the  fiSi 

becomes  a;-f-y=  -^^ ;  whence  -~=^  s=f ,  or  2:^  sss  }f  ss=  ^ ;  ,•. 

5  o  ■ 

r^  ;  which  substituted  in  the  first  gives  -r^  -f~y^=f  >  ^  M" 


12y^l6y,  or  j^— Jj^— ;  whence  y  =  j±V(f-A)f=  1+4 
^1  or  f ,  therefore  f  and  f  are  the  quantities  sought. 


19.  Xhe  di&rence  of  tw^  munben  is  15,  and  half  their  prodoel 
Ib  equal  to  the  cube  of  die  leas  number ;  required  the  numbers. 
Let  4;  aftd  y  cej^ieaent  the  two  niunbers ;  then  by  the  questiwi 

z — y:=3l5,  and  ^  s^*.    The  second  equation  gives  xyss^t^y  or 

^M^y' ;  whence  \j  aubatitution  in  the  first  we  have  2^*  ^y.i,  .IS, 
«r  y'-  ir»V^ ;  «ad  hence  y^± V(TVf¥)«i±¥— 3.  C<m- 
sequently  a5=s:15+y==154^3===l8. 

IJare  the  two  values  of  y  are  not  those  of  x  and  y^  because  y 
is  made  to  represent  the  less  number,  and  cannot,  therefore,  be 
xditfinged  for  x  without  altering  the  conditions  of  the  question. 

^.  The  difibrence  of  two  numbers  is  5,  and  the  difference  of 
their  cubes  1685 ;  required  the  numbers. 

Let  X  and  y  be  the  two  numbers ;  then  by  the  question  x — y;=s. 
5,  and  2?-y=1686.  By  the  1st,  as=s5-|-y,  or  2^=jzl25+75i^ 
l^J^,    Consequently  125-j-75y+15/+y'— 2/^1685 ;  that  ia, 

«viding  by  16,  ^^\^y=\^ ;  whence  y=s— -±V<T+1^*)'^ 

—6      21  *  4 

^3;^-— -^-g-jssS;  therefore  z=s=54-y=^ +8=  13.    Conse- 

quently  8  and  13  are  the  numbers  required. 

"21.  A  person  bought  cloth  for  9675,  which  he. sold  again  at  $48 
per  pioe«9  and  gained  by  the  bargain  as  much  aa  one  piece  cost 
,  him  ;  required  the  numoer  of  pieces. 

'  Let  a:  be  ^e  imipber  of  pieces,  and  y  the  dollars  that  each  piece 
<»«;  tfienby  the  question  xy=sffI5,  and  48xs=^6-f-y.     From 

<the  Ist,  ^k^ J.  whence  by  substitution  we  have  48»=675+ 

^,  or  48:^— 67&t=676,  or  a?— W»==W  i  whence  x=^^^^ 
*,225' ,  225,     225   ,  255      ,_       ,         675     675      ^^   ^ 

^%  +  W>=  ^  +  ^  =^^' "'•^  ^  T-=l6 '^^  ** 
dollars  each  cost. 

2St.  What  itwD  xMimbeis  are  those,  whose  som,  aultiplied  by 
the  greater,  is  equal  to  77,  and  whose  difference,  mullipiied  fay  the 
less,  is  lequal  to  12. 

Let  X  and  y  represent  the  two  nnmbers ;  then  by  the  question, 

H)^-^)sss77,  or  :^4-a:jf=t3=77,  and  y{a>— y)5=sl2,  01  zy-^s^siSi 

By  subtraction  we  haie  3^  -|*-  ^i=S5 ;  whence  y  =^(66  —  a^ ; 

which  by  substitution  in  the  fitet  gives  2;*-f-*>s/(^^— "^)=77,  of 

Tf-^sf  77* 154a:" -i-;^ 

^(65— iJ?)= ,  and  by  aquaring;,  65 — 3^=: -.    "^ 

.      prat*— 219a*=— 5929,  or  a^..-aiAa:^—2964J,    Wheaceafcs 
=^±V(^  -2964J),  or  2*=ajA±V=ajas=60|;  or  Ji|fas 


^Mimknc  BQVAtttno/  Mff 


tf .  Consequently  2t=s£^60|,  or  ^4iBtsss7 ;  and  adopting  the  lal- 
ter,  y=tA/{^5^3^)=A/('^^—49)ssA ,  that  is,  7  and  4  aie  the  two 
mmdKzS'ieqtuTed*  ' 

23.  A  grazier  bought  as  many  sheep  as  cost  him  81200,  and 
after  reserving  15  out  of  the  number,  sold  the  remainder  for  S1080, 
and  gained  $2  a  head  by  them ;  how  many  sheep  did  he  buy  ? 

Let  X  represent  the  number  of  sheep,  and  y  the  dollars  each 
<»st,  and  consequently  y-\-2,  what  they  sold  for ;  then  by  the 
question  we  have  a:«i=1200  )     .u     i  ^*.     u     -..  u*  i  • 
and  (:^16).(y+2)=1080  } '  ^^^  ^^"^'  ^^  muluplymg,  gives 

ay+2y— 452^— 30:=1080,  or  since  a:y=1200,  we  have  2x — ISyssx 

^     ^  1200         .  _   -    18000      ...       .    .       ,   . 

—90.    Now  x= ;  and  I5y= ,  which  substituted  m 

z  z 

18000 
the  latter,  gives  22? =  —90,  or  2a:«— 18000b=— 90a?,  or 

a?+45a;s=9000 ;  whence  z=^^±^/{=^  +9000)==^  db 

^f*e=l75,  the  number  of  sheep,  and  -i^^UsslO  dollars,  the  price 
6ich  cost. 

24.  It  is  required  to  find  two  numbers,  such  that  their  product 
idull  be  equal  to  the  difference  of  their  squares,  and  the  sum  of 
4eir  squares  equal  to  their  cubes. 

Let  z=i  less  number,  and  zy  the  greater ;  then  zyY^zssraf]^'^ 
2*1  and  ay-|-<ifc=a:*^=«*,  by  the  question ;  and,  by  division,  ysss 
j(*— 1,  and  j^-|-l==a;^ — z.  From  the  first,  ^— .^ssl,  and,  by 
completing  the  squares,  y* — y-j-J^l-j-J=|. ;  therefore  y     \  ■ 

i\/5,  by  extracting  the  root,  or  y=i+i>s/5'     Again,  09=   ^  *  , 

tf4-2  X  1  2  .  y^"~^ 

=-^  (because  y*=:y+l)=J+  ^J-[._^  =iV5,  and 

*8^\/5X(i+i>v/5)=J(5+V5),  the  answer. 

25.  The  difiference  of  two  numbers  is  8,  and  the  difierence  of 
their  fourth  powers  is  14560 ;  required  the  numbers. 

Let  («»-J-»)  and  (m — n)  represent  the  two  numbers, 
Then  by  the  question  (m-4-n)  — (iw-— ti)  =2n==8 
And  (w+w)*— (^7^— n)^=i:14560. 

Now  (m4-«)^====»»*+4?»'«-j-6w*n"-|-4wn^4-^* 

\m — n)Sss=^ — ^fnj^rir\-%ni^7f--Amri?-\-n*.  Whence  by  sub- 
teiction,  87?^7i4-8»i?^=14560,  or  by  division,  and  substituting  w= 
4,  we  have  rrf^  -167?2=455.  Multiply  by  »i,  m*-|-16wA=4$5«= 
Wx7«i.  Add  49iw^  to  both  sides,  and  it  becomes  m*4-6&7i*= 
49»iy-66X7OT..    Therefore,  by  completing  the  square, 'm*-|-65w^ 

+  -j-=(7w)*-}-66(7w)+^.     Whence  7w«-H^7m-f4^  or 


w^sjfm^  4r  iftm^,    ConM^oently  w4^^tea7  |  tr**!!,  one  nimto, 
.und  ffi — fipsr?*— ftpssl,  the  ot^l«i^ 

26.  A  company  at  a  tayero  had  $175  to  pay  for  tiieir  reekooinf ; 
but  b^lb«e  the  bill  was  settled,  two  of  them  went  away,  in  conse- 
Wfoee  of  w^ich  those  who  remained  had  t  id  apiece  more  topaj 
tnan  befoiie ;  how  many  were  there  in  company  ? 

Let  X  be  the  whole  number  of  persons,  and  y  the  number  of 

dollars  each  would  have  had  to  pay ;  then  after  two  ^ere  gonei 

the  number  was  only  (z — ^2),  and  their  reckoning  x-^-VS.    Now 

t>y  the  question,  ajy=3lV5,  and  (a:— 2)(y-f-10)=175 ;  from  the  ktter 

ay-f-lOa;— »2y — ^20=bs:175,  or  since  a^fe=175,  we  have  l(te — 2ii/sss 

175                            175 
2P,  or  5»— pj^i^lO ;  but  x=i  — ;  therefore  5x s=10,  or  fia? 

— 10as=176,  or  a:«— 2te=35.    Whence  te=14-V(l+35)=7,  the 
oumber  eottght 

27.  A  person  ordered  $144  to  be  distributed  among  some  poor 
p^ple  ;  l)ut  before  the  money  was  divided,  there  came  in,  unex- 
pectedly, two  claimants  more,  by  which  mesons  the  former  received 
a  dollar  apiece  less  than  they  would  otherwise  have  ^OfM ;  whit 
inui  th^ir  Aomher  at  first  ? 

Wa:  be  the  number  <d  p€X$on«  at  first,  and^  the^didhi3  ead 
would  have  received ;  then  2;-f-2  was  the  number  at  last,  and  $h* 
1  what  each  actually  received ;  hence  Uie  foUowing  equa^ons : 
2ussb144^  and  (a?4-2)  (y--l)sc3l44.    From  the  ktter  aw+^M"* 

144 
-^8=144,  or  since  4:^^144,  2y — ^aj=s2 ;  from  the  first  y=i- — J 

288  ''X 

therefore x;=^;  or  a?4-2a?=288j  consequently  aj!=;— JJs 

#/(2^1)=—l-f  17=16,  Ana. 

'is.  It  is  reqinred  to  find  four  numbers  in  geometrical  progres- 
sion such,  that  their  sum  shall  be  15,  and  the  sum  of  their  squaiM 
85. 

Let  — ,  X,  y,  and  2-  represent  any  four  numbers  in  geometii- 

jf  X 

cal  progression ;  then  we  have 

y  ^   ^^^  X  * 

Make  af-|-y==»,  and  a:y=^ ;  then  will  a^-f^=^ — ^^  "^  "f  # 
Here  equations  first  and  third  are  drawn  from  this  coniiAen* 


a^  xf 


I 


y^TOitTir  W^^StWM*  IMP 

tiQB»  that  4h6  iwa  of  the  flquam  of  ,«nr  two  qiMmfitioi  k  -mTnl. 
to  the  squares  of  their  sum  minus  the  double  rectangle  of  umum 

whemce  by  adding  the  first  and  third,  we  have  -5  +^-|V"f"5i 


ttd)  or  /4'(<^-if)'— 4rtsia&;  and  from  the  second  we  have  ^4^ 
iB:a!y(a— ^)^  or  x*-fV**=^(*»'^')*     -^^o  since  a^-|-y"a=:(af-|-y)'— 3ay 

(af-j-y)  or  =r — 3rx,  we  hare  r(a — *)«=«• — 3r*,  or  n=  5 — p  , 
which  value  substituted  forr  in  the  abovoi  gives  s'+fo — fr**-^ 
~-  Bc^  Of  2/— ^«-j-^ —  2«X~  °^  ^  whence  4i'-^4aj^-{- 
i^»4"2a!»* — 2cfS'{'cf — i^s=2sb^ab,  or  by  reduction  and  tmnspo- 
ation,  2af4-^MfS=cf — ab,  or  ^-^  -*  =^0^ — j^  consequently  «ss 
— 9^^ir^  ~HH** — iJ^)  5  where,  by  substituting  tf±ssI5,  and  i 
*e§,  we  lutein  1^=6 ;  but  rzSa  ^    ,      — Wii,ja 

Here  then  x-^-yssS^  and  a;yt=sd ;  from  which  are  determined 
^^=Qi  and  y=^i  and  therefore  the  numbers  sought  will  be  1,  2, 
4}  and  8. 

39.  The  sum  of  two  numbers  is  11,  and  the  sum  of  their  fifik 
powers  is  17831 ;  required  the  numbers. 

Let  tn-\-n  be  one  of  the  numbers,  and  971 — n  the  othet ;  dien  we 
Aall  have  (m-^-n)  -Mm — n)  =11,  or  29n=sll  r 

Now  (i«-j*«)^ra=m*-f-i5wi*«4-10mV  -{"  l^^^'^'  +  ^»*  4"  ^'»  **^ 
(«^-tt)*=s»i*— 5«Si-f-10in'n**--10wi*«*+5wm*  — »^  Consequent- 
ly, by  addition  we  have  107MW*-f-20OTV-jr2in's=a,  or  n^-^-Um^rflam 

-rr— .    Or  substituting  for  m  its  value,  found  as  above,  in  the 
^^  121  .      a— 2m' 


«Bc<md  term,  we  have  n^-\ jr^^= — t^ — .    Whence  »'=5 

'      2  lOwi 

—J — ±a/{ — T^ f Tx — )•   Where,  by  substituting  for  a  and 

%  we  derive  ^=|,  or  «=| ;  consequently,  m-\-^ts=:5i-\-ll^esi^\ 
«id  5J — 1^=4,  that  is,  the  two  numbers  are  4  and  7. 

90.  It  is  required  to  find  four  numbers  m  arithmetical  progiea^ 
non,  such,  that  their  common  difference  shall  be  4,  and  tbeir  eoifep 
teoed  product  176985.     See  page  1^ 

Let2>— <3^,  X — y,  £>j-y,  and  ar-f^  be  the  four  numbers ;  then, 
by  the  question,  (a?— 3y)  (x--y)  (x+y)  (a:-f-3y)=  176985  c=  a,  or 
^-9/)  (a*— ji»)=ssa,  or  ai*—  lQaV-f%*=« J  ^^*  ^^^^  by  the 
<piestien  (a4-%)^(3;4-9)=%=r94,  or  2/1=2,  this  becomes  a;^— 40a^ 
asl76841 ;  consequently,  A=S0±a/(1'*841+«)0)=441;  hfence, 


its  majMutio  M^VAfwm* 

4M^,^44l8aBfil,  wad  2>— 3||ttttl5,  ^-^ifis^lQ^  z  |  yn  ea»  and  ^-^ 
ass27,  the  numbers  sought. 

31.  Two  detachments  of  foot  being  ordered  to  a  station  at  the 
distance  of  39  miles  from  their  present  quarters,  begin  their  march 
at  the  same  time  ;  but  one  party,  by  travelling  ^  of  a  mile  an  hour 
faster  than  the  other,  arrive  there  an  hour  sooner ;  required  their 
rates  of  marching. 

Let  x=s  the  number  of  hours'  march  of  the  first  detachment,  and 
y  the  miles  per  hour ;  then,  a:-f-l  will  be  the  hours  of  the  second* 
and  y — J  the  miles  per  hour.  Whence,  by  the  question,  we  have 
xy^=^y  and  (a:+l)  (y — i)==?39,  or  z^--Ja:+y — J=39;  or,  since 
zy  =  39,  we  have  — i^-f-y — \  =  0,  or  4y — x  =  1.     Again,  x  = 

39  39 

— ;  whence,  4y =1,  or  4^* — 39=y,  or  f^ — iv^V" »  there- 

y  V      . 

fore,  y=J±^/(BfH'^)=V=3J.     Consequently,  3J  and  3  miles 
per  hour  are  their  rates  of  marching. 

Otherwise,  let  x  =s  the  number  of  miles  travelled  per  hour  by 

39         39 

the  one,  and  a;-^-^  those  travelled  by  the  other ;  then  — and     ,  ^ 

are  the  respective  times  they  are  in  travelling  39  miles.    Whence, 

39       39 

by  the  question, ,  ^  ■  1 ;  and,  multiplying  by  x  and  ar-f-J, 

y  =sa?-|-Ja: ;  therefore,  by  completing  the  square,  a;*-j-i^"f-A' — 


J^-f-B't==W>  ^^d  extracting  the  root,  a:-j-J=V  ;  whence  xssz^ 
— 2=^=^,  and  a;-|-^=3| ;  therefore  the  answers  are  3  and  3|. 

32.  It  is  required  to  find  two  numbers,  such  that  the  square  of 
the  first  plus  their  product  shall  be  140,  and  the  square  of  the  sec- 
ond minus  their  product  78. 

Let  z  and  y  represent  the  two  numbers ;  then,  by  the  question, 

J+^^7Q  !  ^y  addition,  a:«+2r'=218,  or  y=j^{218~:^.   But, 

140— a:»       ,          140— a;» 
by  the  first  equa.,  ^= ;  whence — •  =>^(218 — z*) ; 

X  X  > 

or  by  squaring  and  reducing  19600 — i280a;'-|-a;*=218aj' — ^x*,  or 
2a^---498a:^^ — 19600;  whence,  by  dividing  by  2,  we  have  a* — 

249  .     .249^ 


—9800 ;  that  is,  :^^=  -^^-±^(-1 9&X)),  or  a«  = 

249     151 

■^  db -cTy  ^^'  aft==200,  or  49 ;  therefore  by  adopting  the  latter 

"^         '^                               140—49 
we  shall  have  25=7,  and  y=  — = =13 ;  the  numbs,  sought 

33.    It  is  required  to  find  two  numbers,  such  that  their  difti^ 
ence  shall  be  I3j^,  and  the  difference  of  their  cube  roots  1^. 


Let  Ass  greater,  and  ^sss  less ;  sf    y*^  "IS^y  and  y    yi"*!^ 

W  the  question.  Dividing  the  former  equations  by  the  latter, 
T-\-xy  I  y^     A^,  and  a^ — 2xy  \  ^    ijg,  squaring  the  dd.    Hence. 

3ityi=^ic=10,  by  subtracting.  And,  from  the  second  equation, 
x=H-\-y  ;  which  value  beinff  substituted  for  x  in  the  above  equa- 
tion, and  we  have  2y  X  (4-T"y)  =  ^^»  or  a:*  -j-  Jy  =  -yj-,  whence 
by  completing  the  square,  and  extracting  the  root  y=  — fzdb 
VdVi  I  \^h  ory=— A+e=li,  hence  :c=:li4-lJ=2J,  and 
consequently  a:'=15f ,  and  tf=Q^. 

34  It  is  required  to  find  three  numbers  in  arithmetical  progres- 
sion, such  that  the  sum  of  their  squares,  shall  be  93 ;  and  if  the 
first  be  multiplied  by  3,  the  second  by  4,  and  the  third  by  5,  the 
sum  of  their  products  shall  be  66. 

Let  X —  y,  Xy  and  x  -j-y  =  the  numbers ;  then,  {x — y)"  -j-  a?  4- 
(a:4^)^=:93,  or  32^^2y^z=^3,  and  (a:-r-y)Xa:X(ar^)=66  or  1& 
-J-2^t==66,  by  the  question.  ,  From  the  2d  equation  ^t=33 — 6x ; 
hence  y^=1089 — 396a:-|-36:?,  which  value  being  substituted  for  y 
m  the  1st,  we  shall  have  3a:»-f-217a— 792a:-l-72a:^=r93,  or  25a;*— 
264»=— 2085;  whence  a^\^±V(Hii*— W)  or  a;s=^W± 
3^,  hence  as=4^,  or  x=5,  and  by  taking  the  latter  value  for  z, 
we  have  y=d3 — 62=3 ;  and,  consequently,  the  numbers  are  2, 
5,  and  8. 

35.  The  sum  of  three  numbers  in  harmonical  proportion  Is 
191,  and  the  product  of  the  first  and  third  is  4032 ;  required  the 
numbers. 

Let  Xj  y,  and  z^=  the  numbers  ;  then  x — y  :  y — z  :  :  x  :  z; 
whence  xz — zy=xy — zx,  or  {x-\-z)y=2xz.  But  X'\-z=19l — y, 
and  2^^=4032,  by  the  question  ;  therefore  (191  — y)y=2x4032, 
or  ^ — I91y=  —8064  ;  hence  y=63,  by  completing  the  square, 
&c.  Now  a:+z=191—y=191— 63=128,  and  a:2=4032. 
From  the  square  of  the  1st,  3^-\-2xz-\-2^=46S84:j 
Take  4  times  the  second,  4:xz       =^16128, 

And  we  shall  have      x^ — 2xz-\'Z^=    256. 
Or,  X — ^2r=16,  and  ar-f-»=128 ;  whence,  by  addition  and  sub- 
traction, a:&=72,  and  z=56.     And,  consequently,  72,  63,  and  96 
Me  the  numbers. 

36.  It  is  required  to  find  four  numbers  in  arithmetical  progrea- 
Qoa,  such  that  if  they  are  increased  by  2,  4,  8,  and  15  respective- 
ly, the  sums  shall  be  in  geometrical  progression. 

Let  X  denote  the  least  number,  and  y  the  common  difference. 
Then  the  four  numbers  will  be  expressed  by  x,  a;-f-y,  x-^-^y,  and 
*4-3y ;  and  the  four  specified  sums  by  a;-f-2,  a:-|-y-f4,  a:-|-2y-f8, 
Aad  x\Qy^l&,  Whence,  by  the  nature  of  geometrical  propor- 
tionals, we  have  (a4-2)X(a:+%+8)==(«-H^4)«,  and  (af-f2)X 


1  •  • 

^^^-lOy^-^tfesafix,  by  muhipUcation  and  transpositioiu  Hence^ 
6j^^*d0^b»4^-|-20y4^>  therefore  ^^tEa4,  or  ys=s  2;  whence  s»s=b 
6 ;  and,  consequently,  the  numbers  are  6,  8, 10,  and  12. 

37.  tt  is  required  to  find  two  numbers,  such,  that  if  their  dif^ 
ference  be  multiplied  into  their  sum,  the  product  will  be  5 ;  but  if 
ike  difference  of  their  squares  be  multiplied  into  the  sum  of  their 
squares,  the  product  will  be  65. 

Let  x'and  y=  the  numbers  ;  then  (ic-|-y)X(^ — y)=^ — 2f^==Sw 
and  (3^-\-^)  X  {^ — ^)==65,  by  the  question.  By  dividing  Ate  lat- 
ter equation  by  t^ie  former,  we  have  a:*-f-y^=^^^  5  whence  by  ad- 
dition and  subtraction,  2:^:^,  and  ^=2. 

38.  It  is  required  to  divide  the  number  10  into  two  such  parts 
that  if  the  square  root  of  the  greater  part  be  taken  firom  the  great- 
et  part,  the  remainder  shall  be  equal  to  the  square  root  cf  the  les» 
part  added  to  the  less  part. 

I>et  0?=  greater,  and  g^=less :  th^n  a? — x  =^-|-y,  and  a^-j-jp 
tsalQy  by  the  question.  From  the  fi^rst,  by  adding  \  to  both  sides^ 
we  have  a? — ^"^-J=y'^-|-y+i>  ^^  ^Y  extracting  the  square  root* 
X — Js==y4-|,  or  xszzy^l ;  which  value  being  substituted  for  x  ia 
ike  second  equation,  we  have  ^-{-2y'\-l-\-^^==el0^  or  ^-f-y==f-5 
hence  y  =  — Jdbi\/19»  and  z  =  y+l=izb\/19.  And,  conse- 
fuently,  afe=5+iA/19»  and  y»=5— J a/I^. 

39.  It  is  required  to  find  two  numbers,  such  that  if  their  pxo- 
duct  be  added  to  their  sum,  it  shall  make  61 ;  and  if  their  sum  be 
taken  from  the  sum  of  their  squares,  it  shall  leave  .88. 

Let  2^=1  sum,  and  y=J  difference ;  then  x-\-y=:gren,ter9  aad 
»-^.^t^  less.  Therefore  2:»~y+22:=61,  and  2:^-^2f''4ix==S8, 
by  the  question  ;  or  dividing  the  .  second  equation  by  2,  we  have 
jir-j-2^--Tas=5=44 ;  hence,  by  adding  this  to  the  first,  we  have  2a?*-^- 
a=105,  or  a?+Ja:=^^.  Whence  a;=  —  irfcVCiV  +  ^^)  = 
idbVW=  — J±V  =  7;  hence  y  =  A/(44—a*-fi:)  =  v^<44 
~  49  -f  7)  =  v^.  Therefore  7  +  a/2,  and  7  -r-  V^  are  the 
numbers. 

40.  It  is  required  to  find  two  numbers,  such  that  their  differ- 
ence multiplied  by  the  difference  of  their  squares,  shall  be  S7^  ; 
and  their  sum  multiplied  by  the  sum  of  their  squares,  shall  he 

Let  *r  «=  greater,  aad  y  =«  less ;  then  (a?-»-y)  X  (f^-*/)  «=  **» 
and  (ar+y)  X  (a:'-f/>s=^396,  by  the  question ;  that  is,  a*—  sV*^ 
'«y»-f^gf4=676,  and  a^'-\^-^^f^^:^2aS% ;  hence,  fcV|-a«3?t= 
1T60,  by  subttaction,  and  by  adding  this  to  the  second  equstioft 
ire  hare  ic'4-acVf3a:S^4-r  ====4^96,  er  «-h)te64^4096=ie,  b^ 
extracting  the  cube  root ;  btti  2a:Yj-2gy^=agacy(»  \  f\i  n  11160 ;  t* 
Sat9«sl76(^  by  MibstittttroQ,  or  ary^-^gfli  ii65.  Whene^ 
•um  and  product  tteing  given»  (ex.  17»)  we  have  ji^l^  and 


41.  It  is  required  to  find  three  numbers  in  continual  proportion, 
rnikoae  sum  sball  be  90,  and  the  suio  of  their  squares  140. 

Let «,  y,  and  z  s=s  the  numbers ;  then,  a:-|-y-|-2=S0,  xzs^s^. 
and  7?-\']^'\-i?s^\^,  From  the  IsL  equation  a;+a5=20 — y,  or 
a*+2xz-j-)A=400— 40y+y» ;  hence  a;»-f2^+2j^400— 40y-|V» 
by  substitution,  or  2'4-2H-9%=a4M)0-'40y ;  therefore  140sss4A0:r- 
%  40^^  =  40O--  140  s=s  260,  cmt  y  »=  6|  ;  and, .  consequently, 
^  ^20-y  +  V(400-40y-V)  _  ^^  ^  ^.3^^  ^^^ 


_  20-^V(^_405^3^  _  ^^  _  ^  3^  . 

42.  It  is  required  to  find  t^vo  numbers  whose  product  shall  be 
320,  and  the  difierence  of  their  cubes  to  the  cube  of  their  difle:^- 
ence,  as  61  i$  to  unityv 

Let  x=^  greater,  and  yt=:  less ;  then  will  2:^6=320,  and  ^ — ^  : 
(aj— y)*  : :  61  :  1,  by  the  question  ;  hence,  dividing  by  x — y,  we 
hare  i^+a^y-f-^  •  (^^^y)*  2 :  61  :  1;  from  whence,  by  subtracting 
the  consequents  from  their  antecedents,  we  have  ^xy  :  {x-^^  \  \  . 
60  :  1,  or  aw:  (a:  —  y)*  : :  20  :  1 ;  hence,  «y  aat  M(«  .*-  ff^  or 
20(a5— ^)^===g20  by  substitutioi^  or  (x — y)^==16 ;  and  consequently, 
Sh-ffssi,  Now  a&=y*-f-4,  which  value  being  substituted  for  x  m 
the  first  equation,  we  have  y^4~^y==3^>  ^^^t  consequently,  yssm 
— 2±V32^=  — 2±18=tel6,  or  —20,  and  l^  taking  the  positive 
value  of  y,  we  have  a:=:^=s20* 

Note.     This  can  be  done  otherwise  by  putting  xs=z^  di^ence.  , 
Then  ar-{-y=  greater  and  x    y      less,  from  whence  the  answer 
can  be  easily  found. 

43.  The  sum  of  700  dollars  was  divided  among  four  persons, 
A,  B,  C,  and  D,  whose  .  shares  were  in  geometrical  progression ; 
and  the  difference  between  the  greatest  and  least,  was  to  the  dij^ 
feieBce  between  the  two  means,  as  37  to  12.  What  were  all  Uie 
several  shares  ? 

Let  xss=z  the  share  of  A»  or  the  first  term  of  the  progression,  and 

*  1 

let  the  common  ratioesss  -^or  as  1  to  y ;  then,  x-\^xy^x^-^x^^ 

700,  and  xi^ — x  :  :py* — xy  ::  m  :  n,  by  the   question.    From 

which  proportion  we  have  y*— ls={y — 1)  X  — ^>  or  y*  -f-  y  -^  1  a^ 

sw  .       ,       •  '       .  ^ 

—  (by  dividing  ihe  whole  by  y  —  1).     Hence  y  is  found  om 

i»--w+A/(wt*— 2wt«— 3w*)_  25+7      4  700 ^ 

2»  ~    24    "=3'  ■''*^"=1+HV+** 

fern  the  fi«t  equation)  is  given  =  gy^^^^q^  =10a   ;  . 
Theiefoie  the  four  shares  are  108. 144.  192,  and  256  doUars. 


On  the  Solution  of  Quadrectic  EqtuUums  by  the  Tables  of  Sines 

and  Tangents. 

When  the  numerical  parts  of  a  quadratic  eqaaiion  are  either 
large  numbers  or  complicated  fractions,  its  solution  may  often  be 
more  readily  obtained,  by  means  of  one  of  the  following  trigono- 
metrical formulffi,'  than  by  the  common  method,  which,  in  cases  of 
this  kind,  becomes  very  laborious.  « 

^1 


2r 


1.  gf  I  ax    \hi 


Put  — ^h  =  tan.  2 ;  then  y  s= 
a 


2r 
Put— V* 


2.  a? — ax==b 
tan.  z;  thenar  3=s 


3.  a? — flff — h 


2r 


Put  — jk/b  B=s  sin.  z  :  then  z  = 
a^ 


+^V*Xtan.  \z, 
V^Xcot.  \z. 


V^Xtan.  \z, 
-f-^V^Xcot.  \z. 


v^^Xtan.  \z. 


-p-A/^Xcot.  i«. 


2r 


In  the  last  of  which  cases  it  is  to  be  obserred,  that  if  — Ayh  be 

a 

greater  than  the  radius  r,  or  43  greater  than  a?,  the  two  roots,  or 
values  of  a:,  will  be  impossible. 

1.     Given  3f'\-^x=^^}^^y  to  find  the  roots  of  the  equation,  or 
the  two  values  of  x. 

Or  «=77*=>42'  32",  and  ^2=58^ 

51'  16",  whence 
Log.  tan.  ^z     •     .     9.9061115 

Former  root     .     .  _1. 6624096 

Leg.  ^       .     .     •  10.0000006 

Log.  X.   • 
Or       *     . 


Here  tan.  z  =  -^f^ViWA 
JiOg.  1695     .     .     3.2291697 


Log.  12716     • 

Square  root 
hog.  88     •     . 
Colong.  7     • 

Log.  tan.  z  .     .     10.6617943 

'  And  if  cot.  ^z  be  taken,  instead  of  tan.  jz,  the  other  value  of  2 
will  be  fpund  =  — 4532085  ;  ory^^H jV  =  — ?ii,  the  ne- 
gative root. 


.    4.1043505 

2)T.  1248192 

r.  5624096 

•    1.9444827 

9.1549020 


1.4685311 

:.2941176=»,V 
the  positive  root. 


FUMHMIMItiL  IM 

Four  numbers  of  the  -same  kind  are  said  to  be  proportional 
when  die  first  contains  the  2d  as  often  as  the  3d  confflina  fhe  4tlv 

If4=H  ;  then  A  :  B::C  ;  D,  or  B  :  A::D  :  C.    If  4  nnnhi 

ben  are  propOFtienal,  A  :  B  : :  0  ;  D^  the  product  of  the  aitimde 

i9  equal  to  the  product  of  the  means,  yiz.  A  X  D  ss=  B  X  C     Let 

AC 

g===;    these  fractions  reduced,   (Case    3,  page  31,)  become 

BD"°b5»  '  ^**.^^^  ^V*^  fractions  hate  the  aamo  dboomiaatMb 

their  numerators  are  equal ;  therefore  AUs^BC.    Hence  ^m  do* 
dace  a  demonsitratien  of  the  rule  of  three.     If  A  :  B  ::  G  :  D; 

thitt  AXl>=»BxC.  Now  if  (p.  60,  art.  14,)  .-.D^?^,  which  i| 
the  commod  rule  as  given  in  my  Arithmetic.  ^ 

Car.    D  ==  ?X  O— ?XB  =  C-^4  =  B  4-^.    The  rule  of 
A  A  B  C 

3  inverse  may  be  made  a  rule  of  three  direct,  by  making  the  34 

tMEm  the  6r«t,  and  by  proceeding  forward  to  the  other  two  terms ; 

•'•  the  above  demonstration  will  serve  for  both  rules. 

Dmtnutr^i^  rf  the  DouMe  Rule  ef  Three,  or  ef  CMntmiid  ■ 

Proportion. 

The  rale  of  compound  proportion  is  easily  illnstrated.  Let  C  be  ony 
cause,  and  £  the  effect  produced  ;  and  let  ex  be  any  other  simltejf 
euse  and  ey  the  eieet  produced,  then  it  is  plain  that  C  :  E:  ;cr  .; 
fy,  /.Exca&aeCX^ ;  hence  x  (an  unknown  pact  of  the  2d  caujsej 

«=ST~.  and  j/s=B-r^---(=s=an  unknown  part  of  the  second  efie^ 
*^X^  ^X*  [ 

Hence  the  rule  is  manifest. 

Hartnonical  Progression.  ' 

Three  quantities  are  said  to  be  in  harmonical  proportion  when 
Ae  first  is  to  the  third  as  the  difference  of  the  first  and  aeo^d  ,if 
to  the  difierence  of  the  second  and  third. 

Any  number  of  magnitudef  a,  b,  c,  d^  e,  fi  ^c  are  taid  Ito.ho 
in  harmonical  propartion,  if  a  :  c:  :a^  :  h — c, 

.    Anib:d::b — c:c — d,  ' 

And  c : «:  :c — d :  d — «,  ^c.  '  -^ 

The  leciproeale  of  qoantities  in  harmonical  procressioit  are.  in 
arithmetical  progression.  Let  a,  by  c,  df,  ^c.  be  in  harmonical  pro- 
gmicion ;  then  since  a  :  c:  :^»-^  :  5^— e,  .\  t^b^^nic  nwi    3c,    *  Dl* 

1      1     1      I 

▼ide  this  equation  by  oJc  : r  s=- .     Again  3  :  i:  ib-^  S 

C        0        O        tl 


174 

c — d  ;  .\  be  -^  hd  sss  hd  *^  dc.     Difidediis  equation  by  hedj 

1111            11  ,,  .  .     1111    ' 

■s  7,  or  Bsc ;    .•,  the  quantities  -:  r-;  -i  V  ;     &c 

having -a  common  idifierence,  are  in  arithmetical  progression. 

From  these  definitions  it  follows,  that  in  three  harmonical  pro- 
partionalsy  a,  by  c/  any  two  being  given,  the  third  may  be  foand^ 

,  2flc 

since  ab — acs=sac^^c,  or  abA-'bc=s2ac:  .'.  fc== — \ — ;  that  is,  a  har- 

fl+C 

monical  mean  between  2  quantities  is  equal  to  twice  their  product 

ob 
dirided  by  their  sum.    Also,  cssg — -  =  a  third  harmonical 

proportion  to  a  and  b, 

•   In  a  Jsimikir  manner,  if  any  three  out  of  four  harmonical  pro- 
portions, a,  b,  c,  dy  he  given,  the  other  may  be  found ;    for  since 
ai  d  I  a — -b  :  c— <i,  .'.  (Ui — adsssad-^^M;  and  from  this  equation  I 
.     2ad — ac  2ad — bd     ,         ac 

The  following  is  a  curious  property  belonging  to  quantities  in 
harmonical  proportion,  that  their  reciprocals  are  in  arithmetical 
progression.  Thus,'  if  a,  by  c,  d,  e,  ^c,  be  in  harmonic  propor- 
tion, then  from  what  has  been  said  above,  I  shall  have  be  -f-  ah=ss 
2ae;  edr>^-b&sssQbd ;  de^j^-^^dsasQce,  ^c.  Dividing  the  first  of  these 
equations  by  abc,  the  2d  by  bed,  the  3d  by  cde,  6cc,  I  shall  have 
1.1     21.1     21.1     2  11111 


acbbdcee      a  a  o    e   a  e 

arithmetical  progression.  Thus,  of  five  musical  strings  of  equal 
tension  and  thickness  be  made  to  sound  together,  the  most  perfect 
harmony  they  can  produce,  will  be  when  their  lengths  are  as 
\\  i  *  t !  i>  i '  or  as  30,  20,  IS,  12, 10  ;  and  hence  this  propor* 
tion  is  called  harmonic,  or  musical  proportion. 

Problem  1.     To  insert  any  number  (m)  of  harmonic  means  be- 
tween two  given  quantities  (a)  and  (b). 

Since  the  reciprocals  of  quantities  in  harmonic  progression*  are 
\xi  arithmetical  prbgression,  therefore  it  will  be  best  to  insert  (m) 

arithmetic  means  between  -  and  ri  ^hese  meaps  inverted  will  be 

a  b 

the  harmonic  means  required. ,    Let  x  ss  the  common  difierenoe 

of  this  arithmetic  progression. 

then  - +(jB4"l)a»tta- ;  [p.  186.]  ic  a?ag      i  tv^r?  .'.die aeries 

11  „    or-^      1  ,    2(ar--h)      ,  1  -,    Z(a—b)  ^       1. 


and  the  reciDrocals  a :    -^^ — • — - — :  — ^ — - — :  — ^ — - — : 

^  '       a+md  '  2fl+(m—  1)*'  3fl+(m  —  2)b  ' 

aie  in  hannonic  progression.      Ipsert  6  harmonic  means  between 

1  and  20.     Heie  mui  ^,  oaeBsl,  ksaSO ;  .*.  the  means  are  j-Jf ;  U ; 

Prob,  2.  Having  given  two  oonsecutiye  teims  of  an  hannonica) 
series  to  detennine  the  law  and  limit  of  continuation. 

Let  tf  f,  be  two  consecntive  tenns  of  the  harmonic  progression^ 
and  let  0,  a^-^x,  be  the  two  consecali?e  terms  of  the  corresponding 
arithmetic  progression ;  then 

1         1  f t 

-«=a;  -jssao — X ;  therefore  x=,        ,  and  since  the  (n)th  or  gene- 

laltenn  of  the  arithmetic  progression,  reckoning  from  -  is  (a^/ur), 

t 

tlierefore  the  (n)  term  of  the  harmonic  progression  is 

1  tt'         ,      ,     , 

i  which  is  indefinite  when  t' — fi(^'-i-l)ssO,  or 


when  n^sap — -• 

Given  3,  4,  two  consecutive  terms  of  an  harmonic  progression, 

to  show  the  law  of  continuation  both  ways.     The  general  law  is 

12  12 

j-= — ;  .*.  ihe  next  term  of  the  progression  after  4,  is  j— 5?  or  6; 

12  12         12 

the  next  is  j— 5  or  12 ;  the  next  j— j  or  -r-,  a  quantity  indefi- 

12       12 

nitely  great.      The  term  preceding  3  is  -ry^  or  -^ ;  the  next  pre- 

ceding  term  ^  or  2,  ice.  hence  the  series  cannot  be  carried  beyond 
12,  bat  may  be  extended  to  any  length  the  other  way. 

An  arithmetic  mean  between  two  quantities  is  greater  than  a 
{jjieoffletric,  and  a  geometric  is  greater  than  a  harmonic  mean.  Let 
J»  and  9  be  the  two  quantities,  then  since  {p-^)^  is  positive,  wheth* 
er^  be  greater  or  less  than  q,  .*.  p* — ^2pg4-^  is  positive,  or  ^-f-^ 

Eter  than  2pq,  .*.  p*+2pg-f-9»  greater  than  ^pq  or  p-f^  greater 
^f^(pg) ;  •••  IdHh^)  ^®  greater  than  si/{pq)»     But  i(l>-f^) 
ia  an  arith.  mean  between  a  and  by  and  ^{pq)  is  a  geo.  mean,  .*• 

tHe  arith.  is  greater  than  the  geo.  mean.    Again  --^  is  an  harmo- 

aicmoan  between  |>  and  q.    Also  ^—^l  ^(pq):  l^/ipq)  •  r^ 

Or  arith  .  mean  :  geo.  mean !  :geo.  mean  :  harmonic  mean. .  But 
•ince  the  first  term  has  been  proved  to  be  greater  than  the  second, 
.*.  by  Euclid,  book  5,  p.  A.,  the  3d  term  is  greater  than  the  fourth. 


On  Batieiy  Proportion,  mod  Variation. 

73.  By  Batio  is  meant  the  rdalioii  which  one  qoantity  bean  to 
another,  with  respect  to  magnitude.  It  is  evident  that  thkr  rd(M 
^n  oan  exist  only  between  quantities  of  a  aiinilar  kind ;  thus,  a 
number  must  be  coni|Ared  with  a  number,  a  line  with  a  line,  fce* 
dsc. ;  and  it  would  be  absusd  to  cranpare  a  certain  number  of  feet 
with  a  ceftaan  number  of  doUars,  &c,  &c. 

74.  There  are  two  ways  in  which  the  magmtude  of  quantitiot 
may  be  compared.  In  the  first  place,  they^may  be  compared  with 
regard  to  their  difference ;  and  then  the  question  asked  is,  "  How 
much  one  quantity  is  greater  or  less  than  another."  The  relation 
which  quantities  bear  to  each  other  in  this  respect,  is  called  their 
arithmetical  ratio^  The  other  way  in  which  they  may  be  cott' 
pared,  is,  by  inquiring,  "  How  often  one  quantity  is  contained  in 
uie  other."  This  relation  between  quantities  is  caUed  dieir  geome" 
tric%il  ratio.  The  term  ratio,  when  simply  applied,  is  generally  un- 
derstood in  the  latter  sense,  and  it  is  in  this  sense  that  &e  weid 
will  be  made  use  of  in  the  present  chapter. 

75.  In  considering  how  often  one  quantity  is  contained  in  aflio- 
ther,  the  natural  process  is  to  divide  the  one  by  the  other.  Thus, 
in  eemparing  the  number  12  with  the  numbers  4  and  3>  we  know 
that  4  IS  contained  in .  12  three  times,  and  that  3  is  contained*  ill 
the  same  number  four  times  ;  from  which  w«  infer»  that  the  ratio 
of  12  :  3^  is  greater  than  the  ratio  of  12  :  4,  the  magnitude  of  a 
ratio  being  measured  by  the  number  of  times  one.  quantity  is  con- 
tained in  another.  .  For  the  same  reason,  the  ratio  of  11  !  7  is 
ftaid  to  be  less  than  the  ratio  of  11  :  5.  When  the  ratio  is  dms 
expressed,  the  first  term  of  it  is  called  the  antecedenti  the  last  tern 
the  consequent,  of  that  ratio. 

76.  From  this  mode  of  estimating  the  magnitude  of  a  latio,  it 
a|q[)ears  that  when  the  consequent  of  a  ratio  is  not  an  aliquot  pact 
of  the  antecedent,  the  value  of  the  ratio  must  be  expressed  by  a 
firaetion  whose  numerator  is  the  antecedent,  and  denonunatoi  tbe 
eensequent,  of  that  ratio.  Thus,  the  magnitude  of  tbe  i^io  rf 
15  :  7  ia  expressed  by  tbe.  fraction  ^^  and  of  the  ratio  4  :  13,  bf 
the.  fraction  -^,  When  the  antecedent  of  a  ratio  is  greater  than 
the  consequent,  it  is  called  a  ratio  of  greater  inequality ;  when  tbe 
antecedent  is  less  than  the  consequent,  a  ratio  of  lesser  inequality; 

■  I.I  ,f^.  .HI  ^l.'..i|  ■  .^i.i..  II  i» 

'*  In  axiNressing  the  ratio  of  two  quantities,  the  word  to  is  few 
mUy  Buppiied  by  two  dots;  thu^  the  xatie  of  «  to  i  i»  expreawi 


and  if  the  two  tenns  of  a  ratio  be  the  same,  then  it  is  said  to  be  a 
Tatie  of  equality. 

77.  The  foregoing  definitions  evidently  apply  only  to  those 
instances  in  which  the  consequent  of  a  ratio  is  contained  a  certain 
uunber  of  times  in  the  antecedent,  or  to  those  in  which  the  maff^ 
nitude  of  the  ratio  may  be  expressed  by  some  definite  fraction.  It 
does  not,  therefore,  comprehend  sach  ratios  as  ^2 : 5 ;  ^3 :  4/7 ; 
4  :  ^^3,  &c.,  where  the  values  of  the  quantities  ^2,  /y/3,  j^7, 
4/3,  &c*,  can  only  be  expressed  in  decimal  fractions  which  do  not 
terminate.  The  ratio  which  exists  between  quantities  of  this  lat- 
ter kind,  when  the  radical  quantity  is  expressed  by  a  decimal 
fraction ,» is  called  their  approximate  ratio. 

78.  Proportion  consists  in  the  inequality  of  ratios  ;  thus,  since 
4  is  contained  in  12  the  same  number  of  times  that  6  is  in  18,  the 
ratio  of  12 :  4  is  said  to  be  equal  to  the  ratio  of  18  :  6,  or,  in 
other  words,  that  12  :  4  : :  18  ;  6.*  Of  the  four  terms  of  which 
every  proportion  consists,  the  first  and  last  terms  are  called  the 
extremes,  and  the  second  and  third  the  means,  of  that  proportion. 

79.  If  diere  be  a  set  of  quantities  related  together  in  the  folr 
lowing  manner,  viz.  al  b  ll  b  I  c  :i  c*:  d  :;  d  i  e,  &c.,  where 
the  consequent  of  every  preceding  ratio  is  the  antecedent  of  the 
Mlowing  one,  ^en  the  quantities  a,  b^  c,  dy  e,  &e.  are  said  to  be  in 
continued  proportion ;  and  if  only  three  quantities  be  concerned; 
as  in  the  proportion  a  l  bi  lb  :  c,  then  b  is  said  to  be  a  mean  pro- 
portional between  the  two  extremes  a  and  c. 

80.  Since  the  i^oportiona  :  b  :i  c  :  d  expresses  the  equality 

of  the  ratios  ul  b  and  c  :  d^  and  since  the  magnitude  of  the  ratio 

it 
al  b  is  measured  by  the  fraction  — ,  and  that  off  the  ratio  c  :  ^  by 

the  firaction  -,  it  follows  that  t-=j»  ^^  ^^^^  when  four  quantities 
a  0      a 

are  proportional,  the  quotient  of  the  first  divided  by  the  second  is 

equal  to  the  quotient  of  the  third  divided  by  the  fourth ;  and  vice 

CL         C 

versa,  if  there  be  four  quantities,  a,  b,  c,  d,  such,  that  -;^s= -%,  then 

o      a 

^ose  four  quantities  are  proportional,  or  al  b  li  cl  d* 

On  the  Comparison  and  Composition  of  Ratios* 

81.  On  t&e  comparison  of  ratios^ 

I.     Since  the  ratio  oi  a  l  b  may  be  expressed  by  the  fraction 

*  In  stating  a  proportion,  the  words  is  to  and  to  are  generally 
supplied  by  two  dots,  and  the  word  as  by  four  dots ;  thus,  the 
proportion  a  is  to  3  as  c  to  d^  is. expressed  hy  a  i  b  li  c  I  d. 

23 


"IVB  uvmb. 


r-,  let  the  numerator  and  denominator  of  this  fraetioft  be  molfe^ 

0 

plied  Ifj  artf  quantity  w,  (m  being  eithier  integral  or  fractionali} 

then  —,  9Br»  and  therefoie  the  ratio  of  ma :  «i3  is  the  same  ^vriA 

md     0 


the  ratio  of  a  :  &;  from  which  we  infer»  that  if  the  terms  of  a 
tio  be  multiplied  or  divided  by  the  same  quantity,  it  does  not  alter 
the  value  of  the  ratio.  Hence  also  it  appears,  that  a  ratio  is  re- 
duced to  its  lowest  terms  by  dividing  its  antecedent  and  conse- 
quent by  their  greatest  common  measure. 

II.  Katios  are  compared  together  by  reducing  the  fractions  by 
which  their  values  are  respectively  represented,  to  a  common  de- 
nominator. Thus,  the  ratio  of  8  :  5*  is  represented  by  the  fractiosi 
{>  and  the  ratio  of  9  :  6  by  the  fraction  f ;  reduce  these  £raction8 
to  others  of  the  same  valu^,  having  a  common  denominator,  aii4 
they  become  ff  and  ^  respectively ;  and  since  ^  is  greater  ^lan 
f{,  the  ratio  8  :  5  is  greater  than  the  ratio  of  9  :  6» 

III.  A  ratio  of  greater  inequality  is  diminished^  and  a  ratie  of 
kssei  inequality  is  increased^  by  adding  the  same  quastity  to  botk 
ita  texma.^  Let  a  -|-  3  :  a  represent  a  ratio  of  greater  iaeqitmlitv» 
and  let  x  be  added  to  each  of  its  t^rms*  and  it  beoones  the  san| 
fi  a,\b  \'X  :  a^x.    Now  the  n^  of   ^         ^ 

a^5:a  =  .^,  and  that  of  «+^+a: :  a+as=^^:i^^     let 

these  fraetiotts  be  reduced  to  others  of  the  same  value,  hairing 

a  common  denominator,  and  they  become     T^T'^^n" —    ^^^ 

— in.^±I--,  respectively ;  and  since  fl?-)-a^-j-aa:+fe  is  evidentW 

greater  than  e?-\-ab^aXy  the  ratio  of  a-^-b  I  a  is  greater  than  the 
latio  of  «-f-i-f-ic  I  a-^x;  i.  e.  the  ratio  of  a-A^b  ;  a  has  been  di- 
Kiiaished  Iqr  adding  x  to  each  of  its  terms.  Next,  let  a — 6  :  a  re- 
present a  ratio  of  lesser  inequpility;   then,  proceeding  with  the 

fractions and  — ^  ,       ,  as  in  the  former  instance,  the  resullU 

,       «      .  af-'-ab'^'ax—^x       ,  a^^-^ahA-ax 

mg  fractions  are  tx — c —  ^^^     '  ,    i    v  ■  5  and  since  tf 

®  a{a-^x)  a{a^x) 

— o^-f-oa: — bx  is  less  than  a'— ^A^^oar,  the  ratio  of  • — b  z  a  is  less 
dian  the  ratio  of  a  —  b'^x  :  a -f-x,  and  consequently  the  ratio  of 
a — b  :  a  has  been  increased  by  adding  x  to  each  of  its  terms.  Li 
the  same  manner  it  might  be  shown  that  a  ratio  of  greater  ine- 
quality is,  increased,  and  a  ratio  of  lesser  inequality  is  diminishedt 
by  subtracting  the  ssune  quantity  from  each  of  its  terms. 


q2.    Oh  tn/B  t&ni^MWtioA  tf  tuHos, 

I.  lUtios  are  compounded  together  by  multiplying  their  ante- 
cedents together  for  a  new  antecedent,  and  their  consequents  toge- 
ther for  a  new  consequent.  Thus,  ^f  the  ratio  of  a  :  ^  be  com- 
pounded with  the  ratio  ofeid,  the  resulting  ratio  is  that  of  tfc :  bd^ 
or  if  the  ratios  4  :  3,  5  :  2,  and  7  :  1,  be  compounded  together^ 
there  results  the  ratio  of  4X^X7  :  3X2X1)  or  of  140  :  6,  « 
(fividing  each  term  by  2)  of  70  :  3. 

n.  If  the  same  tatio  be  compounded  with  itself  once,  twice, 
Arice,  &c.,  ^e  resulting  ratios  axe  those  of  ^i^  :  ^,  tif :  ^jtif  iP; 
&c.  &c.  The  ratio  of^  :  b*  is  called  the  duplicate  ratio  of  a  :  b; 
tf  :  V,  the  triplicate  |  tf  :  b\  the  quadruplicate,  &u  4cc» ;  and«l 
these  ratios  receive  their  denominations  from  the  indices  of  the 
several  powers  of  a  and  b,  the  ratio  of  ^a  :  ^b  is  called  the 
sabduphcate  ratio  of  a  :  3  ;  the  ratio  of  ^a  :  ^3,  the  subtripli- 
cate,  ice.  kc, 

,  in.  If  a  set  of  ratios,  whereof  the  consequent  of  the  prece* 
liftg  ratio  is  the  same  with  the  antecedent  of  the  succeeding  -one, 
be  compounded  together,  the  resulting  ratio  is  that  of  die  first  an- 
tecedeiA  to  the  last  consequent.  Thus,  when  the  ratios  of  a  :  S, 
I  :  c,  c  :  df  d  :  e,  are  compounded  together,  the  resulting  ratio  ig 
that  of  -ahcd  :  bcde^  or,  {dividing  by  bed)  that  of  a  :  e,  or  of  the 
first  antecedent  :  the  last  consequent ;  and  the  same  will  be  the 
case  whatever  be  the  number  of  ratioeu 

lY.  A  ratio  of  greater  inequality  compounded  with  another 
tatio,  iBOBases  it;  and  a  ratio  of  lesser  inequality  compounded 
with  another  rfitio^  diminishes  it.  Thus,  let  14-^  '  1  repraBent  a 
ratio  of  greater  inequality,  and  let  it  be  compounded  with  the  t»- 
tio  a  :  b,  the  resulting  ratio  is  that  of  a  -\-  na  :  by  which  is  evi- 
dently greater  than  the  ratio  of  a  :  b.  On  the  other  hand, 
let  1  —  n  :  1  represent  a  ratio  of  lesser  inequality,  and  let  it 
be  compounded  with  the  ratio  of  a  :  b,  then  the  resulting  ra^ 
tie  is  that  of  a  —  %a  :  hj  which  is  evidently  less  dian  the  ratio 
t>f  a  :  5. 

1.  Keduce  the  ratio  of  900  :  315,  and  1695  :  667,  to  their 
fewest  terms. 

960  :  316,  s=  ^|7-r-45  the  greatest  common  measure  ^=uS  :  7j 

uid  \SQ5  :  667, »  ^4-29.  greate«tcoinm<»me.«>M.  «g 

0:6$  :  2d. 
%.    Bedsce  the  eatio  if-^^x  :  V  to  its  lownt  ternu. 

Let  a»4-2a**  :  fl»=  i^^+a*=  ?d^.    Hence  a4-2«:  1, 


3.  Which  is  the  greater,  the  m\&  (^  16 :  15,  or  that  of  17 :  U? 
16      ,^       227     17  ^^_       265        .     , 

16  ^^^=210  '  14><^^==  210   •'•  ''  ^^^  ^^^*^'*- 

4.  Which  is  the  least  of  the  three  ratios,  20  :  17,  22  :  18,  or 
25  :  23  ?  and  which  is  the  greatest  of  the  three  ratios,  8  :  7, 
6  :  6,  and  10  :  9? 

20      22     26 

•T=  ;   To  ;  oo  X  hy  the  least  common  multiple  of  the  denomina- 

17         lo        /60 

tore,  and  g  =  4140  :  3619;  ^^4301  :  3519  ;  g=3826:3619 

8  6  10 

least,  and  -  =360  :  316;  -  =:  378  :  315  .-.   greatest,  -g-aa' 

350  :  315. 

5.  Which  is  the  greater,  the  ratio  of  a-f-^  •  4^+4,  or  that  of 
fl-(-4  :  Ja-|-6  ?  Ans.  the  ratio  of  a-f^  •  J«-|-5* 

/\  ■     and    ,     ,    ■•  X  hy  the  alternate  denominator,  and  ■.    ,  j 
4a-f-4  i<2+5  ^  Ja-f4 

aB:.|_|.^4-16  ••  -T--!-^  +  20.    Hence  a  +  4  :  Ja  +  fithe 

greatest. 

6.  Compound  together  the  ratios  of  11  :  3,  7  :  2,  and  5  :  9* 

3X2X^        54 

7.  Compound  together  the  ratios  of  15  :  12,  6  :  7,  and  9:4; 
and  then  reduce  the  resulting  ratio  to  its  lowest  terma. 
15X6X9      810    .  136   _  ^  ^ 
12X7X4  ="336"  "^  ^  '^"'""^^  "^'^'^''^  =  _-  =  135  :  66. 

8.  Express  in  the  simplest  terms  the  ratio  compounded  of 
d^ — a:^  :  a",  a-^-x  :  5,  and  h  :  a — x, 
(^-^)>^(.+.)X3^(«+.)X<a+.)  _  ,  ^^ 

<fyj>y.(ar^x)  €?  ^^ '       '  ^ 

ling  those  quantities  which  are  common  to  the  terms. 

9.  If  the  ratios  of  a:-f-y  :  a,  a>— y  :  ^,  and  i  :  ^  he  com- 

gonded  together,  show  that  the  resulting  ratio  is  a  ratio  of  equa- 

10.  If  the  ratios  of  3«+2 ':  6a-fl,  and  of  2a-{-3  :  tf-f^  ^ 
compounded  together,  is  the  resulting  ratio  a  ratio  of  greater  or 
lesser  inequality  ? 
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<6«+l)  X  (fl+2)— 6a'+13H-2~      ^^^  '  '^+**H-2 
/.  a  ratio  of  greater  inequality. 

11.  What  are  the  least  numbers  in  the  ratio  compounded  of 
the  three  following  ratios,  viz.  the  ratio  of  7  :  5,  the  duplicate  ra- 
tio of  4  :  9,  and  the  triplicate  ratio  of  3  :  2  ? 

7X4X3     14       ,-      ,  ,. 

* 

12.  Compound  the  subduplicate  ratio  of  sf  :  ^  with  the  quad* 
ruplicate  ratio  of  ^x  :  ^y, 

-sa  subduplicate  ratio  of  af  :  ^,  and  -y  =s  quadruplicate  ratio 
of  a/*  :  Vy;  .-.  ^^  =  af  :  y*. 

On  Proportian. 

83.  The  most  useful  Theorems  relating  to  proportional  quan- 
tities are  the  following : 

Th.  1.  If-four  quantities  be  proportional,  the  product  of  the 
extremes  will  be  equa}  to  the  product  of  the  means;  for  let 

a  :  h  II  c  :  df  then,  by  Art.  80,  t=^  •'•  (id=^*    Hence,  also, 

it  follows,  diat  if  any  three  terms  of  a  proportion  be  knoWn,  th« 

fourth  may  be  found ;  for,  from  the  equation  o^  ss  ^,  we  hav^ 

be    ,      ard  ad        ^  ,      he 

«  sa-r ;  h  = — ;  c       ,  ;  and  a= —  • 
deb  u 

• 

Th.  2.  The  converse  of  the  foregoing  theorem  is  also  true ; 
viz. :  If  the  product  of  any  two  quantities  be  equal  to  the  prodiM^t 
of  two  others,  those  four  quantities  will  constitute  a  proportion, 
provided  that  the  terms  of  one  product  be  made  the  means,  and 
the  terms  of  the  other  product  be  made  the  extremes,  of  such  pro- 
portion.   Thus,  if  the  four   quantities  a,  b^  c,  dy  be  such  that 

d      c 
ad — be,  then  (dividing  by  bd)  ^=i ;  •'•  by  Art  80,  a  :  3  : :  c  :  d. 

Th.  3.  If  three  quantities  be  proportional,  the  product  of  the 
two  extremes  is  equal  to  the  square  of  the  mean ;  for,  if 
a  :&::&:  c,  then,  by  theorem  1,  00=^.  Hence  also  it  follows, 
that  a  mean  proportional  between  any  two  quantities  is  equal  to 
the  square  root  of  their  product ;  for,  let  a;  be  a  mean  propor- 
tional between  «  and  e,  then  a  :  x  ii  z  :  c ;  ,'.  sf  s^  tic,  and 

9mm  ^ac. 
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Tb*  4»  If  four  quantitiefl  be  proportionfti,  tbey  will  also  lie  pro* 
portional  when  taken  inversely  or  Mtemakely ;  taos,  ifaibltciif 

then  T=i  f  invert  the  fractions,  then  -=s-  ;    .\   b  I  a  Zl  die 
b     d  a     c 

Again»  vmof^  mifsssbcy  dien  (dividing  by  cd)  we  have 

ad     be        a     b  ,       , 

-T=-T,  or-=>^;  .\  a:  ellb  :  d. 
cd      cd        c     d 

Th.  5.  If  there  be  six  proportional  quantities,  and  the  first  be 
ta  tl^  second  aa  the  third  to  the  fourth,  and  tlie  third  to  the  fourth 
as  the  fifth  to  the  sixth,  then  will  the  first  be  to  the  second  as  the 
fifth  to  the  sixth.     For  lei  a  :  b  :i  c  :  d, and  c  :  d  lie  if:  then 

r-=j- ;  and  ^  =7; ;  •••  ^=7-»  or>  ^X  Art.  80,  a  :  3  : :  «  :  / 

Th.  6.  If  four  quantities  be  propoftiimal, then  tbeaum  ot&r 
ference  of  the  first  and  second  will  be  to  the  second  as  the  sum  or 
difference  of  the   third  and  fourth  is   to  the  fourth.     For  let 

a  :  b  II  e  :  d,  then  r-=»T  9  &<ld  I  to,  or  subtract  it  from,  each 

0      a 

side    of  the    equation,  then    t-±1  =  3-  db  ^  ?  ••*  -^  ^ 

Qonsequoatly,,  by  Art.  80^  aJtb  '-  b  i:  cdb^  »  d, 

,   Th.  7.     If  four  quantities  be  pxopoitional,  the  first  i^  to  the 
sum  or  difl^rence  of  the  first  and  second  as  the  third  to  ^e  sum 


of  the  third  and  fDurth.  For»  bv  theorem  6,  a^  :  b 
II  Cib^  :  dy  and  alternately  a^tib  :  cdi<2  liaid;  but»  by  thfi^ 
rem  ^b  \  d  l\  a  '.  c;  hence,  by  theorem  5,  azfc3  :  c±^  ; :  a  :  c, 
and  alternately  adb^  '  a  ll  Czhd  :  c ;  .•.  inversely  a  :  ar^ Z\t 
:  c±rf. 

.  Th.  8.    If  four  quantities  be  proportional,  then  the  sum  of  the 
firat  and  second  is  to  their  difference  as  the  sum  of  the  third  and 


fourth  is  to  their  difference.     For,  by  theorem  6,  

b  d 


and  — =-^ —     -    ;  invert  the  last  two  fractions,  then = = 

0  a  a — b     c — a 

hence   -^  X^:Zi==>^  Xj^  or  ^=^5  ••.  by  Art 
80>  ar\^  :  flfc— ^  : :  c-^-d  :  c — d. 

Tb.  9.  If  four  quantities  be  proportional,  and  any  equimult^ 
pies  (H*  equal  parts  whatever  be  taken  of  the  first  and  second,  and 
also  of  the  third  and  fourth,  then  will  the  resulting  quaotalies  t*- 
Iten  is  the  same  ord^,  b«  still  pfopmrtional.    For  \Am  i  b  lie : 


di  tkeOv  by  Case  I,  iUt.  82,  the  itfiio  of  ma  :  f»^  is  the  «inie 

with  the  ratio  of  a  :  hs  and  for  the  same  xeason,  the  ratio  of 
no  :  nd  is  the  same  with  the  ratio  vf  c  :  d;  hence,  (Article  78^) 
ma  :  fnb  II  nc  :  nd,  where  m  and  n  may  he  any  quantities  what- 
ever, either  integral  or  fractional. 

Th.  10.     The  same  theorem  is  true,  if  any  equimultiples  or 

equal  parts  whatever  be  taken  of  the  fizst  and  third,  and  also  of 

\       a     'c 
the  second  and  fourth ;  for  since  j-  =^»  multiply  each  side  of  the 

,         m     ,  fJUl        TThC  -  ,         - 

equation  by  —,  then   — r  t-      ;  ^w^a  ;  no  it  mc  :  nd,  where 

n  no       nd 

m  and  n  may  be  any  quantities  whaterer,  either  integral  or 

fractional.'  , 

Th.  11.  If  four  quantities  be  proportional,  any  powers  or  roots 
of    those    quantities  will    also    be    proportional.       For    since 

T-=j,  we  have  7;;=^  5  .-.«":  ^"  :;  ef  :  rf*  ,wfaere  n  may  be 

any  nujnber,  either  integral  or  fractional. 

Tu.  12.  If  the  corresponding  terms  of  two  sets  of  propintioii- 
•k  be  mnitipUed  together,  or  divided  by  each  other,  the  resulting 
^matides,  taken  in  order,  will  still  be  proportional.     Thus,  let 

a  I  b  II  c  I  d 


and 


^    ,        a      c 
then  T=^ 
o       a 


and^=l 
/      h 


hence  ^sBi^jHitaeztfzzcgim. 


ad.      he 

Again,  by  theotem  1,  ad=bcj  and  eh=fg;  .^  -y     y  ;  liance 

m    h      ^    d 
by  theorem  2,  "~  •  7  •  •  —  •  t"-     l^e  same  will  evidently  be  true  of 

any  number  of  j^oportions. 

Th.   13.     If  there  be  two  rows   of  proportional  quantitiies, 

nvherein  the  second  and  fourth  terms  of  the  first  row  are  the  same 

with  the  first  and  third  terms  of  the  second  row,  then  will  th«i  le- 

maining  quantities,  taken  in  order,  be  proportional.     Thus, 

\^X  a  \  h\  \c  \  d^ 

and  h  ',  e  :  :  d  x  f;  then,  by  theorem^  \%(ib  \ht  i  i  cdidf^ 

or,  (reducing  each  ratio  to  its  lowest  terms,)  a  :  e  i  i  c    :  /.^ 

Th.  14.  If  there  be  a  set  of  proportional  quantities,  a  \  h  i  i 
e  :  d  II  e  :  f:  ;.g  :  hi  kc.,  then  will  the  first  be  to  the  second 
as  the  sum  of  all  the  antecedents  to  the  sum  of  all  dieconse- 
^pisnts*    Foe,  since  o&ssift,  and  (by  theorems  1  and  5,)  arf  ess  fc, 


tdi  AKKMXmOAL  FBOOSBiftlON. 

</^iii  ftg,  ahfaabgf  iec.,  we  have  ah-^-ad^af-^-ah-^icc-^U'  \  be-^-ie 

Th.  2,)  a  :  b  i-t  a+c-f-€-f-5^+&c.  :  ^-j-df+/-(-A+&c. 

Th.  15.     V  a  :  d  :  :  b  :  c  :  :  c  :  d  :  :  d  :  e  Sec.,  as  in  article 
79,  then  a  :  c  :  :  a?  :  y,  or  in  the  duplicate  ratio  of  a  :  b  ; 
a  :  d  :  :  c?  :  l^y  OT'  in  the  triplicate  ratio  of  a  :*  b  ; 
/  a  :  e  :  :  a^  :  ^^,  or  in  the  quadruplicate  ratio  of  a  :  b; 

&e,,  &;c.,  &c. 
For  a  :  i  :  :  a  :  ^ ;  ^  Again,  a  :  c  :  :  «*  :  i^; 

and  3  :  c  :  :  a  :  ^  ;  ?  but  c  :  .d  :  :  a    :  b  ; 

.'.  by  Th.  12,a  :  c  :  :  rf*:  V.)       .-.  Th.  12,  a :  rf  :  :  a»  :  i^. 
Moreover,  a  :  <2  :  :  c^  :  3 
but  d  :  e  :  :  a    :  b 
.•.  by  Th.  12,  a  :  e  :  :  a*  :  ^*,  &;c.  &c.  &c. 

Arithmetical  Progression  is  when  a  series  of  numbers  or  quan- 
tities increase  or  decrease  by  the  same  common  differenee* 

Thus,  1,  3,  5,  7,  9,  &;c.  and  a,  a-^d,  a-^2d,  a-l"^»  ^v  *^re  in- 
creasing serie»  in  arithmetical  progression^  the  common  differ- 
ences G^  which  are  2  and  d. 

And  15,  12,  9,  6,  &c.  and  a,  a  —  d,  a — 2dy  a — 3(Z,  &;c.  are  de- 
creasing series  in  arithmetical  progression,  the  common  differences 
of  which  are  3  and  d. 

The  most  useful  properties  of  arithmetical  proportion  and  pro* 
gression  are  contained  in  the  following  .theorems  : 

1.  If  four  quantities  are  in  arithmetisal  proportion,  the  sum 
of  the  two  extremes  will  be  equal  to  the  sum  of  the  two  means. 

Thus,  if  the  two  proportionals  be  2, 5,  7,  10,  or  a,  b^c^d;  then 
will  2+10=fi4-7,  and  a-^d=b+Ci 

2.  And  if  three  quantities  be  in  ^irithmetical  proportion,  the 
sum  of  the  two  extremes  will  be  double  the  mean. 

Thus,  if  the  proportionals  be  3,  6,  9,  or  a,  b,  c,  then  will  3  -|-  9 
sss2x6=12,  and  a-fc==23. 

3.  Hence,  an  arithmetical  mean  between  any  two  quantities  is 
equal  to  half  the  sum  of  those  quantities. 

Thus,  an  arithmetical  mean  between  2  and  4  is  rss 

244  5+6 

— ^ — ==3 ;  and  between  5  and  "6,  it  is  s=s     '         5|. 
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And  an  arithmetical  mean  between  a  and  b  is  ^~---. 

4.  In  any  continued  arithmetical  progression,  the  sum  of  the 
two  extremes  is  equal  to  the  sum  of  any  two  terms  that  are  equal- 
ly distant  from  them,  or  to  double  the  middle  term,  when  the  num- 
ber of  terms  is  odd. 


If  two  or  more  arithmetical  means  between  any  two  quantities 
be  requited,  tfaey  may  be  expressed  as  below. 

Thds,  — ^ —  a«d  — ^^ —  ass  two  aritKmetical  means  between  ft 

and  h,  a  being  the  less  extreme  and  h  die  greater. 

.   :,   na  +  b  {71—1)04-26  (t^— 2)a+3*  '  «+n* 

number  (ti)  of  arithmetical  means  between  a  and  h  ;  where  — r-r 

is  the  common  difierence ;  which  being  added  to  a,  gives  the  first 

of  these  means ;  and  then  to  this  last,  gives  the  second ;  and  so  on. 

And,  if  this  series  be  a,  a-^f^'  ^4*^'  fl^Sef,  a  -f-  ^>  ^^^^  ^^ 

5.  The  last  term  ol  any  increasing  arithmetical  series  is  equal 
to  the  first  term  plus  the  product  of  the  common  dt&renca  b^ 
the  nuBbber  of  terms  less  one  ;  and  if  the  series  be  decreasing,  it 
is  equal  to  the  first  term  Aiinus  that  product. 

Thus,  the  last  term  (Z)  of  the  series  a,  a  -j"  ^  ^  "f"  ^'  ^  H**  ^ 
a-{-4f,  ^•c.  continued  to  n  terms,  is  fc=a-j-(a — l)^^. 

And  the  last  term  of  the  series  a,  a  —  (^,  a — 2<i,  a — 3<2|  ar-Ai^ 
4«.  to  n  terms,  is  /■    la     {nr^\)i,. 

6.  The  stim  of  any  series  of  quantities  in  arithmetical  pro- 
gression is  equail  to  the  sum  of  the  two  extremes  multipliea  f^ 
half  the  number  of  terms.  Thus,  the  sum  of  flhS  serias  fi;-4,'6» 
8, 10,  12,  is  =  (2+12)+fss=14x3=42. 

And  if  the  series  T)e  a+(a+)-f(fl+2rf)+(«-t-3rf)+,  ^-c*  to  n 
terms,  we  shall  have  s  =  (a-j-Q  X  \n^^  where  I  is  the  last  term,  n 
the  immber  of  terms,  and  z  the  sum  of  the  series. 

Or,  the  sum  of  any  increasing  arithmetical  serieis  may  he  fdund 
by  adding  the  product  of  the  common  difference  by  the  number  of 
terms  less  one,  to  twice  the  first  term,  and  liwn  mul^plyiftg  the 
result  by  half  the  number  of  terms. 

And,  if  the  series  be  decreasing,  its  sum  will  be  found  by  sub- 
tracting the  product  of  the  common  difierenc§  by  the  .numjaet  ^f 
terms  less  one,  from  twice  the  first  term,  and  then  multiplying  the 
result  by  half  the  number  of  terms,  as  before.* 

*  The  sum  of  any  -number  of  terms  (n)  of  the  series  of  natural 
numbers  1,  2,  3,  4,  6,  6, 7,  f  c.  is  —^IfjH)      ^ju^  1^34.3^- 

•f«f ,  fc  continoed  to  100  tniM,  iB«^.2^12?  n«)xiOt  faL 
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Thus,  if  the  series  be  a-H«-H)+(^««^)+(H-*0+(«+*0 
•^,  6cc.  continued  to  n  terms,  we  shall  have 

|2fl+(n— l)(i}  X^.    And,  if  the  series  be  a+(fl— <l)4-(a— 2i). 
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^(o — 3d)^{a — ^'\-,  &c*  continued  to  n  terms,  we  shall  have 

Case  I.  The  sum  of  a  series  of  quantities  in  arithmetical 
progression  is  found  by  multiplying  the  sum  of  the  first  and  last 
terms  by  half  the  number  of  terms. 

Let  a  =:  first  term,  d  =  common  difierence, 

n  ssz  number  of  terms,  and  9  sss  sum  of  the  series. 

a-f"<H"^ -f  H~^+  aT+-3<i  &c a-^in — l)ds=ss 

Or^in — l)d  4-  g"K» — ^)^  +  a+{n^^)d  -j-,  Sec a  g=  x 

By  addition  2a^(n — l)d  +  2a-{-(^ — 1)^  +&c.  to  n  terms  =s  2s 

.',  {2a  +  ln^l)d\   .  n=z2s. 

Whence  Kss{2a+{n^l)d\  .|={a+«-t;(7i^l)/i} J 

'                 .  No.  of  terms 
=s|  first  term  -f-  last  term{. g . 

Cor.  3.  Any  three  of  the  four  quantities  s^  a,  n,  d,  being  known, 
the  fourth  maiy  be  found. 

If  Si  d,  nhe  given,  ■■  fl     i        ^ * —  • 

{2a-}-(9t — ^)dli ;  by  actual  multiplication,  2anr\^vf — w<f— 8f, 

2« — jfd-^^n 


orasflw     rjir — afr-f^n;  .• 

2  ^^^ ^^^ 

If  a,  #,    n  be  given,^  we  find  d     .\  d  =—."    ^^*> 

®  n  n — 1 

fe^    ^w     2f — 2anf  or  (?^ — n)t&=Sls — 2an  ;  .•.  <2       ,  , 


If  «,  i2,  a  be  gifen n  B=s^2L-Li ~qa    — ^ 

To  find  »,  we  have,  by  transposition,  dn^  -f"  ^^^  t^»  =  2f ,  or 

<i^  4"  (^  —  4^ "» ^/  •••  ^1        ,     ^^^"^  *  "^^'  ^  ^'^''®  ^» 

d—-2a      1 
quadratics^ we  have  n=  ±2jV{(2« — rf)'-f-8<^l- 

Cor.  2.  If  the  series'  be  a  decreasing  one,  d  is  negative,  and 
^|2«-(n-l)rf}l. 

1.  The  first  term  of  an  increasing  arithmetical  series  is  3,  the 
common  difierenee  2,  and  die  numl^i  of  terms  20.  Bequired  the 
sum  of  the  series. 


First,  a-}-2(20— l)s=3-f-2xld=3H-38s=s41,  the  last  term,  and 
{3+41(X^i?«=44x^»«=44X  10=440,  the  sum.     Or,  {2X2  4- 

2(2a-l)X^^^=(64-2X  19)  X  10=(6+38)  X  10=44X  10  =»  440, 
as  before. 

2.  The  first  term  of  an  increasing  arithmetical  series  is  100,  the 
common  difierehce  3,  and  the  number  of  terms  34.  Required  the 
sum  of  the  series.  '  - 

First,  100—3(34—1)  =  100—3x33  =  100—99  =  1,  the  laat 
term,  and  ( 100+1)  X^^=101X-V=101X  17=1717,  the  sum  re- 
quired. Or, '{2X  100—3(34—1 1 ) X^  =(200  —  3x33)  X 17  = 
(200—99)  X  17=101  X  17=1717=  sum,  as  before.  x 

3.  Required  the  sum  of  the  odd  numbers  1,  3,  5,  7,  9,  &c.  con- 
tinued to  101  terms. 

Here  the  formula  s={2ar\'(n—l)a\^  becomes  {2-)-  100  X 2} 

X-^J1=202X^F=101^10201. 

4.  How  many  strokes  do  the  clocks  of  Venice,  which^o  on  to 
24  o'clock,  strike  in  the  compass  of  a  day  ? 

Here  *=:(a4.Z)^=(l+24)X  12=300,  Ans. 

5.  The  first  term  of  a  decreasing  arithmetical  series  is  10,  the 
common  difference  (,  and  the  number  of  terms  21.  Required  the 
rom  of  the  series.      Ans.  140. 

Here  the  formula,  £=^^4-(n — 1)^,  becomes  &ss24-(365 — l)ff 3 

•f728bs:730,  Ans. 

6.  One  hundred  apples  being  placed  on  the  ground,  in  a  straight 
line,  at  the  distance  of  a  yard  from  each  other ;  how  far  will  a 
person  travel,  who  shall  bring  them,  one  by  one,  to  a  basket  placed 
at  the  distance  of  a  yard  from  the  first  apple  ? 

Here  the  1st  term  is  1+1=3,  and  the  last  100+100=200,  the 

Bumber  of  terms  100.    Therefore  (fl+^)^  =  (2+200)50  =  10100 

yurds,  or  5  miles  1300  yards,  Ans. 

7.  Required  the  365th  term  of  the  series  of  even  numbers  2,  4, 
g,  8, 10,  12,  &c.     Ans.  730. . 

Also,  the  sum  of  any  number  of  terms  (n)  of  the  series  of  odd 
numbers,  1,  3,  5,  7,  9,  11,  &c.  is  =7i*.  Thus,  1+3+5+7+9+, 
fee.,  continued  to  50  terms,  is  =50*=2500. 

To  this  we  may  add,  that  if  any  three  of  the  quantities  a,  rf,  «, 
i»  be  giren,  the  fourth  may  be  found  from  the  equation 

•*{2fl±(« — 1)^}  Xq-j  or  (a+QXs-»  where  the  upper  sign  +  is 


2'      ^    '   ''"2 

to  be  used  when  the  series  is  increasing,  and  the  lower  sign  — 
when  it  is  decreasing ;  also  the  last  term  Issa^izin — l)df  as  above* 


Here  «=|2a-C7i^l)*^}^{20-20xUXV=(20-V)X 
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The  following  problems  and  theorems  contain  the  whole  prac- 
tice of  arithmetical  progression,  with  the  rules  already  given. 

Giren  Z  or  a  ss  the  first  or  least  term,  g  ss  the  greatest  term, 
n  =:  the  number  of  terms,  s  =s  the  sum  of  the  term  or  series,  and 
b  w  d  sm  the  common  excess  or  difllerence. 

Case  1.     Given  Z,  g,  and  riy  to  find  s  and  d.  ^ 


Theo.  1.    {l+g)%=:s.  Theo.  2.    ^    ,-Larf, 

Problem  1.  Giv^n  the  least  term,  the  greatest  term,  and  tha 
number  of  terms,  of  an  arithmetical  progression,  to  find  the  sum 
<rf  the  terms* 

fiuLE.  To  the  least  term  add  the  greatest,  multiply  the  sum  by 
half  the  number  of  terms,  and  the  product  will  be  die  sum  of  the 
Vbrrxs. 

Prob.  2.  Given  the  least  term,  the  greatest  term,  and  the  num- 
ber of  terms,  to  find  the  comnnm  excess  or  difierence. 

Rule.  Divide  the  difference  between  the  greatest  and  the  least 
term  by  the  numb^  of  terms  less  unity,  and  the  quotient  wiH  be 
the  common  excess,  or  dilfiference. 

Case  2.     Given  /,  g,  and  «,  to  find  fi  and  d. . 

n^eo.  3.    -^p^.  Theo.  4.  ^ip^^^L^ 

Case  3.    Given  Z,  g^  and  ef,  to  find  n  and  $. 
Theo.  &  ^^4-l«B».  Theo.  6.  ^^A-  1  X^«-». 

Proh,  3.  Given  the  least  term,  the  gr<eatest  term,  and  the  com- 
mon excess,  or  difierence,  to  find  the  number  of  terms. 

RuLS.  Divide  the  difference  between  the  greatest  and  the  loMt 
term,  by  the  common  excess,  or  difference,  the  quotient,  increased 
by  an  unit,  will  give  the  number  of  terms. 

Prob,  4.  Given  the  greatest  term,  the  number  of  terms,  and  the 
common  excess,  or  difference,  to  find  the  least  term. 

RtTLE.     Multiply  the  common  excess,  or  difierence,  by  the  num- 

Note  1.  if  three  numbers  are  in  arithmetrical  progression,  the 
sum  of  the  extremes  will  be  equal  to  double  the  mean  j  and-  the 

5roduct  of  the  extremes,  increased  by  the  square  of  the  common 
ifference,  will  be  equal  to  the  square  of  the  mean.    Thus,  if  5, 
7,.  9,  are  in  arithmetical  progresriobt  then  wiU  5-|-0aB7XiK»  «■& 
(H-5)+(2+2)=7X7. 
v;.   Iff  fear  nutnbers  ore  in  arithmedcal  progression,  die  stdn  (tf 
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ber  of  tenns  less  1 ;  subtract  the  produ((t  from  the  ^freatest  term, 
and  the  remainder  Tvill  be  the  least  term. 
Case  4.     Given  ^,  9»,  and  ^ ,  to  find  g  and  d.    ^ 

Theo.  7.  ?!-fc=^.  Theo.  8.  ^5=^^  =V""»d. 

n  (w — 1)X'*       n'-i-n 

Case  6.     Given  ly  n,  and  i^,  to  find  g  and  x. 
Theo.  9.  l+{n^l)Xd=g.     Theo.  10.  \(nd^^+2l\  X^b«. 

Prod,  5.  Given  the  number  of  terms,  the  common  excess,  or 
diflference,  and  the  sum  of  the  terms,  to  find  the  least  term. 

Rule.  Divide  the  sum  of  the  terms  by  the  number  of  terms ; 
and,  from  the  quotient  subtract  half  the  product  of  the  common 
excess,  or  difierence,  by  the  number  of  terms  less  1 ;  the  remander 
will  be  the  least  term. 

Case  6.     Given  I,  «,  and  d,  to  find  g  and  n. 

Cade  7.     Given  g,  n,  and  «,  to  find  I  and  d. 
Theo.  13.  f-^.  Theo.  14.  lM=f^=^^^. 

Prob.  6.  Given  the  least  term,  the  number  of  terms,  and  the 
common  excess,  or  difierence,  to  find  the  greatest  term. 

Rule.  Multiply  the  number  of  terms  by  the  common  excess, 
or  difierence,  and  to  that  product  add  the  least  term ;  firom  this 
sum  subtract  the  common  excess,  or  difierence,  and  the  remainder 
will  be  the  greatest  term. 

Case  8.     Given  gy  n,  and  dy  to  find  I  and  s. 

Theo.  15.  g—{7ir^l)d=l.        Theo.  16.  { (2g+i)— w^}  Xg  ««. 

Case  9.     Given  gy  s,  and  dy  to  find  I  and  n. 
Theo.  17.  i>v/J(2^-Hy*— 8<«5}+i&=^.     18.  See  p.  186,  cor.  1. 
Case  10*     Given  9i,  s,  and  dy  to  9nd  I  and  g. 

Theo.  19.    -—\{nr^l)Xid]=l.    20.  -^-|(«^l)Xj^}=«'. 
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the  two  extremes  will  be  equal  to  the  sum  of  the  means.     Thus, 
if  2,  3y  8,  11,  are  in  arithmetical  progression, 
Then  will  2+ll=$+8. 

3.  If  a  series  of  numbers  (consisting  of  any  number  of  terms) 
are  in  arithmetical  progression,  the  sum  of  the  extremes  will 
always  be  equal  to  the  sum  of  any  two  means  equidistant  from 
the  extremes ;  or  to  double  the  mean  if  the  terms  be  odd. 

Thus,  if  3,  5,  7,  9,  11,  13,  &c.  are  in  arithmetical  progression, 
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85When  a  series  of  numben  increase  by  a  coimnoB  moltipber,  or 

decrease  by  a  common  divisor,  those  numbers  are  said  to  be  in  ge- 
tmiettical  progression ;  such  as  2,  4,  8,  16,  ^.  ^c.  The  first  and 
last  terms  are  usually  called  the  extremes,  and  the  common,  mtilti- 
plier  or  divisor  the  ratio. 

Note  1.     If  three  numbers  be  in  geetnetrical  progression,  fihe 
product  of  the  two  extremes  will  be  equal  to  the  square  of  the 
mean.     Thus,  if  3,  9,  27,  be  in  geometrical  progression, 
Then  will  3X27=9X9. 

2.  If  four  numbers  be  in  g^ometical  progression,  the  product 
tH  the  two  extremes  will  be  equal  to  the  product  of  the  means. 

Thus,  if  2,  4,  8,  16,  be  in  geometrical  progression, 
Then  will  2x16=4x8. 

3.  If  a  series  of  numbers,  consisting  of  any  number  of  terms, 
be  in  geometrical  progression,  the  product .  of  the  two  extremes 
will  be  equal  to  the  product  of  any  two  means  equidistant  from  the 
45Xtremes  ;  or  to  the  square  of  the  mean,  if  the  terms  be  odd. 

Thus,  if  1,  2,  4,  8,  16,  32,  ^c.  be  in  geometrical  progression. 
Then  will  1x32^2X16=4X8. 
Or,  if  1,  2,  4,  8,  16,  ^c.  be  in  fi^eometrical  progression, 
Then  will  1X16=S2X8=4X4. 

4.  If,  out  of  any  series  of  numbers  in  geometrical  progression, 
there  be  taken  any  series  of  equidistant  terms,  that  series  -will 
likewise  l)e  in  geometrical  progression. 

"  Thus,  if  2,  4,  8,  16,  32,  64,  <^c.  be  in  geometrical  progressioii» 
Then  will  4,  16,  64,  4*c.  be  in  geometrical  progression. 
Problem  I.    Given  the  number  of  terms  the  ratio,  and  either 


Then  will  3+13=5+11=74-9. .  Or       1,  4,  7,  10,  13, 
are  in  arithmetical  progression,  tlien  will  l+13ers4+10BB:7x2. 

4.  If,  out  of  any  series  of  numbers  in  arithmetical  progression, 
there  be  taken  any  series  of  equidistant  terms,  that  series  will  also 
be  in  arithmetical  progression. 

Thus,  if  2,  4,  6,  8,  10,  12,  14,  &c.  are  in  arithmetical  progres- 
sion, then  will  4,  8,  12,  6cc*  be  in  arith.  prog. 

6.  In  any  -series  of  numbers  in  arithmetical  progression  the 
common  excess,  or  difierence,  is  as  often  repeated  as  there  are 
terms  in  the  progression,  wanting  one  ;  viz.  every  term,  except  the 
first,  is  continually  increased  or  diminished  by  the  common  excess 
or  diilference. 

6.'  The  rules  for  an  asceilding  or  descending  series  are  the 
same ;  for  a  descending  series  becomes  an  ascending  one  by  be« 
ginning  at  the  least  term. 
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•f  the  extreme  tenne,  of  a  limited  geoodetrical  series,  to  find  the 
other  extreme. 

Rule.  Write  down  a  few  terms  of  a  geometrical  series^  begin* 
mng-  with,  and  formed  by  the  giren  ratio ;  over  which  place  the 
ari&netical  series  1,  2, 3,  4,  5,  4^.  as  indices ;  observe  what  fig^ 
ares  of  these  indices,  when  added  together,  will  give  a  number  an 
anit  less  than  that  expressing  the  number  of  terms ;  and  find  the 
product  of  the  terms  in  the  geometrical  series  which  stand  under 
these  indices.  This  product  multiplied  by  the  first  term  given  in 
the  question,  or  die  first  term  Hivided  by  this  product,  according  as 
the  progression  is  increasing  ov  decreasing,  will  give  the  term 
sought* 

Prob.  n.  Given  one  extreme,  the  ratio,  and  the  number  of 
terms,  of  a  geometrical  series,  to  find  the  sum  of  the  terms. 

Bulb.  Find  the  other  extreme  by  Ph>bl6m  1.  Then  divide 
Ae  diflference  between  the  extremes  by  the  ratio  less  1 ;  die  <iuo- 
tient  increased  by  the  greater  extreme  will  give  the  sum  of  thi 
terms. 

Prob.  UL  hk  any  series  of  numbers  in  geometrical  progres* 
rion,  decreasing  ad  infinitum,  given  the  first  term  and  the  ratio,  to 
find  the  sum  of  the  series. 

SuLE.  Subtract  the  second  term  from  the  first ;  the  square  of 
As  first  term,  divided  by  this  difiereuce,  will  give  the  sum  of  the 
series. 


If  ;  =s  the  least  term, 
gs=:  the  greatest} 

the  number  of  terms. 


c==the  sum  of  the  terms. 

r=the  ratio. 

^^t^logarithm  of  any  letter.^ 
Then  vrill  the  following  theorems  exhibit  all  the  possible  cases 
of  geometrical  progression,  incfuding  those  already  given. 

86.  If  a  series  of  quantities  increase  or  decrease  by  contihual 
multiplication  or  division  by  the  same  quantity,  then  those  quan- 
tities are  «aid  to  be  in  geometrical  progression.  For  the  exponents 
of  r  are  a  series  of  numbers  in  ariuimetical  prc^ression,  beginning 
with  zero,  or  nought,  alid  increasing  by  unity  in  each  succeeding 
tenn»  as  0,  1,  2»  3 ;  and  therefore  the  exponent  of  the  nth  term  is 
»— 1 ;  consequently,  if  the  nth  term  be  represented  by  Z,  then 
wiUfc=a7*-\ 

To  find  the  sum  of  n  terms  of  a  geometrical  progression^  let 
0  OS  fijrst  term,  r  the  common  ratio,  n  sv  the  number  of  terms, 
and  s  sss  the  sum  of  (n)  terms.  Thus,  the  numbers  1,  2,  4, 
8,  16,  Sec.    which   increase   by   continual    multiplication    by 

2» and  the  numbers  h^_^Kj»  ^-    which  decrease  by 
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continual  division  by  3,  or  multiplication  by  ^,  are  in  geometrical 

progression,  as  before. 

87.  In  general,  if  a  represents  the  first  term,  r  the  common 
multiple  or  ratio,  then  may  the  series  itself  be  represented  by  «, 
ar,  crTy  ar^,  ar^f  &;c.,  which  will  evidently  be  an  increasing  or  a 
decreasing  series,  according  as  r  is  a  whole  number  or  a  proper 
fraction.  In  the  foregoing  series,  the  index  of  r  in  any  term  is 
less  by  unity  than  the  number  which  denotes  'the  place  of  that 
term  in  the  series.  Hence,  if  the  number  of  terms  in  the  series 
be  denoted  by  w,  the  last  term  will  be  ar^'K 

88.  Let  s  be  the  sum  of  the  series  a,  ar,  ar",  ar",  &c. ;  then 
a    -j-    ar  -f-  ar*  +  ar*  +  ^c.  •  •  •  •     ar^^-^r'^^  =  f . 

Multiply  the  equation  by  r,  and  it  becomes 

or  -^  ar^  -^  ar^  -j-  ar^  -\^  ^c ar'*^  -f"  ^^""^  +  ar*  =  r*. 

-  Subtract  the  upper  equation  from  the  lower,  or  the  series 
which  is  the  value  of  s  from  the  series  which  is  the  value  of  n, 
and  we  have 

,  or  (r — l)ft=ar" — a  ;  and 


r — 1 

If  r  is  a  proper  fraction,  then  r  and  its  powers  are  less  than  1. 
For  the  convenience  of  calculation,  therefore,  it  is  better  in  this 

case  to  transform  the  equation,  into  *=5s-- ,    by    multiplying 

the  numerator  and  denominator  of  the  fraction  7-  bv  —  1. 

r — 1       -^ 

89.     If  Z  be  the  last  term  of  a  series  of  this  kind,  then 

I  ss  ar*"* ;  .•.  rlsssar^ ;  hence  *=  } J  = ;=Z-4 r- 

•  (   r — 1    )        r — 1        *  r — 1 

.From  this  equation,  therefore,  if  any  three  of  the  four  quanti- 
ties *,  a,  r,  Z,  be  given,  the  fourth  may  be  found.     For 

rl — a  s — a       ,  _     (r — 1)5 +«      mu 

*  = r  ;  ass=rl—{r—l)s ;  r  =  — =,  and  h=i' -i-Lz.     The 

r- — 1  s  — I  r 


value  of  n  cannot  be  found  from  the  equation  4=s r-,  except 

by  means  of  logarithms,  thus :  See  page  193,  Art.  92. 

Find  the  sum  of  the  series  l,i},  9,.  27,  <J«c.  to  12  terms. 
V  Here  fl=l,  ri=3, 7i=sl2.  and 


«r»-^     1  X  3«»— 1     81'  —I     531441—1     531440     l^Z,^ 
T=r=     3-1      ^~2^= 2 =—2— =265730. 

90.     Let  I  be   the   last  term  of  an  arithmetic  series,  whose 
first  term  is  a,  common  difference  d,  and  number  of  terms  n  ;  than 


/ 
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lasa'^{nr^l)d;  .'.  (« — l)dsssl — a,  or  &= r.    Now  the  nnm- 

ber  of  intermediate  terms  j)etween  the  first  and  the  kist  is  9^— 2 ; 
let  n — ^^sssniy  then  «-^ls=s:»i-|"l*     Hence  c2= — TTi'  which  gives 

the  following  rule  for  finding  any  number  of  aritnmetic  means  be- 
tween two  numbers.  Divide  the  difference  of  the  two  numbers  by 
the  given  number  of  means  increased  by  unity,  and  the  quotient 
will  be  the  common  difierence.  Having  the  common  difference, 
the  means  themselves  will  be  known.   See  page  290. 

91.  The  general  expression  for  the  sum  of  a  geometric  series 

whose  common  ratio  (r)  is  a  fraction,  is  aass— .         Suppose 

now  n  to  increase  indefinitely ;  then  r°  (r  being  a  proper  frac- 
tion) will  decrease  indefinitely ;  therefore  ar°  will  decrease  indefi- 
nitely with  respect  to  a,  or  a  will  be  the  limit  of  a — ar^f  and 

= the  limit  of  -= ,  or  s ;  and  consequently  •= will  ex- 
press the  value  of  the  series  when  the  number  of  its  terms  is 
supposed  to  be  indefinitely  increased,  xor,  as  it  is  commonly  called, 
the  sum  of  the  series  ad  infinitum.        See  page  312. 

92.  If  the  sum  of  the  series,  the  common  ratio,  and  the  first 
term  he  given,  the  number  of  terms  may  be  found  dius : 

r. 


Since  rs    i    iir'^-g,  or  ar^ssrs — f-j-^,  and 

a 

.•.  log.  r"  or  «Xlog.  rssslog.  {rs — s4-^) — ^log.  a. 

Hence  nJ""^'  (r.-.-f  a)-log.  a.  ^ 

log.  r 

1.  The  sum  of  a  geometric  series  is  6560,  its  first  term  2,  s^d 
common  ratio  3.    What  is  the  number  of  terms  ? 

Bere»=6660.a==2,n=3;  ...  „JoS-  ir^+a)-log.  a 

log.  r 
_  log.  13122  —log.  2     3.8169700    ^ 

~  log. 3.  "^.4771213    .'    ^^' 

2.  A  person  undertakes  a.  journey  of  364  miles,  going  one  mile 
the  first  day,  three  the  second,  nine  the  third,  and  so  on.  When 
will  he  arrive  at  his  journey's  end  ? 

log.  r 
lo^.  728— log.  3        2.862728     ■.   , 

■"      .     log.  1 "  .477121 '^','^y"^^ 
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'   Cuhk  Eguationt, 

Let  d^f  -^  C3? -^-hx  =:^  N  h^  any  cubic  equation,  and  let,  as  in 
the  solution  of  quadratics  a:  =  r  4"  y/or  y  rj-  r  =  a?,  then 

^  -|-  3r  =  3a:  ) 
cif  +  %cry^c7^  =  c:3?\  =  N   (  Seepage   144^ 

iit ^^ry^'\:^f^+ dr»  =d^  S  \  Given  3^US=  n 

i^  +cy+  %  +^  =  iV'    Sum.     (  ha 

Oi,df  +  cY+b'y={N—A)=:]!r(  br  +  a 

Again,  y=s;s4-  Zj  then  ]  23r  -j- «  =«' 

r'2:4-   3'*  =  *'y  )  1  i     •    a' 

b'^+ 2b'sz  +  b'^  =z  by  [  =  N  bs+a' 

da^+3ds2^+  Sds'z  +  d^=  dj/') {  2bs  +  a'  5=^'. 

d2»  +  ^'V  +  r"z  4-  il'    =  N         Sum.     " 

Ox  <Zr^  +  ey  +  rz  =  (iV— J.')  =  iV    Here  it  is  evident  that 
these  equations  are  similar  to  the  first,and  thus  we  may  success- 
ively find  the  values  of  r,  «,  ty  &c.  &c.  the  figures  of  the  root. 
No  w  lo  find  the  denominators,  put  down  the  coefficients  in  a  line  th«% 

4    .c  b  d       c'  V 

4r^,  r*4-  cr4-b  ds-^',        «&»+  c^s^b\ 

2ir4-c,         3»^4-2cr-j-fa=3,  2d$+c\      2d^^2c's^, 

&c.  &c.  •  &c. 

And  if  we  suppose  rf=  1,  then  the  equation  will  be  x*  -f-c^"f" 
bz  esi  M^    And  then  the  values  4)f  r,  5,  t,  &c.  ar<9  ^as  £ollowi( : 

N     _       jsr  isr 

Now,  by  9tibstitutiiig  the  values  of  c\  b\  c'\  V*y  &c.  we  ha?e 

N  N 


7*  4"  cr  +  ft      r(r4-c)+ft 


iV^^         _     • N" ' 


y^f 


*     ,e»-j-c^''t^+ft'''  ~tt  I  M4-c+3(r+s+0 1  +3t«-}-2c"f+ft'' 

Hence  it  is  evident  how  these  formulas  may  be  copjtianed  «t 
pleasure,  and  all  the  quantities  contained  in  the  same  are  known ; 
and  since,  in  the  second  formula,  Sr*  -j- 2er-j^^  Ibna  «p«t  of  Ae 
diyisor,  this  may  be  used  as  a  trial  divisor  for  finding  s,  and  so 
for  die  post    Xn  aiample  will  fender  these  fnmwilat  irery  easy. 


J 


CVBIC  BqptriTioiiB. 


Gmn  a^4>9af  f  jgi    flO,  to  &d  2. 
Bese  2  k  the  first  iiguie  of  the  root  foond  by  triaL 

cs=9,  &=4,  Jfc=80,  rt=2. 

rir-^c)  =  22 

First  divisor  a 


r2  +  c^-f-3  =  26 
r*  —   4 

2d  divisor  is  ==  s^  +  cV  +  *'  ==  56, 16 

=       .16 


9.        Root 
80(2.47213596. 
52  r.  5^i£  &;c. 


28  =  iV 
23.264 


4.736  =  iV* 
4.593323 

t{t  +  c  -f  3(r  +  5)  =    1.1389)  )    .142677    *398 
3d  divisor  is  ^  +  c''t  +  b!'  =  65.6189      I 
And  so  on,  49      \ 

(H-(2.47x3)4-.002)2  =  16-4112      .032824/ 

Fourth  divisor  is  66,795|5 

16.31^1  XI     •  • '  1|6-4161  ....     2 

Fifth  divfidor  is. 


.133591 

9086 
6683' 

2409 

20015 


334 

64 
60 

4 

4 


•  *  •  • 


*398 


!6|6- 181310 

Reitce,  from  these  formulas,  we  derive  the  following  rule.  Put 
down  b  the  coefficient. of  x,  and  a  tittle  to  the  right  place  th«  ab- 
solute number,  which  is  to  be  considered  as  a  dividend,  die  fig^ 
ure^  of  the  root  forming  the  quotient.  Place  the  first  figure  of  thli 
rost  fi^md  by  triali  in  th^  quotient,  ab&ve  which  write  the  coeficient 
of  a^r  obsevwg  that  it*  unit's  place  le  ovev  the  unit's  place  of  ^tf 
quotient.  Multiply  the  value  of  the  quotient  %ure,  taking  is  those 
above  by  that  value ;  add  the  product  to  b,  and  the  sum  is  ^e  first  di^ 
visor.  Wrke  ihe  square  of  the  quotient  figure  j.ust  found  under 
the  first  divisor.  Find  now  the  next  figure  of  the  root,  and  to  its 
value  (including  those  above  it)  prefix  three  times  the  preceding, 
taking  in  the  value  of  the  figure  above  it.  Multiply  the  result  hf 
the  last  found  figure,  add  the  product  to  the  three  sums  immeda* 
ttely  above,  and  we  shall  have  the  second  divisor ;  and  in  the  samki 
manner  are  the  succeeding  divisors  to  be  obtained. 

Given  V  4*  4a?  +  2a:  =  2328,  to,  find  the  value  of  x. 

Here  the  highest  denomination  of  the  root  found  by  trial  is  10. 
b  4  =  c 

2    2328  ( 12  root. 

14.  •'  •  •  140  .  142      Here  it  must  be  observed,  as  in  quadratics 

Divisor     142  (    908    ^^**  ^®  ^  ^^  t^®  quotient  must  be  considered 

100  (    908    lOthus,  (r+fl)r=  (10+4)  X 10  =  140; 

36....  72  ^^^  ^^   i^  were  in  the  hundred's  place  it 

Divisor    454  "^^^*  ^  considered  as  100,  &c. 

Biqtuidratic  Equations, 

For  the  solution  of  equations  of  a  higher  order,  the  piinciple  is 
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nearly  the  same.    Let  Eaf-j^D3^-\-C3?'j-BaBBmNhe  way  biquadia- 
tic  equation ;  let  r  be  the  nrst  figure  in  the  root ;  then  we  shall 

N 
^^^     Fr'^MTh'^JLr  J-ff  '^^'     ^^^  ^®^  ^  denote  the  remaining 

figures  of  the  root^  then  y  \  r    .r,  and  by  substitution, 

By  +  Br     «=  Bz 

Cy»  +  2Cry  --  Gr«    =  Ca* 

IV  +  3Dr  j/*  4-  3DrV  +  -^    =  -'>«' 

Ej/*  +'  4£7y  4-  ^E^^  +  ^A  +  ^^* '  =  ^* 

Ey*+     ITi/^  +    C  f  +    B' y  +    A     =N.       ^ 

Or,  Ey*-|-^V+^y+-^'y==^-^  >  ^^  equation  similar  to  the  one 
proposed ;  and  if  S  be  the  first  figure  of  the  root,  then  we  shall 

^^^  ES^  -A-  lyS^  -4-  CS  -4-  B'  ^^  ^'      ^^^  ^^  ^^  ^^  deno- 
minators, put  down  the  coefficients  in  a  line,  thus  ;      •      ' 

ED  C 

£r+A  E7^+  Dr+C, 

2Er+A     •  3£i'»+2i>r+C'. 
3Er-j-A        6£r«-f3i>r-fC  =C 

4Er4-D=D\ 

E'  D'  C 

Es  +  D',     £i*  +    D'5  4-  C, 
2E^  --  D'.   3E««  +  2i}'*-|-  C, 

3£*  --  ly,  ejsy  4.'3z>'*4-  c^» 

4Ef  -}-  D,  ace.         &c. 

Hence  it  is  evident  how  these  lines  are  formed,  viz.  by  multi- 
plying the  succeeding  terms  by  r,  *,  &c.  and  adding  them  respec- 
tively. By  this  means  figurative  numbers  of  the  2nd,  3d,  &c. 
degrees  are  formed  ;  (see  Simpson's  Alg.)  and  so  we  may  proceed 
to  an  equation  of  any  degree.  Thus,  let  there  be  given  the  equa- 
tion, F7f'\'Ex^+D:i^'\'M'^Bx=N.  Let  r  be  the  first  figure  of 
the  root.     Then  r-[-y^=a;,  or  y-)~ 

+.  Br  =  Bx 


B 

£r»+  2V+  Ct+  B 
4Er»4-3i>r«4- 2Cr+  B 


B' 


Ei»+   DV-f  Cs+B' 
4E*»  +  3DV  +2Cs  +  ^ 

&c. 


t 


IV  +    SDry" 


By 
Ci/  +  2Cry 


AtEri^  J-    6Er»y«  +  4ErV 


3Dr*y  --  Dr»=  I>z» 


Er*=  Ea;* 


lOPry  4-  lOFr^f/  4-  6Fr'y  +  Fr^  =:  Fsf 


F^  +    EY+     5y  4-      C'rt    4-    -SV    4-  ^    =  ^ 

Or,  iy4-Ey4.Dy4-Cy4-B'y=iV'.  an  equation  similar  to 
the  proposed  one  whose  root  s  must  be  such,  that  if  JV  be  divided 
by  JP5*4-  E1  4-  IXa*  4-  C*  4-  JB',  the  quotient  will  be  s.  Now,  to 
find  the  denominator  of  these  fractions,  multiply  by  r»  f,  kc*^  as 
before.  Thus, 


^ 


.,•?.  II 


++ 

as 

la 


11  i1i|*li^i||f 


H 


-=S    >.-as-:£".ssl8'.j-» 


IMA]  =§i 

-«       =-!    11  111'  E*~' 

6,fet>««    -^^     IllSg^^  III 

++++  -si  Is^si*  s:| 


«ss 


'S|| 
++++-        ++++    |S 


'^^i^    ^iii-s-iiiffilis^ii 


++++ 


++4+  sej; 


'^hnff  2  S  M  • 
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series  0,  1,  S*  3, ;  or  10,  20,  30,  ^» ;  that  when  it  and  the  next 
succeeding  number  are  separately  substituted  for  x  in  the  equa- 
tion, the  results  shall  be  the  one  less,  and  the  other  greater  than 
iV;  then  r  will  be  the  first  figure  of  one  of  the  roots  of  the  eqoa^ 
tion ;  and  if  IVbe  divided  by  Br^*4-..,  Er^+DT^+Cr+By  the 
quotient  must  be  r.  Suppose  such  a  value  of  r  is  found,  and  let 
y  represent  the  succeeding  figures  of  the  root ;  then  y  |  r  jt,  and 
therefore  ,  By  -^  Br  =s  Bx^ 

Cf  +  2Cry   +  Cr^=  Ca:*, 

IV  +  SDrf  +  3ZVV+  iV=  JDa:', 

JSjf -y-  •  •  •  • 

22y-H £y+  IXy*    +  Cf ,  J^  B'y      +  A    ^  N, 

and»  by  transposition, 

RfT^ Ey^  DY    +  Cy    J^Wy^N—A^N, 

an  equation  similar  to  the  one  proposed,  the  first  figure  ;,  in  the 
root  y  of  which  must  be  such,  that  if  JV  be  divided  by  B:^^  -|- 
. .  •  .E'5'+DV4-C'5+5',  the  quotient  will  be  *  ;  if,  therefore,  we 
suppose  5  to  be  found,  and  if  z  be  put  for  the  remaining  figures  of 
the  root,  we  shall,  by  proceeding  as  before,  get  another  equation 
JRz*+E'V+C'V+F'z=  JV"  ;  also  similar  to  the  first ;  and  tf 
we  continue  this  process,  we  may  obtain,  one  by  one.  all  the  fig- 
ures of  the  root  a;,  and  it  is  evident  that  each  divisor  will  be  simi- 
larly formed  from  the  coeflSicients  of  the  corresponding  equation, 
and  the  new  figure  of  the  root. 

Now  it  is  obvious  that  B^z  is  the  nth  t^rm  in  the  equation 
Ry-^. . .  .Ey+Dy-}-Cy+Fj/s=JV,  or  that  the  column  repre- 
sented  by  W  is  the  nth  column  from  the  left,  and  that  it  consists 
of  n  terms  ;  the  column  represented  by  C  is  the  n  —  1th,  and 
consists  of  n — 1  terms,  <J»c. ;  also  each  of  these  columns,  omitting 
the  numeral  parts,  is  equal  to  the  preceding  multiplied  by  r,  plus 
the  porresponding  coefficient  in  the  proposed  equation ;  conse- 
quently, since  the  first  column  is  simply  jR,  if  the  second^  third, 
^•c.  coefficients  of  the  proposed  equation  be  Q,  P,  ij-c.  respectively, 
men  the  first,  second,  third,  ^c.  columns,  without  the  numeral  co- 
efficients, will  be  By  jRr+Q,'  B7^'\'Qt'{'P,  ^c.  ;  but  if  the  firat 
term  in  this  series  be  multipKed  by  r,  and  the  product  added  to 
the  second,  and  the  result  be  multiplied  %  r,  and  the  product  ad- 
ded to  the  third  ^c.  /f'C.  that  the  proper^  numeral  coefficients  wiU 
be  obtained,  because  the  above  columns  of  numeral  coefficients  are 
the  same  as  the  several  binomial  columns,  except  that  the  above 
are  written  in  a  reverse  order,  that  is,  from  right  to  left,  and  in 
this  reverse  order  they  will  be  produced  by  adding  th^  series,  as 
abover  See  Emerson  Algebra  Ed.  1764   page  287. 
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Given   aj»+90a*+27e0ar 
21168,  to  find  X.     +90 


2700 
96 ... .  576 

Div.    ^76 
36 
108.3..  32.49 

DiT.  3920.49 
9 

108.98..  8.7184 

Di7.  3961.7884 
64 

10|9.1|44..4366 

Diy.  3970.9498 

77 
Diy.  3971.463 


21168(6.384761 
19656         [967 

1512 
1176.147 

335.853 
316.943072 

18.909928 
15.883799 

3.026129 
2.780024 

246105 
238292 


267*     7813 

288       3972 

Div.  3|9|7|1.|54    29*     


findx. 


3841 
28       3574* 
Given  a:'+2a;»— 3a:=9,  to 


3. .3 

Div.  0 
1 
6.9..  5.31 

Div.  9.31 
81 
7.73 . .  2319 

Div.15.6619 
9 
7.799 . .  70191 

Div.15.964891 

81 

7.8|17.>.313 . 

Div.16.09829 
5 

16.0419 


+2 

9(1.9394650585 

8.379 

.621 
469857 

151143 
143684019 

7458981 
6415316 

1043665 
962514 

81151 
802^2 

939 

802 


137 

188 

9 

8 


Oiven  2'+2'=500,  to  find  x  to 
10  or  12  places,   -fl 

500(7.61727976 
392     [594 

108 
104.736 


8... 
Div. 


0 
56 

56 
49 
22.6 .  13^ 

Div.  174.56 
36 
23.81 . .  23.81 


3.264 
1.8871fll 

1.376819 
1.323862113 

52956887 
37858967 

15097920 
13251090 

1846830 
1703729 

1124  143101 
946  132512 

178   10589 

170       9465 
Div.  1,8,9.3,0  A2 
Given  a:»-f  10x'+&rB=i260,  to 


Div.  188.7181 
1 
23.837 . .  166859 

Div.  189.123159 
49 

23|85|12..4770 

Div.  189.294837 
167 

Div.  189.30128 
2 


findx. 


14.. 
Div. 

22.1. 
Div. 

22.31 
Div. 


5 

..^ 

61 

16 

. .  2.21 

135.21 
1 
....2231 


+10 

260(4.11796686 
244 

16 
13.521 


2.479 
1.376531 

1.102469 
966091 


137.6531 
1 


136378 
124372 
212.3137...  1570  igo^gooS 
Div.     138.013    ill  11057 

•      138.191        ^     ^^ 


l,«5,o,.«,l 


8 


829 
120 


1,6.0,4,2,4 

A  and  B  between 'them  owe  9240.    A  pays  eight  dollars  a 
day,  and  B  pays  the  first  day  91,  the  second  %  tlie  third  3,  and  so 
on.    In  how  many  days  wiU  they  clear  the  debt,  and  how  much 
each  of  them  owe  ?  Ans.  15  dafs. 
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«3      ®  QO  Cr 


I 

CO 


03 


^ 
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^5 


03 


CO  03 
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^  03 
00  ^O 

•        • 


^•2 

;p  03 

^  I-H 

Tl*CO 
03 

CO 


CO 


030 
CO 


»*% 
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CO  CO 


i-HC« 


3^ 


(71 

3 10 


1 


.» 


+ 1 

i  i 

lini  I 

■  I 
"^* 


C0  03 
00 


«^S5 


.SS2 


(N  h-  O 


lij:te§§^ 


'^ijigl 


s* 


I01-H 
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1-H  10 
COr-l 


I 


i 
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co»c 

1^03 
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^S 
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CO 

I 


^ 
GQ 


0« 
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03 
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I-H  ^ 


03  CO 

t^  o 
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r-i 


S8StJo«^ 
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CO 


Sic 
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00  00 


CO 
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CO 
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Giren  a^  —  27x  =  36,  to  find 


— W 
6 25 

Kv.    —2 
25 
15.7.,.  10.99 

Diy.      68.99 
49 
17.16 . . .  1.0296 

Di7.      71.4996 

36 

864 


DiT. 

Div. 

DiT. 


72.6192 
12^ 

72.718 

7^.7,3 


0      roou 
36(5.7658216 
-10 

46 
41.293 

4.707 
4.289976 

417024 
363096 

53928 
50903 

3025 
2909 

116 
73 

43 
43 


Given  af  +  &x?  +  29x=:  1829, 


to  find  2. 

29 
16.... 150 

Div.      179 
100 
35.09  ...3. 1581 

Div.    432.1581 

81 

35|2702 ....  71 

Div.    435.3314 

4,3,5,.3,4 


+5 
1829(10.09024 
1790         [296 

39 
38.894229 

105771^ 
87066 

18705 
17414 

1291 
871 

420 


Given  «•— 9a: 

— ^. 
o . . . .  il 

Div.  0 

9 
. .  4.75 


9.5 
Div. 

10.52  . 
Div. 

10.562 
Div. 

Div. 

Div. 
Div. 


22.75 
25 

.  2104 

27.9604 
4 

. .  21124 

28.192324 

.    4 

3169^ 

28.216621 
^ 

S3.22011      ^ 


B=s  12,  to  finder. 
12(3.5223339 

12 
11.375 

625 

559208 

66792 
66384648 


9407362 
8464986 


942366 
846603 

^96763 
84661 

96  11102 
85  8466 

11 
9 


2636 
2540 


2,8.2,2,0,4 

Given  a:*  —  6a?  +  2a:  =  —  12, 
to  find  z»  ^-6 

+2        —12(— 1.22606 
^6. ..+6        —8  '  [79 

Div.      4-9       —  ^ 

+1        —  3.3^ 

_672 
=  557367 

— 114633 
—  113345 

—  1288 
_— 1137 

18  — 161 
17  —133 

18 


.M  ....    X.04 

Div.         lOI 
4 
—8.63 . . . .  2589 

Div.    '  18.6789 

9 
— 8.696 ....  622 

Div.       18.8909 


10.09024296  root  true  to    392 
the  last        -  1^ 

26  1,8,.9,4,3 

TWo  farmers  sell  two  sorts  of  corn  :  A  sells  5  bushels ;  B  re- 
receives  in  all  for  his  S3^  Now,  says  B  to  A,  if  we  add  the 
number  of  my  bushels  to  the  number  of  your  dollars,  the  sum  will 
be  28.  Says  A  to  B,  and  if  I  add  the  square  of  my  dollars  to  the 
square  of  your  bushels,  the  sum  will  be  424.  How  many  bushels 
did  B  sell,  and  how  many  dollars  did  A  receive  ?    See  Index. 

Ans.  B  sold  18  bushels,  and  A  received  SIO. 
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A.   QhMt  a^-fa>F+3<'44e*-ffcfH^.r  r ,  flSiMl,  to  find  g: 


a 

4 

80 

664 

83 

868 

144 

1316 

227 

3484 

208 

3480 

435 
272 

707 
336 

1Q43 


5964 
5656 


11620 
979^929 

12599.929 
45.81  1021^8^ 


5 
5344 

5349 
19872 

25221 
47712 

72933 
11339.9361 

84272.9369 
12259.6344 

96532.5705 
13217.7510 


6 
42792 

42798 
201768 


654321(8.956* 
342384 

311987 
288370.478241 


1088.81  13621.816  109750.3215  418388.0877 
46.62  1064.574    792.9263    673.4017 


1135«43  14686.390  110543.2478 
47.43  1107.990    796.141 

1162.86  15794.380  I11339.38|8 


244566  23566.521759 

75845.64249  20640.905917 

320411.64249    2925.6 1584^ 
86879.31345    2514.350990 

411.264852 
377.850317 

33.414535 
29.395994 

4.018541 
3.779571 

.23897d 
20&977 

28993 


407290.95594 
5527.16239 

412818. 1183|3 
5566.9694 


48.24 


64^146 


799.36 


ISSUlOr  15856.526  112138.75 


49.05        64.29 

1S8a«15  15922.81 
2.77        64.4 

1282.9|2  15987.12 
2.8         65 

1285.7    16052 
2  8 

128{8 

1|2|9 


1606J0 

1|6[0|7 


112235. 1|1 
96*4 

112331.5 
96 

112428 
14 

11244|2 

lll|2|4|5 


419058.498|4 
673.989 

419732.487 
101.19ft 

419833.6815 
101.21 

419934^0 

7.87 


419942.7|7 
7^ 

419950.7 
1.0 

419951.7  , 

4|1|9|9|3 


3^98 

3780 

18 
13 

3 

ar 

Ans. 
a956979569036' 
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W3 
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CO 
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*^  A  man  and  bi»  wife  could  drink  a  barrel  of  beer  in  l&dMjUf 
but  after  drinking  together  6  days,  the  woman  alone  drank  the  re* 
mainder  in  30  days.  In  what  time  could  either  alone  drink  the 
whole  barrel  ?  . 

Since  the  man  and  his  wife  had  been  drinking  together  6  dxfBt 
taid  they  conW  drink  the  whole  in  15  days,  it  is  evident  mej 
drank  ^  or  f  of  the  whole  ;  and  the  woman  drank  1  —  f  or  |  nr 
30  days,  or  the  whole  in  50  days,  or  i3  times  in  150  days.  Aod 
by  the  question,  they  could  both  drink  the  whole  10  times  in  150 
dayts,  since  the  man  alone  could  drink  the  whole  7  times  in  150 
days,  or  once  in  21^. 


tmjnwm  «f  cuno  akd  idfbctid  sqmmoiii. 


C.  Oiren  iaxV-MzH-&».fi,  or  a^'-1.2fo'+.312ftMU»a2ft, 

to  find  Xt  which  gives  the  sine  of  6^,  and  .5  being  the  sine  ef  30^. 

—1.26  0  .312S 

.01  —.124  — 124 

.5501 


0 
.1 

I 
A 

St 
.1 

2 
.1 

.4 
.1 


—1.24 
.02 

--1.22 
_J03 

-1.19 
.04 


0 
—.124 

—.124 
—^122 

—.246 
—.119 

—  366 


.03125  (.10462846 
.03001      [678536. 


—  246 
.2765 


124 
1096086529024 


143913470976 
-1478367744  136166734100 


.27402163^256 
4591936    —1498302976 

—  369591936    .2725233292610 

—4583808      —18986108 


—1.15 
^        002016         

i»4— 1.147984  —  374575744   ,27233346820 

_4        .    2032  —  4675616      -19014640 

^506  -1.145952  —3791513610  .2721433218|0 


2048 

il2— 1.143904 
Ji  2064 

M%  — 1.14184J0 
4      26 

JBO  —1.14158 
26 

— 1.1413|2 


—67079 


76177 


—37972216  .2621357041 
—  57066  —76182 

3802928|1  J272128085|9 
—5706  —3047 

—38086314  .272126039 
—23  —3047 

-^80886  .2721219912 
—  23  —16 

'8|0|9|1  .27212184 
.2I7|2|1|2|1|6|9 


7746736876 

5442744082 

2304022794 
21770003a 

127022482 
108848736 

18173746 
16327301 

1846446 
16327M 

213716 
190486 

23saS 

21770 

1460 
1361 

•98 

82 


h  an' isosceles  triangle,  there  is  giren  the  sum  of  the  base  and 
tide  of  the  inscribed  square  =  18  poles,  and  the  difiei^nce  of  theiv 
aieas  =  84  square  poles.     To  determine  the  triangle  and  square. 

Pu(  asss  84,  h'=  18,  and  x  for  the  side  of  the  inscribed  square* 
Then  will  ft-— a:  be  the  base  of  the  triangle  by  the  question.  And 
^  ^  2x  the  difierence  'between  the  basie  and  side  of  the  square. 

Then,  by  similar  triangles,  b — 2x  I  h — «:  ix  :  ^ — 5-  X  ^  =  the 

perpendicular  of  the  triangle.    Caaasequeotly,  r^ — ^  X  r  is  jbi 
dooUe  area  ;  from  which  taldog  22^  the  double  area  of  the  Q^ 
^Jtave  |— ^X*— 2a;*«3a,bythequestio». 
JBence  52*— 722;'-f66«a3024.    AndajBB7.6ai 


M4   ,      soLirrioiitt  op  cubic  and  adfbctbd  b^atimb. 

•  <±=?)l><f  -  a.- =  2a.  or  <^=^*?:i^  -  ar- «  2«.  or 
b  —  2x  b—2x  -^  ==  x^  w 

(V—2bx4'a!^x—(b  —  x)—2a*=2a(b—2x),0Tl^x  —  2b2^-4- 
a? — 23a:»  4- ^a:"  ===  2a*  —  4ar,  or  6x»  —  43a:*  +  (*«  +  4a)ar  8=  2fli* 

Hence  6a?  —  72a:»  +  660a:  =  3024.     Ans.  x  ;=  7.534,  &c. 

Let  the  side  of  the  square  he  2a;,  and  the  h^se  of  the  triangle 
2a:  +  2y.     Then,  hy  similar  triangles,  we  have  y  ?  2a; : :  a:  : 

—  ;    hence 1-  2a:  =  the  perpendicular.-    Now,  by  the  ques- 

y       2a?         y 
tion, f-2a:^84,  and  4a:-|-2yfesl8,  or  y  =  9 — ^2a; ;  this  value 

y 

of  y  substituted  in  the  ojther  equation,  we  have  Sa:* — 36a?  -j-  1^^ 
Bsi378.  Hence  a5==3'767 ;  then  2x  zss  7-534  the  side  of  the  square, 
and  2a:4-2y  or  10.465373  the  base  of  the  triangle.     Otherwise, 

Put  a  =  18,  3  =  84,  and  x  for  the  base  of  the  triangle.     Then 
will  a — X  tie  the  side  of  the  square,  and  {a — .x)^  its  area.     Again, 

by  similar  triangles,  2a: — a  :  a: : :  a — x  :  r the  perpendicu- 

lar  of  the  triangle  ;  and  therefore  its  area  is  7 pr-.     Then,  by 

(u?—3?  4a:— 2a  ^ 

the  question,  j — ^  — {a — x)^sssb.    This  reduced  is  i*— 39*6a"-|- 

585*62:  =2937.6 ;  in  which  a;  is  =  10*4654  the  base  of  the  tmn-> 

gle.     Consequently  r sss  26.9009  its  perpendicular,  and  a — a?- 

ssb7*5344  the  side  of  the  square,  as  before. 

Given  a:»—39-6a;^+685*6a:= 2937-6,  or  a;»  — 7-2a*+33a;  »s75.6 
to,  find  one  value  of  a:,  in  each  equation. 

—  7*2  —  39*6 

+33       75-6(3-76719989  +586-6    2937-6(  10-46537 

1.2..— 12-6     61-2  —  29-6  •  —  2960    2896.0  904 


Divisor    20-4     14-4              First  divisor  289-6  41-6 

9       12-985                               100  3g'968 

+2-5-"  1-75    1415             —9-2  ....  3^  5  623 

2d.   Div.  18.55    1-261659    2d.  Divisor.    89-92  5  153976 

49        153344                               16  478024 

+3-96  •  •  •    2376    149032^    —8-34...  —5004  426809 

8d    Div.  21.0276        4362   3d  Divisor.  85-8996  51215 

36        2133  36  51190 

4-0|87  ••••_^  jg-2i35    — «-2|15....— _411  §5 

4th,  Div.  21-297|4  17  1919    4th.  Divisor.  86*3617  17 

4.1011**-*     —4        "211  8 

-21|.327         192 


i 


'soMmoas  of  oomc  akb  AoraoisB  s^axioms. 


ScoBS 


1^ 


|S||S 


«*■»  09    ^  f^  l»^ 


©*co 


S|88P 

o  |o  o  p  O  lo  o  Ip  o  Ip  o  p  o  Ip  O  Ig. 

i-i  Ir-i  »-•  Ol  «-H  CO  •-•  ^»-<  »0    •^    ^  rH  It^  »-•  IQO 


o<^lop|    oSSoopooSlo^ 


S'li- 


Three  men  traded  together  with  a  stock  of  86500.  A's  money 
ints  in  trade  3  months,  B's  4  months,  and  C's  5  months.  They 
diyide  their  stock  and  gain,  whereof  A  took  for  his  stock  and  gain 
$3900 ;  B  received  for  his  stock  and  gain  $2700 ;  and  C's  gain 
amoonted  to  $750.    Find  each  man's  ;Btock. 

Solutian.     Let  x  sudy  denote  A  and  B's  stock,  respectively; 
then  3900 — ^2i=A's  gain,  and  2700 — y ;  B's  gain,  and  C's  gain  is 
^=^60.    Hence  the  question  may  be  solved  in  this  manner,  thus ; 
(3W)a-<r)X4X5=7800a— 20ass=sA's  gain  and  product, 
<2700-^)X3x5=40500— l%=B's  gain  and  product, 

750     X    3X4=  9000  =^C's  gain  and  product. 

The  sum,  127500  —1i0x—l5y  of  the  products. 

A     (  toMirnn    oA       tc      flcAA       1  78000— 20a: :  x 
At  j  127500-20x-15y  :  6500  ::  |  405oo_  i6y  ;  y 

J8 


906 


SOliVTtOIXn  OF  CCTBIC  AIVl)  ADF80TEt>  BQITAtlOlfS. 


# 

I275OO2:— 20:c«  —15a:y =6500(78000— 20^  )  ,     ^   «uestioiL 
127500y-20xy— 15/  =  6500(40500 -15y  J  ^^  ^"^  question, 
or  25500:r  —  4a:'-^3xy=  1300(78000  — 20a: )  By  X  and  trww- 
25500y 4ay  —  %*:=  1300(40500 —  15y  )  position  we  hate 

(51500;s 4^  —  3a:yss=  101400000  )  and  from  this  equation  I 

}  45000v  —  4xv  —  3^  =   52650000  )  hare 
^^           jr          y        y                           51500z-4:i*— 101400000 
3a:y=51500a:— 4a?— 10140000,ory=: g^ 

and  by  substituting  this  value  of  y  in  this  equation,  viz.  45000y— 

/tcy  —  3^  =  52650000,  and  then  reducing,  we  have  the  final 

equation,  (see  15th  example,  Multiplication,) 

/  ^  34550a?  +  226200000a:  =  395460000000,  to  find  x. 

—34550  —34550 

4.  3000    22620000    395460000000(83017-82  8794  Root,  A's. 

-r  394650000000    Given  a?+2a?—23as=  70. 

+2 


_31550  —9465000 

Div]8<».     131550000 

9000000 

-.25540**— 255400 

DivisQi.     15643600 

100 
—25513  -—178591 

Divior. 


45210609 

49 

t«*>20399 

Divisor.       45011619 
^264»6-58  ••••51 


— S549|8.2 


4499081 

4|4|9|9|0|2 


810000000 
456446000 

353554000 
816474263 

37079737 
36009296 

1070441 
899816 

^1^1  170625 
4049  134971 

112  35654 
90  31493 


— ^• 
7  ...35 


17.1 


13 
25 
1-71 


73-71 
1 


70(5134^ 

a        ^ 

7.371 

2.629 
2278497 

.350503 
306161 


17.33- -51^9 


Given  «*-^  7zssz  ±  7  to  find  3  values  of  a?. 

^7      —7(1.356895    ^7     —7(1.69202146  3.^ 


J. 
^6 


—6 


—  6 


—1 
1—903 
83 .  -99  ^.-97- 

JTaM    —86626 

9 
3-95..  1975 


—1-7325 
25 

405...  243 

1  hOBZ 


10375 
9049 

-1326 
U85 

33 


1    —  11^ 
3-6..  2-  16      104 
ITToJ    '100809 

3191 


44342 
3839 

6032 
5364 

76.54Q|3       ffl 

6ft 

7(34l89 
6^     l» 

2.      1 

9.        .814461 


75-9499 

9 

17.394-  -696 


—  7 


9-04  ...36l6'i9s^ 
20-3616  166382 

9.128...  780    ifflgl 

3156888        20-79718  "^ 

1.1201     -34112  9.1449...  82       j^ 
5-07^^^  10144    31774       20-8!«&  iglS 
—1-578144      mi  19  1« 


4.89.. .  '^1 


1j 


101 


i^:-:wK 


6 


it 


111 


or  OWttO  AH$i  ADVB<JtB»  B^jB^^mifti 


^wir 


Gifen  3x—a[^mm  1,  or  a*~at 

:=  —  1,  to  find  z  true  to  the  last 


place. 

3  .09 


0  Root 

--  l(.847296d55 
—0.873 


—  2.91 

.09 

.94  376 


—.127 
—.107696 


—2.6924 
16 
1.027...  7189 


—19304 
—18522077 

—781923 

—627713 

1.646011      _254210 

49      —237444 

1.04|12..208    .     .ZI6766 

-2.63856,5        —15829 

1|0|4169  ....  94  _i4  _937 

2.|6|3|8|2|6|3    -13  -791 

—146 
—132 
GiTen  ar'-f-M,  84a?— 67.613a? 
«b87€1.2758,  to  find  x  to  about 
10  places  of  figures.        4"^*^ 
-*-67.61d  3761.2758(11.1 
34.84  348.4       2807.87  « 

Div.     280.787 

100. 
5g>84;.  55.84 

Dir.    785.027 

1 
57.94...  5.794 

Dir.    847.661 
1 
68,23 . . .  5.2407 

Div.    858.7057 

81 

68.41 . . .  .4089 

DiT.    864.3634 
17 


Gwen  dc*  — 15^  -f.  632;  m^SO, 
to  find  X.  •^—15 

63.  50(1.028039^ 

—14—14.         «  Root 

1. 
.715208 


Div.   49. 
1. 

—11.98— .2396      .284^92 
Div.       36.766r"    283405952 

4 
—11,932..— 95456 


1386048 
1059900 

326l4§ 

317966 

56    8182 


864.789 

8|6|4|.8|1 


953.405 
785.027 

168.3788 
84.7661 

83.6127 
77.283513 

6.329187 
6.050544 

.278643 
.259437 

19206 
17296 

1910 
1730 

180 
173 


Div.       35.425744 

64 
—11.9|  1597 —358 

Div.       35.329994     o^    ^ciM 
3|5|3|2|9|6      g^ 

21     1060 

Given  or^  -{-  9«  itu  30,  t6  fi«d 
the  value  of  x.       0. 

9        30(21808497702 
2*...^      ?IL       Root.  659 
13         4- 
4         2061 
61---J[1     i^Q 

Divisor  21-61    1.819282 

1         19768 
6-38  ••• -JIM      1860994611S 

Divisor  23-7404        1158053886 

6-5408   •  --523264  ^^^ 
Divisor  23-26243264  209414233 

QfllS    1^9226^ 
^^™    16287818 


•  •  • 


6.5|42|44 

Divisor  23.26792752     ^t^^t^ks 
6.54|2529^^.5888.     ]^^ 

Divisor  23.2682®i0      ^''^^'^ 
6.  5  425477  "  *  -  458 

Divisor  23.2683Ti56 
46 

D.   2|3|.2|6|^|3|2 


5954 
4654 

1300 
1163 

137 
116 

in 


wivrnm  or  ctmc  Asm  Auraeno  %^Amin9, 


'    Giren  2*— 33.1295x*— 372.4157a;«s— i50O.S34^  ^t^-^^af 
4.  I82;  s=:  22,  to  find  X.  —  33. 1295 

—372-4157    — 1590-3345(3-3652012     -^6 
--^•1295    190-3885    —1388-4126  18    22(2-327481580 

•—  8     20  3 

■i_.  » 

2 
1-827 


Divisor    —462-8042      —201-9219         

+9  -165-399465     D  10 

-23.8295    —7.14885 


Divisor    -551-33155 

+  .09 
—23-1695     —1.3902 

Divisor        —559.7806 

+  36 
—115 


—36-522435  4 

—33-586836  03  -  -09 


Divisor 


561-282 


—2-935599 
—2-806410 

—  129189 

—  112280 

*  —16909 
—16842 


D  6-09 
9 
.92  -     184 

D  6-2884 
•967  -  6769 


173 
125768 

47232 
44197783 

3034217 
2528464 


GivoD  7f—lS^x  =-—  29t1\^ 

Or  a*  — 18.083»  =>-  29.49074. 
to  find  X. 


67 
56 

11 


—18.083 
...4 


.   .O.root 
-^.49074(2.333 

—28.166  [333333 


Div.— 14.083 

4.         —1.324074 
6.3....  1.89     —1.2579 


IMv.  —4.193 
9 
6.93 2079 


Div.   —2.00543 

9 
6.993 20979 


— «6074, 
—601629 

—5911074 
-^326962 

—584112 
—^25770 


Div 1.775654 

9 
6.99|93 ....  210' 

—1.75256 
2 


— 1.7A0,2 


—58342 
—52507 

-1^835 
—5251 

6     —584 
5    —525 

1       —59 
—53 


D  6-313969 
49 
>98|14    -  393 

Div.     6.321160 
98228     -  78 


505753 
5Q673Q 

23 

19 

4 


|6|.3|2|1|6|3 
Given  a?  —  24a;*  =  — 52a88- 
0073,  to  find  x. 

0      —528.8800735* 
—19.  —95      —475. 

Divisor  —95 
25 
—8.7    —2.61 


—50.283 


Divs.  —167.61 

9 
— 8>Q8..—  1616 

Divs.  —170.2916 

4 


Divs.  — 170.460,9 


Div.  —1,7,0.4,7,0 


.597073 


AirK^ 


—191241 
—170461 

—20780 
—17047 

—3733 
—3409 

—324 
—171 


—24.  Ans.     — 153 

*ar  =  5.321 121924,      — 153 


The  root  is  2.1 


*<«^SK^^«< 


—19. 
I,  true  to  10  places,  evidently  showing 
that  the  trae  root  is  2.3  or  2|  exactly.    The  root  is  carried  so  w 
to  diow  that  the  S's  are  all  repeaters. 


ADFfiOTSD  S^VAXIONS. 


SIM 


a. 

207 


1 


Extract  the  loot  of  the  equation  or'-f^^-^IOx'-— llSbi' — 
110.     Here  the  first  figure  of  the  root  is  4. 

^112 


6 

10 

14 

18 
_4 

22 

4 

26.4 
.4 

26.8 
.4 

27.2 
.4 

27.6 
.4 

2|8.|0 


-10 

30 
66 

86 
72 

158 

246 
10.56 

256.56 
10.72 

267.28 
10.88 

278.16 
11.04 

289.20 
1.68 

290.8[8 
1.7 


—207  110(4.46410161 

32        ^700 

—176  810 

1408  667.06984 

142.9401^ 
133.46396 


1233 
434.6496 


120 

8 
344 

352 
632 

984 
102.624 

1086.624 
106.912 

1193.536 
111.264 

1304.800 
17.454 


1322.2513  2310.2212 
17.56 

1339.«11 
.  17.6 

1357.4 

l.|2 


1667.6496 
477.4144 

2145.0640 
79.3352 

2224.39912 
cjU.«Jo9 

2304.788 
5.434 


9.47621 
9.24089 

23632 
231^ 

374 

142 
139 


5.44 


2315.66 
,14 

2315.8(0 

•  X 


2(9|2.|6      1358.|6«      2|2|3|1|5.9 
Give  ar6-f6a:^— 10a;3_112a;2-.^7 


I 


26.3 
3 

26.6 
.3 

26.9 
3 

27.2 
_^3 

27.6 


246 
7.89 

253.89 
7.98 

261.87 
8.07 

269.94 
8.16 

278.10 
1.66 

279.76 
1L7 

281.4 
2. 


28^ 

18* 


984 
76.167 

1060.167 
78.661 

1138.728 
80.982 

1219.701 
16.785 

1236.49,5 
16.88 

1263.3,7 
17.0 

m  ' 

12703 
.8 


*13S8.|6 

ip{6jO 

110  find  the  value;  of  x. 
—110(4.36336141 


1233 
3ia0601  —700 


1661.0601  4-590 
341.6184    466.31603 


1892.6686 
74-1897 

1966.858,2 
7.6202 

2042.060 
3.814 

2946.87,3 
3.81 

2049^68 
«26  diis 

2049.93  add 
2fi,8.fl;2  sum 
S7 


124i»497 
118.01149 


6.07348 
6.13762 

^3586 
4099S 


^^5: 


12301 

2S7 
205 

82 
82 


n« 


SOLDTIom  OF  ADFKCTBD  SQOAIIOBS. 


Ohenj^  —  S-V— 3y^ — 6,  to  find  y  lo  IS 
jbuxa.  —3.4 

—  3  — .6(.169177003M38Sff7 

—  3.3 J3        —.333  rool. 

Diiiaor.     —3.33        —  267 

1        —229944 

—  3.04 -1S24       -"KOffi 

DiTiior.     —3.8324       —  36336591 

36  —  719409 

— a.911 26199 


DiTisor. 
-2.8929. 


—4.037399 


DiTisor.    —  4, 
—  2.89263..... 


—  15863278 

—  12193624 
—  3659654 


l|0|6|4t5|4|l|247 


Given  G^ — 
763144.  to 


mooo 

—337684 


—213784 
20800 

—191984 
20800 

—171184 
20600 

—160384 
iWOO 

—147784 
2600 

-146184 

=  ,        =»!» 
3—142884  ■ 


l-n 


s  ii 


416 
9568 
416 

nse 

41g 

me 

419 


AtmcfEi^  cQirATK»rft* 


911 


4415810!'— 771997102.99652*  H-7e806060e290.0az»ie90020«fl 
find  a;  to  18  or  20  places  of  decimals. 

Root,  1458.0156932762799496. 
771997102.9985      763080806290.03  1620020551753144.0000 
-389584000 382413102998.50  1 145393909288530.0000 

382413102.9985    1145493909288.53  4745266424464614.0000 


-337584000 


44829102.9985 
-285584000 

-540754897.0015 
-85113600 

-^5868497.0015 

—  76793600 

-402662097.0015 
-68473600 

—471135697.0015 

—  7389200 

-478524897.0015 

—  7259200 

-485784097.0015 
■^  7129200 

-492913297.0015 

—  1116544  — 

--494029841.0015 

—  1113216 


44829102998.50  423990245394572.0000 

50536397070042.0000 
43749226491787.7500 


—  49543057.0015 

—  1109888 

-496252945.0015 

—  1383^08 

—496254428.21 

—  1383.2 

—496255711.4 
->  1383.2 

—496257094.6 

—  691.6 

-496257786 

—  692 

—4962584718 

-- 69  — 

-^^625917 

—  8 


1190323012287.03 
—•130347308800.60 

1059975613486.43 
— 161064S38800.6000 

898910774685.8300 

—  23926244850.0750 

874984529835.7650 

—  24289204850.0750 

850695324985.6800 

—  33952238728.0120 

846743086257.6680 

—  3961144456.0120 

842781941801.6560 

—  4962543.2821 

842776978258.3739 
4962557.114 

842772015701.059 
2481288.030 

842769634412.3219 
2481292.39  . 

842767153119.93 
297755.58 

842766855364.318 
297755.6 

842766559608.7 
44663.3 

842766512945.14 
-     44663. 

8427664682812. 
- 149 

84276646679 


149 


84076646530 
10 


6787170578254.2500 
6773044690061.3440 

13225888192.9060 
8427769782.58374 
4798118410.32226 
4213848172.06165 

584270238.26061 
505660113.21862 

78610125.04199 
75848986.16^98 

2761138.87691 
2528299.40097 

232839.47654 
168553.29304 

64286.18350 
58993.65256 

5292.53094 
5056.59879 

235.93215 
168.55329 

67.37886 
58.99365 

8.38521 
7.58490 

.80031 
75849 

"iia 

3371 

"in 

759 

rm 


-4|9|6|2|5|9|2|5         8|4t2|7|6|6|4|6r5|2|p 


SOLVnOHS  Of  COBIG  Al«]>  AXKIfteiBD  BQTTAXIOHS. 


125000. 
0  0 

10  100 


10 
10 


10 

30 
10 

40 
10 


eoA 

4 

4 

«.2 

4 

4 
4B.0 


«B  1S0OOO,  to  find  2,  or  (a  extnel  tke  sttnoUd  of 

Boot* 
0  0  125000(10.466395526 

1000  10000  100000 


100 
200 

300 
300 

600 
400 

1000 
20.16 

1020.16 
20.32 

1646.4^ 

20.48 

1060.96 

20.64 

1061.60 

2.60 
1084.210 

2.6 
1086.|8 
1|0|9|2 


1000 
3000 

4000 
6000 

10000 
408.064 

10408.064 
416.192 

10824.256 
424.384 

11248.360 
54>210 

11302.850 
54.34 

11356.1|» 
54.5 

11411.6 
6.6 

11418.11 

l|l|4|2l4 


10000 
40000 

50000 
4163.2256 

54163.2256 
4329.7024 

58492.8280 
565.1425 

59058.9705 
567.860 

59625.930 
68.509 

59694.4319 

68.54 
59762.98 

3.43 
59766.411 

3.4 
59769.8 

1 
69770.8 


25000 
21665.29024 

3334.70976 
2^2.90353 

381.80623 
358.16663 

23.63960 
19.92992 

5.70968 
5.37937 

29886 

3145 

2960 

166 

ISO 

36 

96 

1 


^    O) 


•Tj*  CD 
•o  I^ 

.        • 

'*i*  CO 


•CO 


Dl 


>C0 


(M 


O 


G7 


GiTen  «•  —  34,622^ + 300,6891^—  9tfi2x  -|-  299,6307^*  9( 
to  find  one  of  the  valtMi*^     AaiK9.mm 


i 


ANPSCTBD  SI^AfKMIS. 


918 


28  .GiTen  y'-*AEl--43.^-f.lfti^--^_ftr*4*2ift:^,  to  find  x  to 


about  9  or  10  places. 


2— 2_ 

—1  —  4.6 
2       2_ 

1  -^2.5 


2 

.1 
2 

6 
2 

7 
2 

9 
2 


6 

3.6 

10 

13.6 
14 

27.6 

18 

45.6 
6.96 


10 

—  9 

1 

—  6 

-i 

3 
?7 

30 

.  86 


1 
2 

3 


—  9 
6 

—  3 

— JLO 

—  13 
—11 


—  ^ 

—  30 


(7364 
2(2.62699- 
—  8        Root 

10 
6.3112896 

3.6887104 


40.618816  2.7866270 


10.618816   .9020834 
78.63136 120.543936   .7498790 

67.63136 131.06276|2    1622044 


130.8866  200.90666  139.33136 
31.476   91.4064  202.79040     8.46660 


11.6  62.46 
6    7.32 

12.2  69.78 
6    7.68 

12.8  67.46 
_6    8.04 

13.4  75.60 
6    8.40 

14.0  83.90 
6    8.96 

14.6  92.66 
6       30 


6 

60 
61 
69.8866  133.37620     8.26860      1373076 

148968 
137700 

11268 
10710 

668 
4^ 

99 
92 

7 

9 

1 


116.476  222.2920  403.69696 147»7969|6 
36.868 116.6920      9.73326     2.1789 

162.344  337.9840  413.43021 149.9768 


40.476 142.8720      9.860 

i92.820  480.a560  ^423.280 
46.300     6.8064      9.968 

238. 120  486.662|4  433.248 
60.340     6.843        2.629 


2.1916 

162.16713 
397 

162.664 
397 


288.460  492.6|06   436.7|7|7   162.96|1 


1.869     6.9 


2.6 


290.319  498.4 
1.86   604.3 


438.3 
440.8 


1|6|3.[0|0 


292.17        1.6  .6 
1.9     606.|8       4|4|1.|3        296 

1|6.|2 92.916  294.0    '6|0|7  21918 

9|3.|2        2  .      • 

23.     Given  ji/(7J'+^=38-^A/(203^—lOz)  to  find  z. 

Cubing  7:c^-f4A==21962— 2362V(20a:«— 10z)+16802*— 840z 

+{lOz—2(h^A/{202f''--lOz).     Transfer  7ar»  —  1676a:«+  840as= 

21962-f  VCSOa:*— 10a;)(10a>-20a:»— 2862).     Or  7a:»  —  1676a*  + 

840a:  —  21962  =  VC^Oa*  —  10a:)(10a:  —  20a;»—  2362).     Again, 

(7«»—1676a;«+840a:— 21962)'  =  (20a:«— 10a:)  (10a:— 20a:«— 2362)*. 

By  actual  involution  and  multiplication, 

49a:*— 23464r"+2820736x*— 3123008a:*+74288704a:»— 

36879360:vf4S1890304a8000a:*— 12000a^— 1867600a^— 

1882600a;»+  111108480a?— 66319040a:; 


MVk 


jkBtMcrm  mftMxnm. 


Therefore,  hy  tmospoeitk^  we'shdl  faaye  the  follewing  equation 
of  the  6th  degree,  or  order:  7951a;'+11464a^— 933136a:*+ 
12404082^4*368197762'—  184d96d0:2!=481890304. 
24.  Given  7951*6  ^  11464a:*  —  933136z*  +  124040ac»  + 
368197767^— 1843968a;=481890304  to  find  a;  to  9  or  10  places. 
7961  Root,  4.510662488 

11464  —933136     1240408    36819776  —18439680  481890304 
31804      173072—3040256  —7199392     118481536  400167426 


43268—760064—1799848    29620384 
31804     300288—1839104—14555808 


75072  —459776—3638952     15064576 
31804      427504  —129088—15072160 


106876  —  32272—3768040        —7584 

31804  554720    2089792  —512^45 

138680  522448—1678248  — 51982|9 

31804  681936      653758  —15909 

170484  1204384— 102449|0  — 6789|1 

31804  103132       78632        2210 

202288  13075116 -^181|7  — 457|9 


3976        10512        7600 

441|8 
813 


90626|4     1412614 
398  1071 

Simi      1519|7 
40  109^ 

214|2  162(9 

25.  Given  a?  — 
—17 

14  54 

—3X14  — ^ 

Divisor.      12    « 

196 
25.9   •  •  •  •  23.31 


12516 


12 

—  44|5 

— 4j3 


100041856 
60258304 

160300160 
—259915 

16004024|5 
—33946 

15970078 

—445 

159696313 
—  43 

l|5|9t6|9|20 


81722880 
80020123 

1702757 
1596963 

105794 
95815 

9979 
9^ 

397 
319 

78 
64 

14 
13 


1|2|7     {4-510662488,  root  as  required.} 

17a:*  +  54  «=  350,  or  «*—  6a:  ==  6,  to  find  x. 

t»0    Abs. 
(2847322 
2  •  •  •    4    —4        Bool 

Divisor.— 2      10 

4        9.152 
68  ♦•  ••  5*44 


— 17        Ans. 
350(14.95406861 
168  Root 

182 
170.379 


Divisor     r89.31 

81 
27.75     '-'     1-3875 

Divisor     214.8175 

25 

2|7-8|54.  -"      1114 

Divisor.    2I6.3I8I9 
2 

Divisor.      2|1I61-4I3I1 


11.621 
10.740875 

.880125 
'865276 

14849 
12986 


848 


Divisor  .11.44      714304 

^      133696 
844     ••••  3376  127796 


1863 
1731 

132 

130 


Divisor.     17.8576 

16 
8-5|27    597 

Divisor.       18-2565 
3 

Divisor.     1I8I3I1I9 


5900 
5496 

401 
366 

38 
37 


.  ASnom  B^ITATIOllt. 


8)€ 


96.  CKTen  2*4|a:*— fona»-^    Given  a;"  — 1.8ai;*+.ar  ss  —  .36, 
tofinda;.  to  find    zr    I'Sa  Root 

•8 


— 2-6(1.351029| 
1-8  ~3  i         86021 

—31        .4 
1  -3103 


1.13--7W 

—•46 
•49 


— •36(-760069217670146 
— -^ 

—  446 
._  446239 


4.18  1-256   : 
103i 

4.838  24194 

2-62305 
25 
4.9|3|98  49398- 

2-8724398 
1 
10 

3.i8l7i7|4l6 


1341 
1311527 

29583 
28724398 


858934 
575496 


283438 
258973 


24465 
23020 


1445 
1438 

7 
6 


.326   1959 

—•74473 
36 
.446716 


'AHh^Z< 


—426 

—36025549875 

.-^6411167916 
—64843617393 


—  •7205109975  _1567550523 

25  —1440961054 

.44|6|8I2        20214  _i26589469 

—7204846377  —72048043 

Q^         — ^54541426 
—•720480527         —50433631 

— •|7l2l014l8IOI4li|8  —4107795  • 

—3602402 
337  —505393 
2^  —504336 
49      —1057 
43        —720 
4*  A,  B  and  G  put  in  $65,  and  A's  money  was    in  trade 
4,  B's  5,  and  C's  6  months.    When  they  divided  their  stock  and 
profit.  A'  stock  and  gain  was  $42,  B's  stock  and   gain  $30,  and 
C's  gain  $  9.     What  did  each  pnt  in  for  his   share  ? 

By  takuag  the  ratio  of  each  man's  gain,  divided  by  ^his  time, 
and  then  reducing  to  a  common  denominator, 
42— <r.   ,  ,30— y 
-4-)+(-g--  .   ^ 

GiTe  each  man's  gain  or  loss  and  time,  and  the  whole  atock. 
to  find  each  mans   particular  stock 

Kule  :  Multiply  each  man's  gain  or  loss  into  all  the  times  ezcmt 
his  own ;  then,  as  the  su^  of  these  products  is  to  the  whole  stock, 
80  is  each  man's  product  to  his  stock. 

Let  X  and  y  denote  the  stock  A  and  B  put  in.     Then 
4S^z=A'8  gain=(42^a:)5.6=1260— 30a: ) 
3a-y=B's  gain=(3a— y)4.6=  720— 24y  >  A,  B  and  C's  Rrqd. 

9      =C'sgain        9,4.5  «=  180  ) 

2160-^ar^y :  65::  { ^gjjg :  J 

f.     j2160:&--302'— 242:tf===65(lS60u.^302;)a==S1900^ 

^    l2160y^--30a:y---24/s65(  720— 24y)s»46800— 146^) 


1 


)-| —  I  will  give  the  following  Rule  viz. : 


216 


ADFECTfiD  E^XTATIOMS. 


(  41  lOr— 30a?  — 24ry=81900  )      (  e85x+5a^  — 4a^^s=13650  \ 
\  3720t/— 30a»^242r'  —46800  J  ^^  \  620y— 6ay-42^  =  V800  J 

^      '  ^  ^  ,         e8&v— 52^— 13650       . 

Then  685a:— 5a?— 13660=4«2^,  and  y=a j^ -,  and 

by  substituting  this  value  of  y  in  the  following  equation, 

620y  —  5a:y =7800  +4^,  and  reducing  by  ex.  6,  pa.  15,  we  get 

a?  —  4433?  -f  31500a:  =  573300,  and       a:  =  30  =  A's  stodc. 

26  Given  3a?—  9a:*  —  2a?  +  13a?  +  2a:  ==  10, to  find  x, 

'       or*  [80046) 

3. 3 {2.6734374  { 

6- 
3-69696 


a?_3a:*—  .6a?'+  4.3a?  +  .6a:  =  3.3 

4.3 


2 

— 1 
2 

m 

1 

2 

3 
2 

5 
2_ 

7.6 

8.2 

8.8 
6 

9.4 
6 


—   .6 

—2  . 
_2.6 
-2  . 
—  .6 
6_. 

5.3 

15.3 
4.56. 

19.893 
4.92  . 

24.813 
5.28, 

30.093 
5,6^^ 

35.733 

7049 


10.07  36.43823 
7       7098 

i0T4  37.14803 
7       7147, 

10.21  37.86273 
7     71967 

10.28  38.5823 
7         310. 
W.35  38.61313 
31 

3a744 
3 

38-67 


.3 
--1  . 

—2.3 
10.6 


6 

—2^ 
—1.3 
— 4i 

12.1616 


2*30304 
218116364736 


8.3 
1L936, 

20.2693 
14.888, 

35.1573 
18056, 

53.2133     • 
2.5506763 

55.7640096 

2.6003623 

68.364372. 
2.6503913 

61.014763 
115840 

61.120603 
11593 

61.23653 
11602 

61.35255 
154 

61.3680 
15 

6IL3«'3 


6.1616 
21.0944 

'27\2560 
3.903480675 

3J.159480676 
4.08550604. 

35.244986716 
18336181 

3512834852 
18370960  * 

351612058112 
245472 

35.6366053 
245532 

35.661158|5 
1841 

35.663000 
1841 

35.66484|1 
4 

3|5.6|6|4|8|8 


121S7635263 
10628504566 

1559130707 
1425464212 

133666495 

106989000 

26677495 
24965416 

1712079 
1426695 


285319 

165 
1^ 

22 
21 


maam&KB  or  cuaio  aiid  aufbotbd  iqvmons* 


aa 


L  GiveD  Tx*--  2Bgf  —  26xMm  —  7,to&ii  zto  about  6  or  8 


jdaces  of  decimals. 


--26 
21 


21 

16 
21 

37 
21 

68 
21 

79 
^1 

100 


0. 
—15 

—16 

33 
111 

144 
174 

318 
555 


0 
—136 

—136 
162 

27 
1468 

1486 
1316.9307 

2800.9307 
439.901  1661.3228 


—46 
99 

64 
432 

486 
964 

1440 


—431 

■4-81 

—360 


Root 

—7  (3.7320 
1293[6080a 

1286 
1127.466046 


168;643964 
1960.66149  147.986367 


1879.901  4462.4636 
73.43—493.703  2046.4670 


628.43  2373.604  6608.9106 
4.9  76.86  649.906  106.8249 


104.9  706.29  2923.610  6616.7364 

,4.9  80.29  608.510  107.696 

109.8  786.68  3632.020  6723.43|1 

4.9  83.72  28.810   108.67 

114.7  869.30  3660.83|0  6832.0)0 

49  87.16  28.933    7.3 


1610.66149 
3123.71746 

4734.36894 
198.47206 

4932.8410)0 
201.7029 

6134.6439 
13.6786 

5148.22216 
13.679 

6161.9010 
34 

6162.214 
34 


10.668827 
10.296446 

.262272 
268102 

4170 
4130 

40   19 
36   40 

4 

4 


119.6  S56l6  3689.8|60  6839.3  5|lj6|2.16 


4.9      3.89       29.0 


7.3 


124.6  960.3|4  3618.9 
4.9      3.9         29 

Wa  964.12    3648 
2      4  2 


6846-|6 
7 

6p[5r4 


Ans.  z  «  3.7320606076. 


12|9|.6  9|618      3|6j6|0 

1.  A  and  B  put  in  165  dollars  m  trade.  A*s  monev  was  in 
trade  12,  and  B*s  8  months  ;  when  they  shared  stock  andf  gain,  A 
received  67  dollars  and  B  126  dollars.  What  was  each  man^s 
stock  ?  Let  z  =  A's  dollars  and  165 — zs=s  B's  dollars ;  then  12^ 
and  8(165— a:)=s=1320— 8a:  will  represent  A  and  B's  stock  and  time 
of  each ;  hence  their  sum  is  42:  -f-  1320,  and  also  their  gain  ss 
1(67-1-126)— 165 1  =  28.     But  I  have  Az  -f  1320  :  28  ::  12a:  : 

336a:         .,  j  a,     .    i       ^      •         .    .      336a: 

i320T4i=^*  «^""'  and  As  stock  and  gam  =  (a:+ j_— - 

67,  by  the  question,  or  1320x-|-4i^-|-3362ssa86440-|-2682:,  or  a:*-}- 
347as832110.  (  By  art.  70,  case  1, )  I  have  a;  =  66  s=  A's  stodlct 
and  B's  stock  a  110  dollars. 

19  28 


\ 


K.  ^itvtoA'^  nrtc*^  i»ie9e^^^<«d66a»  ^  fed  'x* 

0  — ll*;  —2340*              0              — 4030d(3.84se9M& 

^  9  —324  -*992         ^>-23976            Som. 

"t  ^ilfe  _§664  — ?§ff2          — T6524 

3  *8  -^270  —8802         ^1644L2»282 

6  -^  — 20ai  —16794           —1082.72768 

^  *'  —109  —2507.5904     —877.46141 

f  — ?3"  -^23  —19301.5904     —205.32627 

/3  36  —11.488  —2308.2816     —198.79248 

S2  —27  —3134  488  —21810.8720         -6.53§79 

^  12.64  —864       —124.9232         —4.42336 

its  —14.36  --3135.352  — 21935.035[2        —211543 

8  13.28  +10.272       —124.922           —1.99054 


*' « 


46.6       —1.08  -=-3125.080  —22059.957  —11989 

8         13.92  999         —28.096  —11058 


i  ■*  •■!< 


17.4         12.84  —3124.081  —22088.0513  ~93i 

_^8        11.36  1.028        —28.09 

18.2         24.20  «-ai23.05|3  —22116.15 
8             7ft            1.06  —63   , 

119.10       :^4.96  ^.^-^^1.99  —2^116.78 
*  25.7                 25 ,  — 2S 


8    —312^1.714     ~8|2|1,|1|7.|1 
*26.5        3 

^,j3  — 312L4 

2.  Two  notes,  one  of  126  dollan,  payable  in  6  nKmthsi  ^nd 
the  other  of  $160 ^  payable  in  9  months,  were  discounted  for  t8,{M). 
What  rate  of  interest  were  they  discounted  at ;  Let  z  denote  the 
interest  of  one  dollar  for  12  months  ;  then  the  amount  of  §1  in 
:6  nMmths  Imng  14~i^»  ^^^  i^^  ^  months  1  -f- 1«  the  pieseAt  ytdue 

'bf  the  bill  due  at  the  end  of  6  ihos.  will,  .*.  be  YT-r-i  and  Aiat 

>  .1.    1.11    J  1.        J    r  ^'  1^  120       ,       150 

of  the  bill,  due  at  the  end  of  9  mos,  s-pT"  >  ••'•  a»  i  i     -r-  <-^T5r 

l-f-Ja;  ^"Ta^         I'T*' 

=&=  (120  4-  150  —  8,50)  ==  261.S0,  by  the  question,  and  reac- 
tion 120+90:r+1504-75a;  =  261.S(14.ia:-f-"|a?),  or  270-f-"l6SSa5±s 
^^6^1;i5X  (8+1^4^*)}  ;  .-.  M.V+  m^  ^^^s^^Wx^h 
^  .\  sfr\-  fift^  **^y^'5  hience,  by  art.  70,  ease  1,  we  find  xim 

«s0.05093,  and  X  100  s=  •5.093';&fiB.  And. 


mm¥m  <m  ^mm  ^^m  ^oivcffiv.  j^j^awihu 


0i[Wii>^lJW4-»l>i»»3jft»af^aifl*?'F=8»^ 


^210 
W....266 

DiT.         26 
256 


0.  » 

880(ia.25252920>2 
796         n^arly.    2 


1      0    —1? 


144 
lia528 


DiT.      587.64 
4 
48.65  .  ..2.4325 

^▼.      (^7.7525 

25^ 
i8.7,52>»*>975 

Piv.     692.585|0 
24 

INt.     53^!3i3 


aa472 
28.987625 

1.484375 
1.162570 

319605 
291165 

28650 

5357 
«341 


4 
9 

e 
8 

8B 
.8 


8 

0 
12 

12 


I? 
16 

4 
J> 

-4 


+11 

9.9856 


».0144 
15.232   1.7194 


11.232 
7.04  2L376 


19.04  32.60» 
7.e&    1.780 


26:72  34:^ 
^     6-S»    1.81 
10.4  MM  3eJ20 

.8     .as    ,2a 
1|1|.235.«'  Sfo]:^ 

.6 


2960 
2919 

31 
1 


3|6.|2 


Q,  GiwB  a* -{- 83i'  -f  3ji»  +  4»»  +  6s  ^  $43«1,  to  find  ^ 

64391  (8.414454749 


8 
J 

10 

8 

18 

J 

» 

SI 

8D 

42.4 

_i 

42.8 

4 

43je 

.4 

IP 
.4 


3 

80 

83 

14« 

808 
435 
872 

707~D 
16.96 


664 

|6§ 
1816 

2484 
3^0 
6064  D 

889.584 
6253.584 

296.432 


726.96  6550.016 

17.12  303.344 

741.08  6863.360 

17.28  7.762 

758.36  8861.122 


17.44 

775-80 
44 


!■■<■< I 


TTeS 


7.76 

d868-8ia 
77 


6 
6344 
634» 
19878 

25221  D 
2501,4336 

27782.4334 
2620.0064 

30342.440QP 
68.611 

30411.051 
68.689 

30479.74|0 
27.51 

30507.25 
87.51 

3053.47  6 

9r 

31015141012  ' 


11529 

110^^^57344 
44a0265« 
afl4.UQ5I 

i35.9)#06 
182.08900 

13.93706 
12.81§QQ 

1.67205 
1.697QQ 

12216 

2138 

151 

[22 


Is 

27 


»0 


soLtmoira  OF  cubic  Am)  abtbctsd  EQUAtiom. 


Qiren  aJ*  —  36a*  +  71a: a=r36  ;  and  2a?*  — 16a^+«te»-^8(tetB 


— 1,  to  find  fy  and 


0 
1 

1 
1 

2 

1 

3 
1 


—36 

—35 
J2 

—33 

—30 


72 
-^ 

'§7 
— ^ 

4 


^(1.26 
37    796 

—1 
—.3664 

.832  —.6467 
—869 


.84. 


—1.832 
L6d6 


4.2—29.16 

4.4  —28.28 
.2         .92 


—7.488 
—1.624 

—9.112 
—1.60 


—764 

—105 
—08^ 

—7 
~7 


—16 

—14 

—12 
J^ 

—10 
2 


40 
~14 

26 
— J12 

14 
—10 

4 
—1.52 


root. 
—3b    —1(1.284 
26    —4      n 

3 
14        2.0992 

10 


10.496 
.208 


.9006 
.496   .8511 

497 
421 

76 

74 

2 
2 


4.6—27.36  — 10.7|1 
^         .29        —2 

4.8— 27.0|7  —\^ 
3 

26.7 


2.48  10.704 
.4  —1.44     —66 

—7.6        1.04  10.638 
^  —1.36   —11 

—7.2      —32    1|0|.5|2 
Jt      —51 

M-6.8     —.83 
4      —51 

— 6.4— 1|,3|4 


Q.  (3ive^  a:»+7a?+ac  =  57,  to  find  a:;  and  ^*— 122»+I2iss3, 


+7 

•    -f3      57(2.317 
9.. ..18      42 

Div.     2r    B 
4    t4.e<y 

I3|3...>3.99      905 
Dir.       46.99      512091 

^      390909 
13.91. >..  1391  360121 

Div. 


10 


18 


13.937 
Div. 


51.2091 
1 
.>>.976 

51.445|9 
7 

5|1.|5|5|1 


30788 
25776 

5012 
4640 

372 
361 

11 


— ^ 
—9 

-12.9 
—•9 


15 
27 

42 
11-61 


to  find  X* 

4-12         3)— 3.9007 

J?    "^ 
21    +66 

—45        650241 

—24        +9759 
249     -925624 

+50276 
39843 


53-61    -72-249 
12^^  —  59-427 

6603  —131-676 
13  23      —  -556 


—13.8  79-26  —132  232 

—9  n         —556 

—14.7  79.37  -132.788 

—9  10—2 


+10433 
9297 

Tl36 
1063 

73 

m 

7 


—15.6  79.4|8— 1(312.81 

32.  Given  the  sum  of  (n)  terms  of  the  series  1+2+3+4+&C* 
* ,  to  find  the  sum  of  l*+2'+-3*+4*+&c.  to  {n)  terms. 

Ans.  |^V(8A+1). 


0 

1 

h 
1 

¥ 
1 

3 

i 
i_ 

.1 


7.1 


7.8 

a54 

8.^ 


o 

\ 


10. 

4.48 

4.97 

8344 
g.46 

3416 

29.2416 
3432 

39.es« 

8448 

^.9S»6 
3464 

17 

30.^93 


"4.P6? 
1 

•Tf^.962 
3 

-^^1362 
6 

9.793 

Kffil 
lg>929 

87.760 
16.408 

44:i68 
1469664 

43.337664 
1.183392 

46.621156 
1.197184 

47.7180410 

6059 


0 
—3.962 

.^-^.962 


1$4615 


47.7786 
606 

17.89915 
6l' 

4{7.|9|0p 


.M4 
16.3817 

5.4577 
19.4320 

84.8897 

1.813^0656 
'^6.70380656 

1.86084284 
28.56404880 
955577 

28.6596065 
956790 

28.75538515 
23950 

^77^296 
24956 

^l^llB 
287    , 

28.^0606 
387 

2|8.|8|(M6|9|3 


1.(1.7 
.969 

4,968 
3.82039. 

1.14161 
1.0681282684 

'  734817376 
573192130 

J61025246 
14389618Q 

17789066 
1788063^ 

445430: 
268089 

f5r34T 
144045' 

13296 
11524 

177^ 
172& 


2»: 
l¥ 


A  gentleman  has  a  circular  bowltng-green,  eontaininjr '41750 

Xue  yards,  which  lying  low,  is  incommoded  by  vatar  m  the 
ter,  and  finds  it  necessary  to  raise  it «  yard  and  a  half  higher, 
|)y  the  e^h  to  be  digged  from  the  outer  side  of  i;t,  n^kfl^g  ftf  re- 
^  a  trendi  or  ditch  quite  arouiad  the  ic^fiMMning  p^r^  of  it ,  whose 
^adth  at  bottom  ii^all  be  3  yards,  an4  jtfae  i9ner  side  j(^  ^imm- 
lerence  of  isrhich  is  perpendicular,  but  the  outer  one  to  slop^  at  an 
angle  45*^.  He  4e3ifes  to  know  the  depth  to  make  the  ditch,  and  Ae 
exppjise  of  building  a  wall  2  feet  thick  quite  around  the  in^eifiile 
of  the  ditch,  from  the  bottom  up  to  the  raised  surface  of  the  bowl- 
^-^een,  at  16  ote.  4he  solid  yard. 

2750  « 

Let  A/-^^=59-1727=rf  the  diafn.  of  the  wjiole  green:  f*at 

^.7854  ■"         '       '        9     .        a 

«E8*7854,  tfnd  x  i=  the  required  depth  of  idie  «teneh  •:  Ifaen  c>|- 3 
«=4t8  hread^  at  lop  (because  the  Wf^  is  half  a  ««^  tt&gi^l  «|d 

19* 


toi.ir^i0m  or  cuiic  Ant  Ajfnvnt  Kqiottiom* 


d^^*(a;-)-3)  sss  d  — ^  2tr-— 6  an  the  diam.  of  the  raised  green ;.  and 
^•.  ((2  —  2x  —  6)'  X  ^  s»  the  solidity  of  the  new  part  raised. 

But  the  content  of  the  ditch  (being  equal  to  the  di&rence  be- 
tween a  cylinder  whose  diam.  is  d — 2z-^hy  and  the  conic  fnistum 
whose  diameters  are  d  and  d—^  2z,  (their  common  height  being  x) 
wUlbe  i{(f4^(4— 2x)+{<i— 2a;)«|Xaa>-(<i-^2aj-^)»X««,wh^ 
must  hesaBs{d  -^  2x  —  6)^  X  ^>  the  content  of  the  raised  part. 
Hence  x»—  l(i—  16)-32;»— 4(4  — 4).27a:  =  9{.J(rf  — 6)»|,or 
a»—  33.1295:?— 372.4157:c  =  —  1590.3345 ;  the  root  of  which 
is  :i;  s=  3.365yaTds,  the  depth  of  the  trench.  .*.  the  height  of  the 
wall  (a;+14)  is  4.865,  and  the  diam.  {d — 6 — 2x)  of  the  raised  part 
is  46.4427 ;  to  which  adding  1^  (double  the  thickness  of  the  wall) 
we  have  47.776  for  the  diam.  of  the  green  and  wall  together : 
then  (by  Mensuration,  p.  ,)  the  area  of  the  ring  or  top  of  the 
waU  is  (47-776-f46-4427) X  (47.776— 46.4427) X -7854=94.2188^ 
X 11 X -7854  SB  98.6656 ;  which  multiplied  by  4.865,  the  height, 
we  have  480  yards  for  the  content ;  which,  at  16  cents  each, 
ampaBts  to  $  76,80  the  expense  of  the  waU. 

GiTen  :^_38fcc»+  210a»-|-538a:5=:~289,  or,  a^-f  24a? 
— -  114z'  —  24x  :^  —  i,  find  z,  in  eadi  of  the  equations. 

+210        538    — 289(30.5356124— 114— 24  —1(4.236 
aO    *-240    —900—10860       5375   4  112    —8—128  067» 


'Si 


—30 
660 

630 
1560 

2196 


—362    10571  128 

18900      9826.8125  j  4 

18538        744.1875  |32 
1115.625  625.7853     4 


19653.625  118.4022  136 
41.25    1136.375  104.7035     4 


82.5  2231.25  20790.000 

.6  41.50        69.511 

SSjO  2272.75  20859.51|1 

.5  41.76         69.59 

1^  2314.50  20929.10 

.5  2.52         11.60 

^pTO  2317.0|2  20940.7 
2.5     20952. 


13.6987 
12.5739 

1.1268 
1.0477 

791 
_  630 

14  161 
13    147 

14 


.r 


—2 

128 

126 
144 

270 

8 

278 

8 

286 
8 

294 
1 


-32     127 
504     105.^16 

472      2L4784 
65.61  17.8109 

527.61    a6675 
57.22    3.6263 

584.83 

8.64 


593.  |98 
8.9 

603. 
2 


412 

364 

48 
42 

"6 
5 


29|5    604 
Ans.  X  =  4-  2360679 

2319.5     2|0|9|5|3  14         a:  =  30  •  535653752* 

,  <  '9i9.  Divide  the  number  50  into  two  such  parts,  that  |  of  one 
part,  added  to  f  of  the  other  may  make  40. 

Let  X  be  the  first  part,  then  will  50  —  ar  be  the  other  part,  uA 
f»4»K5(^— x)83s40,  by  the  question,  whence  (| — i)x^^\-^o.9B  40^ 
or,  by  reduction,  »:^50x2— 40X12»20,  and  50-^»b30. 


SOLTTnOlfS  OF  CmnC  AHD  ADrtCtSD  Bq(VATIOll& 


■ 

Giren  ^  —  60;  sa  2,  to  find  x 

0      Root. 
2(2.601679135 

— £ 

6 
6.976 


D.  -5" 
4 
6.6  ...3.96 

D. 


9.96 
36 
7.801.       7801 

14.287801 

1 

7-80136'-  4682 


24 
14287801 

9712199 
8580171 

1132028 
1001351 


14.300285  5QQ    ^30677 

^  429    128746 

14.3050|2    "tY  '  \^\ 

114.3|0|5ll     71       1431 

500 
Given  of —  6a:  =sb  5.6,  to 


finds;. 


S.«.*     4 

IKt.  —2" 
4 


63. 
DiT. 

Div. 


.5.44 

11.44 
64 
..1684 


0.    Root. 
6.5(2.8252638 


9.6 
9.152 

.448 
.353768 

94232 
89498 


17.6884 
4 

a4|6|5...423 

17.8995 
12 


64 

14 
14 


1|7:9|4|4 


4734 
3589 

1145 
1077 

68 


Given  ai»+-76a!^-8l«r 
SS.5625,  to  find  x. 


.875 
1.16....  46 

D.      L^ 

16 
1.96......196 

D.     1.9746 
1 
1.984......  7936 

D.     2.002236 

16 

1.|99|23....698 

2.010786 
14_ 

2.011|62 


+.76 
,6625(!414370ff 
.634  04 

285 
19746 

8754 

8008944 

746056 


\\\A^A\\ 


*  141820 
140806 

1014 
1006 


8 
8 


find  X. 

—12 
3X3=9 

DiY. 


V.«7   .    • 

Di7. 

11.77 


2.011117 
Given  of  —12a: « 16,  to 

0.  Root 
16  (3.9719607 
—9      [68 

24 
21.519 


9 
8.91 


33.91 
81 
. . .  8239 

Div.  34.4539 


11.911 


2.481 
2.411773 

69227 
35296 

33932 
49  24  31786 
119-3 


2146 
35.2946    2     2119 

11     T    -^ 


3|5.3|1|7 


A  trader  maintained  himself  for  three  years,  at  the  expense 
of  t60  a  year ;  and  in  each  of  those  years,  augmented  that  part 
of  his  stock  which  was  not  so  expended  hy  one  diird  thereof.  At 
ilie  end  of  the  third  year,  his  original  stock  was  doubled.  What 
WIS  that  stock  ? 

Let  a:  as  the  number  of  dcdlars  required ;  th^  a:  -^  60  as  the 
Jain aol expended ;  and  with  this  be  traded ;  .'.  |(a;-— 50)  sa.  his 
gsin  the  first  yeat,  and  ^[x — 60)  ss  the  sum  he  bad  at  the  end  of 
Uie  first yeaxr  •*•  i(4a>-200)'--60ss  |(4a:  — 350)  =  the  sumhe 


tiniedmAlheSdyev;  .'.  f|U4a:— 35Q)[»:;4<16a;— 1400)— 
the  sum  he  had  at  the  end  of  the  second  year;  and  ^(l^x-^liX}) 
— 50  sae  ^(16x— 18$0)s='  the  sum  he  traded  with  at  the  end  of  the 
tUld  year.  Aod  |*  { |(  16z-^  1950)  \  as  the  sum  he  had  at  the  end 
tf  the  third  year;  whence  i'{i(l6x -- 1850)]  =z2x,  and  dSv 
—3700-5-  27a?;  hy  transposition,  5x  =  3700,  and  £  ssz  740,  Ans. 

Given  of  --{^  9x  s*  6,  or  a^  -*-  32;  bs  3,  find  ^  in  each  e^^uatioQ. 


•  • « 


9  0      root. 

J3&  6  (.6378342 

ass  5.616 

l.a3»  •<#  • 


6 
Div. 


.384 
549  .304047 


Div.   10.1349 

9 

1.897.  # » >  133 

Div.   1^.2040 
2 


ifl.219 

If0.2j2 


79953 
71428 

8525 
8175 

"350 
307 


t 

18 

27 
9 

sO 

9 

37.6 

8 

38.4 

8 

8 

8 

^.44 


2     43 
2     41 

Givena:*  — 3a?4-75jr 
340*     ~3 
g43         '81 

583  78 

29.44  162 


Divv 

6.1  . 
Div. 


1 
4 
..61 

9.61 
1 


0        Root. 
3(2.1038034096 

1. 
.961 

39 
30746727 


6.303  .  .  18909      gi253273 
Div.  10.248909      ^18300 

6.30|98.  .  5043  .50   30834 
10.273506    ^  TJ^ 
6 


li0.2|7|2|87« 
10000,  to  find  X. 


4112 


75 
708 

777 
216D 


512.44  240*    293f 


30.08 

542.52 
30.72 

573.24 
3.1424 

576.3824 
3.1488 

.579.5312 
8.1552 

482.16864 
2871 

582.j»35 


409.952 

3346.952 
434.016 

S780.968 
46.110592 

3827.078592 
46.362496 

3873.4410818 
3.497^ 

d»W.  93869 
^.49896 


leoeo  (9.887002700116 
6993       [Boot 

3007 

8677.5«g       y 

329.4384 
306.16628736 

23.^^1  »64 

^.g6163178 

1048091 
776988 

271998 

m 

19 

19 


3880 .43|759 
_..,.  ,,  •3889.44 

Given  the  som  of  three  mmi%ers  in  hmnnoiiieal  mpoilioA  ^10 
M^  and  their  caiitinaedjpiodtictf»^M;  iaitbe  timben. 

Ani«4y6»«Bd9tt 


80I.UTI0II8  OF  CinnO  AKD  ADPBCTBD  BqUATIOHS. 

Giyena^— 32'»s5;  and  Oiven  x*  +  9;r «s 30,  to  find*. 


0 
...^ 

0 
9 
6.4.  •2.56 

DiT.  11.56 
16 
7.22. . .1444 

Diy.  14.4244 
4 
7.266..  3633 

14.60553 
7|2|759. .  .655 


—3 
5(3.425968757362 

5 
4.624 

376 


87512 
73027625 

14484375 
13183581 

1300794 
1172444 


14.648412   841  128350 

57    733  117250 

14.655|5     108    11100 
I|4.6"j5i6ir' 103    10259 

Given  a^—  122:=s  —  12,  to  find  z. 
—12     —12(1,11574951 

1-...      _1      — n  676 

—1 
—  869 


tf.l. •• • 
•DiY. 

3.31 

DlY. 


1 

—11 
1 
.31- 


•69 
1 
331 


—131 
—83369 


3.335. 
Div. 


•  ♦  • 


3.3457. 


.3369 
1 
16675 

.287025 

25 

2342 

.267983 
13 

.26563 

.2|6|5|6 


-^7631 
—41435125 

—6195875 

—5787588 

—408287 
—330625 

—78662 
—74390 

56—4272 
50—4133 

6  —139 
—  83 


2 
Div. 


. . . . 


9 
4 

13 
4 
6.1  .  * . «  61 

Div.  sr.Si 

1 

6.38.... 6104 

Div.  22.7404 

64 

6.54  ....  52 

23.26|24 

2|3.|2|7 


30(2.1808488 

4 
2.161 

1.839. 
1.819232 

19766 
18610 

1158 
931 

227 
209 

18 
18 


Root, 
x:r=2. 1808498 
Oiven2;*-f-2*-f-2fi»100  find  «. 


1 
5....  20 

Div.  21 


1.32 
Div. 


16 
.2.64 


59.64 
04 
16.66 . . .  8196 

Div.  63.1396 
36 
13.784 . . .  55136 

Div.  64.017936 

16 
13.792  . . . .  5517 

64.078605 
276 

64.078881 
1 


6|4.0|7|9 


100(4.2644 
84 

16 
11.9  28 

4.072 
3.788376 

283624 
256072 

27552 
25631 

1921 
1282 

639 
577 

62 

4 

4 


31.  Two  travellers,  A  and  B,  set  out  together  from  the  same 
place ;  A  travels  8  miles  the  first  day,  12  the  second,  16  the  third, 
Ice. ;  B  goes  1  mile  the  first  day,  4  the  second,  9  the  third,  &c.  ; 
how  many  days  must  they  travel  hefore  B  overtakes  A.      7  days. 

29 


Of  Irumtknud  Quantitie»i  m  Simb. 
Irratiooftl  Quantities,  or  Surds,  are  those  of  which  the  values 
mmoak  ha  accurately  ejq[>re88ecl  in  nftntheis,  or  «re  such  as  htt^e 
no  exact  root»  and  are  usually  expressed  hy  means  of  the  radical 
sign  >^,  or  hy  fractional  indices  ;  in  which  latteir  case  the  nume- 
rator shows  the  power  the  quantity  is  to  he  xwed  to,  and  tb^  d^ 

nominator  its  root.     Thus,  >^2,  or  2',  denotes  the  square  root  of 

^f  4/^1  <^  ^  *  the  cuhe  of  the  square  o£  a>  .and  a*i  is   the  SRth 

root  of  the  nth  power  of  cu 

Case  I.     Ta  reduce  a  ratUnal  quantit}^  to  the  form  of  a  Surd, 
RiTLB.    Raise  the  quantity  to  a  power  corresponding  with  that 

denoted  hy  the  index  of  the  surd  to  which  it  is  to  he  reduced ;  and 

over  this  new  quantity  place  the  radical  sign,  or  proper  indeZf 

and  it  will  he  of  the  fcurm  required. 

1,    Let  3  and  5  he  reduced  to  the  form  of  the  square  root. 
Here  3  X3»=aafe=9;  whence  >^/9,     Ana* 
Here  <6)^^=*25 ;  therefore  ^25,  Ans. 

. .  8.  .  Btdttfi«  23^  and  -<^  lo  the  form  of  the  euh^  root 

Here  (2a:*)'=;5:8^ ;  whence  ^A  or  (Sa*)*. 
.  Here  ( — 3a:)^=s — ^s^  j  therefore  j^ — ^Tafi^  Ans. 
5.     Let  — -2a  be  reduced  to  the  form  of  the  fourth  root. 

Here  (— 2tt)W:16a* ;  therefore  —^IM,  Ans, 
#•     Let  (^  be  reduced  to  the  form  of  the  fifth  root,  and  j^^ 

V^*#  -^^  and  .  v'  to  the  form  of  the  square  root. 

Here  {eff=a^ ;  therefpre  /^d^y  Ans. 
And  {^a+A/l)%x>a-\-b^2A/ah;  .\  >v/{«+H^a/^)-    Agaia, 

^  A  quantity  of  the  kind  here  mentioned,  as  for  instance  j^% 
18  called  an  irrational  number,  or  a  surd,  because  no  numhai, 
either  whole  or  fractional,  can  be  found  whieh,  when*  multiplied 
hy  itself,  will  j^oduce  2.  But  its  approximate  value  xnay  he  dt^ 
termined  to  any  degree  of  exactness  by  the  common  rule  for  ex- 
fracting  the  ^iwe  root,  beiiig  1  and  certain  non-periodic  deci- 
mals, which  never  terminate. 

Note,    Any  rational  quantity  may  he  reduced  hy  the  abov« 
irule  to  the  form  of  the  surd  to  which  it  is  joined,  and  'dieir  prch 
duct  be  then'placed  under  the  @ame  index  or  r$^dical  yign. 
Thus  2V2=W4Xa/2===V(^X2)==V8, 
And  2>^4==^8XA/4«;>y (8x4)^^32. 


Also  3A/a=a:V9XA/*=A/(9X«);=^9a, 
And  i>$^4a=^iX>^4fl==^(4x4fl)=4/5. 


1.  Beduce  S>v/^  ^i^^^  \hf^  eack  to  n  Mittpte  r&dic&l  finrm. 
Here  ^^=^25X$/^=^l^y  Abs. 
Here  i//Sa=A/ A  X  \/5a=  V(f )  >  Ans. 

Cass  II.     T(0  ^m{im»  •gwmUUei  4^  different  indices  to  (gifferj 

^Ao^  jAizZZ  Aave  a  ^ven  index. 

Rule.— Divide  the  indices  of  tke  proposed  •quantities  by  Ai 
given  intec,  wsd  ^ke  quodeiita  iiHil  be  iiie  new  indices  fag  diose 
qmifitieik  Then,  over  die  said  quamtifeies  with  iiieir  new  indkes, 
fkce  <lie  jgitren  index,  and  tfaey  vM  be  the  eqtdvalent  ^atttkni 
ttfuifed.  1  14  III 

1.  Redace  3'  and  2^,  or  5'  and  4r^mar  and  b^  ^eaeh  «i 
^titfttities  that  shall  have  the  index  ^. 

flere  ^"h|aag^Xf^S*-^3,  the  iiTBt  index ;  ^  % 

And   t-^f«^|xt=f«=«,  the  8d  index.    IHThenoe  (S^^ 


ttd  (ff)  9  or  27^,  and  4^,  aie  the  ipiantities  required. 
Here  4^^  =  Jxf =3,  Istindex,  J-Ha=4  Xf»2,  2d  index;; 

hence  (5*)*  and  t6^)*,  or  125*  and  "36*,  ^re  the  answers -soi^gfht; 
Here  4-5-^JX^==3,  1st  index  ^  |^jc=|Xf=4,  2a  indfix. 

Therefore  (a*)*  and  ib*y  are  the  answters. 

3.  Reduce  2'   and  4^,  to  quantities  that  shall  have  th«  £00^- 
A0n  index  ^. 
Here  J-rJ«^iX|'«=4,  Ist  index,  i-r-i=iXl=2,  2d  index; 

iktrdore  <2^*  and  (4»)*=16*  and  16*.        Ans.  16*  and  16*. 

'4.  Reduce  (f  und  4t'  to  quantities  tlial  shall  katne  the<u>mihan 
index 4(.    4iere  f-^}«s^X^(a8,  1st  index  ;  i^|=srix4«^.  "fid. 

Therefore  (cf)^  and  (a")    are  the  quantities  sought. 

Note.  Surds  may  also  be  brought  to  a  common  index  by  redu- 
cing the  indices  of  the  quantities  to  a  oommon  denominfttox,  rand 
then  involving  each  of  them  to  the  power  denoted  by  its  nuni£- 

«•*<>'•  11111  '4         4}" 

1.  Reduce  3'  and  4',  or  4*  smd  5*,^  1'  and  m\  or  a'  and  b* 
each  to  quantities  ^hflving -a  common  index. 

Taere^*i==3*=(3»)*6=(27y*  and  4*=  4*=(^)*«:(rQ)*. 

Whenee  i(27^*'«tti  <^*  ^8. 

Here  |  and  4  »•  ^  and  ^^ ;  hence  (4^)^  and  (P)*^,  Ans. 


MS  iVBINI* 

Here  |s»|  and  issf ;  thereibre  (tfy  and  (ifr,  Ans. 

Here  again  \sss^i^  and  ^sss^;   therefore  (tf*)  **  and  (**)    . 

2.  Reduce  a"  and  i*"  to  quantities  that  shall  have  a  common 
index. 

Here  -,  i  ledtices  to  the  common  denominaton  —  anil  ~ ; 

JL.  JL 

therefore  (a*)"*  and  (^)"*,  Ans. 

Gasb  III.     To  redttce  surds,  to  their  most  simph  forms. 

Rule.  Resolve  the  given  number,  or  quantity,  into  two  factors, 
one  of  which  shall  be  the  greatest  power  contained  in  it,  and  set 
the  root  of  this  power  before  the  remaining  part,  with  the  propet 
mdical  sign  between  them.'**' 

1.  Let  >\/48  and  ^108  each  be  reduced  to  its  most  simple  fom. 
Here  V48=A/(l^X3)=W3,and  ^108=  ^(27X^)=^^^ 

Note  1.  When  any  number,  or  quantity,  is  prefixed  to  the  surd, 
that  quantity  must  be  multiplied  by  the  root  of  the  factor  aboTe- 
mentioned,  and  the  product  then  joined  to  the  other  part,  as  befoie. 
1.  Let  2/^32  and  5>^24  each  be  reduced  to  its  most  simple  form. 
Here  2^32=2  V(  16  X2)s=8>i/2,  &  5>i^24?=5^{8x3)=104/3. 

Note  2.  A  fractional  surd  may  also  be  reduced  to  a  more  con- 
venient form,  by  multiplying  both  the  numerator  and  denominator 
by  such  a  number,  or  quantity,  as  will  make  the  denominator  a 
complete  power  of  the  kind  Irequired  ;  and  then  joining  its  root, 
with  1  put  over  it,  as  a  numerator  to  the  other  part  of  the  surd. 

1.  Let  Vf  V?»  V125,  V294,  ^56,  ^192,  7^80,  9>y81, 
and  xfrA/f >  ^^^^  ^  reduced  to  its  most  simple  form.  ( 

Here  A/^A/i*=>\/(AXl4)=fV14,  Ans.  3>y|=34^T% 
=3/^(TiTX50)=|^50,  Ans.  ^125=^(25X5)^=^a/5.  Ans. 
V294=V(49X6)=7>,/6,  Ans.  ;^56=^(8X7)=2a5<7,  Ans. 
^192b=^(64x3)=44/3,  A.  7 V80=7V(  16X5)^=28^5^  A. 
9^81=8>^(27x3)=274/3,  Ans. 

Here,  reducing  the  radical,  we  have  jk/i  =  a/^^  =  iV^^ »' 
therefore  Tfr>\/l=TfTX  ^30=2^2^^/30,  Ans. 

10.  Reduce  f  4^t^,  V9^*»  *^^d  ^(a^'-^a^),  each  to  the  mort 
vunple  form. 

Here  VT%=VW=i>v^l2 ; ;  hence  ^4/^=^4^12,  Am. 
V9ai?*«=(49a*X2ar)=:7aA/2a?,  Ans. 

♦When  the  given  surd  contains  no  factor  that  is  an  exact  power 
of  the  kind  required,  it  is  already  in  its  most  simple  form.  ThuSi 
^15  cannot  be  reduced  lower,  because  neither  of  its  factors,  5  nor 
3,  is  a  square. 
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Cask  IV.     To  add  Surd  QuaTUitiet  together. 

Rule.  When  the  surds  are  of  the  same  kind,  reduce  them  to 
their  simplest  forms,  as  in  the  last  case ;  then,  if  the  surd  part  he 
the  same  in  each  of  them,  annex  it  to  the  sum  of  the  rational 
parts,  and  it.will  give  the  whole  sum  required. 

But  if  the  quantities  have  different  indices,  or  the  surd  part  in 
each  be  not  the  same,  they  can  only  be  added  together  by  the  signs 

-|-  and  — . 

1.  It  is  required  to  find  the  sum  of  /v/27  and  >^4d. 

?*!r  '^Sr'^rf^&^f'X     =7  V3  the  sum. 
And  V'48=a/{16x3)==4V3  J        '^ 

2.  It  is  required  to  find  the  sum  of  j^SOO  and  4/106. 
Here  4/500=4^(125x4)=5/y4  )  __  g^^  ^ 

And  4^108=;^(  27X4)=3/y4  \  "  '='v*  "^  sum. 

3.  Required  to  find  the  sum  of  4^147  and  3/i^6. 
Here  W147=^W(49X3)=28V3  )  ^^   ,3  ^  ^^ 
And  3V75  =3V(25X3)=15V3  J  =**»V'»  ">«  »»«• 

4     Required  to  find  the  sum  of  3Vi  ^^^  ^ViV' 
^  H^  ==oVif  ^Hm  \  =W10  the  sum.     . 

5.  Required  to  find  the  sum  of  V''*  and  V128. 

And  V12&=V(64X2)=8a/2  J  '^  ' 

6.  Required  to  find  the  sum  of  V^®"  *'"1  V^Oo- 

Also  V4t*5=>v(81X6)=W5  J         ^ 

7.  Required  to  find  the  sum  of  3^40  aM  ^135. 

First  s-^^o^^a^^i^xsi^e^s  I  ^^5  ^^ 

And  >^135=4^(27X5)=3Ay5  J      /^ J 

8.  Find  the  sum  of  4^/54  and  54^128. 

Here    4^54=44/(27  X  2)=12Ay2  )  .  32  A^g' Ana. 
And  54/128=.54/(64x2)=2b4/2  \ '    ^'^^^  '^ 

9.  Fmd  the  sum  of  9^/243  and  10^363. 

Here  9^/243  =  9y(81x3)=  81^3  \  —iqi^o  Abs. 
And  10V363=107(121  X3)=l  10^3  ( -^^^^]  ^ns.      ^ 

10.  Find  the  sum  of  3V!  and  7VfJ- 

By  first  reducing  the  fractional  surds,  we  have 

\/S=VI=i V6.  and  Vf  J=VTVb=TW{9X6)=A<v^ ; 
Hence  3a/|  =3  X  W^  =  V6  i  —34^6  Ans 

11.  Find  the  sum  of  124^4  and  34/ A- 

Here  ^i=>4'f=i'^2,  and  ^ii=V^W^\ 
Hence  124/H-34'Tfe=64/2+|yC^2=6|4/2.  Ans. 

.     12.    Find  the  sum  of  iV<^*  and  \^Ux*. 
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Here  Wt?b^i^{fXh)=^  \a^b  \  _,, „  ,  ,  jv   ,.    .„. 

13.  Find  the  sum  of   A/SXi  nad  t^72,  orVf  and  VA-  oi 

14.  Find  the  sum  of  4/56,  and  /i/\S&,  or  ^/J  and  4/^. 
and  4'189=>^(27X7)=34/7  J  — »V  ^  sum,  or 

X/A=,4/A=J4/2  1 -«V2.  Ans.    . 
16.    Find  the  sum  of  3^0^*  and  S^lMb. 

Case  Y.     To  find  the  difference  of  Surd  Quantities. 

Rule.  When  the  surds  are  of  the  same  kind,  pfrepare  the 
quantities  aa  in  the  last  rule ;  then  &e  difTerenee  of  the  ratioul 
parts  annexed  to  the  common  surd  will  give  the  whole  diiSfereiiee 

required^ 

But  if  the  quantities  hare  different  indices,  or  the  surd  part  be 
not  th6  same  in  each  of  them,  they  can  only  be  subtracted  by 
means  of  the  sign  — . 

1.  It  is  required  to  find  the  difference  of  ^44S  and  >^I!2. 

2.  Required  to  find  the  difference  of  4^192  and  ^^34. ' 
Here  >yi92=4/(64X3)=44/3 )  ^  ^o  ^    ,^ 
And  V  24=4/(  8X3)=24^  \  «=^V-i.  t^e  am. 

3.  Required  to  find  the  difference  of  6,^20  and  3>^45. 
Here  6V20=5V(4X5)=10V5  )      ^/5  dig. 

4.  Find  the  difierence  of  IVI'  and  f Vi- 

6.     Required  to  find  the  difference  of  2^50  and  >v/18. 

6.  Required  to  find  the  difference  of  ,^^320  and  /^40. 

7.  Required  to  find  the  difference  of  ^/i  and  VA" 


I  • 

f 

\ 
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8.  Find  the  difierence  of  2Vi  «"<i  V®- 

Here  S^i  =  VJ  =2^2  |  _   ,0  the  diff 
And     V8=  (4X2)=2V9  i  ~'^  ' 

9.  Find  the  difference  of  S^/J  and  4^72. 
Here  34^=34/JV=^9         ( _  ^g  .     ,yp 

10.  Bequired  to  find  the  difference  of  /^§  and  ii^-^. 

11.  Find  the  ditierence  of  s/^a^x  and  ^"HOa^af. 

Here  VQ0«*^=V(16a*X5z)=4aV5a:  { —iij^ciaxSjJ^ 

12.  Find  the  difterence  of  84/^3  and  2,^aV/. 

Here  84/^i=S,4/(«'X3)=8«;y^)       0^2-.^,  ^^ 

13.  Find^the  ditference  of  V75  and  V^S,  or  /J/256  and  4/32. 

J/Ev(16x3)Sv3  ^  ' 

or  4/256=4/(64x4)=44/4  )      .  3. .  ,.^ 
^32=^(  8X4)=a^4  \  =2/v^4  difference. 

14.  Find  the  difference  of  V|  and  VJ,  or  Vl  ^^'^^  ^/f • ; 
\/|=i>\/3,and>v/i=V(iXj)=iV3;  then  (i— i)/s/3=J>v/3, 

h%  Find  the  difference  of  ^/f  and  4/^,  or  J^'iAe^V  and 
a/64**. 

iJf^^=|;;^?5  !  =(f-4)4/7&=A4/75,  Ans. 

or  V24a^^=V(4^^'X6)=2a3V6  )      ,^,3    ^ -v   ,«    .no       ' 
V54d*  =  V{^5*X6)  =  3^V6  i  =(3*— ^^)V6'  AM. 

Case  VI.     To  multiply  Surd  Quantities  together. 

Bulb.  When  the  surds  are  of  the  same  kind,  find  the  product 
of  the  rational  parts,  and  the  product  of  the  surds,  and  the  two 
jomed  together,  with  the  common  radical  sign  between  thenvwill 
give  the  whole  product  required ;  which  may  be  reduced  to  its 
most  simple  form  by  Case  III. 

But  if  the  surds  are  of  different  kinds,  they  must  be  reduced  I0 
a  common  index,  and  then  multiplied  togethet  as  usual. 

I^  is  also  to  be  observed,  as  before  mentioned,  that  the  product 
of  different  powers,  or  roots,  of  the  same  quantity,  is  found  by  ad* 
ding  their  indices. 

L    Required  the  product  df  }^|  boeA  |  ^f*. 


Here  2^ 


2.  Find  the  product  of  3^®  and  2V^. 
3a/8  X  2V6  =  6V,48=s6V(16x3)=24a/3,  Ans. 

3.  ^  Find  the  products  of  2*  and  3*. 

5    =2^=  (2»)    =5    /  ^(8ix9i)^(72)*  Ans. 

And  3^  ==3*=(3»)*  =9*  ) 

4.  Required  to  find  the  product  of  5>^  and  S^a, 

Here  5 Va=5a*  =5a  *  (      ^^4      ,^,.,4       ,^.*«    / 

1  2  C  =15a^  =15(0*)^  or  IdA/af,  Ans. 

And  34/a=3a^  =  3a^  ) 

§.     Required  to  find  the  product  of  5a/8  and  2a/5. 

5>v/8X 3 V5=15V40=15V(4X  10)==30 VIO,  Ans. 

6.  Find  the  product  of  ^18  and  54/4i 

^18x5/J/4=5></72=5Ay(8X9)=10^9. 

7.  Required  the  product  of  ^a/^  and  4^a/^' 

^     iV6XftV9=iArV54=TA,V(9X6)=AV«- 

8.  Required  the  product  of  ii^l8  and  6^20. 

W18=5A/20=f V360=Ja/(36X  10)=15^^10.  . 

9.  Required  the  product  of  2^/3  and  13|>v/^* 

^  2V3X13J  V5==27V15,  Ans. 

10.  Required  the  product  of  72Ja'and  120  Ja*. 

724a'x  120Ja^  =  jap  x  H^  X  a  '  X  fl^=fiJ4^J^*X«* 

==8706Ja^. 

11.  Required  the  product  of  4-}-2V2  and  2 — ^^2. 

12.  Required  the  product  of  («+*)"  and  (a-j-i)*. 

11.    Mult,  4+2V2  ,^    n.c  1     ,    .  ,vi     .    .  ,v- 

By      2--- V2  12.  Mult.  (a+3r==r{a+i)-- 

.     .    "8+4V2  By      (a-f^)''=(g4-^)^ 

— 4>^2 — 4  ^  m^ 

Ans.  8— 4=4~  Product         =(a  -j-i)  *■ . 

Multiply  3^/2  by  2^8,  or  \j^4.  by  14/12,  or  f  Vf  by  Aa/I- 
3X2X>v/2X\/8  =  6V16  =  24,  Ans.  ^ 

iXjXA5^4X>^12=  J4/(8X6)=J>C^6, 

.  Or   ix^X  V|X  VHV(^5)  =  |V15,A^S. 

Multiply  24/14  by  3>y4,  or  2«^  by  a*  or  (a-}-J)*  by  (0+*)* 


2X34/14X>y4=64/56=6V(8X7)=12^,  Ans. 
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iftiltiply  St-J-^/*  ^^^  ^ — >v/^»  0'  ^   *^*^  3**. 
Or  2XlX«    X  a*=2a*=:^*,  4n«- 
Multiply  (a  +2>v^3)*  by  [a—2^b)^,  or  4x*  by  2y* 

4a*4.2xV*  (g— W^)  ag** 

—2^xb—h  a*+2a^b  ^f^^Ljt  n^^  A 

4r*—         i,  Ans.         J~2gV^— 43  6(a:^  «:6^«»,Aiis. 

A  it  X 

Here  4a;"  X2y"  t=8(a;y)*,  or  =  S^/a^y,  Ans. 
Case  VII.     To  divide  one  Surd  Quantity  by  another. 

Rule.  When  the  surds  are  of  the  same  kind,  find  ihe  duo&iit 
of  the  xational  parts,  and  the  quotient  of  the  surds,  and  the  two 
joinod  tf^etber,  with  the  common  radical  si^  between  thetay  will 
give  the  whole  quotient  reonired. 

But  if  the  surds  are  of  difllerent  kinds,  they  must  be  reduced  to 
a  common  index,  and  then  be  divided  as  before^ 

'  It  is  also  to  be  observed,  that  the  quotients  of  different  powers 
or  roots  of  the  same  quantity,  are  found  by  subtracting  dieir  in* 
dices. 

1.  It  is  required  to  divide  8^108  by  2/^6. 

Here  %^==4VI8:«4^/(dx2)«12V2,  Ans. 

2.  It  is  required  to  divide  8^512  by  4^/^ 

H^e  ?^^=2^25ec=24/(64x4)=84/4,  Ans.         -     / 

3.  It  is  required  to  divide  i/^5  by  J\/2,  and  ^^7  by  ^7, 

Here  |^==|>\/3=JV¥=iV10,  Ans. 

And  ^^=^=^=  7^=  7*  Ans. 

4.  Required  to  divide  6^^  by  3//2»  and  44/72  by  2^18^ 
Here  |^==:W27=^a/{9X3)=6V3.  Ans. 

4J/72 
And  o  vifi°^^^>  wUch  will  not  iieduce  lowix* 

^    Required  to  divide  ^j Viib  by  Wh  .        i    * 

20*  30 


Hue  fi}4-i»^X|«=>  V>  "»d  N/rir-S-Vf  —  VaV= VA 

=iV3  J  .-.  ^X W3*=e>s/3=HV3,  Ana. 

6.  Divide  4fVI  by  2f Vi  w»d  ^i^/a  by  2i<,/a*. 

First  4f-5-2?=iV»-x A==W.  and  N/i+Vf=V(?X*>=Vf 

=  V-5~^*'^^'  hence -Vi<.X!/v/2=a|fV2.  Ana. 
Here  4i■^2^==:}X^=fJ,  and  t^a-^^ah  =«  a*  -{-  «*4*  ss 

^=2-=(i.)*;  therefore  H(-^)*  the 

7.  Required  to  divide  32|^a  by  13|/^a.  i  , 

Here  32fT-13|=H*XA=MI.  and  ^a-i-Ji/a=a^  -S-  a* 

i-f       i  i 

«     "=«  .    Therefore  Jf  f«  ,  the  answer. 


answer. 


a    Required  to  divide  Gfa*  by  4^°'. 

Here  9|-5-4A=VXii=fH, 

And  a*  -f-  «*  =« «»»  -5-  a™»  =  ft"™^ ;  consequendy^  Hf^^^»  Abb* 
9.    Divide  V20+V12  by  V54-A/3 

Here  ^!?t'^Q^=V4,  or  2,  Ans. 

Note  1.  Since  the  division  of  surds  is  performed  by*  subtract' 
ing  their  indices,  it  is  evident  that  the  denominator  of  any  fraction 
may  be  taken  into  the  numerator,  or  the  numerator  into  the  deno^ 
minator,  by  changing  the  sign  of  its  index,  or  exponent. 

2.    It  likewise  appears,  from  the  same  rule,  that 
a"        .    ,         ,  ,  ,     fl" 


^  _  ;  but  wfe  have  also  1. 

a"  a"   • 

Whence  it  follows,  that  o^  is  a  symbol  equivalent  to  unity,  and 

may,,  consequently,  be  always  replaced  by  1,  whenever  it  occurs.* 

Case  YIII.    To  involve  or  raise  Surd  Quantities  to  any  power. 

Rule.    When  the  surd  i«  a  simple  quantity,  multiply  its  index 

S2  for  the  square,  3  for  the  cube,  &c.  and  it  will  give  the  power 
the  surd  part ;  which,  being  annexed  to  the  proper  power  of  the 
rational  parts,  will  giy^  the  whole  power  required.     ^ 

i^nd  if  it  be  a  compound  quantity,  multiply  it  by  itself,  the  pn^ 
per  iMimber  of  times,  according  to  the  usual  rule.t 

1.  Thus  -a»r-  or  flfr— J  J  and  --=-7-,  or  at". 

a      \  a"       1 

2.  Ahi0y-^,or*ir*;and^,z5?«^^.or-. 

^  This  ezproBmon.  properly  speaking,  is  only  the  result  of  aa 


w 


3.  Let  -^  be  expressed  with  a  negative  index. 

4.  Let  a      be  expressed  with  a  negative  index. 

Here  -s-=sflr^=flr*  the  answer.    Here  a  =~r»  Ana. 
a*  a\ 

5.  Let  — ! —  be  expressed  with  a  negative  index. 

«+^      11  .     —1 

6.  Let  «(a' — ^2:*)      be  expressed  with  a  negative  index. 

■i.i..i  a        ■  ^ 

Here  a((j? — x)       =^T3 — "^rr^  Ans.     or 


7.  Required  to  find  the  square  of  ^a  ,  and  the  cube  of  i/^3» 
Here     j|a*  }  2=|fl*^^  =  |a*=t4/fl»,  Ans. 

And  3ft=3*=^V27=2fr>v/9X3=fV3,  Ans. 

8.  Required  to  find,  the  square  of  3>^3,  and  the  cube  of  17.^^f2L 

Here  (3^2)'=  (3x3^)'^«=s9.3*=:*=94/9,  Ans. 
(17^1)*=17V(21'+21)  =  17»x  21^21  =  103173 V21,  Ans. 

9.  Required  to  find  the  4th  power  of  i>v/6.    Ans.  ^. 

Here  (iV6)'^(iX6*)»=^X6»=±=^  ;  therefore  ,V»  Ans. 

10.  Find  the  square  of  3+2>v/5,  the  cube  of  j^x-^^y^  and 
the  4th  power  of  ^3 — ^2. 

operation,  to  which  we  are  led  by  the  common  practice  of  repre* 
senting  the  powers  of  quantities  by  numeral  indices ;  which,  in  the 
present  case,  gives  the  quotient  a^  instead  of  1,  as  it  would  be  ac> 
cording  to  the  usual  method  of  division. 

t  Any  power,  or  root,  of  a  fraction,  as  before  observed,  is  equal 
to  the  same  power,  or  root,  of  the  numerator,  divided  by  the  like 
power,  or  root,  of  the  denominator.     Thus, 

f)=p,  and  (^)===^;  also  V-3=-^==^  =      . 

0 
And  if  any  quantity  that  is  affected  with  the  sign  of  the  square 
root,  is  to  be  raised  to  the  second  power,  it  is  done  by  suppressini^ 
4ie  sign.    Thus,   (^a)\  or  A/aXA/as=a,  and  ljiJla44)\\      ' 

or  V(H-*)  X^/(a+3)=t^f3. 


V3-//2         Mull  »+2»/« 

«/3— ya  By  3-1^8^5 

3— V6  9+8V6 

-V<H-2  +9V5-HV25 

6—    W8  9-)-12V5+!0 

5—    2V6  or  29-f  iaV5 

—  10^6+M  -l-%Vy+19yV»+a7i(Vy 

.  49—  20V8,  Am.       iVi+S»Vj-|-2'r\'"^+2'yVs=<'«'«' 

Case  IX.     To  Jbid  tie  roctt  of  Surd  Quantitia. 

Rule.  When  the  surd  is  a  simple  quautity.iuulliply  its  iudei 
by  ^  for  the  snusre  root,  "by  |  for  the  cube  root,  kc.  imd  it  will 
give  the  root  of  the  surd  part ;  which  being  annexed  to  the  root  of 
the  islioflBl  put,  will  give  the  whole  loot  required.  And  if  it  be 
a  compound  quantity,  Imd  its  root  by  the  usual  ruk. 

1.    Find  the  square  root  of  9,^3,  and  the  cube  root  of  JV^- 

Here  (9,j'3)*  =»*  X2*  "  *=9*  X3*— yC'S,  Ana. 

And  (JV2)'=(*)*X(2*"*)=J(2*)=J'!'2.  Ana. 

5.  It  is  required  to  find  the  square  toot  of  lO'. 

a*,  and  the  cube  root  of  i  ^=. 

V^^V(i^X«)=J*^*and^V^=(^}'X(^)*=^'^ 

C«i»eque»t]y  ^(|-Vj>=^(|-)*=(^)*=(^)*=4V3* 
4.     It »  requited  to  find  the  4th  root  of  jfa*. 

Here  Vrt«*'=i«*^*  =  i«*.  Ads. 

6.  Find  the  square  roots  of  3?—4xt^a-^Aa,  and  a-j-2,\/oft-fA 
Here  a^i^ab-\-b{^a-j-j^i  r*— 4a;v«<H-4a(a>^V« 

a  a?  A«. 


2j^ai>~\-i>  — 4rVH-4« 

Cabb  X.     To  transform  a  Binomial,  or  a  BetidwU  Snrd,  Mf 

a  General  Surd. 

B^tTLE.     Inrolre  the  given  binomial,  or  residual,  to  a  power  ui^ 

waponding  with  that  denoted  by  the  suid ;  than  set  Uie  r«£cil 

sign  of  tbe  same  not  orei  it,  and  it  will  be  the  geuenl  sard  n- 

qoired. 


1.  It  is  required  to  reduce  24-^3  to  a  geii«al  sard. 

Here  (^^)'t=443-j-4V3=7+4V3;  therefore  2+^3— 
,^(7-f4^3),  the  tuiGwer. 

2.  It  al  suid. 
Here  eiefora 

3.  It  dsord. 


{3~*/S)''=:9— 6/^54-5=14^-6^5,  and  A/ili^-^A/Sj,  Ana. 

6.    Reduce  2/2/3—3^9,  and  7^3  —  3^9  to  a  general  surd. 

.  In  examples  involving  cube  root  radicala,  it  is  useful  to  know 

iie  following  form  of  the  cube  of  a  binomial ;  viz. 

(fl  ±*)^=a'±i'+3o*  {B±i) 

Hence  (2^3—3^9)^  =  24— 243— 18^27 {2,^'3—3//9}  =• 

-21&— 64(2,^3-3^9) ;  consequently 

>(— 219— 54(2,^'3— Sa/S))  is  the  general  surd. 

or,  Ans.  ^{162^9-108^3  —  219.) 
2/^3—34^9  multiply  494/9-1:364-27^3  multiply 

2^3— 34/9  by  7*»/3— 3.Vfl  hv 


4J/»— SA'a?  343^/27-^82,^'  3+189^9 

—6^7+9^1  —147^81 4-378^9-81,^87 

4^9—12^27+94/81  1029—1323^3-1-567,4/9—243  or 

"t^Jtsl/g^''^^  (786-1323,V3+567,C'9)*    Ans. 


8,^27-724^3+54,^9  7,^3—3^^9  multiply 

—12^/81+1084/9— 8l,V27  7,^/3—34/9  by 

8,5/27-1084/3+1624/9—814/27,  494/9— (214/27=63) 
w24— 1084/3+16B4/9— 243  Heoce       ■   —214/27+94/81 
I  haye  4/ j  (—219—54(24/3—34/)  \  Prod.  494/9— 126+274/a 
—34/9))  Ans. 

•124/27=12x3=36  and  9 4/8 1=(3X 9)^/3  =  274/3,  and 
124^1=124/(27x3)=364/3.  Again  1474/81=1474/(27x3) 
=147(4/97x4/3)=(147x3)x4'3=4414/3,aiid 
8sS4/3+4414'3=13234/3. 

Case  XI.     To  extract  the  iguare  root  of  a  Htumwd,  or  rendnal 

RiTLB.  Substitute  the  numbers,  or  letters,  of  which  the  given 
nird  is  composed,  in  the  pUce  of  their  equals,  in  one  of  the  tm> 
following  formula,  according  as  it  is  a  binomial  or  a  leiidnal,  and 
it  will  give  the  root  required. 


And  if  the  second  part  of  the  binomial,  or  residuaU  in  this  €afle,f» 
an  imaginary  surd,  the  same  theorems  will  still  hold,  by  only  chan- 
ging — -^  into  -\^b^  as  below« 

Vt*-V--^)=V(l«+W(«'+*))-V(i«-W(«^-H)) 

Where  it  is  to  be  observed,  that  the  only  cases  that  are  naefiil  in 
this  extraction,  are  when  a  is  rational,  and  a?  —  ^  in  the  first  of 
these  formuie,  or  a'-f^  in  the  latter,  is  a  complete  square.* 
L  Find  the  square  root  of  11+6^2*  or  ll-fV^S. 

Here  a/(1«±W(^— *))=V(V+iA/(121— 72))«w/(V  +i) 
««3;  and  Vii^^VC^*— ^))=V(V— W(121— 72))  «=V(¥ 

_J)=V2;  whence  V(ll+V?)'  or  V(ll+V72)==34-V* 
Ans.     And  by  a  similar  substitution  in  the  second  formula,  we 

ahall  hare  ^{n-^A/2}^:=S—A/2. 

2.  It  is  required  to  find  the  square  root  of  l-|-4/^  —  8)  or  1-|- 

^—48. 

Here  V(iM-iA/{^f  ^))=V(i+W(l+4S))=  V(H-i)==S5 

whence  V(l-f  W— 3),  or  v^(l+V— 48)=2+V-^»  Ana. 

And  by  operating  in  die  same  manner  with  the  last  forBittlaf  ws 
ihaU  have  y  (1— 4V— 3)=*=2— V— 3. 

3.  Bequired  to  find  the  square  root  of  6^2a/^  or  23  db  8/^, 
or  36±10V11,  or  33^12^6,  or  ((14-4V--3)  =(1+V— 48)). 
or  ((3d=4V— 1)=K3±a/— ie)),'or  —1+^-^.  or  (f-l-2xj^{(f 
---0^),  or  6-f  2^2— V(^2)— a/(24),  each  of  the  9  foregoing  ques- 
tions. 

Here  I  iMve  V(fH4V(«*— >))  =  V(f  +  W(36 — 20)>= 
V(3-f2)=6,aDd  Vi-i(«'— *)— V(f— *V(»-20))=V(»- 
2)=«:1,  afad  .-.  V5±l  =  Ans.  or  A/{ia±i^{d'—b}  =»  VV  + 


»»^- 


*  This  method  of  extracting  the  square  root  of  a  binomial  surd, 
was  known  as  early,  as  the  time  of  Lucas  de  Bitbgo  ;  who,  in  his 
Treatise  entitled  &tmma  de  Arithmetical  4*c.  printed  in  1494^  has 
given  a  rule  for  that  purpose,  which,  though  not  expressed  in  genp 
end  terms,  is  similar  to  the  one  above  used.  Rules  lor  extrac^nf 
the  cube  roots  of  certain  binomial  surds,  which  are  useful  in  some 
cases  of  cubic  equations^  were  also  introduced*  with  the  solutions 
of  these  equations,  by  Tabtalia  and  Cardan,  in  their  Treatises 
on  this  subject ;  and  others,  of  a  different  kind,  have  since  been 
invented  by  later  writers ;  but  all  these  roles,  as  well  as  those  for 
the  higher  orders,  are  aaore  or  less  tentative,  and  only  answer  for 
^paiticulflr  nanri)ers ;  ia  which  casest  that  given  in  the  taxt  will  be 
found  as  commodious  as  any  that  haa  yei  b^m  propaaed. 
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}^(fi»-^i4B)>a^(n}d=4^)»4,  and  ^/l,  .*.  4dbV7  die  Snd 

W,  the  3d,  V(4«=biV(fl'--*)  =  V{  V±*a/(3^—  1100)) «« 
V(18±7>a:5«  and  a/H  ^  •'•  ^VH*  Ans.  ;  or  I  have  the  ddi, 
</(i«±jA/(«*— A)=V(¥=tiV33'--«4))«=V(l«J±7i)  = 
V24  and  3  ;  .-.  2//6±^,  Ana. 

Here  V(W4V(«'+*))=«V(i+*V(l-H8))=  V(i+i)  = 
^4*2;  and  V(i^^-iV(^-H))=V(i— *)\/(l+48))«nV(* 

-4)«=^--3.     Whence  >v/(l+V-48)=:^V--^»  Ana. 

Here  ^/(i«44V)«'-K))=V(^HV(9+l«)) «» V(3-|-*)— 

V4=s ;  and  (Vi<'^-4V(«'4-*))=V(f-*V(H-i«))=\/(# 

-4)=V— 1.     Whence  V(3db/s/— 16)ad2dbi\/— 1,  Ans. 

Here  V(i«+i>s/(^--*))==V(— H^V(1=F8))=«V{— H^l) 
=V1  =  1 ;  and  A/ia^^(d'+h)y=  V(— 4— *V(l+8))  == 
VM— f)=V— 2.     Whence  a/(— Idb//— S)=1±a/— 2.  A. 

Here  y (4fl+iA/(«*~*))=VlK+i\/<«*  —  ^Ai'-Ha:*)  1 1* 

And  V(l«HkV(^--^))=(  Vl^— i\/(«*---4<^^-H«*)V 

Whence  VK+Sar-v/Ca'— a^))=^+V(«^"--«»),  Ans. 

Let  — >^12--L>^24  be  reduced  to  a  general  surd,  and  it  becomes 
-.^( J-36J-34V2).  Hence  6+2V^=a,  and  +364.24V2«:^; 
Aerefoie  V(i«4^^/(«'--^))«^/(34->^/2^-J^/(444-24^/a--36 

-.2V2))=V(3+>i/2+iV8)=V(3+2Vl)=l+/s^- 
Again,  VCi^—iVC^*—*))  =  \/(3  +  V2— i>N/(44+24V2 

-86-24>v/2))=V(^V3— i  V8)=V(»+ V2— V3)  —V8- 
Whence  ^(^2^2— Vl^— >s/24)=14-a/2— a/3.  Ans. 

Casb  XII.     To  extract  the  cube  root  of  a  Unomialj  or  residual 

turd, 

Sttlb.  Let  the  surd,  that  is  to  have  its  root  extracted,  be  of  the 
fonn  ^(a+V^),  or  ^(or^^h). 

Then,  if  c^ — h  be  a  perfect  integral  cube,  and  some  whole  num» 
ber,  can  be  fottad,  that  when .  substituted  for  n^  will  make  v?  — 
3{/^(a^ — b)\n=£la^  the  roots  of  two  expressions,  in  this  case,  will 
^V{fi+^b)=\^ri+W\f—^j^((f—b)l  and  4/{a  —  ^b)  =» 
Jft--^^{«'— 4^(flr  — i)\.  And  if  the  second  part  of  the  bino- 
loial,  or  residual,  be  an  imaginary  surd,  and  €^'\-b  be  a  perfect  m* 
tegral  cube,  the  extraction  may  be  effected,  by  finding  the  integral 
▼tlue  oin  in  the  following  equation,  as  before,  n*: — 3j/^(a'-|-3)'«^ 
SBB  2a.     In  which  last  case,  the  roots  of  the  two  expressions  will 

beK^^^vZ-^H'^+^^K-^K+^Hl    each  of  which 

jitter  foimnltt  may  be  obtained,  by  barely  changing  the  sign  of  h 
VBL  the  former. 
1.  Fmd  the  cut»e  toot  of  10db<V3' «  10;±V1^' 
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Here  o^lO,  and  ^=108 ;  whence  (4/(a*-^)8^(100-lQB) 
■2,  and  «»— 3|^(fl?— *)«|==S0,  or  wy-6nss=20,  where  it  rea- 
dily appears,  from  inspection,  thatln==:2.  Whence  ^(104-/^10^ 
=f+W(4— 4X— 2)=l+JV12i=l+V3.and  4/(10—^108) 

=f— W(4— 4X— 2)=1— JV12=1— V3. 

2.  Fnd  the  cube  root  of  2  db  IXV  — 1»  or  2dbA/— 121.     k 
Here  a=>2,  and  dal21 ;  whence  /^{(^-\-b)— 4/ (4^^121)  ssi, 

ff — 3{>^(a*+*)|«=:  2a,  or  n^ — 157z=4,  where  it  appearsjrom 
inspection,  that  n=4.     Whence  ^(2'^fi/—\2\)z=^\A/(V^ 

4X6)=2-fiV— 4=2+V— 1,  and4/(2  — V  — 121)=*- 
iV(l6•-4x5)=2— Ja/— 4=2— V— 1. 

3.  Required  the  cube  roots  of  45^29^2,  9^4^/5,  9  ±^80, 
^=b^V— 7,  35=fc69V— 6,  and  SIdbV— 2700. 

Answers  :  3  +  V^  and3  —  V^;  |  +  W^  and  }  — W^J 
5  +  V— 7and5— V— 7;  6  +  V— ^  and  ^— V— ^  ;  --3  +  2 
V-^  and  — 3— e>v/3. 

For  Trinomial^  Quadrinomial  Surds^  ^c* 

RxTLE.  Divide  half  the  product  of  any  two  radicals  by  a  third, 
gives  the  square  of  one  radical  part  of  the  root ;  this  repeated  with 
different  quantities,  will  give  the  squares  of  all  the  parts  of  the 
root,  to  be. connected  by  -f-  and  — .  But  if  any  quantity  occur 
'oftener  than  once,  it  must  be  taken  but  once.  For  if  a;4-y-j-z  be 
any  trinomial  surd,  its  square  will  be  a:*-f-y*"f"^''f"2^y+2^^"l"2y?; 
then  if  half  the  product  of  any  two  rectangles,  as  2xy  +-  2xz,  (or 

23hfz)  be  divided  by  some  third  2y2:,  the  quotient    ^     ==2;*,  must 

needs  be  the  square  of  one  of  the  parts ;  and  the  like  for  the  rest 
Extract  the  D  root  of  104-V(24)+V(40)4.V(60). 
Here  V(^4XV(40)         ^„d^(^4)XV(60) 

t^M^^^^^{25)=S.    And  the  root  is  ^2+^0+^6, 

Find  the  square  root  of  14+V(32)— a/(48)+V(8^)— V(24) 

+V(40)-V(60).    He^«^^p='^»'    ^h'^    Produces 

«,3;  and  ^i^^g^-=v^(16)=4,  &c.,  Uierefore  the  parts  of 

the  root  are  V*.  V^,  V^,  V^*  V^*  *^'»  and  the  roots  of  2+ 
^^2— ^3-|-V^  >  ^^^^  being  squared,  it  produces  the  surd. 


'  Casb  XIII.     T(k  extraei  amy  root  (c)  tf  a  binomial  surd  AJtB* 
Sule.  Let  A'— B^^sD,  take  Q  such,  that  QD  =in\  the  last  in- 
teger power.     Let  i^{(A+B)  X  >s/Qi  =  ^»  ^^^  nearest  integer 
number.   Reduce  A^Q  to  the  simplest  form  pj^s ;  let  the  neiurest 

integer  ^-^  =  t ;    then  the  root  =  ^       ^q '    ^  ^^ 

ian  be  extracted.    Note,  -j-  is  for  the  binomial  A  -j-  B,  and  — 
for  the  residual  A  —  B. 

1.  What  is  the  cube  root  of  ^9^8+25. 

Here  D=343=7X7X7,  and  QX7*±=»' ,  Q  =  1,  «=7,  then 
^{(A+B)XVQ|=4/56  +  =  r==4,  and  A^Q  ==  >v/968=« 

22V2==p>s/^,and  V*=/v/2-^^'=^=^=  2,  and  Ws=^ 
=^a/2  ;  V(^*— «)  =  V(8— 7)  =  1 ;  ^Q  =  1,  and  the  ro6t 
y       ss=:2>^2-}-l,  which  I  find  to  succeed. 

2.  Find  the  cube  root  of  68—^^4374. 

Here  D=250b=5x5X5X2.  and  6»X2'^4D=QD  =?i»;  and 
0=4, 71=2X5=10,  and  4/|(A+B)X>v/Ql  =  ^(134X2)  =6 

;  AVQ=136V1=5'V'»  and  V*=l ;  ^J/=^=?  = 

,  and  tfJs=A,  and  the  root  ^>!^^ '^r^^r -tsz  — -^Ll..^ — L 

V2  /J/4 

esi^^ ;  for  its  cube  is  68—27^6. 

3.  JPind  the  5th  root  of  29>v/6+41>i/3. 

Here  D=3, 7fc=3,  Q=81,  r=^,  a/s=S,  ^=1,  t^ss=S,  ^/{{^ 
— n)}  =  >v/3>  \/Q=  i%/81  =  4^9,  and  the   root  to  be  tried 

— TT^j — .     Scholium.     If  the  quantity  be  a  fraction,  or  has  a 

common  divisor,  extract  the  root  of  the  denominator,  or  of  that 
common  divisor,  separately      The  demonstration  may  be  seen  in 
Sir  Isaac  Newton's  Universal  Arithmetic,  Gravesend's,  or  Mac- 
Laurin's,  or  Dr.  Waring's  Med.  Algebra. 
Cass  XIV.     To  find  stick  a  multiplier  ^  or  midtiplierst  as  will  make 

any  Hnornial  surd  rational. 

Rule  1.  When  one,  or  both  of  the  terms,  are  any  even  roots ; 
multiply  the  given  binomial,  or  residual,  by  the  same  expression» 
with  the  sign  of  one  of  its  terms  changed,  and  repeat  the  opera- 
tion in  the  same  way,  as  long  as  there  are  surds  ;  when  the  last 
lesult  will  be  rational. 

In  like  manner,  a  trinomial  surd  may  also  be  rendered  rational, 
by  changing  the  sign  of  one  of  its  terms  foe  the  multiplier ;  and  a 
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futdrinoiiual  said  by  cluiii^g  the  ngtm  of  two  of  its  terms,  fe. 
2.  When  the  tenns  of  the  Iwiomial  surds  are  odd  roots,  the  rale 
hecooies  more  complicated ;  but  for  the  sum,  or  difference,  of  two 
cube  roots,  which  is  one  of  the  most  useful  eases,  the  multiplier 
will  be  a  trinomial  surd  consisting  of  the  squares  of  the  two  given 
terms,  and  their  product,  with  its  sign  changed.'^ 

Gimen  surd    5-|-^3        a/^^a/^  X/^^A/^  given  said. 

MultipUer_^-Va        V5— V3  A/^—A/^  Ist  mult. 

25-f  5V3  5+A/15  i^5—is/2  Ist  prod. 

— 5V3~^      --V15--3      V5+V3  2d  mult 

Product      25^-3=22  5— 3b=2 ^—3=2  Ana,  ratio. 

^54-^3—^2  given  surd.  •      4/494-,^/35-f4/25  molt. 
^5+^3-|-v2  1st  mult.  >^7 — a/6  given  surd. 

ftJ.^i6_V10  4/343+4/245+^176 

+V15+3— V6  — 4/246->4/176— yiag 

4-V10+V6-2  4r343     *     * 

6+2a/1$  1st  product.  Given  >y 7+^/3  surd* 

^  d+2^15  2d  muldplier.  Mult.  4/7»— ^21+.^ 

— 36— 12V15  7—^147+4/63 

+12V16+60  +4/147—^63+3 

jBHSS^TAnsT  Ans.  10=7  +      ♦       *      3 

1.  Let  (4/fl+4^*)X(4^fl— 4^^)=>ya— 4/^  and  again  I  have 
(4/a^4/A)X(>yfl+>v/^)=^«  — V^  and  M  (V«  —  V^)  X 
(^a+>^i^)=a — 3  rational. 

2.  Let  fl+4/*  be  given  ;  then  (d+4/^)X(»— 4/*)='^^^V*' 
«»d  (a»— V*)  X  (a'+ V^f»=a*— ^,  the  2d  product 

a  Let  (<J^-4/2)X(a'+«4/2+>4'4)=«»— 2,  product. 

4.  Let  (4^a+;^J^i)X(4/«*— 4/aH->^^)==«+*.  Answer. 
6.  Let  4/5+V3  be  given,  or  reduced  (4/5+  4^9)  (4/126  — 
4/(5'X9)+4/(6X^)— 4/^)  =6~9=— 4,  product. 

Or  (4/9+4/5)X  14/9'->v/(9'  X  6)  +  4/(9X6^—^5^}=^ 


If  a  multiplier  be  required,  that  shall  render  any  binomial 
[,  whether  it  consist  of  even  or  odd  roots,  rational,  it  may  be 


surd, 

found  by  substituting  the  given  numbers,  or  letters,  of  which  it  is 

composed,  in  the  places  of  their  equals,  in  the  following  general 

lormula:     Bmomial  4/fl=b4^»  ' 

Multiplier  ^a*^=F4/a-«*+4/fl*^y=F/yfl*-**'+te. 

where  the  upper  sign  of  the  multiplier  must  be  taken  with  tfie  up- 
per sign  of  the  binomial,  and  the  lower  with  the  lower ;  and  the 
series  continued  to  n  terms. 


floumoiuu.  (BfiiamtmBf  m  mum.  M 

Caib  XV.  To  r&iuce  a  fraetuniy  whose  denominator  is  a  turd^ 
to  mnothef  that  shall  have  a  rational  denomiTuOor* 

EvLB  1,     When  the  proposed  fraction  is  a  simple  one,  of  the 

form  —J-,  maltiply  each  of  its  terms  by  ^a^  and  the  refinilting 
t^a  z  /g.  X 

fraction  will  be  '        •    Or  when  it  is  of  the'  form  -tt->  multiply 

a  ^  8/^a  ^a  ^^ 

the  terms  by  i/cfy  and  the  result  will  be  -^ — ,    And  for  the  gear 

h  ^  bl/^r^ 

eral  form  ,  multiply  by  >v^a*"\  &  the  result  will  be  -^ — * 

f^a  a 

2.  If  if  be  a  compound  surd,  find  such  a  multiplier,  by  one  of 
the  rules  of  the  last  case,  as  will  make  the  denominator  rational ; 
and  multiply  both  the  numerator  and  denominator  by  it. 

'23  3 

1.  Reduce  the  fractions  -—z^;  TTTh  ^^d   -7^^ — -r^;,  to  a  frad* 

trans  whose  denominators  shaU  be  rational. 

S.  Sedaee  v  ■  ^    .^  to  a  fractioo,  whose  denominator  shall  be 

nttoDaL    Heie 
/s/2  V2x(3+a/2)  3V2+2  _  2+3V2     S 

f^2  .  (3— a/2)  X  (S+VS)"^    9—2      ~         7       "^ 
-H/V^  Ans. 

»  „  ,  2  3  3  V2  * 

3.  Reduce  ^;  j;^;  ^j^^—^;  or  5—^;  or  ^, 

_  V6  V2  a— V&  10      . 

-•74^  '  *"  3  +.Wx  '  "  a  +  V«  '  °'  X/7-/^5  '  * 
^3'  4  2  8 

»nd    .,  .    ^    .     .^^,  each  of  the  14  preceding  questions  to  oth- 
ers that  shall  have  rational  denominators. 
,  V6  V7-^  V3     V42  -  V18  ^  _V42  -  ^18 


•M  munoHAii  mKAimnis,  os  mpt* 


==5X(4/^9+>y36+>vV25),  Ans. 

4/3 ^ysi— ^90+4/100  _3^9  —  3/^10+4/300 

4/9  +  4/10  '^4/9«— 4/90  -f  4/io«~  19 

Answer.  « 


^6)^5,  Ans.. 


the  answer  required .     Or  thus ;  multiply  the  terms  of  the  fimctions, 
by  4/5 — 4/^9  ^^^  i*  becomes     ^^ — ^    ;      agaiot 


4/5+4/3  -^  -^  ^    -^  "' a/5-^3 

multiply  the  terms  of  the  last  firactions  by  ^5  +  ^3,  and  it  be- 

becomes -^ =— ^s: — tz *  Ans. 


8  V3+V2— 18V3+8V2-8_ 

V3+V2  +  1^V3+V2— 1~   5+W^l    ~ 
~^l!    ^ ;  again,  multiply  by  — 2  +  >^6,  and  it  becomes 

,,,8Va-8V2+»HV18+W12-W6_^g^^3^g^^ 


— 2//6— 4V3— 4a/2=4+6  V2 + 4^/3—2^6—4^3—4^8 
•5=  4+  2V2— 2y 6,  Ans. 

Cor.  A  binomial  becomes  rational  aAer  one  operation,  a  trino- 
mial after  two,  and  a  quadrinomial  after  three»  &;c. 

Cor.  The  number  of  operations  is  equal  to  the  power  of  2  in 
the  index. 

A  and  B  began  to  trade  with  ^qual%sums  of  money.  In 
the  first  year  A  gained  40  dollars  and  B  lost  40 ;  but  in  the  sec- 
ond  A  lost  one  third  of  what  he  then  had,  and  B  gained  a  som 
less  by  40  dollars  than  twice  the  sum  that  A  had  lost ;  when  it 
appeared  that  B  had  twice  as  much  money  as  A.  What  money  did 
each  begin  with  ? 

Let  x-ss^  the  number  of  dollars  each  had  at  firsts  then  a;+40:s 
the  sum  A  had  after  the  first  year,  and  x — 40=  the  sum  B  had ; 
also  }.(a+40)  s^s.the  sum  A  had  after  the  second  year,  and  x^ 
«4-|{ar+40)— 40fe=  the  sum  B  had ;  .-.  ^^(x  +  40)  =a:-4(4- 
}.(2+40)— 40,  and  i.(:i;+40)=aa>— 80;  .-.  2x+80a=:aE---2i(K 
andxBa320. 


Of  CtOic  EqmtOunu. 

95.  A  cnbie  equation  is  that  in  which  the  unknown  quantity 
rises  to  3  dimensions ;  and,  like  quadratics,  or  those  of  the  higher 
orders^  is  either  simple  or  compound.     A  simple  or  pure  cubic 

equatioft  k  of  the  form       t^sssb,  or  afsax^--;  where  x  ss  ^^. 

A  compound  cubic  equation  is  of  the  form 

in  each  of  which  the  known  quantities  a,  by  c,  may  be  either  -f*. 
or  — . 

Or  either  of  the  two  latter  of  these  equations  may  be  red^ced 
to  the  same  form  as  the  first,  by  taking  away  its  second  term ; 
which  is  done  as  follows :  •  ' 

Rule.  Take  some  new  unknown  quantity,  and  subjoin  to  it  a 
third  part  of  the  coefficient  of  the  second  term  of  the  equation 
with  its  sign  changed ;  then,  if  this  sum,  or  difierence,  as  it  may 
happen  to  be,  be  substituted  for  the  original  unknown  quantity  and 
its  powers  in  the  proposed  equation,  there  wiR  arise  an  equation 
wanting  its  second  term. 

.  Note,  The  second  term  cff  any  of  the  higher  orders  of  equa- 
tions  may  also  be  exterminated  in  a  similar  manner,  'by  substi- 
tuting for  the  unknown  quantity  some  other  unknown  quantity, 
and  the  4th,  5th,  8cc.  part  of  the  coefficient  of  its  second  term, 
with  the  sigi^  changed,  according  as  the  equation  is  of  the  4th, 
5th,  Sec.  power. 

1.  Required  to  exterminate  the  second  term  of  the  eqtBKtion 

x»+3ftaft«=^,  Of  a?-f-3«»»— &=bO.    Here  aa=s« — ^me^-^. 

Then     \Sa2^ |-3a2"— 6a*2-|-3a«     >;  whence  «•— 3A-f8ii» 

'  (— ^=:  —  b         ) 

— fesO ;  or  2^-^-S<^z=h — 2^',  in  which  equation  the  second  poi«^ 
er  (2^  oi  the  unknown  quantity  is  wanting. 

2.  Let  the  equation  ar— 12ar-f-3»s=— 16  be  transformed  into 
umhImt  that  shall  want  the  second  term.     Here  q^3Kr<44. 

(z4-4)»=^«»4-122«+482-f-  M 
Then    ^— 12(z+4)^^  — 12»«— 96«— 1»2 
+  2(z-|-.^ 


\ 


4)«=r  4.  Sz-^  12. 

Whence  i:*—45r— 116^^16 ;  or  sf-^^zaalOO^  whiek  »  wm 
equation  where  z^,  or  the  second  term,  is  wanting^  as  before. 

3.     Let  the  equation  a^-^'-SAssW  be  transformed  into  anotlteT 
that  !^all  want  the  second  term*  Ana.  2* — V^terrS^ 

4     Let  )^'r-l6i/'-\^lyss:24S  be  transfonned  into  anecyoa^m 
that  shall  want  the  second  term.  Ans.  sf  |  6jr    88. 

21* 


6.  *  Let  the  equation  3!^-^ia^^\-^     f^^'w  tO  be  transformed  into 
another  that  shall  want  the  second  term.     Ans.  ^-f-4^2s=|. 
Here  yt=a;+5,  Here  2:s=y— J, 


^=3^^153^^^  75X+125  ^ 
—l^/^=  —15a:*— 150a:— 375  I 
-f81y=  -f  81a:+405   f  ^ 

—243=  —243  J 


+ia^    +iy«_|y4-A 
a;=  Jy4-A 


a^'-j-Ga?— 88=0.'      Hence  we  have  y'+iiy — ^i=0- 

6.  Leta^+S^ — 5a:*-f"^^^ — 4=0  be  transformed  into  another 
that  shall  want  the  second  term.        Ans.  ^ — ^29^-|>94y — 99 — 0 

Here  as=y — ^2, 
a^  =  3^  —  Sj/*  +  24y»  —  32y  +  16 
8z»=  8y»  — 48y»  +  96y  — 64 

—  62»=  _^,4-20x— ^0 
+10«  =  lOy  —  20 

—  4    =      .  —    4 
We  have  a^  —  2V  +  My  —  92  =    0. 

7.  Let  a^ — 3a:'-|-3a:* — 5x- — 2s=^  be  transformed  into  another 
that  shall  want  the  third  term.  Ans.  ^-|V — ^V — 6B=d0. 

Here  y     tz-'r-^ 

a^  =  j^-f  4^  +  6^  +  4e'y+   ^ 

— 3a:*=      —    3y»  — 9ey*  — 9eV  — 3e» 

+  3a:«=  +    3^^6ey  +  3c« 

—  5*  s=:       *  —5  y  — 5e 

-2    =  —2 

Now,  the  Talue  of  e,  by  which  the  third  term  is  taken  away,  is 
had  by  resolving  the  quadratic  equation  6«* — ^9e-4-3==0 ;  the  roots 
of  which  are  found  =s  1,  or  j  :  hence,  by  substituting  ^-f-^  ^^'  ^ 
in  the  given  equation,  we  find  S^  -^  ^  —  4y  6  0,  an  equation 
wanting  the  third  term. 

8.  Let  3a:' — ^2a:4-l==0  be  transformed  into  another  whose 
roots  ai:e  the  reciprocals  of  the  former.        Ans.  ^ — 2y'-f-dssdO. 

Here  let  a:  =  i ;  then  3a*— 2a:+l=A — +1=0,  or  3-^2^+ 

y^sdO ;  hence  t^ — ^2^-[~3=s^;  the  roots  of  which  are  the  reciprch. 
cals  of  the  former. 

9.  Let  a:* — \a^ — fa:* — l*-4^ff  ^  transformed  into  another,  in 
which  the  coefficient  of  the  highest  term  shall  be  unity,  and  the 
remaining  terras  integers.       Ans.  ^— 3a:'-4-12^ — ]62y4-72aBdO. 

Here  let  ^|;  then  g_jJ.+3^_^+^y.-.  V+ 

IS^ — 162^72b=s0,  the  equation  required ;  the  roots  of  which  aie 
6  times  those  of  the  former. 


Of  £&e  tekbti&n  of  CtMc  Equations, 
97.  Rule.  Take  away  the  second  term  of  the  equation  when 
necessary,  as  directed  in  the  preceding  rule.  Then,  if  the  numeral 
coefficients  of  the  given  equation,  or  of  that  arising  from  the 
reduction  above  mentioned,  be  substituted  for  a  and  h  in  either  <tf . 
the  following  formulse,  the  result  will  give  one  of  the  roots,  as  re- 
quired.* ^'-{-(Kpas^. 

Where,  it  is  to  be  observed  that  when  the  coefficient  a,  of  the 

second  term  of  the  above  equation,  is  negative,-^^,  as  also  -5,  in 

the  formula,  will  be  negative ;  and  if  the  absolute  term  &  be  nega- 
tive, j^  in  the  formula  will  be  negative  ;  but  |^  will  be  positive. 
It  may  likewise  be  remarked,  that  when  the  equation  is  of  the 

form  2:* — axBsr±^»  and  ^  is  greater  than  j,  or.io'  greater  than 

275*,  the  solution  of  it  cannot  be  obtained  by  the  above  rule  ;  as 
the  question,  in  this  instance,  falls  under  what  is  usually  called 
the  Irreducible  Case  of  cubic  equations.  '  See  index. 

1.  Given  2a:^— 12a?+36as=44,  to  find  the  value  of  x. 

Here  x" — 6a?-j-18as=:22,  by  dividing  by  2 ;  and,  in  order  to  cx- 
teiminate  the  second  term,  put  qc=Z'\'^ssZ'^2  : 

Then  |  —6(24-2)^=  -[-6z«_24«— 24    =22, 
18(^4-2)  =        182+36 


*  If,  instead  of  the  regular  method  of  reducing  a  cubic  equa- 
tion of  the  general  form  i^  -f"  fla:*-f-ia:-|-c==0,  to  another,  wanting 
the  second  term,  as  pointed  out  in  the  preceding  article,  there  be. 
put  2:  =  |(y  —  fl),  we  shall  have,  by  substitution  and  reduction, 
Jf*4-(9i — 2of)us=z%ah — 27c — 2cf ;  where,  since  the  value  of  y  can 
he  determined  by  either  of  the  formulae  given  in  this  rule,  the 
vahie  of  a:  will  also  be  known,  being  2s=|(y — a).  And  if  fc^, 
or  the  original  equation  be  of  the  following  form,.  a:'-(-aa:'-|-c=cO, 
the  reduced  equation  will  be  sf — Sa'y  1  27c,  where  the  value 
of  y  being  found  as  above,  we  shall  have,  as  before,  3c=\  (y — a), 
^ch  formulae,  it  may  be  observed,  are  more  conveiiient,  in  some 
cases,  than  those  resulting  from  the. preceding  article;  as  the  co- 
efficients thus  obtained  are  always  integers ;  whereas,  by  the  for; 
mer  method,  they  are  frequently  fractions. 


.V^   -'--'--    ■    v_*^   .^  t      JkAte^"  ><1    .■•      ...  .*        .*>•!.>.  ..    #■>'   ' 


Wkence  2*4^i?-f'^'""^»  ^  a*-|«6«»^ ;  afi3,  amsequendy,  by 
Mkbetituting  6  for  a  and  2  for  b^  in  the  first^  formula,  we  skall  hwn 

4/{  i+V(i-f-8)H-4/]  i-V(i-f-8)  l='>^(i+4^»)+ 

.4y(l-~V9)«=4^(l+»)+/^(l— 3)-»-4'*-4'2;  therefMc  aa« 
4^4/4_^24.2ss3  4- 1.687401  — 1.359921s>S.32748,  Aas. 

2.  Given  a? — 6z=12,  to  find  the  mine  of  x. 

Here  a  being  equal  to  —6,  and  &  equal  to  12,  we  shall  have 

by  the  formula  ^^|6+V(36-8)J-;^|eq:^^=:g5;|  = 

^(6+VS8)+^(^  =  4^(6+5.2915)4-     ^^^^^ 

2  ,      2 


afir4/(11.2915)-f 


.2435 -f- 


=r  2.2435  + 


4/(y.2915)""^  '  2.2435 

.89#7=££l392 ;  therefore  2:t=:3.1392,  the  answer. 

3.  Given  2? — 2ar  m     1»  to  find  the  value  of  x^ 

Here  a  beiing  as  — 2y  and  &ssb— 4,  we  shall  have,  by  the  iah 
molar 
»=a5/{— 2+^/(4— j^)|+,^5— 2— V(4--3S^)},  or  by  reduction, 

>^(— 2+-«^V3)— >^(24-\^V3)«=4/(— sM-1.9245) 
—^(2+1.9245)=;:4/(— .0755— 4/3.9245  =x=-^1226— l.STTa- 

—1 .9999,  or  —2,  Ans. 

Note.  When  one  ef  the  roots  of  a  cubic  equation  haa  been 
found,  by  the  common  formula  as  above^  ot  in  any  other  way,  the 
Qther  two  roots  may  be  determined  as  follows  i 

Let  the  known  root  be  denoted  by  r,  and  put  all  the  tenm 
of  the  equation,  when  brought  to  the  left  hand  side,  :^) ;  then, 
if  the  equation  so  formed  be  divided  by  xdcr,  according  as  r  is 
positive  or  negative,  there  will  arise  a  quadratic  equation,  the 
roots  of  which  will  be  the  other  two  roots  of  die  given  cuUc. 

4.  Given  jf — 15a:=4,  to  find  the  three  roots  or  values  of  x. 
Here  x  is  readily  found,  by  a  few  trials,  to  be  equal  to  4»  and 

dierefore,  by  division,  we  get  x — 4)2;* — 15a; — 4(a;*-l-4a:+l ; 

Whence,  according  to  the  note  above  given,  of  -f-  42:-f-l3sO,  9t 
:r*4-4a:  =  — 1 ;  the  two  roots  of  which  quadratic  are  — 2-^^^ 
and  — 2 — /^3 ;  and  consequently  4,  — ^2-|-i^3,  and  — 2 — ^^ 
are  the  three  roots  of  the  proposed  equation. 

1.  Given  a:'-)-3a:*— 6a:  =  8>  to  find  the  root  of  the  equation,  « 
die  value  of  x.    See  index.  Ans.  x=sJL 

2.  Given  a:*— 6as=6,  or  sf4-9x=6,  ot2^+  2a*— 23a;  =«  70,  os 
1*— 17a?-{-54zs=350,  or  a^*— 3a?=5,  or  a{-f  a?  =  500,  to  find  the 
Talue  of  a;  in  each  expression.  Answers,  v4-f-4/2,  or  4/9— vj^ 
or  5.1346,  or  14954,  or  3.  426,  and  7.61728,  as  rehired. 


•* 


3.  OiT^n  ^ — 62tta4,  to  find  the  three  roots  of  the  eqnatioQ,  or 
Ale  three  values  of  x,  Ans.  — %  l-f-^S*  ^^^^  1 — ^^3* 

4.  Given  a:" — 5a;*  -f"  ^  =  "^  ^2,  to  find  the  three  roots  of  the 
equation,  or  values  of  x,    Ans.  — 3,  1  -|-  ^5,  and  1 — >^5. 

6.  Find  the  toot  of  the  equation  a:^  -j-  ^  =500,  or  a:*— 625=5.6. 

Ans.  2s:7.8950d828,  and  z=2.82526384. 

So2tttjon  q/*  Qvhic  Equations  by  the  Tables  of  Sines  and  Tangents. 

98.  Cubic  Equations  may  often  be  more  readily  resolved  by 
means  of  the  following  trigonometrical  formulse,  than  by  the  me- 
thod before  given ;  particularly  when  they  fall  under  what  is 
usually  called  the  irreducible  case,  in  which  the  common  method 
i8  known  to  fail. 

1.  Given  a:^-f-fla:=±^»  to  find  the  value  of  x. 

Put  -nT-A/o==  ^^^'  ^t  ^^^  \/(^  ta»'  i^)=*  to^-  ^» 
oo       IS 

2     a 
Then  r=±->v/oX  cot.  2u ;  where  the  upper  or  under  sign  is 

ta  be  taken  according  as  b  is  positive  or  negative. 

2.  Given  z*    ax    ±,b,  to  ind  the  value  of  x. 

m  2ar      a  '  , 

This  form  has  two  cases,  according  as  -^  ^^     is     less     or 

greater  than  radius  r,  or  4ief  less  or  greater  than  27&^. 
h  the  first  of  these  cases,  or  when  Aef^^V^      ^ 

Put  -«T- V3=  ^i^'  ^»  ^^^  A/(^  t^^-  i^)=  t^*  ^  5  ^ 

2      a 
Then  a^ — ^±-  ^i/^  X  cosec.  2i£,  where  the  upper  or  under  sign  is 

T         O 

to  be  taken,  according  as  h  is  positive  or  negative. 
In  the  second  case,  or  when  4a''^27^', 

Put  rr- aZ-cs  COS.  z,  then  x  will  have  the  three  following  values ; 

2      a  z  2     a  z 

as=±- Vg  X  cos.^  ;  ajte==F- Vj  X  cos.  («0^— -g 

^2     ^a  ,^^^  ,  z , 

and   a5=q=-V3  X  cos.  (60*=^ +g) 

where  the  upper  sign  is  to  be  used  when  b  is  positive,  and  the 
^der  sign  vmen  it  is  negative,  as  it^  the  other  cases. 
1.  Given  z'+lSasisO,  to  find  the  only  real  value  of  x. 

Here  assl8,  and  fc=6 ;  whence  -5T- Vo"  =2^  V^  =  **°'*  * 

00        o 

And,  consequently,  by  formula  It  we  shall  have 
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Log;  6 ^. . ..     0.7781518 


ilog.  6 0.3890756 
og.  2 0.3010300 

Log.  r , . .  10.0000000 

Log.  tan.  z 10.6901056 


Therefore  2=.78°  27'  47",  and 
♦te=39*=>  13' 53J", 
secondly,  j^(T^tan,  ^2:)=stan. «, 
whence 

Log.  r* 20.0000000 

Log.  tan.  ^z,*4 9.9119523 


Thirdly,  ivj  X  cot.  2ti«s 

— ^^X  cot-  2«,  whence 

Ibg.  6 0.3890756 

Log.  2 0.3010300 

Log.  cot.  2« > . .  8.8301834 

Sum 9.5202890 

Log.  r , ,  lO.OOOOOOO 

Log.  X 1.5202890 

Consequently  x  =  .3313139* 
the  positive  root  of  the  equation, 
as  required. 


Sum .3)29.9139523 

Log.  tan.  u 9.9706507 

Therefore  vs:s43f^  4'  65'\  and 
2m=86Q7'50"    . 

2*  Given  2^— 32=srl,  which  is  an  equation  falling  under  tfajB  o^ 
reducible  case,  to  find  its  three  roots. 

Here,  a  being  ^£3,  and  &  =  1,  we  shall  haTe,vby  taking  the  ift* 

dius  na=l,  COS.  a:=^/^— c=JaBs.5==scos.  60°,  whence 


'2a 


a 

z 


*=2Vg-X  COS.  g 


COS.  209B-J-1.8793852, 


xe=^-^^^X  COS.  (60^-4-)==— 2  COS.  40^=^1.5320688, 


.a 


-2  COS.  80°=— .3472964. 


rsvt^irc-: 


and 


-W3  X  COS.  (60°+g-) 

Therefore  the  three  roots  are  1.8793852,  — 1. 
—.3472964., 

And  if  the  equation  be  of — 8te=a — 1,  the  thitee  roots  or  Talues 
of  X  are  —1.8793852, 1.5320888,  and  .3472964. 

Which  are  the  negatives  of  the  roots  of  the  former  equation. 

1.  Given  ^ — 2xi=:i — ^2,  to  find  the  root  of  the  equation,  or  the 
value  of  X,     See  art.  94,  p.  214.  Ans.  a^= — 1.7693. 

2.  Given  o^ — GOOa;   ■      1000,  to  find  the  root  of  the  equation,  or 
the  value  of  x.     See  index. ,  Ans.  2:!=3.472964. 

3.  Given  0^ — 9a:=t9,  to  find  all  the  three  roots  of  the  equation, 
or  values  of  x.         Ans.  3.411474,  —2.226682,  and  —1.184792. 

4  Given  x^ — ^a:*— 2a;-|-l  =«  0,  to  find  all  the  three  roots  of  the 

equation,  or  the  three  values  of  x.      Ans.  2  cos.  f n,  — ^2  cos.  fni 

and  2  cos.  f  n,  where  nsasl80°,  and  rad.  sos  1. 
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CVBIC   BQVATIOin. 


7b«ft  find  the  two  values  of  a:  in  each  of  the  followinf  quadm- 
tic  equations, 

and  they  mil  be  the  four  roots  of  the  biquadratic  equation  rt- 
quired.  Or,  if  fh«  equation  be  of  the  more  commodioas  form, 
z*-j^bsi^J^x  \  d  ii)j  to  iQrhich  it  can  always  be  reduced,  by  ta]dng 
away  Us  second  term,  it  may  be  resolved  thus  : 

Rui^  II.  Find  the  value  of  z  in*  the  cubic  equation  2* — 
{■^l^'^)z=bYi^4^-^*^bdy  and  let  the  Toot  thus  determined  ba 
4^oted  by  r.  Then  find  the  two  values  of  x,  in  each  of  the 
two  following  quadratic  equations, 


and  they 


will  be  the  four  roots  of  the  biquadratic  equation  required. 

1.  Given  the  equation  2^— 10:E'-f35a:'*-^24-24ssO,  to  find 
(ts  Toots.  Hare  a  m  10,  ir-rOB,  eass — 50,  and  drrr2^ ;  whence, 
by  smbstituting  these  numbers  in  the  cubic  equation 

we  shall  have  the  following  reduced  equation,  sr  —  -^z  =  -]^, 
which  being  tasolved>  according  to  the  rule  before  lai4  down  for 
that  purpose,  gives  z=i\ 4/ (35^18^—3)+^ (S5—18a/-^)1 
Bpt;  ^y  tli9  rule  for  binomial  surds,  given  in  Art.  I,  Case  2, 
in  the  former  part  of  the  work,  >v/(36-f  19\/— 3)r=J+"iV— 3» 

and  a/(35— 18y-^)=J— i  V--3  5 
wherefore  25=J|}-f-Ji</ — 3- 


Apd  if  this  number  be  substituted  for  r,  — 10  for  a,  .36  for  b^ 
and  21  fox  d$  in  the  two  jqjoadraitic  equations, 

they  will  become^  after  reducing  them  to  their  most  simple  terxiQts, 
sf^^dczxse^-^;  and  a^'-^lxm^ — 12 ;  from  the  first  of  which  ;c:;=;?f 
iVJ^ssJ^tis'^S  or  1,  aad  frojn  the  second  ;ft=:J±^Js=J±J 
S3s4  or  S ;  whence  the  four  roots  of  the  given  equation  ara  1^  ^, 

3,  and  4* 

2.  Given  x*'^l2x — 17=0,  to  find  the  four  roots  of  the  eq^^^ttiopi. 

Here  rt=aO,  .fcsafl,  cpc12,  s^d  isp—iy : 

Whence,  by  substiM^ng  the@e  j^umbers  m  the  equation  ;2^-^- 
i'^^d)zr^B^rk^'\^'^yfd,  we  shall  have,  after  simplifyiiijig  t^e 
4ra^uit,  ^^^7«»^1$,  whfxe  it  is  ev^ent,  by  infection,  that  z:;^!. 

iuad  if  th^  .nu4(nhef  be  substituted  for  r,  0  for  (^  a^d  -^17  jjor 
il,  in  ilhe  twt^  ^md^atip  equations 
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BtQtrABKATie  BQITATnillS. 


they  .will  become,  after  redncing  them,  in  the  usual  maimer,  to 
their  most  simple  forms, 

a:»+2*»=i-^l-f3V2,  and  a:«— 2*:c=>- 1— 3^2,  which  being 
sesolred,  according  to  the  general  rule,  we  shall  have, 

W2+V(-i-|-V18)=-iV2+V(-J-HV2), 
4V2-V(-i4-V18)=*-iV2-V(— i+3V2). 

,. ,    ■iV2-V(-i-Vi8)=4iV2-V(-4-3V2), 

which  are  the  four  roots  of  the  proposed  equation.  Where  it  is 
to  be  observed  that  the  first  two  are  real,  and  the  two  latter  ima- 
ginary. 

Rule  III.  The  roots  of  any  biquadratic  equation  of  the  form 
a:*-j-aa:'-f-^a;+c=0,  may  also, be  determined  by  the  following,  gen- 
eral formulsB  first  given  by  Ender,  which  are  remarkable  lor  &eir 
elegance  and  simplicity. 

Find  the  three  roots  of  the  cubic  equation  ii^+^^+C^ — ^)^ 
BESS  ^,  by  one  of  the  former  rules,  before  given  for  this  purpose ; 
and  let  them  be  denoted  by  t\t'\  and  r'".      Then  we  shall  have 


When  h  is  positive, 


ttt 


'  2 

2 


ff 


tff 


When'  h  is  negative, 
+Vr'+Vr"-j-Vr 

2 

+V'-V'-"— v»- 


/// 


nt 


— V^'+V'-"— a/*^" 


Jtt 


2 

101.  If  the  three  roots  r',  r",  /",  of  the  auxiliary  cubic 
equation  be  all  real  and  positive,  the  four  roots  of  the  proposed 
equation  will,  also,  be  real ;  and  if  one  of  these  roots  be  positive, 
and  the  other  two  imaginary,  or  both  of  them  negative^  and 
equal  to  each  other,  two  of  the  roots  of  the  given  equation  will  be 
real,  and  two  imaginary ;  which  are  the  only  cases  that  produce 
real  results. 

3.  Given  x*— 25a:»-f60ar— 36s=0,  to  find  the  four  roots  of  the 
equation.  Here  a= — 25,  ^==60,  and  csss — 36 ;  whence,  by  sub- 
stituting these  values  for  their  equals,  in  the  cubic  equation  above 
given,  we  shall  have  z^— 2X252^-f(^-f 4X36)2;=60»,  or  ar— 
60s^4-1f69z=sss3600 ;  the  three  roots  of  which  last  equatton,  as 
found  by  trial,  or  by  one  of  the  former  rules,  are  9,  16,  and  ftSt 
respectively ;  whence 


2, 

1, 
and  —  6. 


ift=i(-l-A/9+V16— >v/25)=|(+3+4— 5)= 
And  .*.,  the  four  roots  of  the    equation  are   1,  2,  3, 

1.  Given  3^ — 55a:*—- 30af-|-504=dO,  to  find  the  four  roots  or  va- 
lues of  X,  Ans.  3,  7,  —4,  and  — 6* 

2.  Given  a;*-|-2ar'— Va:*— 8»=s — 12,  to  find  the  four  roots  of  va- 
lues of  X.  Ans.  1,  2, «— 3,  and  — 2, 

3.  Given  ar*— 8a:^+14a^+4as=8,  x*'^l7a^—20x-JQ=0y  x*—^ 
-.4a— 3,  a;<_  *19ar^+123arU-,302a;  +  200  =  0,  to  find  the  four 
foots  or  values  of  x. 

^°^-  I  1+V3,  1—^5,  I  \  ^^^-  I  _24-V  2,  —  2— V2. 

i  — i+i  V3»  — I— i  V3-  i    (         J  6.57653,       7.39548 

4.  Given  a:*— 27ar»+162a^-j-356a:  —  1206  =  0,   a;*— 12a:«+12ar 

—5=0,  3^ — 36a:*+72ar — 36=0,  to  find  the  four  roots  or  values  of 

,        r       (    2.05608,  —3.0000,)   (    .60601,-8.907572 
xm  eacn,     Ans.  |  13^5300^     14.7908.  J   (  2.85808,       .443274 

Ans.  0.8729836,  1.2679494,  4.7320506,  —6.8729836 

5.  Given  5*  —  V  +13a:'  —  17«  -{-12  =  0,  to  find  the  4  roots 
of  the  equation,  which  are  all  imaginary 

I  have    ar*  —  2a:  4.  3  =  0,  or  a:*  —  3a;  +  4  =  0,  Ans. 

^To  this  we  may  farther  add)  that  when  one  of  the  roots  of  an 
equation  has-  heen  found,  either  by  this  method  or  the  former,  the 
rest  may  be  determined  as  follows  :  « 

Bring  all  the  terms  to  the  left  hand  side-  of  the  equation,  and 
divide  the  whole-  expression  so  formed  by  the  difierence  between 
the  unknown  quantity  (x)  and  the  root  first  found  ;  and  the  re* 
suiting  equation  will  then  be  depressed  a  degree  loweir  than  the 
given  one..  Find  a  root  of  this  new  equation,  by  approximation, 
as  in  the  first  instance,  and  the  number  so  obtained  will  be  a  sec- 
ond root  of  the  original  equation.  Then,  by  means  of  this  root, 
and  the  unknown  quantity,  depress  the  equation  a  degree  lower, 
and  thence  find  a  third  root ;  and  so  on,  till  the  equation  is  redu- 
ced to  a  quadratic ;  when  the  two  roots  of  this,  together  with  the 
ibnner,  will  be  the  roots  of  the  equation  required. 

Thus,  in  the  equation  a^ — 152:^4"63a;i=:50,  the  first  root  is  found 
by  approximation  to  be  1.02804.     Hence 

a^l.02804)a:«— 15a?+63a:— 50(a:»— l3.97196a:4-48.63627=0. 

And  the  two  roots  of  the  quadratic  equation,  a? — 13.97196a; 
=»-^l8  63627,  found  in  the  usual  way,  are  6.57653  and  7.39543; 

So  that  the  three  roots  of  the  given  cubic  equation  a:^— -15ar*-|r 
63a:^=50,  are  1.02804,  .6.57653,  and  7.39543 ;  their  sum  being 
=15,  the  coeflicient  of  the  second  term  of  the  equation,  as  it 
ought  to  be  when  they  are  right. 


Ml  sriMsftiM  <^  MpiJi^nmB. 


Of  the  i^iolMon  of  MqvMUms  hp  app^o^dmuuitm^  or  Die  method 

cfjuccessive  suistitutidns, 

102.  BqUAtiont;  of  the  fifth  power,  and  those  of  higher  dim^n- 
Mons,  cann6t  be  resolved  by  any  general  rtile,  or  algebraic  formtila, 
tillat  has  yet  been  discovered ;  except  in  some  particular  cases, 
i^herife  certain  relations  subsist  between  the-  coefficients  of  their 
Several  terms ;  or  when  the  roots  are  rational,  and,  for  that  reason, 
can  be  Easily  foui^  by  means  of  a  few  trials.     See  p.  113. 

In  these  cases,  therefore,  recourse  must  be  had  to  some  of  the 
usual  methods  of  approximation,  among  which  that  commonly  em- 
pldyed  is  the  following,  which  is  universally  applicable  to  all 
Kinds  of  numetiQii  eduations,  whateter  may  be  the  number  of  their 
dimensions ;  and  which,  by  continuing  the  process  to  a  sufficient 
Itogl^,  Will  give  the  value  of  the  root  sought  to  any  required  de- 
^ee  ti  exactness.     See  tndel. 

tix^tt  i.  t*ind,  by  trials,  a  number  i^early  equal  to  the  root 
ikmghti  which  cfidl  t ;  aiid  let  s;  be  made  to  denote  the  difference 
betweein  ^is  assumed  root  and  the  true  ro6t  ^. 

Th«n;  Instead  of  a?,  in  tW  given  eqtiaiion,  ««ibstitat6  it»  eqaal 
r-f-z,  or  r — z,  according  as  r  is  too  little  or  too  great)  and  theiA 
will  arise  a  new  equation,  in¥olting  oniy  z  and  known  quantities* 

Abject  all  th«  t»ms  of  this  equation  in  which  z  is  of  two  ot 
mofre  dimensiotis,  and  the  app^ximate  v«hie  of  i^  nay  then  be 
determined  by  means  of  a  simple  equation. 

And  if  the  value  thus  found  be  added  to  f ,  when  it  is  too  little, 
(ft  subtracted  from  it  when  it  id  too  great,  it  will  give  a  near  value 
of  Xf  or  of  th^  root  required. 

B^  as  this  approximation  will  seldom  be  sufficiently  exact,  the 
c^potation  must  be  repeated)  by  substituting  the  number  last  founds 
fyt  r,  iti  the  abridged  equation  exhibiting  the  value  of  z ;  when  a 
second  correction  of  z  will  be  obtained,  which  being  added  to,  or 
subtracted  from  that  number,  vrill  give  a  nearer  value  of  2;  than  the 
former. 

And  by  again  substitutftig  this  last  number  for  r,  in  the  above 
mentioned  equation,  and  repeating  the  same  process  as  of^en  as 
may  be  thought  necessary,  a  value  of  2:,  and  consequently  of  the 
root  sought,  may  be  found  to  any  degree  of  accuracy. 

NstBi  l^he  decimal  part  of  the  root,  as  found  both  by  this  and 
dio  next  rule,  will  in  general  about  double  itself  it  each  epera- 
tion  ;  and  therefore  it  would  be  useless,  as  well  as  troublesome,  to 
uise  a  much  greater  number  of  figures  than  these,  in  the  several 
Mb^tUtions  for  the  values  of  r. 


'  ssscHurnoir  or  sovatiokb.  S5I> 

1.  Giren  sf-^-af^xsssQO^  to  find  the  value  of  ^»  by  approxima- 
tion. 

Here  the  root  is  soon  found,  by  a  few  trials,  to  lie  between  4 
and  5 ;  but  nearer  to  4  than  to  5. 

Let  therefore  4sssr,  and  ass=r-}-^» 

Then      a:«=r*-|-2rz+2*  =90.. 

And,  by  rejecting  the  terms  r^,  Srz*  and  z",  or,  to  aroid  trouble, 
omitting  them  in  the  operation,  as  being  small  in  comparison  with 
t,  we  shall  have  r^--|-rM--r-)--3r'z'-|-2r2-j-z==i90  ; 

90— r^—r*—r     90t-64— 16— 4      6        ,^ 
Whence  ^=-3^_^^^^^    =     48+^1      =^=^^^^  /^*' 

consequently,  2:^=4.1,  nearly.     Again,  if  4.1  be  substituted  in  the 
place  of  r,  in  the  last  equation,  we  shall  have. 

_90_r8--^— r     90—68.921—16.81  —  4.1      ^^^^ 
^""  3r«4-2r+l    ~         50.4^8.2+1         ==-«^-«J» 

And  consequently  2x=4.1-}'.00283=4. 10283,  foir  a  second  ap- 

troximation  ;  and  if  the  first  four  figures,  4.102,  of  this  number, 
e  again  substituted  for  r,  in  the  same  equation,  an  approximate 
value  of  X  may  be  obtained,  to  six  or  seven  places  of  decimals. 

And  by  proceeding  in  the  same  manner,  the  root  may  be  found 
still  more  correctly. 

1.  Given  a:^4~20a:ssl00,  to  find  the  value  of  z  by  approxima- 
tion. V  Ans.  a:=4. 1421366237. 

2.  Given  of — ^9a:s=10,  to  find  the  value  of  x  by  approximation. 

Ans.  3.4494897428. 

3.  Given  a:*+9a:*-{-4ic==80y  to  find  the  value  of  x  by  approxi- 
mation, Ans.  25=2.47213596. 

Here,  by  a  few  trials,  the  root  is  found  to  be  between  2  and 
3,  imd  very  nearly  equal  to  2.5 ;  let,  therefore,  as=r-(-«=2.5-j-2f ; 
then  3^  s=    r*  4-    Sr^z  4-  &c. 

9a:»  =  97*  4-   18r  z  +  ^' 
4a:   =  4r   -j-      4z 

r«  -f    9r»    -f  4r+z(37^+18>--f4r) 

80— /^— 9r2— 4r     —1.875  ^„^      ^„ 

s==80,  and  z  =  o^  i  lo   I'T—  =-^ii^ii:^  = — .0276.     Whence 

3r+18r-t-4r         67.75 

as=2.5 — .0276=2.472,  the  root  nearly.     And  if  this  value  be  arub* 

stituted  in  the  above  expression  for  z,  we  get  2:s=2.4721359. 

4.  Given  a^— 38a^+210a:'+538a:+289  =  0,  to  find  the  value 
of  X  by  approximation.  Ans.  2:=:30. 5356537529. 

Here  x  is  found,  jby  trial,  to  be  very  nearly  =  30 ;  let,  there- 
fore, asassr-f-zzsaSO-j-z ;  then  '• 
22*                                                     38 


i*  aa  y*  +       4^*2  -f-  &C. 

,     —    38x«  ?=  —  38r»  —  lUt^z  —  &c. 

+  2102«  sa:      210r«  +  420r  z  -f  ic. 

4-  5382:   :=      638r   +     638z 

^4  _  3Sr»-j-210r^4-538r+z(4f*— 1 14f* 
4-  420r  +  538)+289==0,  and 

r^— aSr^-f  210r«4-538r4-289      —  10571 

^  ~      114r«— 4r^— 420r— 538     ~—  18538"^       ' 
whence  2::=30.56,  nearly.     Again,  taking  30.5  for  the  root,  and 
substituting  it  instead  of  r  in  the  expression  for  z,  we  get  z  ea 
30.5356. 

^.     Giveh  a:^4-8a?'—10a:»— 112a?— 207a;— 110  =a=  0,  to  find  the 
Yi^lue  of  X.  by  approximation.  Ans.  4.46410161. 

fey  a  few  trials,  a;  is  found  to  be  between  4  and  5,  and  nearly 
equal  to  4.5.     Let,  therefore,  asasr-}-25=s4.54-z ;  then 

«^  =a  r*  4-      &r^z  4-  &c. 

6a;*  =±«  67^  4-    24r'jr  4-  tei. 

—  lOi;*  H*  —     10r»  --    30r«z  --  &c. 

—  112a:»  im  —  112r»  —  224rz  +  *c. 

—  207a;   at:  —  207r  —     207z  

r»4-6r*— 10r«— 1 12r*— 207r  *f 
.  «<5r*  +  24r«— 30r«— a27r— 207)=tll0;  therefore 


110_r«_6r*+10r*+112r^+207r  ^„^^ 

^■^     5^4.^4r»-3th^-^r-^67     ''"-'^^^  ^^^« 
4.5 — .035==4.4S5 ;  and,  taking  this  for  the  root,  and  substitutiA^t 
flgaiti  in  the  value  foT  z,  We  get  35=4.464101,  the  root  nearly. 

103.  The  roots  of  equations,  of  all  orders,  can  also  be  deter- 
initied,  to  any  degree  of  exactness,  by  means  of  the  following  easy 
tule  of  double  position ;  which,  though  it  has  not  been  genenJly 
Employed  for  this  purpose,  will  be  found,  iti  certain  cases,  supe- 
rior to  the  former,  as  it  can  be  applied  at  once  to  any  Unreduced 
equation,  consisting  of  surds,  or  compound  quanties,  as  readily  as 
if  it  had  been  brought  to  its  usual  form. 

Rule  II.  Find,  by  trial,  *two  niimbers  n^^arly  equal  to  the 
root  sduglit,  and  substitute  them  in  the  given  equation  instead  of 
the  unknown  quantity,  noting  the  results  that  are  obtained  £N>m 
each.  Then,  as  the  difference  of  these  results  is  to  the  difier« 
•nee  of  the  two  assumed  numbers. 

So  is  the  difference  between  die  true  result,  given  by  the  qaes> 
tieb,  and  either  of  the  former,  to  the  correction  of  the  atsui&ed 
iMWb^t  belonging  to  the  result  used, 

Which  corteetion  being  added  to  Chat  number  when  it  is  too 
little,  or  subtracted  from  it  when  it  is  loo  gi«ftt>  ^^iU  giw-^  foot 
required,  neffly. 


'r 


BBWIfiOTMK  pi  vQinmaM* 


And  if  the^number  thus  determined,  and  the  ne&nst  of'tbik  two 
fefmer,  or  any  other  that  appears  to  be  more  accarate,  be  now 
taken  as  the  assumed  roots,  and  the  operation  be  repeated  as  be^ 
fore)  a  new  value  of  the  unknown  quantity  will  be  obtained  still 
more  correct  than  the  first ;  and  so  on,  proceeding  in  this  mmaner, 
as  far  as  may  be  judged  necessary.    ' 

1  Given  a^^-f^^g*  |  3jf  130»  to  find  a  near  approximate  vtdue 
ofx.  Ans.  2&s4.078753. 

2.  Given  0:^^102^-^-52^=2600,  to  find  a  near  approximate  value 
of  a;.  Ans.  at=sl  1.00673. 

It  is  soon  found  by  trial  that  x  is  rather  more  than  11 ;  let, 
dterefore,  11  and  11.1  be  taken  for  the  assumed  number ;  then 


1st  Sup. 
1331 
ISIO 

$596      Results 
(2655.231    11.1 
•.  <2S96.         11 

(  59.231  :  .1 

4x.i 


2d  Sup. 
1367.631 
1232.10 

§65S;231 
2600 
2596 


•   59.231   =  -^^^ '   ^^"^'" 

te:ll+.0067=l  1.0067,  Ans. 

3.  Given  2**— 16a^-f-40a:"— 

SOx-f-l^O,  to  find  a  near  value 

0f*.  -.  __ 

.  dividing  by  2,  we  have  a:* — 
8a*-|-20a:— I5a:=— .5.  By  a 
few  trials  it  is  found  that  a;  is  a 
little  greater  than  1 ;  let,  there- 


fore, 1.2  and  1.3  be  assumed  for 
the  numbers ;  then 


Ist  Sup. 
2.0736 

2a8 

30.8736 
—31.824 


2d  Sup. 
2.8561 
33.8 

—37.076 


—.9504  results  —.4199 
.9504        1.3         .5 
^99        1.2         .4199 

3§oi 


.5305 
.1  X  .0801 


.1 


•  • 


s=.0 1509,  whence 


.5305 
2=*1. 3— .0151^1.2849.  Now 
take  1.28%  and  1.285  for  the 
assumed  numbers,  and  repeat 
the  operation.  .  Then  x  will 
come  out  t£=l  .284724. 
4.  Given  a?  +  2z*  — 3a:^+4a;»-^5aj=54321,  to  find  a  near  value 

of  ij. 

By  a  few  trials  x  is  found  to  be  nearly  s=84;  take,  therefore, 
S.4  and  B.5  for  xhe  as^med  numbers  ;  then 
bt  Sup.  41821.19424  ^    :f  ^  44370.58125  2d  Sup. 

9957.4272.    =  2s2f^  ^  10440.1250 
177a  112      =  32"  =^    1842.375 
282.24        :=  4a:*  =a      289. 

42.  :^  5a:   ±»        ^.^ 

— »--     .—  -.-.,. ^^.  .      ,..    -  »-.^^^-....     -  ■-■-■- 

53880.97344      results     56984.53125 
(56984.53125      8.5  54321  ) 

Tkeiefire  \  53880.97344     &4  ^53880.97344  ) 


3103.55781    :    .1 


rita*.*..< 


440.02666 


mo 
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:  *^li^^r=^-^14^  >  ^^«°c«  X  =«  8.4  +  .0131 »  3.4141, 

nearly.  -  Taking  8.414  and  8.415  for  the  numbers,  we  have 
42170.867905346409824  =    a^  =  42195.935727527009376 
100^.976207593632        =  2i;'  =:  10028.74241890125 
1787.017385832  =  4r»  =    1787.654620125 

283.181584  =  4a*  =^      283.2489 

42.07  =  5x  =        4^.075 


54307.113082772041824 
54337.65465655325  8.415 

53307. 1 1308277204  8. 414 


54337 .  654666553259375 

54337.65466655325 

54321 


30.54158378121      :    *.001   ::    16.65466655325:000545 
and  asrsr— 2=8.415— .000545==8. 414455,  very  near. 

5.  Given  4/(7a:»+4a;»)+v'(20a:"— 10a:)=28,  to  find  an  approx- 
imate value  of  X.  Ans.  4.510661. 

By  trial  x  is  found  to  be  between  4  and  5.    Let  these  two  nnm- 
be  taken  for  the  first  value ;  then 

1st  Sup.  8        =  >|J^(  7aJ»  +    4i?)  =    9.916    2d  S^p. 
16.73  ssr  j^{20a!'  —  10a;).==  21.213 


l^herefore 


24.73 
31.129 
24.73 


results 
5        28 
4        24.73 


31.129 


6.399 


3.27 


3.27 


s=  .51 ;   whence 


6.399 
r.51,  nearly.     Assuming  a;  =  4.51  and  4.52,  and  repeating 
the  operation,  we  get  a:s=4. 5106,  the  root,  nearly. 

6.  Given  ^{144i^_(a:«_20)«|+//{196a:«— (a:?+24)^|  =114, 
to  find  a  near  value  of  x. 

Here  the  root  is  found,  bv  a  few  trials,  to  be  rather  more  than 
7 ;  let,  therefore,  7  and  7. 1  be  assumed  for  the  numbers  ;  then 


1st  Sup.  7056  = 
4761  = 


144i?  = 

(a:»+20)«   = 


7259.04  2d  Sup. 
4957.5681 


V  2295  =  47.906 


9604  =  1962^  = 

5329  =      (3?  +  24)'     = 

V(4275)=  65.383 


V2302.4719  =47.977 

9880.36 
5536.8481 


V4343. 51 19  =65.905 


47.906  47.977  v 

65.383  65.905  (    or 

113.289    results  113.882  ) 

.IX  .118     .0118 ,    ^       - 

:.2;  whence 


113.882      7.1       114. 
113.289      7  113.882 

:    .1 


.593 


.593 


.593    :    ,1     ::      .118: 
?.  12,  nearly.  'By  assuming 
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7.12  and  7.13  for  tlie  numb^s,  we  g«t  a  =«i  7.12209461,  the  an- 
fwer>  nearly. 

L  Given  of^^-^-ictsalOO,  to  find  an  approximate  yalue  of  x. 

H^r6  it  will  be  found,  by  a  few  trials,  that  the  value  of  t  lies 
Utween  4  and  5. 

Hence,  by  taking  these  as  the  two  assumed  numbers,  the  opera* 
tioD  will  stand  thus : 
Pirgt  Sup. 

16  •  •  *  *a? 
64.. .*ar* 

84     Results 
155.... 5....  100 

:    1         ~ 


Second  Sup^ 

m*.  •  6 

•  •  k  h  20 

...•       125 
155 


71   :   1   : :   16 :  .225 

And  consequently  ri  ni  |  .225 

.225,  nearly. 
A{[ain,  if  4.2  and  4.3  be  now 
taken  as  the  two  assumed  nam** 
boTft,  w«  shall  have 
^st  S>kp.        Second  Sup. 
4k2     » *« «q;  •  ••  •     4.3 
17.64  •**.i:'....  18.49 
74.088.  >>.f^..>. 79.507 

M.928  Results..  102.297 
102.297....  4.3..  102.297 
95.928.,.,  4.2..  100 

6.36^   :     .1  ::  2.297 

:036. 

And  consequently  ifc=4.3 — 
.036=r:  4.264,  nearly. 

Agfain,  let  4.264  and  4.265 
be  the  two  assumed  numbers. 
Then 

First  Sup, 

4.264  ....  t 

18.181696  .  a? 

77.526752  .  ai* 


.  • 


. . 


Second  Supi 
4.265 
18.190225 
77.581310 

99.972448  100.036535 

Therefore 
100.036535  4.265  100 
99.972448  4.264  .99.972448 


.064087 :   .001  : :  .027552 
:  .0004299,  and  consequently. 


X  «  4.264  +    .0004299  ;= 
4.2644299,  very  nearly. 

2.  Given  (K  —  I6f+xs/z 
ss90,  to  find  an  approximate 
value  of  x» 

ftere,   by  a  few  trials,  it  will 
be  found  that  the  value  of  x  lies 
between  10  and  11 ;  which  let» 
therefore,  be  the  two  assumed 
numbers,  agreeably  to   the  di- 
rections given  in  tne  rule. 
Then 
Fifst  Sup.         Second  Sup* 
26    .-  <K— 16)   ••  84.64 
31.622    ..    xa/x  >>  36.482 

56.622      Resulto      121.122 

Hence 
121.122  .•  11  ••  121.122 
56.622  >>  10  >>   90 

64.5     :      1  ::   31.122:.488 

And  consequendy  xaaall^-^ 
.i$82is=10.518. 

Again,  let  10.5  and  10.6  be 
the  two  assumed  numbers ; 
Then 

First  Sup.  Second  Sup. 

49.7025  (ii»— 15)»  55.830784 
34.0239. «..a;/s/a;**  34.511099 

83.72b4-«  Results-  90.341883 

Hence 
90.341883-  10.6  '.^.341881 
83.7264  »■>  10.5  >'90. 

6.615483..      .1   ::    .341883 
:  .0051679,  and  consequently 

X   =   10.6    —   .0051679  t=. 

10.5948321,  very  nearly. 


S(|p  ffUKPS* 
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104.  A]thoufi[h  no  general  method  has  hitherto  been  discor* 
ered  for  the  resolution  of  equations  higher  than  those  of  the  fourth 
power,  there  are,  notwithstanding,  some  particular  equations,  of 
all  orders  under  the  10th,  which,  on  account  of  the  relations  sub* 
sisting  between  their  coefficients,  may  be  solved  by  the  rules  that 
have  bee  a  already  given  for  the  first  four  orders. 
-  This  is  particularly  the  case  with  what  have  been  usually  called 
reciprocal  equations  ;  which  are  such  that  the  coefficients  of  their 
(brms,  taken  from  the  beginning  of  the  equation,  are  the  same  a^ 
those  of  the  corresponding  terms,  taken  from  the  end,  with  the 
same  signs  ;  or  which  remain  of  the  same  form  when  the  recipro- 
cal of  the  unknown  quantity,  or  -,  is  substituted  for  x ;   except 


X 


that  the   terms  are   then  reversed.      Thus  the  equations  a:*"-4- 
|Ki*»^i-|-yaAn-a_^^  ^  ^  •+^2«+pa:-f-l=0,  and  a*»+^4:pa*»+^a*^-f 

•  •  •  •4"2'^H^^~l~^=^>^*^y  always  be  transformea  into  others  of  a 
degree  which  is  denoted  by  half  the  exponent  of  the  highest  pow- 
er  of  the  unknowui  quantity,  if  it  be  an  even  number,  or  by  half 
that  exponent  when  it  is  diminished  by  1,  if  it  be  an  odd  numbery 
the  method  of  resolving  them,  as  far  as  to  the  9th  order,  inclu- 
sively, being  as  follows.  'To  this  we  may  add,  that  the  nature  of 
these  equations  consists,  as  abovementioned,  in  their  not  being 
changed  by  substituting  j-  for  x;  from  which  it  follows,  that  if  a 
be  any  one  of  the  roots,  its  reciprocal  i  will  also  be  a  root ;  and 
as  -|-1,  or  — 1,  is  always  a  root  of  the  equation,  when  the  number 
of  its  dimensions  is  odd,  it  may  be  readily  shown  from  these  cir- 
cumstances, that  every  equation  of  the  2mih  or  2mth-}-lth  order, 
ean  b^  reduced  to  another  of  the  mth  order. 

Case  I.  When  the  index  of  the  highest  term  is  an  even  mimber. 

Rule  I.  If  the  equation  be  of  the  fourth  power,  as  x*-\-pa^'^ 
q3^'\-pX'\'l=0j  find  the  two  values  of  z  in  the  equation,  s?-{^z-\- 
q — ^2==^,  and  let  them  be  denoted  by  r  and  r' ;  then  the  roots  of 
the  two  quadratic  equations,  a^ — ra:-j-l  =  0,  and  7? — r'a:-|-l=dO, 
will  be  the  four  roots  of  the  proposed  equation. 

2.  If  it  be  of  the  sixth  power,  as  a^-['-p2^-}^g'a;*4-ra?-|-^^-j-J« 
-j-l=0,  find  the  three  values  of  z  in  the  equation,  «*-|-p^4~(?~^)* 
-f-r — ^SpsasO,  and  let  them  be  denoted  by  r.  r',  r" ;  then  the 
roots  of  the  three  quadratics  a;*— ra:-|-l=5=0,  o? — r'a:-["^=^>  '^^ 
«'— r"ic-|-l=0,  will  be  the  six  roots  of  the  proposed  equation. 

3.  And  if  it  be  of  the  eighth  power,  as  :r-f-j?a:'4"5'^"4"^"H** 
-j-ra^'-^-^a^-l-px-f-lrssO,  find  the  four  values  of  z  in  the  equation,  • 
2l-|-;,2i-j-(^-l4)^»-i-(r-^)jy4-,_2(^— l)=dO,    and  let  them  he 
denoted  by  r,  r',  r  ,  r"f. 
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Then  the  roots  of  the  four  quadratic  equatioiis. 
a«--ra:-fl«0,  a?— r'a:+l  =  0,  a;»--r"a;-f  1=0,  and  a?— r'"ar+l 
aaO,  will  be  the  eight  roots  of  the,  proposed  equation. 

Case  II.    When  the  index  of  the  highest  term  is  an  odd  number, 

Rttlb  I.  If  the  equation  be  of  the  third  power,  as  a^'-f^^'H'^ 
-j-l=0,  where  one  of  its  roots  is  evidently  — 1,  find  the  value  of 
z  in  the  simple  equation  ar-j-p — 1=0,  and  let  it  be  denoted  by  r ; 
then  the  roots  of  the  quadratic  equation  a? — ra:-j-l=aO,  will  be  the 
other  two  roots  of  the  proposed  equation. 

2.  If  it  be  of  the  fifth  power,  as  a:^-j-^a:*-f"^^+^^'f:P^"f'l=^> 
where  one  of  its  roots  is  also  — 1,  find  the  two  values  of  z  in  the 
equation  2^-4- (p—l)^:-}-? — P — 1=0,  and  then  let  them  be  denoted 
hy  r,  and  r  ;  then  the  roots  of  the  two  quadratics  af — ^ra:-j-l=d), 
and  3^ — r'a:-(-l  =  0  will  be  the  other  four  roots  of  the  proposed 
equation.  * 

3.  If  it  be  of  the.  seventh  power,  as  :j^'\-p3f'{^af-\^3!^-\-Tof-\' 
^-fpa:"i"^=^»  where  one  of  the  roots  is  — 1,  as  before ;  find  the 

.  the  three  values  of  z  in  the  equation  2;'-f"(P"~^)^"h(fi' — "P — ^2)2:-|- 
r--p — 5^+1  =  0,  and  let  them  be  denoted  by  r,  r\  r" ;  then 
the  roots  of  the  3  quadratics  3? — ra:-f-l=0,  a* — r'x-^-l  =  0,  and 

,  a?— r"a:-f-l==0,  will  be  the  other  6  roots  of  the  proposed  equation. 

4.  And  if  it  be  of  the  9th  power,  as 

where  one  of  the  roots  is  —  1,  as  in  the  former  cases,  find  the 

fear  values  of  z  in  the  biquadratic  equation 

:*+  (p^l)z^  +  (?— p-3)z«  +  (r-j_2H-2)z+*-r-g+H-l 

«=*),  and  let  them  be  denoted  by  r,  r*,  r",  r"' ; 

then  the  roots  of  the  four  quadratics 

a?-ra;-Ll_0,  a:*— r'a:-fl=0,  a:»— r"a:+l=0,  and  a:»— r'"a:+l 

=^,  will  be  the  other  eight  roots  of  the  proposed  equation. 

Note,  If  an  equation  of  this  kind  be  of  an  odd  number  of  di- 
mensions, or  if  the  middle  term  of  one  of  an  even  number  of  di- 
mensions be  wanting,  the  same  rules  will  hold  when  the  signs  of 
the  tenns,  taken  from  the  beginning,  are  -f"  a^d  —  alternately. 
Thus  ^—pQ?'-\-px — 1=0,  and  a^ — ^i'-j-pa; — 1=0,  are  reciprocal 
equations,  like  those  above  given,  except  that  -j-  1  is  now  one  of 
the  roots,  instead  of — 1. 

1.  Given  a:*-f-4a:^— 19a?-f4a:+l=0,  to  find  the  four  roots  of  the 
equation.     Here  p6=4  and  q=^ — ^19  ;  hence,  by  Case  1, 
«»-}-p2=2— ^  becomes  2:"4-4^2=2+I9=21, 
Where  the  two  values  of  z  are  -f-  3  and  —  7 ; 
Consequently  a? — 3as= — 1,  and  Qf'\-lxesn — 1, 
From  file  first  of  which  equations  «==fifcj>^5, 
And  from  the  second  a?=(— Jdrf  V5)==(— }±i  V^^)  > 
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Therefore  the  fear  roots  of  the  proposed  ecjiiatioii  nfe 

*+W5'  |-4a/5,  -4+f  V5,  and  — JH^a/^. 
2.  Given  a:^— lLB*+17a^-4-17a?— Uar+lssdO,  to  find  the  6h 
roots  of  the  equation.  Here  j9  s=  .^  11,  and  g  smX  7^  hence,  by 
case  2,  ^^'{-{p — l)z=l-j^p---g  becomes  ^ — 122::=S3 — 27,  where 
the  two  values  of  z  are  9  and  3  ;  ar^ — 9x=s — 1,  and  2^ — ^zs= — 1 , 
from  the  first  of  which  equations  a:=f  dr  J>v/77,  and  from  the  sec- 
ond a53=sJ±J^5.  Therefore  the  five  roots  of  the  proposed  equa- 
tion are  —1,  f+W77,  J— iV77,  J+JV5,  and  f— J V5. 

105.  If  the  coefficients  of  either  of  the  orders  of,  equations, 
mentioned  in  the  rule,  be  in  part  literal,'  and  so  constituted  as  to 
render  the  difierent  terms  homogeneous,  its  roots  may  be  deter- 
mined by  means  of  the  simple  substitution  of  a  new  unknown 
quantity,  as  if  they  were  entirely  numeral. 

Thus,  let  there  be  taken,  as  an  equation  of  this  kind,  x^-^ia:/ 
-— 19a^a:*-j-4a'a:  4-  «*=»=»  0,  where  the  indices  of  thje  given  and  un- 
known quantities,  when  added  together,  are  the  same  as  those  of 
the  first  and  last  terms.  Then,  by  putting  x  =  az,  we  shall  have 
aV+  4flV— 19aV+4a*z-fa*  =  0,  or,  dividing  by  tf*,  z/"  -f42»- 
— 192:'4"'^~f'l=^  *  which  equation,  like  the  first  of  those  given 
above,  will  have  for  its  roots  J4"i>v/5>  J — i>\/5>  "^"h^'V^^*  ^^ 
-— j — f>v/^  ;  and  the  four  roots  of  the  proposed  equation  are 

«(*  +  W^)^   «(|— iV5),  <—i  +  W^)*  and  ai—^-i^S). 
An  homogeneous  equation^  containing  only  two  letters,  a  and  ^t 
is  of  the  general  form 

where  p,  q,  r,  k,  /,  are  the  numeral  coefficients. 

1.  Given  a:*— 15a:^+382:*— 15z+l=0,  to  find  the  four  roots  of 
the  equation.  Ans.  f±i>\/5,  and  6±>^/S5. 

Here  p== — 15,  q  =  38,  we  have  «* — 152= — 36,  by  case  2; 
»=s|±^==12  or  — 3.  Hence  *we  have  a^ — iac=— «1,  and  pf  + 
3^::= — 1 ;  .*.  in  the  first  we  have  a;  =  6zt:/^35,  and  in  the  sec- 
ond case  we  have  a?=J±i\/5. 

2.  Given  x*--Aaa?-\'5aV'-Aa^X'{'a*=0,  to  find  the  four  roots 
of  the  equation.  Ans,  a(fzhi->v/^)'  ^"^  fl(jdij>s/— 3)« 

Let  p= — 4,  g*=5;  then  z^ — iz==2 — 5= — 3;    .•.  z  =  3  or  ii 
and  we  have  ar^— ^y= — 1,  and  as=3dbj^5. 
.    Again,  af^  —  a:  =  —  1 ;  .•.  a;  =  |  ±  i>v/ —  5 ;  consequejitJy 
we  have  a(J  =fc  iV^),  and  <jKi±iv— -^)- 

3.  Given  a;*-^la;'4-37a:^4w37ar'— 21a;-}-l5=0,  to  find  the  live 
roots  of  the  equation.  Ans.  — 1,  ^zizi^/^i  and  jf-ztzi^3^* 

Herej9= — ^21,  and  (»37;  then  by  case  2,  s? — -1^3'=— ?57; 
.•.  »=sll±S  =«19  or  3,  and  .-.  y=— 19a;=^^J  ;  then 
X  =a=  A/tbiV357.     A^iji  a;*--3as==— 1,  we  find  .as=|i^>s/^ 

106.  Equations  of  this  Idnd,  in  which  the  given  andoie nn* 
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kaown  quantities  can  be  substituted,  alternately,  for  each  other, 
without  producing  a  new  equation,  are  always  capable  of  being 
reduced  to  others  of  lower  dimensions.  In  order  to  such  a  reduc- 
tion, let  the  equation,  if  it  be  of  an  even  dimension,  be  first  divi- 
ded by  the  equal  powers  of  its  two  quantities  in  the  middle  term : 
then  assume  a  new  equation,  by  putting  some  quantity  (or  letter) 
equal  to  the  sum  of  the  two  quotients  that  arise  by  dividing  those 
quantities  one  by  the  other,  alternately ;  by  means  of  which  equa- 
tion let  the  said  quantities  be  exterminated ;  whence  a  numeral 
equation  will  emerge,  of  half  the  dimensions  with  the  given  lite- 
ral one. 

But,  if  the  equation  propounded  be  of  an  odd  dimension,  let  it 
be  first  divided  by  the  sum  of  its  two  quantities,  so  will  it  become 
of  an  even  dimension,  and  its  resolution  will  therefore  depend 
upon  the  preceding  rule. 

Let  there  be  given  the  equation  a^— 4a«^-}'-5flV — 4flft:-|-flA=:^, 

Here,  dividing  by  afafy  we  have  ^ 1-5 1^  *=  ^»   (^' 

tl+T5 — *X-  |-     I  5  asss  0,  by  joining  .the  coirespondiag  terms ;) 

4r       ST  HZ 

and  by  making  z  s=>-  -{ — ,  and  by  squaring  both  sides,  we  have 

also  Asr^+S-f-j,  or  2" — ^^""^  "h^*  'Therefore,  by  substituting 
these  values,  our  equation  becomes  7? — % — 4z^-5,  or 


whence  2^=3.     But  -  -| — ^beinff  =  z,  we  have  0? — zax  = 

a  ^  X 

and  consequently  x  ssJaradbVCjo*^— ^)  =  J^X  \zdt.h/{,^ — 4)1 
sss^aX  |3d=>\/(^)|)  in  the  present  case. 

2.  Let  there  be  given  a^-|-4ar* — ISfl'x' — 12a'a;*-4-4a*ar-j-fl^  ==:  0. 

In  this  case,  we  must  first  divide  by  x-f-a,  and  tne  quotient  will 
come  out  x^-^^tuf — \^^-\^€^X'\-Gf — 0 :  whence,  by  proceeding 

as  in  the  former  example,  we  have  -^  4-3-f"3X — H- — 15  =  0, 

or  2*— 2443^—15=0,  and  from  thence  z=^:^^i^Q^, 
Given  7a:*'— 26aaJ^— 26fl"a;+7fl«:i=0,  which,  divided  by  ff^,  be- 

comes  7  X  ( J  +^)— 26  X  (^  +3)=^-  ^^^  making,  as  before , 
zsB [— ,  we  have  7? — 2  —  ^  I  "a>    *^d  rnvXi.  again  by  zss 

m   *  X  tr  *  X      a      or     tr 
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v"\\  I  ar-f^ ;  and  thetefoie  2"— Sa; «=»-5 -^^ '  which  valaes  bt» 

infi;  substituted  above,  our  equation  becomes  7  X  (2* — 3z) — ^26  X 
(/-2)=0,  or  72*— 26z»— 2I2  +  52=0.  Where,  trying  the  divi- 
sors of  the  last  temi,  which  are  1,  2,  4,  13,  &c.  the  third  is 
found  to  answer ;  z,  consequently,  being  =  4. 

4.  Wherein  let  there  be  given  2z^— 13a*a^— 13a"a:*+2a^=0. 

Here  dividing  first  by  x-^a,  the  quotient  will  be  2a^ — ^2aa^— 
lla*a:*+lla'a:' — llaV — ^2a*a;-(-2a*=30  ;    which,  divided  again  by 

^2?,  gives  2X(^+^)-2X(^+^VnX(f-+J)+ll-«^,th« 

is,  2X(2'— 3z)— 2X(«'— 2)— llz-f-ll=dO,or  2:^~2z'—l7z+l5 
^nO;  whence  ts=sQ. 

107.  A  literal  equation  may  be  made  to  .coRGspond.  with  « 
jftttfioierdd  one,  by  substitoting  an  unit  in  the  room  of  the  given 
quantity  (or  4etter :)  and  equations  that  do  not  seem,  at  first,  to 
veloiig  to  th^  preceding  class,  may  iiometimes  be  reduced  to 
such  by  a  proper  substitution  ;  that  is,  by  putting  the  quotient  of 
Hie  first  tertn  divided  by  the  last,  equal  to  sdme  new  unbidwlik 
quantity  (or  letter)  raised  to  the  power  expressing  the  dimensic^ 
it  the  equation.    Thus^  if  the  equatioh  given  be  2^^  -j"  ^^  — 

9l5a*'\-2l6x-^ie2s=0 ;  by  putting  T^  ==  ^»  we  have  »  =  3y; 

whence,  after  substitution,  the  given  equation  beconies  162^  -f 
'<%62^^--^g83d^-|-6^4-l62=sO ;  which  now  answers  to  the  ratet 
and  may  be  reduced  down  to  2y*-f-8y' — 35^-f-8y+^=^- 

4.  Given  7a? — 26a:* — ^26a;4-7=0,  to  find  the  roots  of  this  eqttfl- 
tion.   .  Ans.  The  only  real  roots  are  2dbv3- 

5.  Given  23:^— iSo^'a?— 13a*a:»+2a^==0,  to  find  the  roots  of  the 
dquatioA.     Ans.  The  only  reals  roots  are 

^  tfi  «(*  ±  W^h  and  -^{(2+>v/14)±a/(2+W14)|. 

108.  Of  Binomial  Equationg^  or  stick  as  are  of  the  form 

a:«±a"^=0.  ' 

.Equations  of  this  kind,  which  are  a  peculiar  species  df  f^pib- 
'Clal  equations,  may  be  reduced  to  a  more  simple  form  by  ][mltiog 
,jBBa6a^,  and  then  dividing  the  result  by  a*" ;  in  which  cas^  we  sbaU 
have  a"'y"±a"6==0,  or  2^±1=0»  whe,re  the  seveital  Vialues  of  y 
are  the  roots  of  — 1,  or  -|-1 ;  and  consequently  those  of  a;  are  the 
same  roots  multiplied  by  a. 

Whence,  as  the  first  of  these  forms,  af*-|"l=^>  ^'  ^    '    h 
^]^ngf  dr  instead  of  jrO  is  a  re^iprodftl  et|\ibtioti,  ^^totiiig  aH  -the 
intermediate  tenns>  its  solution  may  be  obtained  from  the  rules  hi- 


f^  f^rm  fox  thi9  purpose,  by  making  the  coet&cien\&,  f^  q,  r,  x, 
each  eqaal  to  0,  and  Adding  the  result  accordingly* 

}^  ^nefoie  (mly  remains  to  determine  the  several  roots  of  th^ 
oquntion  ;c" — 'l=s:0,  or  a:°'b=l,  whichi  for  the  first  ten  orders,  may 
\m  4one  as  fbllow^, 

Case  I.     When  the  index  cftk^  first  term  is  an  even  number, 

Evut  L  If  the  equation  be  of  the  fourth  power,  as  ^ — 1  sc  0, 
where  two  of  the  roots  are,  evidently,  -^1  and  — 1,  find  the  twp 
value  of  X  in  the  equation  a^'-\'  1  sss  0,  and  they  wiU  he  the  other 
two  root^  of  the  proposed  equation. 

2.  If  it  be  of  the  sixth  power,  as  sf — 1^=0,  where  two  of  die 
roots  are  1  and  — 1,  as  before ;'  find  the  two  values  of  9  in  each 
of  the  equations  a:^r|-a:-{-l3=0,  and  ar* — x-^-lsssd), 
and  they  will  be  the  other  four  roots  of  the  proposed  equation. 

9.  If  it  bis  of  the  eigth  power,  as  a? — 1=^,  where  t^o  of  the 
roots  are  also  i  and  — 1,  find  the  two  values  of  z  in  the  equation 
2^ — ^UsssO,  or  2:^==2r,  and  let  them  hfi  denoted  by  r  and  / ;  then 
the  roots  ef  the  3  quadratlgs  ^-f-i=^»  a?'-'-^«"4"l?=^>  fti^d  ^— -r'* 
■H|-isEsO,  will  be  (the  other  six  roots  of  the  proposed  equation. 

4L'  And  tf  it  be  of  the  tenth  power,  as  ^r''— IssO,  where  two  of 
Ihe  coot^  are  1  and  -^-A,  f^  they  are  in  all  even  powefs,  find  the 
iova  90^  iff  the  equation  «^— SiM-lsssO,  and  let  th^em  be  denoted 

5f  r,  f^  f^\  r'"  ;  thea  the  re^l^  ot  the  four  quadis^iies 

.  will  be  the  o^r  eight  roots  of  the  proposed  equation. 

Case  f  I.     When  the  i7i4ex  of  the  first  term  is  an  odd  number. 

Rule  I.  If  the  equation  be  of  the  thjrd  po^iver,  as  of — 1  =»0, 
y^iere  one  of  the  roots  js  evidently  1 ;  find  the  two  vaiifes^  pf  x  in 
the  equation  a:*-j-a:-|-l  =  0,  and  they  will  be  the  otEer  tiyo  fopt^s 
of  the  proposed  equation. 

2.  If  it  be  of  the  fifth  power,  as  of  —  1  ==  0,  whei^e  one  of  its 
roots  is  1,  as  before ;  find  the  two  values  of  z  in  the  equation  ^f-^-p 
— 1=0,  find  let  them  be  denoted  by  r  and  r' ;  then  the  roots  of 
the  twp  quadratics  of — ra:+l=0,  and  of — r'x4-l=^,  wiH  be  the  \ 
other  four  roots  of  the  proposed  equation. 

3.  If  it  be  of  the  seventh  power,  as  of — 1=0,  where  one  of  its 
roots  is  also  1 ;  find  the  three  values  of  z  in  the  equation  z'-f-^^S" 

'  2z — 1=^,  and  let  them  be  denoted  by  r,  r',  r"  ;  then  l3ie  roots  of 
the  3  quadratics,  a:^— ra:-f  1=0,  of-^*x^l=^,  &  a?— f  "a;+l=0, 
will  be  the  other  six  roots  of  the  proposed  equation.  _ 

4.  And  if  it  be  of  the  ninth  power,  as  of — 1=0,  where  one  of 
its  roots  is  likewe  1,  as  in  all  the  odd  powers,  find  the  four  va- 
lues of  2  in  the  equation  z^-^o? — Sz*— 2z-|-l=0,  a,nd  let  them  \e 
denoted  by  r,  r'  r"  r'" ;  then  the  roots  of  the  four  quadratics 
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J?— raH-l==:0,  2*— r'a:+l=0,  a:»--Va:4-l=0,  &  a^— r'"a?+ls=0, 
will  be  the  other  eight  roots  of  the  proposed  equation. 

109  Since  two  of  the  values  of  x,  in  every  case  of  even 
powers,  are  -f- 1  and  — 1,  if  the  first  member  of  an  equation  of 
the'form  a^  —  1  =  0,  be  divided  by  2? — 1,  the  quotient  will  be 

And  because  one  of  the  values  of  2,  in  every  case  of  the  odd 
powers,  is  1,  if  the  first  member  of  an  equation  of  the  form 
a*^^ — l^=0,be  divided  by  x — 1,  the  quotient  will  be 

both  of  whicn  are  reciprocal  equations,  having  all  the  coefiicients 
of  their  several  terms  =  1 ;  and,Vonsequently,  each  of  them  niay 
be  resolved  by  the  method  employed  in  the  last  article,  without 
recurring  to  any  separate  considerations. 

1.  Required  to  find  the  four  roots  of  the  equations  x^ — 1=:  0. 
Here,  the  index  of  x  being  an  even  number,  two  of  the  roots 

are  4-1  wad  — 1.  by  Case  I,  we  have  a?-\'ls=0,  or  x  =-t>^— 1 ; 
whence  the  four  roots  are  1,  — 1,  -{-^ — 1,  and  — a/ — 1. 

2.  It  is  required  to  find  the  three  roots  of  the  equation  a^ — LssO. 
Here,  the  index  of  x  being  an  odd  number,  one  of  the  root  is  1. 
And,  by  Case  II,  we  shall  have  a;*+a;+l=0,    or  a^-^xsss — ^1. 

Whence,  by  quadratics,'  x  = — J±  ^(J — 1)  =s  -*-  |:hi>s/— 3. 
,'.     1,  — i+J>s/— 3,  and  — | — i>^---3,  are  the  roots  sought. # 
And  if  it  he  reauired  to  find  the  three  roots  of  the  equation 
a:^4-I=^*  ^®  shall  have,  in  this  case,  one  of  the  roots  1, 

And,  by  dividing  x'+l  by  a;-j-l>  th^re  will  arise  x* — a:-(-  l=30,or 

a?-^e=>— 1     Con8equently,a:s=J±V(i— 1)=  i±:W— 3- 
that  is    — 1,  i+i>^ — 3i  and  | — i>^— 3,  are  the  roots  sought 

3.  It  is  required  to  find  the  five  roots  of  the  equation  3^ — 1^=0. 
Herd  5  being  an  odd  power,  1  root  of  the  given  equation  is  =  1 

Therefore,  by  the  rule,  Case  II,    2^-^z — 1=0,  or  g'  \  z    I; 

2^=— H-V(i+1)=— i+*V^^^  and  z=— i— J>v/5=r', 
Whence,  also,    ar — ra:-f-l=0,  or  r* — .( — ^^^^5}x= — 1.  And, 

^i(-i+V5)±V{TV(-i+V5r-i}=J(-i+V5) 

±JV(— 10— 2V5=i(-l+V-5)±l(>v/10+2V5)>s/-l- 
In  like  manner,  :^ — r'a:-|-l==0,  or  a^4-(i+Jiv^5)2:= — 1, 

where   x=^i(l+^5)dtzA/\^(l+^5r—l\=-'i(l+A/5)± 

i(V10— 2V5)V— 1-     Therefore  the  fiVe  roots  are— ^^^         ^ 

1,  i(_l+V5)±i(V10+W5)V-l»  and 

^  .      — Hi+V5)±t(>v/io-W5)V-i. 

1.  It  is  required  to  find  the  four  roots  of  the  equaton  a:*-|-l=^* 
See  Index.     Ans.  x  =  ^^2zfc^V— ^'  and  —  iA/^dbiV— ^ 

2.  It  is  required  to  find  the  five  roots  of  the  equation  a^-4-l=Q. 

Aus.  —1,  i(l+V5).±i(V10-2>v/5)V-l. 


mud  J(l— ^/«Iti{V10+W5)^/— 1. 
'3.  it  is  jreqfuisd  to  fbad  ti^  six  ropts  of  the  equation  af — a'ss^^ 
Ans.  a,  — a,  a{ — ^JdbiV"^)*  and  a(izbiV— 3). 
4-  It  is  jrequired  to  find  the  eight  roots  of  the  equation  s? — 1=0. 

Ans.  1,  — i;  ^—h  —1,  (W?=fcW— 2).  •(— W2±W— ?). 
5.  Find  thexoots  of  the  equations  ai" — a"=0,  and  a:" — 1==0. 

Of  Equations  that  have  equal  Boots. 

110.  Besides  the  classes  of  equations  before  treated  of,  there 
are  othecs.^f  a  different  kind,  that  are  equally  susceptible  pf  be- 
ing reduced  to  ^ose  of  lower  dimensions ;  the  ]^08t  useful  of 
which  ^re  such  as  have  two  o^  mose  equal  roots,  with  the  ,s^fX\B 
or  cpntrary  signs  ;  in  which  cas^  the  method  of  resolving  V^vi^t 
as  far  as  the  .4th  order,  inclusively,  are  as  follows  :^ 

BuLE  I.  If  a  quadratic  equation  of  the  general  form  a:'±<u;4- 
A==0,  has  two  equal  roots,  with  the  same  sign,  they  will  be  eacn 
== — ^,  or  -f-^)  according  as  the  coefficient  of  the  second  t^rm  is 
positive  or,ne^tive.  And  if  the  e^ual  roots  have  contrary  sijg^^ 
the  equation  inuBt  be  of  the  form  jf — i^=0,  in  which  case  »==;^ 
^^",  or  =4-^»  and  — rj. 

2.  If  a  -cubic  equation  of  the  general  form,  a?-(-«a:*-f-^x-|-c==0, 

has  two  equal  ropts,  with  the  same  sign,  each  of  them  will  be'p, 

root  of  the  equation  3a?»4-Sar-|-fc=0,  and  the  remaining  root^wijl 

be  :?= — a- —  twice  one  of  the  equal  roots.     And  if  the  ^qual  roots 

have  contrary  signs,  \ve  shall  have  in  that  case,  ah  =c;  and, the 

c                      c 
loiits  sought  will  be  ^— ,  and  — #^ ,    and    the 
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root  wi#  ,be  ?=5a. 

3.  If  a  biquadratic  equation  of  the  form 

^-^"210    62«^9^  '  1^*'  ^^^  ®^"^  root^jjwith  the  ,e«me 
sign,  each  of  them  will  be  a  root  of  the  equation 

^     22416        25068  ,    1868       20S9  ^    "• 


2652^~^652"'  ^^'^^r''  — 2gr-     % ^*^  *^' 
1868     ,    934^^  2089     872356      1334025^         ^4 
^  ~  221  ^  "^^22^  ~^  221  "^48841  ^^  48841  '   ^-    .mjL^ 

^  Other  methods  of  resolving  equations  that  have  equal  roots; 
iiave  been  given  by  Maclaurin,  and  several  of  the  best  ibreigti 
writers  on  Algebra,  which,  though  not  so  simple  as  those  h^re 
kid  down,  are  more  commodious  for  equations  of  the  higher  or- 
ders, which,  if  treated  in  the  manner  employed  in  the  text,  wotti4 
become  very  tedious.        23^ 
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^1334026     1155  ,  1155  ,  934         221 

^48841  ~221'  '''''''^=*=^r+221 221'"^' ^^'  ^'^^ 

the  other  two  roots  will  be  found  from  the  equation 

aJ»-^(a-j.2r)ar+*4-2ar+3A=9,  or  a;«— 40as=»— 289, 
r  being  one  of  the  equal  roots  before  obtained. 

And  if  the  equal  roots  have  contrary  signs,  we  shall  have 

a{bc — 0^)=  c*,  and  x=±^ as  before ;  the  other  two  roots 

being  found  from  the  equation''^.+  «,  +  *  +  ^  =  0. 

4.  Also,  if  the  general  biquadratic  equation  x*  -}-  ^  -j-Aa?-f-ttt 
-^dsssz  0,  has  three  equal  roots,  with  the  same  sign,  each  of  them 
will  be  a  root  of  the  equation  6a?-\'Sax= — b.  And  if  two  of  the 
three  equal  roots  have  contrary  signs,  we  shall  have 

a{bc  —  ad)x=s(^,  and  as=±/^ ,a^  in  the4ast  case.* 

a 

1.  Supposing  that  two  of  the  roots  of  the  equation 

aj  +  a?  -f"  ^  "f*  ^  =  ^»  *r®  equal  to  each  other,  and  have  the 
same  sign,  it  is  required  to  determine  them. 

Here  a  being  =1,  bsss-rS3,  and  c  =  63,  we  shall  have,  by  the 
rule  above  laid  down,  S3^'{'2ax-\'b=23?-\'2x — 33  =  0;  or  ar— 
las=ll  ;whence  x=::^±^(i+U)=^-^±^±iii=—^±i^ 
3,  or  es — J  — -yi-=s  —  -y-,  the  former  of  which  values  (3)  being 
substituted  for  z,  in  the  original  equation,  is  found  to  succeed. 

Whence  two  of  the  three  roots  are  each  =s  3  ;  and  the  remain- 
ing root  as — 7. 

2.  Supposing  that  two  of  the  roots  of  the  equation 
ai^-^-Ja:'— ja;*-t-/7-a;-[-f  =  0,  are  equal  to  each  other,  and  have  the 
same  sign;  it  is  required  to  determine  them. 

*  The  mode  of  solution  here  given  might  have  been  easily  ex- 
tended to  equations  of  the  5th,  6th,  &:c.  power ;  but  in  those  above 
die  4th  degree,  the  expressions  for  the  equal  roots,  when  they 
have  the  same  sign,  are  too  complicated  to  be  of  any  practice 
use. 

Rules  might  have  been  also  introduced  for  determining,  aprim^ 
hj  meams  of  the  relations  of  the  coefficients  alone,  whether  or  not 
any  given  equation  has  equal  roots  ;  but,  except  in  the  case  where 
they  have  contrary  signs,  this  may  in  general  be  more  readily 
done,  by  finding  tne  root  of  the  quadratic  equation  to  which  it  is 
reducible,  and  then  seeing  whether  the  root,  thus  obtained,  be  a 
root  of  the  original  equation  or  not. 

In  all  cases  of  this  kind,  however,  it  may  be  of  use  to  Imow, 
that  an  equation  cannot  have  equal  roots  when  the  last  term,  and 
the  coefficient  of  the  last '  but  one,  are  prime  to  each  other ;  bat 
the  reverse  of  this  is  not  always  true. 
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Here  a  being  =sj,  &=&— f,  c=»^,  and  <£=s|'  we  shall  have,  by 
the  rule,  (3^--«^)a:'+2(a3— 6c)a:4-flc— 16<fc=*i^--4 
Or,  by  transposition  and  simplifying  the  terms,  o? — iii^^^^^^vifT ' 
the  two  roots  of  which  equation  are  §  and       J||. 

And  by  trial,  the  first  of  these,  §,  will  be  found  to  be  a  root  of 
the  original  equation.  Whence  the  2  roots  required  are  each  ss}. 

And,  since  r  ss=  |,  we  shall  have,  by  the  rule, 

a?-|--y-25=: — J  ;  the  roots  of  which  latter  equation  are  — |,  — }. 
Hence  the  four  roots  of  the  given  equation  are  f ,  },  —  |,  and  — |. 

3.  It  is  required  to  determine  whether  the  equation  ar*-|-llic'-t" 
19a:*-7--99a5— 252=0,  has  equal  roots,  and  if  so,  what  they  are. 

Here,  since  a=ll,  &=19,  c     i    99,  and  d  \  \     259, 
we  shall  have,  by  the  rule  a(*c—arf)=ll(— 19x99+11x252)^ 
11(— 1881+2772)=  980  l==99't=c*;whence  the   equation  has 
two  equal   roots,  with   contrary  signs  ;  and,  consequently, 

»=±V— ==  ±  Vff  ==  db  V9  =  3,  and  —  3,  which  tw<r 

roots  will  be  found  to  answer  the   conditions   of  the  question. 
Also,  since  r==:±3,  we  shall  have,  by  the  rule,  x*-}"  <^"T"  M~^"t" 
=  a;*  +  11a:  +  28  =  0,     or  a:*  +  lli  =  —  28;  the  roots  of 
equations  are  —4  and  — 7      Whence  the  four  roots  of  the  given 
equation  are  3,  — 3,  —4,  and  — 7. 

r.  Supposing  that  two  roots  of  the  equation  sf — 48a; — 128bs:^, 
are  equal,  and  have  the  same  signs  ;  it  is  required  to  determine 
them.  Ans.  — 4,  —4,  and  8. 

11.     A  cubic  equation  of  the  general  form  a^-^-po^-^-qx-^-r ^0, 

has  two  equal  roots  with  the  same  signs.  Let  its  3  roots  be  de- 
noted by  a^  b,  c  ;  then  we  shall  have  the  two  following  equations;' 

{<^4^4^ii+.7^==0|--{^»+ptf*+gb+n==0|=a'— *»+p(a«  — A«) 

-W(a — b)ss:0 ;  and  when  divide  by  a — 3,  will  give  o'-j-o^  -f-  ^ 
-  -p(a-|-^)-j-gi=0.  If  we  now  take  A  =  0,  the  reduced  equationin 
thi  case  will  be  3a?  -j-  2pa  -j-j  =0,  or  =3a?4"2pa;-|-y==0,  where 
one  of  the  values  of  a;,  taken  twice  with  the  same  sign,  will  give 
the  two  equal  roots  of  the  proposed  equation. 

2.  Given  the  equation  sf-\S^a!^ — ^x — ^ — 0,  to  find  whether 
it  has  equal  roots,  and  if  so,  what  they  are.   Ans.  |,  — |,  6c  — 5}. 

3.  Supposing  the  equation  a^^-Wo* — 14a;* — l2a:-j-40=0,  to  have 
three  equal  roots,  two  of  which  iiave  the  same  sign ;  it  is  required 
to  determine  them.  Ans.  2,  2,  — 2,  and  — 5. 

4  Supposing  the  equation  af — ^fifS? — y^a:-|-F?^y==^»  ^  ^^® 
two  equal  roots,  with  die  same  sign ;  it  is  required  to  determine 
ill  its  four  roots.  Ans.  --4)  — *i*  h  and  •^t 


:111  An  exponential  quantity  is  that  i;vfiich  is  raised  to  some 
unttnown  power,  or  which  has  a  variable   quantity  for  its  in- 

flex,  as   «*,  a" 9  2f,  or  a',  6sc^    See  Logarithms  page  302. 

dkadaniexponeatial  equation  is  that  in&cb  is  formed  betweea 
any  expression  of  this  icmd  and  some  other  quaati^  whose  lalae 
is  kiiown4 :  9Bji*^Af  jf^^a,.  &c. .;  where  it  is  to  be  observed,  thit 
the  first  of  dxe^e  equations  0^=3,  when  converted  into  logarithptS) 

is  the  same  as  x log.  osslog.  b ;  or z\    ,         ;    and   the  second 

'^  ®    f  log.  a 

afsssOy  when  so  converted,  is  the  same  as  x  log.  ^;s=4og.  a ;  in  ^ 

last  of  which  ca«A0  the  approximate  vaJUie  of  ^  may  be  d9^^ 

jmmdd  as  follows ; 

RuLS.  Fiad,  by  trial,  two  Bttmhesi  near^  equal  to  the  val|K 
of  X,  and  substitole  them  in  the  given  equation,  x  log.  x  sslog.  A 
instead  of  the  unknown  quantity,  noting  the 'results  obtained  from 
^aeh,  as  in  &e  rule  of  Dotfble  Position,  befoie  laid  down,  kiartSl. 

Then,  by  xneans  of  a  certain  number  of  successive  operations, 
jp^ormed  in  the  same  manner  as  is  there  described,  the  value  ^f 
^  may  be  found,  to  any  degree  of  accuracy  required. 

1.  Given  afs=slOO,  to  find  an  approximate  value  of  x. 
Here,  by  the  above  formula,  we  have  x  log.  x  =  log.  100  =% 
JSani  sinoei^r  is  easily  found,  .by  a  few  trials^  to  be  nearly  in.  the 
middle  between  3  and  4,  but  rather  nearer  the  latter  than  the  f0^ 
Bier»let  3.5)and  ST.G  be  taken  for  the  two  assumed  numb^lQ* 
Xh&nlog.  3.5=T»^440680;  which,  being  multiplied  by  3.5,  gives 
1^904238=;=  -first  result;  And  log.. 3. 6  ==.5563025;  whi^l 
being  multiplied  by  3*6,  gives  2.(S)3689  for  the  second  res^t 
Whence  2.002689.  .•  .3.6.  ,.,2.002689 
1.904238.... 3. 5 2. 

.098451  :  TFT:  .002669  :  .00973 
'for  the  first  correction ;  which,  taken  from  3.-6,  leaves  a?  ^ 
*3«  59727,  nearly.  And  as  *this  value  is  founds  on  trial,  to  be  roA- 
«r  too  small,  let  3.59727  and  3.59728  be  taken  as  the  two  a^ 
sumed  numbers.  Th^n  log.  3.69727  =  .5559731  ;which,  beinf 
antiltiplied  by  3.59727,  gives  1.9999654  n  first  resuh. 

And  log.  3.59728  ^  .5559743;  which,  being  multiplied  br 
.3«fi9728,:^ives.l.9999953  =»  s.esQnd  resuJit ;  wkmie 
1*999995^*  #«  •(^4*5972o..*«,«2 
1^9999854. , . .3.59727. . . ,1.9999053 

-.J)OOQ099  . :  .00001  ::  ..QQQ0047:  ^0000Q474S'fl 
toxihe  second  correation ;  .which,,ad49d  .jlp  .d^97i2&,  ^rmx^m 
aU59Z984747.47>  9Xtrem#  near  the  truth. 
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'  And  in  the  same  way  may  the  value  of  the  unknown  quantity 
be  determined,  iif  any  other  equation  of  this  kind. 

1.  Given  aH^s=20(J0,  to  find  an  approximate  value  of  x. 

Here  x  Jog.  xs=z  log.  2000  =  3.301030,  and  x  is  found,  by  a 
few  trials,  to  be  rather  less  than  5 ;  let  therefore  4.8  and  4.9  be 
taken  for  the  assumed  numbers  ;  then  log.  4.8=0.681241,  which, 
being  multiplied  by  4.8,  gives  3.269956  =  the  first  result ;  and 
log.  4.9  =3  0.690196,  which  being  multiplied  by  4.9,  gives 
3.381960  =  the  second  result.  Whence 
3.381960  .  .  4.9  .  .  3.381960  , 
3.269956  ,   .  4.8  ,   ,  3.301030 

.112004     : .     .1    : :      .080930  :  00722  for  the  first  correction, 
which,  being  taken  from  4.9,  leaves  4.8278,  the  answer  nearly. 

2.  Given  (6a;)  ^ — ^96,  to  find  the  approximate  value  of  x. 

Here  x  log.  6x  s=  log.  96,  and  x  is  easily  found, ,  by  a  few 
trials,  to  be  rather  less  than  2  ;  let  therefore  1.8  and  1.9  be  taken 
for  the  two  assumed  numbers  ;  then  log.  62:(==10.8)  ss  1.033424, 
whicb,  multiplied  by.  1.8,  gives  1.860363  =  the  first  result ;  and 
log.  Qx{  =  11.4)  =  1.056905,  which,  multiplied  by  1.9,  gives 
2.008119  ==  the  second  result.  Whence 
2.008119  .  .  .  1.9  .  .  .  2.008119 
1.860363  .  .  .  1.8  .  .  .  1.982271 

.147756      I      J~ll      .025848  :  .0174  for  the  first  cor^ 
lection,  which,  taken  from   1.9,  leaves  1.8826  for  the  answer, 

3.  Givea  0:^=123456789,  to  find  the  approximate  value  of  «. 
Here,  after  a  few  trials,  or  from  inspection  in  a  tab|e  of  powers 

we  find  X  is  between' 8  and  9,  but  nearer  the  latter  than  the  form- 
er.   Assume  therefore  a:t=8.6  and  xs=s8.7. 
Then  log  •     123456789  =  8.0915149 
Log.8.6=0.9344935  L.8.7=0.9395193    8.17381    8.7    8.09151 
Mult,  by  8^6  8;7     803664    8;6    803664 

66069610  65766351      -13717  ;  0.1  ::  05487 

7-4759480  7-5161544  :    -04 

8-03664410    Res    817381791  Whence 

X  =  9-6  -j-  -04  =  8-640  nearly;  And  repeating  the  operation 

by  assuming  x  equal  to  8-64  and  8*641;  x  is  found  =  8-6400268 

4.  Given  x^ — xsss{2x — a:*)*,  to  find  the  approximate  value  of  a:. 

Ang.  a:  =1.47933.  ,       .„       '       „ 

^   A^.  j_      ,    I  «    ,  .  log.  ^ — log.  a" 

5.  Given  «««+»— i«+m  i^^fij^^  ^r.     Ans.  x=~ — s— ,-^-n- 

6.  Given  a^'      m )  ^^*      — ^^' 

fjs+y I  to  find  the  values  of  x  and  y.  ;  See  Index. 

7.  Given  afe=s48,  (f  )*=4,  and  «"=100,  to  find  x. 

Ans.  x  =  3.26,    ar  =  3,8  and   x  =  3.6972. 

35 


V 

,    Hec^^r  10  fo<ind,  hj  ft  few  trials,  to  be  nearly  equ^l  to  ),7;  let 
therefore  1.7  an4  1*8  be  taken  for  the  93suniea  liunibers ; 


lit  Skuppositiof^' 

Bylogs,  «S«    2.46471 

aj»-^«B    0.76471 

2jr---«'x9      .93529 

log.  (a:'— «:)««-^lJ883496 

i-  log.  (2iP—  ar")=— 1.982909 


2d  Su$^^ontion. 

t^       «;=    2.88072 

flP*— ;r=    1.08072 

2«  — «*=      .7198? 

log.  (a:'— «)=    0.033718 

-log.  (2a:— a:*)==^1.864?43 


0.033713  ,,  —1.982909 

—1.864943  '^^'^^  —1.883496 

.168770  ^.098413 

Therefore  .J68770  :  .1: :. 098413  :  .068.  Whence  1.8  —  .058 
sssl.742^  the  Taiue  fo  x,  nearly;  and,  assuming  1.74  and  1.75  for 
the  numbers,  and  repeating  the  operation,  we  get  a:^3sl.74793. 

i^   Givea  ^4"~^P^>  *<*  fo<l  ^^^  value  of  «, 

>.  a;  -log.  as=log.  — ^^■-  ..-..gg  log.  lii;tV.{*^-iT4)Hi9fr  2; 

,    ^  Jog.  \b±M/il^-^)—\og>  2 

log.  a 

6.  (Srivffn  <f"4-<r*-''==5,  tp  f n4  tjie  Vijijiu^  jpf  a:. 

Take  the  log.  and  mxe  log.  a  =  log,  ((z^) — log.'  (a-f-1) ; 

,      _^.(a3)— log.(l+l) 

112.  In  ^eonsid^ing  the  nature  :of  an  exponential  of  die  form  a^, 
it  must  be  observed  that  it  means  a  to  the  power  of  ^^  and  not  it 
to  the  power  of  a;,  which  would  be  a***. 

7.  Given  x^sssa,  to  find  the  value  of  ar. 

Find  by  trial  a  »|imber,  ti,  as  near  to  the  ^ue  value  of  ir  as 
can  be«done.  iLet  n^-ytssx^  then  by  taking  the  log.  of  the  given 
equation, 

{«-f-y)-log.(n+y)=*=  log.  a ;  i.  e.  (n-|-y)*log.  n*(l+^)«dbg.  «, 

Or  (H^)-log.  n+(n  +y)M  j  |  -^^^-fcc.  j  «dog.  a ; 

Then  by  multiplying. (»-f^)  into  the  series^  and  rejectiog  all 
the  termi  mtP  .wbwny,  y*,  &c.  opiter,  we  ^bt^  ,(tH-y)  Jog*  *•+ 


log.  0 —  n'log.  n     log*  a-(-M« 


»  >     log.  «+m' 1^:^ .  which  afford- a  near  approri. 

mate  value  of  x.    If  extreme  accuracy  be  requited,  we  must  t»t 
this  value  of  st  in  the  place  of  n^  and  repeat  the  q;>eiatioiu 

Ofthi  method  of  Indetermmate  Coejlcienti. 

113.  This  is  a  species  of  investigatioif  which  is  frequently 
tised  for  obtaining  the  development  of  certain  fractional  and  other 
expressions,  without  having  recourse  to  the  operations  of  division, 
or  the  extraction  of  roots ;  the  method  of  performing  which  is  as 
follows  :* 

BiFLS.  Assume  a  series,  or  other  expression,  with  unknown 
coefficients,  for  that  which  is  required  to  be  found ;  then,  havin|^ 
multiplied  it  by  the  denominator  of  the  given  fraction,  or  raised  k 
to  its  proper  poweT,  find  the  value  of  each  of  these  coefficients,  ]>y 
equatmg  the  homologous  terms  of  the  two  expressions,  or  putting 
such  of  them  as  have  no  corresponding  terms,  equal  tp  0,  as  the 

case  may  require.      Find  the  development  of  j--£^ — ,    according 

^l%en,  inuhiplj^ng'  the  nghi  hand  side  of  the  equation  1>y  9  -|- 
CSB,  and  transposing  a,  we  shall  have 

^ts^Ab  +  Bb\x  4-  Cbbf"  +  D*|a»  4-  E51x^  +  Fb  y+kc.  ^ 

—a  +  Ac\    -j-J5c|     +Cc|     +Dc|     +Ec\  '      - 

And  by  putting  the  first  term,  and  the  coefficients  of  the   sev^ 

ral  powers  of  ar  =a  0,  there  will  arise  the  following  equations : 

Bb+Ac=0 


Hence 


Cb4-Bc^ 
Db  +  Cc  =0,  A». 
Ei  -f  Dc  =0,    ) 
F^  -f  Ec  c=tO,    ) 

a 


or 


C=—j-B,  Sec.  R=—4C; 

0  t 


E=> 


■r-| =^T-  —  J- Ax—  T-JBaf' 

b-^-esc       h       b  b 


|c^--|D:c**fcc. 


*  Ine  metnod  here  descnbed  of  assummg  certam  expressions, 
with  indeterminate  coefficients,  in  the  investigation  of  analytical 
problems,  and  then  determining  their  values  by  means  of  their  re- 
iBlioiib  to  othe)r  quantities  that  are  known,  appeaiis  to  have  been 
Arftl^nployed  by  BegeUrPst^  who  obtaiiked  by  this  ttieawsthe  tifle 
for-ievolnng  biquadratic  eqoalioas,  which «tiU:g6et»l^hiii] 
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where  it  is  obvious,  that  each  coefficient,  after  the  second  is  equal 
to  the  one  that  immediately  precedes  it,    multiplied  by   — r- 

which  law  renders  it  unnecessary  to  take  a  greater  number  of 

equations,  or  to  push  the  calculation  farther*  _  .  ,    , 

^     dMex         [above  method, 
2.  Required  the  development  of  '^ ,  ;  T;  ,    ,  „ ,  according  to  the 
d4-ex  ^  "T^  +^  ^ 

Assume    ,  .V  7-7:5  —^  JL  Bx  +  Caf" -+•  Daf+Ex^+kc. 
a  -^0  x-f-c  or  ' 

Then  multiplying  the  right  hand  side  of  the  equation  by  a-|- 
J'a:-{"C  V,  and  transposing  a-^bx,  we  shall  have 


0=Aa'4-Ba' 
—    d+Ab' 


x*  -|-  &c. 

And,  by  putting  the 
first  term,  and  the  coefficients  of  the  several  powers  =  0,  there 


x+Ca 
XBb' 
+Ac' 


X-Cb' 
+Bc' 


will  arise 


Aa'  —  d  =  (i 
Ba'  +  Ab'—e  =  0 
Ca'  +  BV  +  Jlc'  =  0 
Daf  +  CV  +  Be'  =  Q, 


or 


&;c. 


a 


t  > 


a        A 


c^-^1b-^,a 


a 


a 


a 


:B    SC 


Lastly 


Ea  +  D*  +  Cc  =  0; 


d-^-ex 


a 


!d 


E  = -D 

a 

Jb\ 


'C. 


ff        c'  «     ^"pc  XT      a         a        a  a         a 

(-7C-] — i)Q? — &c.,  where  each  coefficient,  beginning  with  the  third, 

may  be  readily  deduced  from  the  two  that  precede  it. 

So  that  if  if  P,  Q,  E,  be  any  three  consecutive  coefficients,  we 

shaU  have  i2a'+Q*'+Pc'=0 ;  or  R=— ^Q-£p. 

3.  Given  (a:*+;?)*— (^a;-f-r)'^=a^-|"^+*^+^>  to  find  the  inde- 
finite coefficients  p,  g,  and  r.  » 

Here,  by  squaring  the  terms  on  the  left  hand  side  of  the  eqna/> 

tion,  and  collecting  those  that  are  alike,  we  have 

af+{2p  —  g^)x'  —  2qrx  +  j^  _  r«  =a  a:*  +  ar«  4- fa:  +  c. 

And  consequently,  by  equating  the  homologous  terms, 


2p  —  g^  =sa 
—2qr=b 


or 


2p  -—  a  =  gi* 

— bs=:2qr 
p'—c  =  f* 


where  It 


18  plain,  that  the  product  of  the  first  and  third  of  these  is  equal  to 
I  of  the  square  of  the  second ;  or,  2j9'—  op^-^  2cp  -|-  oc  bb  |^. 
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Whence  the  irakie  of  p'mny  be  found  by  a  cubic  equation,  and 

then  g  and  r  from  the  fonner  equations. 

We  shall  further  observe,  that  every  algebraic  function^  contain* 
ing  one  unknown  quantity,  or  that  quantity  and  its  powers,  may 
be  assumed  of  the  following  form  :  Ao-f-Aiar+ A8a:*-f"'^8^"l"A4^+ 
&Cm  of  which  the  terms  involve  only  the  whole  positive  powers  of 
the  unknown  quantity  x,  and  certain  coefficients  Ao,  Ai,  A^,  &c. 
which  are  wholly  independent  of  the  value  of  that  quantity. 

114.  This  may  be  exemplified  by  considering  the  expansions  of 
sach  functions  as  usually  occur  ;  where  the  particular  series  that 
is  to  be  adopted,  in  each  case,  may  be  determined,  by  putting  x=s=0 
and  observing  the  nature  of  the  result. 

1.  Thus,  if  the  function  to  be  developed  is  to  become  s=  to  some 
particular  quantity  for  2;  =s=  0,  the  first  term  of  the  series  must  be 
taken  singly,  or  without  an  x ;  and  if  it  is  to  become  equal  to  zero, 
for*  2=0,  the  first  term  must  contain  x,- 

2.  Also,  if  any  term  be  either  omitted  or  introduced  into  the  series 
that  does  not  belong  to  it,  the  comparisons  of  the  homologous 
terms  will  always  show  the  impropriety  of  it,  by  their  leading  to 
absurd  equations.  Thus  taking,  for  instance,  as  a  partial  exam- 
ple of  the  first  of  these  casesY-r—  =  Ao+Aia:-|-Aja:'-f-A8x'+&c., 

is  plain,  that  when  0:^=0,  we  shall  have  ic=Ao,  or  A^s=l ;  which 
is  dierefore  the  first  term  of  the  series. 
3.  In  like  manner,  if  we  take  the  expansion  of  a  fraction  of  the 

following  kindi    ^^       AiX-\'A^'^A^'\-A^'j'k;c.  it  is  equally 

X    1  X 


evident  that  the  first  term  of  the  series  must  contain  x,  for 
for,  if  it  were  Ao,  f  would  be  equal  to  some  determinate  quantity, 
which  is  impossible. 
4.  Also,  if  there  be  taken,  as  an  example  of  the  last  of  the  above 

cases,  r c^A(r|-Aia;  ••••'-{-  A^-^-A^pi^-^-  &c.,  where  the  term 

AfZ*  of  the  aeries  is  omitted,  it  will  be'  found,  by  multiplying  the 
light  hand  member  of  the  identity  by  1 — Xy  and  equating  the  ho- 
mologous coefficients,  that  A«3=  1,  and  Ai  =5  1,  as  also  A|  =  0 ; 
which  is  absurd. 

5,  Again,  let  there  be  taken,  as  an  additional  example,  the  well 

known  formula  ^  ""^  — .r°*-*+Aaa:°^-f  Aj^x^  +....+  tf^^ ; 

X — V  •  ' 

where,  supposing  m  to  be  a  whole  positive  number,  it  is  evident 

tlutt  the  series  is  rightly  assumed  ;  because,  for  x=s  0,  the  deyel- 

oplnent  is  reduced  to  r*^*,  and  for  v;=0  it  is  reduced  to  ai"*^,  as 

24 

t 


cnr 


it: ouf^t.'*    Hence,  midti^yiiig  Ae  rigfal  bund mrniAmt  bf «*•«* % 

we  shall  have 


— A,» 


•  ♦•■ 


•"•  *  •' 


di*  Aitd^  consequently,  by  putting  the  coefficients  <tf  the  sevenE 
tarns  of  the  product,  except  tile  first  and  last,  equal  la  0»  tbas^ 
wffl  arise  tiie  following  teiatiiHis  : 

Ajr—      VsesO 


At— AstTssO 
A^Asr=0 
Afi — A4r=^,  &c. 


or 


Arf=:»« 


fo:. 


From  which  it  is  evident,  that  the  proposed  formula,  when  er- 
palided,  will  become 


a>-^ 


115.     In  like  mannei:,  supposing,  when  m  is  a  whole  BiimBeE,^ 
the  following  polynomial,  or  s^rjed,.  . 

af»+A»^-4- JB:e»-«-f  Ca*-®+/ ^.  •+Ta:+V, 

t&«be  exactly  divisibie  by  x — a,  we  i^all  have,  by  assuming  ascer- 
tain series„a^*  -|-  A'af^  -f  B'a*-*  -f  kc^  for  the  tyiotient 

af  -f.Aa*-*-|^Ba:-»-»+Cx«^+. .  ...-|-Ta^+-V== 

(;?— a)(rc»-*+A'a--*+B'ar-^4-....    +S'«+r), 

fifiete  A,  B,  CT,  A»:.  are  supposed  to  be  inown  eoeffieieBitfindi 
A',  B',  C,  &c.  other  coefficients  that  are  to  determined;' 

¥heii,  by  actually  performing  the  muhiplicatien  indieatedby  die 
second  member  of  the  identity,  there  will  arise. 


a>— aiy 


of  z  in  both 


r+A'  a*-»4-  B'  af^4-  C 
^^  \    .-^A'!     — ab; 

In  which  case,  as  the  corresponding  poweVs 

htt"^*  a  term,  that  for  the  development  of  the  quotient  appears  to 

have   been  rightly  assumed.     Wherefore,  bringing  all  the  terms 

to  the  left  hand  side   of  the  equation,  we  shall  have 

*  In  the  case  where  the  index,  in  the  above  expression,  is  t^ 
ffturtional  number,,  which  requires  a  different  investigation,  Ae* 
same  formula  may  be  exhibited  under  the  form 

.  _    ii 

isrr 


m 


Z— U 


oe  exnitniea  unaer  lue  lonu 


+<th(!MW*  ■  ■  Hff 


(m— !)■ 


beiiig^ih  this  state,  a  similar  theorem  to  tfittt  girett  by  Eandetii  fe 
his  J^ddiiat  Analysts,  Horn  which  he  attempted  to  derive  the*Dte^ 
trine  of  Fluxions,  now  the  method  of  the  Cafcu&. 


And,  iporoe^aeatly,  by  equating  tbie  coefficienlt  of  the  several 
powers  of  z  with  0,  the^  will  arise  the  following  xelaiiQii^  ; 
A — Ai4-«    ==0  A'=fl4-A 

C'==a»+a«A4-a  B4-  C 

where  -die  :law  ^  ^nhich  they  doaay  te  contiimed  Mag  sufficient- 
ly efvident,  we  shall  have,  for  the  qaotietit, 


D— D'- 


*V/        Kj  "■  ""CwS  SS5V 


C'=:0,  &C. 


or 


<k 


*       "I    •  •  •  •' 


B 


-4.  A       4-«^       4^A 

4.    Bf         +aB 
+  X)l 

And  as  the  process  'here  followed  is  the  same  in  efilect  as  tliat 
whidh  would  hare  taken  place  ^from  a  direct  comparkon  of  the 
eotrespon^g  terms  of  fhe  two  memhers  of  fhe  idefntky,  it  follows, 
that,  when  two  polvnomiids  are  identioal,  the  Qot^eieiifts  of  ^ 
lespective  powers  oif  vthe  uuknowja  quantity,  in  each  ^of  them^  "will 
be  equiH. 

So  that,  from  these  instances,  and  others  of  a  itke  kind,  that 
might  be  gifsea,  the  form  of  the  assies  foraay  expanded  algebraic 
ftinction,  aadtitibe  tuJues^of  the  assuooed  coefficients  maygBilways 
be  deteri^oined.  a     ' 

4.  Bmd  (Ae texpansion  of  Ae  je^qpuwsdoii  TZT^*         Assume 

A+Bfl&+4V4-Da:'-4"E«*-f^*    J8y  ^leeiog  *is  equation 


a 


c — cz 

of  fractions  j  fl=  A*+B*  a:+C*  a;*+D3W+E3|a:*  +  &c. 
j  _Ac   ~Bc    — Ocj   —Dc[    +  te. 

Bjr,tBwgK)dtion,  Ab^Bb  x+Cb  3?'\-m\2^^Ed\x*  +  ^^*\«^. 

-H^— Ac    —Be    — Cc|   — Dc|    —  &c.  }*^' 

'.  Bb=tiXe, 
•  Cb=iS^Cif 


A-— • 

b\ 

Ac     ac 

b^^r 

^     Be  '«(? 
&  Find  the  expansion  of  the  expression  >^i(fr-Hx). 


Therefore 'A3 — a 

iB^-*-Act3=0 ; 

< 

OJ— Ccs3=0; 


Therefore 


a 


a   ,acx 


980 


XKSCTBHMBrATK  CMHimUlBim. 


Assume  V(<»— a;)==rA-f-Ba:4-Ca:«+Dr»-f-Ea?*+4:c. 

Clearing  the  equation  of  suras  by  squaring, 
fl_as=A»+2AB2r+.{B«+2AC)a?+(2AD+2BC)a:»+&c. 

By  transposition,   (A«— a)  +  (2AB  +  l)a:  -f  (2AC  +  B")a?  + 
(2AD+2BC)a:'+&c.=0.     Therefore  A«—a==0,  '  i 

2AB-L1=0,  .-.  2AB=— 1,  .-.  B 


-J. 


1^ 
2A 

2AC+BS=0,    .-.  2AC=— B«,   ..  C=    J^'=- 


2a< 


a 


i 


2AD+2BCc=0,    .-.  AD=— BC, 

i 


2A 
BC 


X 


8a»  ' 

__^ 
^~      16a«' 

Whence  V(«-»=)=«'il-^-^-i^.&c.}An8. 

6.  Required  the  development  of  >^(a*-f-a;*)  by  thisi  method. 

Assume  ^(a^4-a:")=:^A-|-Ba;^C:^-f-^^"i"^'  >  ^^T^i  by  squa^ 
ing  each  side,  ana  transposing,  we  have 
A'+2ABa:+2AC 

-    if 

A' —  a"  =0,        ^  therefore  A=i 

2AB=0,         B=( 

2AC— 1      =0,         C=^-2, 

(^2AD+2BC=0,  &c ;  Da=0,  &c. 

Therefor^  V(«*+^)=^+4: -i-H-c 


aasposiug,  we  nave 


Whence 


7.  Required  the  development  of 


2a      So* 
a; 


by  the  same  me- 


thod.     Here,  since  the  first  term  of  the  series  must  contain  or, 

X 

Assume      r-j— r— j==Aa;-f-Ba:'+Ca:'-|-Da:*-|-&c.then  we  have 
A-)      +A)     -+A)     +B)      +C) 

+C)   .+D)     +E^ 


Whence 


fA— 1        =0, 

A+B        =  0, 

.  A--B+C  =  0, 


Therefore 


=  0,  therefore  A=     1 

B==— 1 

C=    0 

B—  — C-  — D  =^  0,  •«••••••  1-)=     1 

1^C-|-D4-E  =  0, E=— 1; 


L  jt.is  nqumd  te  o^»veit 


into  a  aeries  1>y  the  jttxwe 


l4-2a; 
2.  It  is  required  to  convert • into   a  series  by    the 

dnmwsdiofL    Ana.  .«4^+L'4^x'4-llx^4.182^+29a:*+&». 

%  It  is  (required  to  convert  ^= — g — ^  into  a  eer ies  'by  ^ 
same  method.  Ans.  l^-aj-f  5a?+13«»+41z*+121ic»-f36fia!»-f&c. 
Assume  ^  J^^^^^^Ajf-Bg+Gi-'—Dx'—^ 

This,  cleared  of  fractions,  and  hy  transposition,  -we  'hare 

—  1— 2AI 

+1 


n^i^  Dk»+  Eb^rf.  F 


— 2C    —2D    ^2E    .-2F 


_»Bl    — 3CI  -~3D 


:f+  G 


•— -oE 


^•-j-&c.J 
— &c.|=0. 


— 2B 
— 8A 

Tlferefore  A— !beiO ; 

C--2B--aA»0;  .*.  €=eB-faAs»2.2+3«;5 
D~2C— 3B=0 ;  .-.  D==2C+3B=±=2.6      +8,1  =  13 

£— 2D— 3C=0 ;  .-.  E=«j2D4-3C=2.13  +3.5  ^=26+45  =4J 
fU-2£— 3D=^;  .'.  F»B2ET-3I>-r24l  +3.13:sx:82+39»121 
«*^2F--3E=0  ;/.Gks=42F=s»£==:=2.121+3.41=s242+12aKsr:36| 

— ^^_j=l+x+6«»+13«»+41;?*+121x'+3«lfe'+&c,  iAns. 

4.  It  is  required  to  convert  ^(1 — x)  into  a  series  by  the  same 
method.    Aii^a^._^_g^_^^-_g^^j^g^g^_^fe^ 

5.  It  is  required  to  find,  according  to  the  above  method,thie'8ei^ 
era!  roots  or  values  of  a;,  in  the  equation  aJ**— ^a:'+lS^— 12»=safl{, 
ly  ne8B0  icf  «  quadratic  equation. 

Ans.  a:«:idbV({ii:\/(«-f)J^ 
Putxas^+z;  then  l>y  substitution  and  •ordering  the  equation, 

the  terms  I  have  y*+^(42:— 6)+y»(6z*— 18z+13>+y(4z— 6)X 
(2«--5z+2)+z*— 6i«+13;2»— 12«=a.  <L)  Let-Ar  — 6=0;  or 
2  =s  ^ ;  then  tlie  odd  powers  of  y  disappear  from  the  (1), 
and  it  becomes,  by -substitution  for  2,  «te  luduein^lhp  other  terms, 

^'-\f — ll=l»  ^^  it — ly^^=«-Hi-  Hence,  by  conyjletil^  the 
square,  I  have  j^— j^+A=a+4 .-.  t^^=^l/(«+4),  or  y=a± 

VI  J±V(«-H)1  ;  hence  as=y+;?=J±V{i±V(«-M)- 

^•*^^^^^   i=S2?*  ^'  l=if?'  ^  -liv^  •' 

24»  36 


IBbBI'MMMBKATM  GOBlfSnBinni* 


and 


1 


or 


ii± 


or 


or 


I— 2x— 3^+23^ l—2ax+x'  ^        1— z— 6a* '       l+2z' 

expressions  by  the  method  of  indeterminate  coefficients. 
Answers  :  l+2a;+8a^+2ar'+i00a:*+356a^+&c.,  or 
l-j-2a:+3a:*+5a:'-f8a^+13a?+&c.,  or  l+aj;+5a;»-f7a:»+&c.  or 

x»-|-&c.,  or  1  +  6a;  4-  12af»+48a:'+120a:»-f&c.,  or     .  | 
2-4a:+8a:«— 16a:^+32x*&c.,  or  l+2a:+3a:»+4a:»+5;r*+6a^+&c. 
or  1  +3a:-f-7a:»+13a:'+'25a:*+51a:^+103a^+&c., 
or  1  +  8a:  +  27a:»+64a:»+125a:*+216ar^+343a;*. 

8  Assume    j— ^^g^=A4-Ba:-f-Ca?+Da;'+Ea;*+Fa:* 
This,  cleared  of  fractions,  and  by  transposition,  we  have  ' 


A  +  B 

—  1 

A— 1=?0 


x4-  Cla?+  D 
a>-5B|a:«— 3C 
—  2A|a:»— 2B 


x«+  E 
a:»--3D 
a;*— 2C 
and  A  =  1 

B— 3A-|-l=d 

C— 3B— 2A=0 

DL-3C— 2B==0 

E — 3P— 2C=0 
F_3E— 2D=dO 
G— 3F— 2E=0 


x*+  F 


a^— 2D 


^«+  G 


a;*— 3Ea;^— 3F 


a:»— 2E 


z'4-  H 
a;*— 3G 


a;»_2F  a^— 


a;^ 


=0, 


B  =  3A  — 1  =  2,. 
C  =3B+2A  =S 
D  =3C+2B  =  28 

E  =3D+2C=100 

F  =3E+2D  =    356 

G  =3F+2E  =  1268 


^""^      «:l+2a:4-8a;»+28a:»+100a:*+356«'+126ai;»An8 

**     =A+Ba;+Ca?+Dx»+&c. ; 


1— 5a>-2a: 
9    Assume 


o'+i'a: 
Then  multiplying  each  side  by  a'  -|-  i'a:,  and  transposing,  we 

Aa'-*    acsdO,  therefore  Asss    —, 

a  ' 


Whence 


Ga'4-  m'srO 


^Cte* 


BIHMI1AI<  13I10BI1IB.  '918 


Of  the  Binomial  Theorem, 

116.  The  Binomial  Theorem  is  a  general  algebraical  expres- 
sion, or  fof mula,  by  which  any  power,  or  root  of  a  given  quantity, 
consisting  of  two  terms,  is  expanded  into  a  series ;  the  form  of 
which,  as  it  was  first  proposed  by  Newton^  being  as  follows  : 

(P+FQ)  .=aP  «  [l+^Q+^(-^)Q» + -(_  )(^j^)  0-+ 
&c.  where  P  is  the  first  term  of  the  binomial,  Q  the  second  term 

7ft 

divided  by  the  first,  —  the  index  of  the  power  or  root,  and  A,  B,  C, 

&;c.  the  terms  immediately  preceding  those  in  which  they  are 
first  found,  incl\idin|^  their  signs  -f-  or  — • 

Which  theorem  may  be  applied  to  any  particular  case,  by  sub- 
stituting the  numbers  or  letters  in  the  given  example,  for  P,  Q,  m 
and  n,  in  either  of  the  above  formulae,  and  then  finding  the  result 
according  to  the  rule. 

When  the  index  of  the  binomial  is  a  whole  number,  the  series 
will  terminate,  as  observed  under  the  article  Involution  before 
treated  on  ;  but  when  it  is  a  negative  or  fractional  number,  as  in 
the  following  examples,  the  series  Will  proceed  on  ad  infinitum, 
and  will  become  more  convergent  the  less  the  second  term  of  the 

binomial  is  with  respect  to  the  first.* 

II  I        ■  *  II     I  I       III  —^—■■■1  III— — »—^i^ 

*■  This  celebrated  theorem,  which  is  of  the  most  extensive  use 
in  Algebra,  and  various  other  branches  of  analysis,  may  be  other- 
wise expressed  as  follows :  ' 

(2)  or  (i4-a;)»=  .  .^ 

.TnA^(   ^    .  I  m^yi+n     x  m   m+nm-{-2n    x 

:  (3)  or  («+«)«= 

^    ■ , ,     m,a — X,  .  m  mA-uM — «,„    m  m-X-n  m4'2n.a — a:.. , 

And  if  the  reciprocals  of  the  same  expressions  be  required,  they 
will  be  .  . 

Mx___L_  ^51  ^f^^jj^  m-\-^x  ,  m  m+n  m+2n/K  ^, 
W ~«*="iJ^~A^  "<"»  •■'2S~V~n-""2jr-"'3S~^ 


LB 


1.  It  is  required  tQsWKmt\{€f^^^^ iatoxnn  indSnite  series. 
Here  AodP,  iQaa»— ,  —sb^,  or  nrnshnnd  madiQ;  whence 

•^i^^-iep^     1 — 2      «       a: 
<w-^2»-,-.     1—4  ''^ 


!• 


m — 4««^-v 1 — 8"  3'5.x*         x         3.5.7a^ 

.--gj-fiQ«^  X  ~2.4.6.8a^  ><'5^.4.6.8.10a«=^' 

^^-x)   ««+2l    2.4ii*  '5.4.6a"  ~2.4.6.8«^   '  2.4.6.al(W* 
Wh^Tie  the  law  of  formation  of  the  several  ierms  of  the  series  is 
sufficiently  evident. 

't.  It  48  fequif ed  to  'convcrtr— j— 5,  or  its  equal  («-|-^)"*,  inrto  an 

infinite  t^evies. 

Here  T=:5fl,  0=-,  and  —  =  —   ,ormc= — :2andfissl: 

•Itt    I  Xf 

mm — n  m — 2n    x   ^.^  1  / 1  v^c- 4  wi.«-^a 

"TT  •   2n  ^a+x^  "^'   2«  •   3«    ^5+i^  +*^^ 

itnnay  iiere  aIso  he  dbserviad,  <that  if  m,  taken  mngLy,  lie  mtde 
to  represent  «ny  whole,  or  fractionad  number,  \^ether  positive 
or  negative,  the  first  of  these  expressions  may  be  exhibited  wi4^ 
the  more  simple  form 


^viAMne  ldie  Jast  ^rm  ia  caHed  ibe  general  term  otf  the  seriesi  hs* 
c«osettf  1,  2i:3,  At  ^.ibeMbfititiited^uocesshsly  Tor  n,  it  1AI 
give  all  the  rest. 


mioitUL  THSassM.  286 

^P=A,  -AQ  =-j  X-^  Xj— 

^C^^-  X^  xi  — ^. 

n  „  1  1       23   ,  3i^     4^  .  W  ' 

Consequently  - — i—na=-j — ^  -| — j  — -r  -h— — &c. 

3.  It  is  required  to  convert -,  or  it»  equal  (f((if  —  a;)^ 

(a«_a;)i 

into  an  infinite  series.    Here  V^ssac?^  Qs=  — -v,  and  -  ss 


m  m  1 

and  91=2;  whence  ?»» =(fl?)'r=(a*)~ 

I  X  X  ^ 

3n    T^*=^     6       ^2.4i»^        <^  ^  2.4.6a'        ' 
i»— 3»_^     —1—6  "     S.5a?    _       a:        3.5.7a:*      -,      . 

(fl'— a?) 
•  ,  fl?  ,  ,  ,x^    .     3  ^a:*.    ,    3.6  .a^^   .     3.6.7  ^a^v 

4.  It  is  required  to  convert  ^9,  or  its  equal  (8-|-l)  »  into   an 

infinite  series.  ^ 

Here  P==8,  Q==^,  and  j,  or  nt=l  and  nss^^;   whence 

ft 

»— »PQ     1 — 3        1         I 1    pj 


y— 2n   ^^^1— 6  1  16  J. 

-3^i*=  g   X  —  3^g^2*  '^  2"~3.6.9.2'        ' 


aH*  mmmm^wmmmiL 


1-9 ..     5         1  5S      _ 

5»        ^       16    ^  "^  8.6.9. 12.2'»"^  2»     3.6^.12.15.2"^*^* 
.    1  J      >.       5  ii.8  5.8.11 

"To  OS         Q  A  Q«  ""iQ  ^  Q  07  "^^  A  Q  10  OW  T 


3.2«      «.6.2*  ^3.6.9.2^     3.6.9. 12.2»»  ^3.6.9.12.15.2" 

--o&Cf  which  series,  in  this  instance,  coiui^eTges  very  rs^idly ;  and 
the  same  will  be .  the  case  with  the  example  fifth  next  follow- 
ing. But  when  the  given  number  falls  in,  or  about  the  mi4dk« 
between  the  two  nearest  integral  powers,  this  wiU  not  take  place. 
In  such  cases,  therefore,  recourse  must  be  had  to  the  use  of  lo- 
gavitfams,  ^e  4ru]e  df  double  position,  or  -some  ofhor  more  ready 
mode  of  computation.  

6.  itequiredio.icottvertiiySs©,  or^(144),    {a±x)^,  (o±*)*, 

.(a--4^)*,v(a-^:r)'',  and. (1--Ta0^  each  eigpjessiou  to  an  infinite  Ji^ 
ries.  . 

6.    Convert j,  or  j*  ®'  "^ — 1>  orf-31.j  ,  or 

(«=b?)*        .(«d=<r)*        (1+^*        ^*~^^ 

their  =8,  (a±a;rt  a{a±x)~*,  (1  +  xf^,  and  (l-\-x)\a^^f^ 


ea,ch  into  an  wfinites9erie8. 
6,.  Here  P=a43,  A.=— g^a=r"!H-.  -=ii.or«ie=l,andj«=a^ 

— ^1        a      --^     „ 


»««•»— «>p*^ 


2n  ^^^  10   '^  5.2?  ^      3*      6.10.3 
«— 2«_,-_-^_-— 4    ^— 1  —4.9        „ 

-*8»*=Tr  ^SlOlf  ^  *  "=6. 10.15.3^^°  • 

m— 3n_,-.         14^      —4.9      ^—1  —4.9.14         _ 

..^^  ^      1  4     4.9  4.9.14 

'^f^^^^'^    5-^  -'  gl6.^     6.ie.l5.^>'     5.10.15.20.3 

6/.Here  Ajii".ii,-ig-wg,rfc— >  «*■  ■  1>  «=2,9?» 

a 


■-""1  h  X  X  w  Q* 

2.  — --l*^**^*25^^r^*X-«T7 


3» 


>x 


2*  X 


4»    ^'^^^t P^*  ;^  :t  2.4.6fl»'^  ^a  ^        2.4.68a*:     ^ 

1  X         a?         S3?  3  Six* 

'5,'.  Here  P=^  ^s=±:->  masl,  and  nssS.   P'^sa^asA^ 


=Bi 


ft  .  a 


9.a 
i»— n«^     — 2       \  b  b         I     — 2P     ^ 

3»    ^'*='-§-xa   ^3.6.rf»^=:a^=«  ^,*  3.6; 

ft    ^*^  12  '^       '^3.e.9:a» -^  *i  ""    3i«:9.12«' 

2y        2.5y         2.5.86' 
3ti      ie*^  ^.6.9a^     3.6.9.1^ 


yr 


.•.(a±*)i«=a*Xfl±ir 


^S/r  Btee  ftastfi 


-,  maeel,  flBBs4r.       Pi'sBa: 


*ix-i-«. 


4a 
i  *  i 

9    X*  ^~4tfX""a 


Irf^' 


3n 
ai— 3n 


12 

— H, 


1     _3A»         }         1  3.74»      ^ 

X  a*  Xt^X  —  T««*X  —  ToT2-f«^ 


^=^x«-x 


48^         fl  . . 

J,_         3.7^     _      b     a^X— 3.'3f.llft* 


4.8.12tf''^      a 


34^ 


3.7tf 


4.8.12.16a^ 
3:7.IU*    . 


4a     4.8a>      4.8. 120*      4.ai2.16it« 


fta» 


/fi/.  Kesefi=uh  a==^,  «rs=  2,.  «a=3;  P-astf's.A, 


?'*-«»*xJ-.»xS-B, 


6.  x-'xgxr'^^x-s?"^' 


9iB  BMOKUIi  TSBmnt. 

» — 3n_._,  7         t       4a^.      a;         I  -4.7a:* 

^^  DQ=     ,^X  a'X  TBT-  X^=  «'  X 


4«       ^         12'^  "  ^  9'te  ^a~      ^  9».12rf' 

,    ,    J        I  (  ,    ,  2a;      a:*    ,    43:*        4.7a:*    ,  , 
...  (a^x)  =  «    j  1  +g-_^-)-_— ^^^^&c. 

6'.    HerePssrl,  Q= — Xy  7w==2,  w=5. 
-^j^iJUi—    jQ  X        ^  X      X—    ^^Q    —I., 


3»       ^       15  ^       6.10  5.10.15 

"IJT    ^^  20    ^        5.10.15  '^     ^""  5.10.15.20         ' 

f  2a;     2.3a:^       2.3.8^^        2.3.8.13±^      ^ 

••.  (1— a)  _1     ^  — ^-j^      ^^^  j^       5.10.15.20      ^' 


6''.  Here  P=«,  Q?=  ±-,  wt=>— 1,  7i=2.       FT—  «    ^=5 


^BQ»=ix.-*X^£x±^«-^X^^. 


3n  6  2.4.a*  a  2.4.6a 


.    .    V— i        — i,^-^  a:     ,    3^^  _  3.5x»     ,    3.5.7Z*       ^ 


2.a  •  2.4a^  ^2.4.6a»  ^  2.4.6.8a^ 


a; 


6'".   HereP=a,  Q=db-,  ^w=— 1,  w==3.     P-  =  a~^==A, 

a 

ftt .  -.      —1        A       .  X         — J-      X      — 

^Kq?=^-:r-r^X  ±  -=  a^X  T  ^=B, 


_BQ=-^  X  a-*X  d=  3^X  d= -=  «"*  Xg^gj 

_7         _A       4a:«         .a;         —4  4.7a:» 

X  a^  Xo^X  =t  r=  «       X  ^F 


/  j_  ^-*       -iv>  /,-^  2;    ,    4a*  _  4.7ai»     ,    4.7.1(te«   .  . 
«"".  Here  Pssl,  C^=^,  «w=»— 1,  n=6.     See  Index  for  kit 


moo 


CO-     ^^v^^z=^HK=D 
3»    ^*^~i5'^ 6.10^        6.10.15         • 

i»-3n^-^     16       —6.11a*  6.11.16a:* 


4»      ^~     20  '^  5.10.16  ^^     6.10.16.20 

-I  X    ,    ear'         6,lla:»     ,     6.11, 16:g* 

-(!+«)    — 1    5    I  5.10       6.10.16  '    6. 10.16.20  "**• 

We  have  seen  that  (a±xf=cl^±2aX'{-3?;  (a±z)^  =  a'±  3e?x 
-{iaafdtzA    (a±a:)*===:  a*±4fl'a:+6a'a;»±4aa:'-j-^,  and  in  general^ 

•if  Ace.,  where  m  is  any  number  whatever,  whole  or  fractional;  pos^ 
itive  or  negative. 

This  theorem  will,  therefore,  not  onlv  enable  us  to  find  any  gvr' 
en  power  of  a  binomial,  but  will  furnish  a  ready  way  of  extract- 
ing any  proposed  root  of  the  same.  Any  binomial,  as  (a  -|-  x)^ 
may  be  expanded  into  a  series  of  the  form  A  -f-  Ba:  4-  Cof  -}-  &c. 
whatever  be  the  value  of  nt,  where  the  first  term  is  independent  of 
Xy  and  the  following  terms  are  whole  positive  increasing  powen 
of  Xf  with  coefficients  B,  C,  kc.  independent  of  x. 

Let  m  be  any  whole  number,  and  let  (1  -[-  a:)"^*=14-Pa>4-Qa:* 
4.&C.;  .-.  (l-f^)»=(l+Px+Qa:'+&c.)-(i+a:). 

="^:|:J4J?+t'* !  =i+(p+i)-^+(p+q)-^+&c. 

which  shews  that,  by  the  introduction  of  another  factor,  the  coef- 
ficient of  the  second  term  is  increased  by  1.  Now  (14-ar)^^l+2ap 
-f&c;  (l+a:)'=  l+3a:  +  .'.  generally  (l+a:)"=l+7wa:+  &c.    k 

(1-f  a;)""",  or  by  actual  division.  rTjjTs  =1 — mx-^^cc.  Now  since 

(^x=a'(l  +^\  .',(a+x)^=a^{l  4-^)"  =  «°(l+»«^&») 

Hence,  whatever  be  the  value  of  m,  the  two  first  terms  of  the 
expitwsion  (a-t^)"  are  eT-^^ma^^x,    Assume  (a  +  a:)""  as  «■  -j- 
»w"^x+Aa^-f-^"lr  ^'J  where  A,  B,  &c.  do  not  involve  x,  and 
remain  to  be  determined.     On  this  supposition 
\f^^x+z)  }=  a-^^-  9wa— na:+2:)+A(a:+2:)«+B(x+z)»+&c. 
s=  a"-4- 7wa""*x -j-Aa:* -f.  Bx»4- &c.        ) 

4- wfl'*^*^  4-2Axar -f  SBx'H-^-  I P 

26  ^  37 


SW  BINOMIAL  THBOREir. 

Now  {(a-fa:}+z)  :===:ia+xY'+m[a+x)^2+Aa^'\-B7^'{-&cjsa 

+f  c.  i 

Where  aS  B',  &c.  are  the  values  which  A»  B,  &c.  assume  when 
{m — l)'is  put  for  m,  Nojw'  these  two  series  p,  q,  expressing  the 
values  of  (a-j-ar-f-^)'"  must  be  identical ;  therefore,  by  equating  co- 

efficients  2 A=m*(9» — 1)"*"*,  .'.  A== — ^Ym — ^"'^J  also'A'ass 


rk -Or     •    Hence  2B=s=wA*= — ^ =4r ^flf*^- 

1'2  1'2 

i«*{»i— 1)       J  „  ,  wi'(wi — l){m — 2) 


""'^H ,.oo ^a-'^+te. 


1-2  •  1-2.3 

In  the  same  manner  it  will  appear  that  (<»<— 2)"V=s  a"— 4im^4P 

And  this  formula  will  hold  good  whatever  be  the  value  of  m ; 
whether  it  be  integral  or  fractional,  positive  or  negative. 

Extract  the  cube  root  of  750,  or  of  9'-f  21.     Here  esss^^tmsS, 

anda:  =  21  ,.^„^^.        ^{  .    .21     ,     4(21)«    ,  ^      ) 

9-086592, .    •••  ^('^^)  =  M  ^  +^50  '  18(750^+^'  1  l^' 
'  If  6"  be  large  compared  with  x,  these  expressions  converge  with 
great  rapidity ;  ,and  in  general  it  is  not  necessary  to   take  more 
man  four  terms  of  the  series.      m'(m     1) 

Since  (a+a:)"==a"'-f-'na"-*x-4 — ,      ^^  (f^a^  kc.y  and 

{ar^z)'^=ar'--ma'^^x  \   ^  j^  V°^g'— &c>    .-.  by    addition, 

^    '    ^  J  . ^=a"'-4 — Vs — ^a"^ar+&c.  =  sum  of  the  odd 

2  '       1'2  * 

terms  of  the  expansion  of  (a-j^ar)".     By  subtraction 

rf  the  even  tetms.    If  a=x=l,  (l+l)*  or  2'^=l+wi-j ^ — 

-^&c.s=s  sum  of  the  coefficients  of  the  expansion  {a^x)"^.  Tlie 
sum  of  the  coefficients  of  the  odd  terms,  is  equal  to  the  sum  of  the 
coefficients  of  the  even  terms  :  For  if 


2 


X0LTtPLICAI»]iai  AXP  DIYIStoK  OF  SIEBS. 


A  trinomial  (a^-^^)  ^^7  ^  nised  to  any  power,  thus : 


.       ,  m'{m—l) 

\lhf-x)  -j rrrz -a 


(3+:,)«+^'(^l)'i^'^)a 


(^4-:c)»^te. 


1-2     -     ^    •  -'    •  1.2-3 

by  considering  (^4'^)  ^^  ^^^  quantity.    And  in  general 

,  m-(m-l)  „,.-a  ,  w(«i-l\  „^v.    ,  ,      ,       {«r-l)*(m-2)  „_.,.  ^ 

+ nr"^^  ^+'n^^^^+^'+^     i-2'3  ^  ^-P- 

te.,  which  is  De  Moivre's  Theorem. 


On  the  Multiplication  und  Division  of  Series, 

117.  Any  two  series  may  "be  multiplied  or  divided  by  each  oth- 
er, by  substituting  the  numbers  or  letters  of  the  given  example,  in 
the  place  of  their  corresponding  terms,  in  the  following  general 
formulae,  and  then  finding^ the  result  accordingly.* 

A<^^-A^r-j-AJa:^4-A^a^--f"^^*"h^• 


Product 


AoBo+AiBo 
4-A.B, 


-A,B, 
--A,B, 


2r—  -  AsDo 
--A3B1 


M 


a?*+4** 


ar'+A4B. 
— A,B, 
— A,B, 
— A,B, 

4-A.B3 
And  if  Bo=:Ae,  Bt==:Ai.  R^ssA^,  ^c.  the  formula  for  the  sqaaie 
of  the  upper  of  the  above  series,  or 
(A(rt-Aia;-|-A|^-|-Aa^+-^^^"f'^^-)'  will  evidently  be  in  that  case 


as  follows : 
Square  = 


-j-AiAo 

4-A.A, 


2r— 4— AgA^  XT"  ~  A3A 


tAiAi 
AflAs 


2r-  — A4  A^ 

— AsAi 
""AgAa 
-  -  A1A3 
-— A0A4 
..       Ao-f-Aia:-f-Aja:'+A3a:^-}-A4a:*+<fec. 

'     l+B,a;+Bsa^fB9ar»-f.B42r*+&c. 


--AgAi 

*T*AiA2 

Ad  A  3 


X^-^^C, 


*  In  the  mode  of  notation  here  followed,  it  is  to  be  observed, 
that  Ao,  Ai,  As,  &x;.'are  the  coefficients  of  the  several  powers  of 
z,  so  taken,  that  the  inferior  figures  0,  1,  2,  3,  &c.  by  which  they 
aie  denoted  shall  always  agree  with  the  indices  of  the  unknown 
Quantities  that  are  attached  to  them  ;  by  which  means  the  law  of 
ue  continuation  of  the  terms  is,  in  all  cases,  rendered  obvious,  and 
a  conformity  between  the  coefficients  and  powers  of  x  comstandy 
preserved.  "  ■; 


mnjmucjixnom  ^jkd  mvwom  ow  smvmB. 


Qaotient  = 


— BiCe 


a:+A«  *  a?+Ai     i'+'^     a/*-(-&c. 

— BgCo    — BsC*    — — B4C0 

— BiCi    — BgCi    — BgCi 

— BiCf    — BgCs 

-B«C, 

And,  if  A«,  in  the  upper  series,  be  taken  «=  1,  and  the  rest  of 
the  terms  be  put  s:  0,  or  made  to  vanish,  we  shall  have  for  the 

reciprocal  of  the  lower  series,      j_-_^_^^;j-g-j-_ 


Beciprocal  ss 


1-B,C, 


a;— BgCo 
-BiC, 


it— BaCo 

— BiCi 

BiCg 


— BjCi 


— BgCs 
— BiCJ 

where  it  is  to  be  observed,  that  in  each  of  the  two  latter  seriesCo 

denotes  the  first  term,  Ci  the   coefficient   of  the  second  term,  Cj 

that  of  the  third,  and  so  on,  according  to  the  order  Ca,  C4,  Sec.* 
1.     Find  the  product  of  the  two  series  l-hi^a:"hi^"i"i^"l~5^"|" 

&c.  and  1 — Jar-f-^ar* — fa:^-}"i^*"^'TV^"l~^<^- 

Here  A^=l,  Ai=^,  A4==i,  &c.  and  Ba=:l,  Bi=s — (,  B|F=Bi-,&  c. 

Whence  AoBo=l ;  AiBo+AoBi=i— i=^  ; 

A,Bo+A,Bt4-AoB^i— i-H=ji 


oB^i-Hf= 
iB2-'-A<)B|F=i-; 

jB2--AiBr4-Ao 


il  A     J=^iVfe 


AaBo-f-AsBi+A, 

A4B,+AsB,;fA,B24.AiBrfAoB4==4---A^ 
•••  l+ia:4-^^-|--3^ira?-{-^V^*4-<^^-»  the  product  required. 
2.  Divide  the  series  l+iar+j-^ar+TWiy^-f  fift\>a?*+4'C«  *>y  the 

Here  A(F=1,  Ai=^,  A.j=z^,  ^c;  and  Bi=|.  BsF^ii  8^=^,  4<. 

Whence  Atf=l=Co;  Ai— BiCe=4— J=3— J=C, ; 

Afl( — B2C(r-^BiCi.t-tU     J-|-|c=.J;^dCa ; 

As — BsCo — BsQi — BiCafcsT^^j^ — i-jri — A  * '    i     Ca» 

A4— B^Cer-BsCi— B,C2— BiC^j^^iA^  C4  ; 

&c.     Therefore  1 — iar-j-^ar* — ^ar-f-Ja:* — &;c.:=quotient. 

1.  Multiply  l+J:c+K+Ja:J+^:c*+^^a^+&c.  by  l+Jaj+Ja? 

+ia^+i^*+^-     Ang.  l+«+K+§a:»+Aa:*+if^+&c. 

2.  Find  the  square  of  the  series  1  — jar^-ja:* — ^^-j-^* — 1^"{* 
*  The  first  term  of  the  denominators  of  the  two  last  examples 

given afboTe  are,  for  the  sake  of  simplicity,  taken  1  equal  to  unity; 
ie  which  form  any  series  can  always  be  reduced ;  as  is  evident 
^roih  Ihe  following  instance,  ' 

fl^5a:-f-cic*+^a?-j-ca:*4-&c-  =  fi^(lH — a:+  -a)*-] — a:*-}~'^+)*^' 

Milch  method  may  also  be  used  in  other  cases,  whenever  it  will 
ttailnr «  formula  more  perspicuous,  or  any  process  1^  mvestigatioii 
less  embarrassing. 


J**— &c.  "  Ans.  14-:r^-Jx'4TV^4SV^++f*^+&c. 
4  Find  the  reciprocal  of  l+Ja;+ia:»-|-ia:*+fr*+j2:*+&c. 

Ans.  l—Jar-TVa^—iVa^— T*^— l*b 

On  the  Mtiitinamial  Theorem. 

118.  The  multinomial  theorem  is  a  general  expression,  or  fof^ 
mula,  lor  determining  any  power  or  root  of  a  given  quantity,  con« 
sisting  of  any  number  of  terms,  the  form  of  which  is  as  fellows : 

(A<r|-A,a:+A^ia:*+Aa2^+A4a:*+ +A^)"'a=A«"'+ 


I7lA.iB{ 


^  '  +&«A,B. 
_j_(Mi_l)A,B, 


-f(  M— 2)A,B, 


+(3m— l)A,Bi 
4-(2«-2)A.B, 
+(  w— 3)A|B,| 

where  "B^rsA^ ;  also  Bi,  B^^  Bs,  ^*  are  the  coefficients  of  the 
terms  immediately  preceding  those  in  which  they  first  appear. 

Or  the  same  series  may  be  exhibited  in  a  more  convenient  and 
practical  form,  as  follows ; 

(l-|.Aa:+Ba:»4-Ca:»+Da;*+E2:'+&c.)"»as:l 
,  mk     .  2OTB-f-(7w— l)Aa  .  ,  3otC+(2w»— l)Bfl+{w—2)A*   . 

+1"^  H 2 ^'^ 3 "  *^ 

,  47«D-f(3?7i— l)Cfl+(2m— 2)BW-(w-^)Ac  , 
H 4 ' * 

5mE+(47w— 1  )Dfl+(3?w— 2)C&+(2wi--3)Bc-}-(?w— 4)  Arf^ 

&c.  where  a,  by  c,  &;c.  are  the  coefficients  of  the  terms  immediatelj 
preceding  those  in  which  they  are  first  used. 

And  the  manner  of  applying  the  theorem  to  any  particular  case 
is  by  substituting  the  numbers,  or  letters,  in   the   given  examples, 
for  Ao,  Ai,  A4,  &c.  and  971,  as  in  the  binomial   theorem  before. 
given. 

1.  Find  the  cube  of  the  series  l+a:+a:*-{-2'-f-a:*-{-a:'-f-^- 

Here  A<f=1,  Ai=:1,  As=1,  6cc,  and  7ns=3 ; 
whence  Ae"S=l"=  1  =Bo ;  ?7iAiBo=3XlXl=3=*=B,; 
2mA«Bo+(w«— l)A,Bi     64-2x3 

2Ai,  2 

3wA,Be+(2w2^1)  AaB,+(m  — 2)AiBa  __9+lg-f6_,^ 

3Ao  ~       3  "' 

^A,B,rK3m— l)A3B,^(29w— 2)A,Brf  (wi-^)AA^^^    ^  ^ 

4A7 
Therefore  l+Sr^-ea^-f  lQz'+162^+2l2!*+fcc«  »:  required  eubeu 
25* 


BH  "BMfWKUOM  CUf  MMIM* 

•  $.    Find  the  mbe  root  of  the  series  1  +|^+i2^+i^+i«^+ 
^af^Scc.    Here  A<F=sl,A4is=4,  A^=4t  ^^=^h  ^''*  walLmssz\^ 

amA«Bo^-(gm— 1)A,B,4-  (m— 2)AiBa^ 


3A<, 
4mA,B*-|-(2m— l)A,B,-j-(2in— 2)A,Brf(m— 3)A,B,      ...      „ 

te. ;  therefore  l+^a: — iV^+fWJ^ — A^^"}"*^'  •^^• 

3.  Wiat  ie  the  square  root  of  the  series  14-«-f-a:?-j-«'+^  ' 
Here  a,  b,  c,  &c.  are  eacn .  =  1 ;  also  Q==| ;  therefore 

«^1=A,  Q^J=B,  (^^^^)A^  [  Qc^|=C, 

4.  Find  the  square  of  the  series  1 — Ji^+i^ — f^'+i^ — ^* 

5.  Find  the  square  of  the  series  l+aj-f-i*-!-^"!^^*"!"^^' 

Ajw.  1— lic'-H*^— ^^'+Hi^&c-  Ans.  l+Sx+S^E^-HaS+fi** 
'  6.  Find  Ae  square  root  of  the  series  14-a^+aM-ar4-a^-{--a:'+&c. 

7.  Find  the  square  of  the  series  y — y*+y^ — y HV — ^* 

Ans.  l+k^+iaS^-Ws^-hPih^*'       Ans.  y«-5y*+3a:«-^j^+5y». 

8.  find  the  cube  of  the  series  x — ia;*-}-Jic' — i^*'\^^ — ^• 

*        3      5      7      9      11 
0.  Find  the  6th  power  of  the  series  1  -j hs+^H — i+TJ 

1 
10.  Find  the  square  root  of  the  series— -^^  i  .  ^    -^^  .  'j  >  -y- 

^<»M«»^»— P— *— »»ii— »*»«  ■    II  I  I     I     I       I       I    I        I  I  ■  »  I  I    III    I    ■     I  I       I  I         J  I 

Of  the  Reversion  of  Series* 

.119.  Reversion  of  Series  is  the  finding  the  value  of  the  root, 
or  unknown  quantity  contained  in  an  infinite  series,  by  means  of 
another  infinite  series,  in  which  some  other  unknown  quantity  only 
is  contained ;  the  method  of  doing  which  is  as  follows : 

Rule  I.     If  the  series  consisis  of  all  the  powers  of  the  un- 
known quantity,  as  aa:-|-ia:'*-j-ca:'-f-rfa:*-f-€a:^-j-&c==y, 
substitute  the  particular  values  of  the  coefidcients  in  the  given  ex- 
ample, for  a,  hy  c,  dj  &c.  in  the  following  formula,  and  the  result 

will  bethe  value  of  «,  as  required,  x  =      —^^3+  (2^ — ^O 
•^aj».-^:gfljc  +  M  )^+{l^  —  21a*«c+3d»c«  +  Sd'bd  —  o'e)^ 


wieze  it  is  to  be  okserred,  thiit  if  y  be  a  Urge  nutnber,  the  series 
will  often  divera;e,  and  .*.  in  tbat  case  wiU  be  of  no  practical  use. 

^     gf     x^     of 
i.  Grr^n  ^4"5" +^  +"7  +"^  +  ^-  =*  ^»  *<>  ^^^  ^^  value  of 

;c  in  terms  iA  z.     Here  ossl,  &a;|,  c=s^,  ^M^l'  £«=^»  ^*  ft&d 
yw,  whenc  ei—  1,  — i«=:— i,  +  (2^^<ic)«B4  —  iiw4 

4.(14i*_21ai«c+3aV+6fl»^(i— a^e)=xi^ 

=>-(! i  ■  3  I  V  I  I   ■  A--i^+i)=~T^o,  &c.  fee.     Therefore 
Ans.    X  =  z  —  ^2*^  +  |2^  —  2^^*  +  yJ^z^  —  7 J^2«  +  &c. 

2.  Given  re  —  a?  +  a:^  —  a:*  +ar^ — 3f^J — &c.  =  z  to  find  the 
vnjiie  of  z  in  terms  of  X-  Ans.  xss  z-^  z'+z'-f-z^-j-z^-j-z'-f-^- 

Sk  Given  «>— J^+i^ — i«*-f-i^ — t^+f^  —  &c.  s=  z  to  find 

zintermsof^,      Ap8.*==z+iz»+ Jgz-^^z^H-g;^/ 

4.  Given  x — ia:*-j"J^ — J^*~}~^^ — &c.=y,  to  find  the  value  of 
X  in  tense  of  y.       Ans.  aF=y-f  |3r^4-iy^4-^+,Vy*+A^+*c. 

5.  Given  y.^^+^^+_+g^  4^+^^,fcc.  «  *,  |p 

find  the  imiue  of  ^  in  term?  of  z. 

.  z«  ,  4z^     7z*  ,    14z»     452z«  ,   7148z'     . 

RuLx  II.  If  the  series  consist  of  the  odd  powers  of  the  nnkno^rn 

quantity  only,  as  aa;-j~^^"4~^'f*^^"f^"l"^c*=  y»  substitute  the 
particular  values  of  the  coefficients,  in  any  given  example^  Ua  4jt 
^1  c»  di  &c.  in  the  following  formula,  and  the  result  will  be  tjb^ 

vrfue  of  X,  as  required.         z  ^ —  b  Vf  (3tf*--<ic)^ — (12y4- 

M—  Sabc)^  +  {5Sb*—55alf'c+  10rf»«i+&?(^-^e)-^&c. 

Vheie  il  is  to  be  observed,  that  in  this  case,  as  well  as  itk  ^ 
former,  the  given  and  reverted  «erieB  must  be  both  of  the  sun^ 
form,  or  otherwise  they  are  not  ccmvertible  into  each  other. 

Given  1^  2:3^  I  2,3.4,5  ^'*2.3^.4.5.6.7^'  *  2^.4.5.6.7.§';9*' 
u^  ifce.  sis  «^4  tk>  find  the  value  of  :t:  in  terms  ot  z.  flete 

.-.  ^  t«l,  —  *  =  I  =;=y?^  J   (3^-  «C)=(A— rf.)  =^|?p«^i.^  J 

r-i.-.iL4JL4_l 1-U    ^'^  ;theref«e 

\JB96     «64  <^  3QS4  ^  8880     ^08880  / ^.4j6.8i9 '         ^*^ 


%5^+2Ar +135:7*    '  2.4.6.8.9  ^+*"- 

2.  Given  a:4-a:'+a^+^'4'^+*^'^=y»  *®  fi'**!  *^®  value  of  x  in 
terms  of  y,  Ans.  re — y    y'4-2y'-*--5y^-f-14y' — Ak. 

3.  Given  ay-^a^'-fia^— ,Ja;'+|a:«— ^a^'+A^— &c-  to  find  the 

vahie  of  x  in  terms  of  z. .  ,  1   •  i    2    .  ,    17    ,  ,     62    . 

Ans  x:==z+^^+-^+— .^+_gs- 

4.  Given  x^J''-\^7f-\--^%^^.f^^a*+kc.—z  to  find  a:  in 
terms  of  z.  Ans.  x=,z  —  ^:^J^^—  ^ij5^''+rm^^' 

RtXLE  III.     When  two  series  are  equal  to  each  other,  as 

and  it  is  required  to  find  the  unknown  quantity  in  one  of  thon^  in 
terms  of  the  unknown  quantity  in  the  other,  substitute  the  partic- 
ular values  of  the  coefficients  m  the  given  example,  in  the  place 
of  the  known  letters,  in  the  following  general  fommla,  and  the 
result  will  be  the  root  or  value  required. 

:p-:  a  ILj.(|9_iA«)?^+(y— 2*AB— cA^?^(a--*B«— 2JAC-- 

3cA«B--.^A*)??H-(5— 23BC— 2*AB--3cAB«--^A'<V-4rfA»B— 

eA»)  H-C-S-— 2^BI)--*C»— 2*AE--<3F--6cABC— 3cA«D— 

6rfA»B*— 4^A»C— 5cA*B— /A*)  ^&c.,  where  it  is  to  be  observed, 

that  A,  B,  G,  dec.  are  the  coefficients  of  the  first,  second,  third, 
4*c.  terms.  The  same  form  may  also  be  rendered  equally  appli- 
cable to  the  case  in  which  the  odd  powers  of  z  and  y  only  are  con- 
cerned, by  putting  each  of  the  coefficients  of  the  even  powers  sdO. 

l^rh  iy'4"i^"l"iy*"f'^'  to  fij^d  X  in  terms  of  y. 

Here  a==l,  &=— i,  0=^?^,  rf—    ^.-^.y   &;c.;  and  a=J,  /?=i* 
y=J,  dss^,  &c. ;  whence  a=jB=A,  /?-n6A^=8i-|-JXi==4ia=B 

a_iB«— 2^AC— 3cA^B— rfA'fe^MfS^l)* 

«— 2iBC— 2*AB-^cAB»— 3cA%— 4(iA'B— eA*=^|^2,  &c. 

Therefore  iy-|41y»+Hs^-H«l52/*+MHj^+&c. 
2.  Given  «+:c«+x'+:c*+a^+&c.==y+iy«+iy«4^*-h^,  to 
find  X  in  terms  of  y.  Ans.  as=y — Jy'+iy' — i^"HVS^' 

a  Given  x+  _ +^+j^+&c=^y+  _  4_^,  +—, 
to  find  a:  in  terms  of  y.  ^^  ^^^^j^^^y^  +  ^By'te. 
Where  A,  B,  &c.  are  the  foregoing  terms  with  their  proper  siga* 


Mnmami  op  mot* 


^  12L  If  the  series  giveu  be  ae4^4^4*^*H^4*^«^^=9>  ^ 
&)di]i|^  the  yalue  of  as  in  terms  of  y,  it  may  be  demonstmted  we 
iollewB ;  assume  a=Ay-|-By*-|-C3^-|rIV+Ey'7f-toi«  &c. 

Then,  if  tiiis  valae  be  substituted  for  x  and  its  powers,  in  ibe 
above  equation,  we  shall  have 


aAv-f-aB 


+  2MB 

+CA» 


y'-j-fa:. 


y^-l-aE 

-  -2^4D 

-  -2^BC 

-  -3cil»C 
--3cilB« 
.-4(iil»B 

And,  consequently,  if  the  coefficient  of  the  first  term  be  put  as 
1,  and  each  of  the^rest  =a=0,  there  will  arise  the  following  results ; 
AA;=i ;  flB+5A^«==0  ;  aC+25AB+cA»=0 ; 
tfD+2*AC+*B»+3cA»B+rfA*t=0 ; 
flE4-2&AD+2^BC+3cA»C+3cAB«+4rfA*B^A»===0, 

Where,  finding  the  values  of  A,  B,  C,  kc.  m  the  first,  second* 
tiird,  9^.  of  these  equations,  and  substituting  them,  as  they  arise 
in  tlie  succeeding  equations*  we  shall  have 


i » « ■■ 


Dss. 


]E— 5 y L_-- — ^  «c.  occ.  which  are  the  coef* 

<r 

ficients  of  y  and  its  powers,  in  the  reverted  series. 

123.  When  the  series  consists  of  the  odd  powers  of  a;,  or  is 

9f  the  ftnn  aa:-4-i3?-f^+^'^4^^"4"^-  =y»  ^®  ^*^*i®  of  *»'  J*^ 
terms  of  y  may  be  obtained  in  a  similar  manner,  by  assuming 
ifeAy+B/-f(y+Dy^+Ey'+&c. 

For  if  this  value  be   substituted  for  x  and  its  powers,  in  the 
above  equation,  as  in  the  former  case,  we  shall  have 


y— 


aAy-4-flB 


.-3*A*C 
--a^AB'^ 
-.5cA*B 


•aE        jy^-j-fcc. 

-6iABC 
--*B» 
--5cA*C 
-  -10cA*fl»l 
'-7dA*B 

And  consequently,  by  putting  the  coefficient  of  the  first  term 
B=l,  and  the  rest  ==0,  as  before,  there  will  arise  the  following  re- 
sults :  aA=l ;  aB+&A'=0 ;  aC+23A»B+cA*=:0 
aD4-35A«C-f-3*AB«-}-6cA^B+iA'=0 

flE4^A*D+6UBC+^A»4-5cA*C+10cA*B'+7<i:A«B+eA*===« ; 
where,  finding  the  valuefs  of  A,  B,  C,  ^.   in  xthe  first,  second, 

38 
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diiid  &c.  of  these  equatioiis,  as  in  the  fonner  case,  and  then  sob- 
stitttting  them,  as  they  arise,  in  the  succeeding  equations,  we  shall 

have  A=?.  B  =  -^-  G=^=^^  D ^^+^^^-^^ 

nave  a_^,  o—      ^»  ^—     ^     >  J^—  J5 

-     55i*— 55d^c+10a«W-f5a«c«— fl»e    .        ,..  i.     '      .  ^ 

£-=3 L — jj ! ^  ^.  wh;ch  are  the  coem- 

a 

cients  of  tf  and  its  powers,  in  the  reverted  series,  for  this  case. 

124.  When  there  are  two  series,  consisting  of  the   successive 

powers  of  x  and  y,  as  aar4-^a:*4'Ca:*"f"^"f"^"=='*yr"^"l~yyM^* 

Let  there  he  assumed,  as  in  the  instances  hefore  given, 
astesAyrj-By'-f  Cy»-[-IV+Ey^+&c.     Then  if  this  value  be  sub- 
stituted  for  x  and  its  powers,  in  the  left  hand  member  of  the  pro- 
posed equation,  we  shall  have  «y'|-^y'4-yy'+^y*~l"*y""f"^' 
==aAy+(aB+iA»)y»+(aC4-2^AB+cA')y»+(aD+2iAC+^B»+ 
3cA«B-f  dA*)2/*+(aE4-23AD+  23BC+  3cA^C+3cAB«  +  4iA»B 
-4-tf A')2r -|-  &c.  and,  consequently,  by  equating  the  coefficients  of 
the  homologous  terms,  there  will  arise  the  following  results  : 
aA=a,  aB-f-5A^^,  aC+2*AB+cA'=r,  oD  +  23AC  4-  ^B*  + 
'3cA«B-f^a*  =  a,  aE+2*AD+23BC+3cA«C+3cAB«-f4£iA'B+ 
eA'^sse,  where,  finding  the  values  of  A,  B,  C,  &c.  as  in  the  former 
cases,  and  substituting  them,  as  they  arise,  in  the  succeeding  equa- 
tions, we  shall  have  Aa=-,  Bes ;  C—  ; 

a  a  a 

^_^B«— 2^AC-^cA«B— <iA* 


-     c— 23BC— 23AD— 3cAB«— 3cAH3— 4iA»B— «A»    ^       ^ 
IS'  —  ,  ai5c,    aec 

■CL 

which  are  the  coefficients  of  the  terms  of  the  series  that  give  the 
value  of  X  in  terms  of  y.. 

Of  Permutations  and  Cornbinatums. 

Permutation  is  a  change  in  the  order  or  position  of  any  nnmber 
of  things,  so  that  no  two  parcels  of  them  shall  be  situated  alike. 

Thus,  the  two  letters  a,  h^  admit  of  two  permutations,  viz.  ah 
and  ha. 

The  three  letters,  d,  &,  e,  admit  of  six  permutations,  viz.  abc^ 
bac,  cab,  acb,  bca,  cha. 

By  combination  of  quantities  is  meant  the  diflerent  collections 
that  can  be  formed  of  them,  without  regarding  the  order  or  posi- 
tion in  which  the  quantities  are  placed. 

Thus,  the  number  of  combination  which  can  be  made  of  three 
things,  a,  b,  c,  taken  two  and  two  together,  is  3  ;  viz.  ah,  ac,  be. 

The  number  of  combinations  of  lour  things,  a,  b,  c»  d,  taken 
two  and  two  together,  is  6 ;   viz.  ab^  ac^  adt  3c,  bd,  cd.    If  taken 
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three  at  a  time,  the  number  of  combinatioas  is  4 ;  viz.  oic,  acd, 
kd,  abd. 

Theorem  1.  The  number  of  permutations  that  can  be  formed 
out  of  {n)  quantities  taken  two  and  two  together,  is  ».(?i  —  1) ; 
taken  three  and  three  together,  the  number'^s  n,{n — 1).(7^-»2). 

Let  a,  &,  c,  d^  e,  &c.  be  the  (n)  quantities,  which  are  to  be  ta- 
ken two  at  a  time.  Now,  by  placing  a  before  each  of  the  other 
[n—l)  quantities,  we  form  {n — 1)  permutations.  Also,  by  placing 
i  before  each  of  the  remaining  {n — 1)  quantities,  we  form  («^— 1) 
pennutation ;  and  this  process  can  be  repeated  {n)  times,  therefore 
m  all,  we  obtain,  n(.n — 1)  permutations. 

Again,  of  {n —  1)  quantities,  when  two  are  taken  at  a  time,  we 
liave  (n — l)'{n  —  2)  permutations,  as  appears  from  wbathas  been 
already  said  ;  and  since  a  can  be*  prefixed  to  each  of  these  quanti- 
ties, there  may  arise  (n — l).(n — 2)  permutations  in  which  a  stands 
first;  and  this  process  may  be  repeated  {n)  times,  .*.  upon  the 
whole  we  obtain  ii{n — l).(w — ^2)  permutations  when  three  quanti- 
ties are  taken  at  a  time. 

By  following  the  same  method,  it  appears,  that  in  (n)  things,  if 
r  of  them  be  taken  together,  there  are  n.(7&— l).(?i-— 2).(7i — 3)  •  •  •  • 
(»— r+1)  permutations. 

Theorem  2.  In  (n)  quantities,  containing  (p)  quantities  of  one 
sort,  {q)  quantities  of  another  sort,  &;c.  the  permutations  will  be 

n.(n—l),(nr-^2)   ,.,,3.2.1 

1.2.3. ..  .pXl. 2.3.  .•  .^Xl.2.3. ..  .r&c. 

Now  when,  the  quantities  are  all  diflferent  from  one  another,  the 
number  of  permutations  =n,{h —  l).(?i — ^2).  .•  .3.2.1,  taking  (n) 
at  a  time,  by  Theorem  1 ;  but  if  any  quantity  recur  twice,  the  num-  . 
ber  of  permutations  is  diminished  2. 1  times  :*  and  if  any  quan- 
tity recur  thrice,  the  number  of  permutations  is  diminished  3.2.1 
times  :  and  in  general  if  there  be  {p)  quantities  alike,  the  number 
of  permutations  is  diminished  1.2.3.  •  •  .p  times.  The  same  may 
be  shown  with  respect  to  the  (q)  quantities.  Hence  the  number 
of  permutations  which  can  be  formed 

n{.{n — l).{n — 2) 3.2.1 

1.2.3....^  X  1-2. 3.... jr  X  1.2.3....r&c. 

1.  Required  the  number  of  variations  or  permutations  that  can 
be  formed  of  the  letters  in  the  word  "  Bacchanalia." 

Here  the  letter  c  recurs  twice,  a  four  times,  and  there  are  1 1 
letters  in  all ;  .'.  the  number  of  variations  required  . 

'  *  Since  each  combination  of  two  quantities  admits  of  1.2  per- 
ibutations,  and  each^  combination  of  three  quantities  admits  of 
1.2.3  permutations,  .*.  the  quantities  1.2,  1.2.3,  &c.  become  divi- 
sors of  that  number  which  would  represent  the  number  of  permu- 
tations if  the  quantities  were  all  different. 
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11.10.9.8,7.«.5.4.3,2.1      ^,^^^ 

1.2X1.2.3,4 

S.  How  many  different  ijiumbers  can  be  made  of  the  following 
digits  ;  1,  2,  2,  7,  7,  7,  5,  5,  6,  5  ?  Ana.  12600. 

3.  How  many  permutations  may  be  made  of  the  letters  in  Ihe 
word  "  examination."  Ans.  4989000. 

Theorem  3.  The  number  of  combinations  that  can  be  formed 
out  of  (n)  things,  taken  two  and  two  together,  is  ^{^^.(^  ^-  1)| ; 

when  taken  three  and  three  together        ■  ■  -^    ' 

Now  since  each  combination  ab  admits  of  two  permutations, 
•*.  when  the  quantities  are  taken  two  at  a  time,  there  will  be  1.2 
times  as  many  permutations  as  combinations.  Now  by  Theorem 
1,  the  number  of  permutations  of  (n)  things,  taken  two  at  a  time, 
^sn.(n — 1) ;  hence  the  number  of  permutations  s=  1*2  times  th^ 
number  of  combinations ;  .*.  the  number  of  combinations 
n.(n — 1) 

"^      1.* 

Again,  by  Theorem  1,  there  are  n,(n — l).(n  -— 3)  permatttiim* 

in  (n)  things,  taken  three  at  a  time  ;   but  each  cmiibination  of  3 

things  admits  of  1.2.3  permutations',  ,*,  n-{n — l).(?2-r9)  <¥»  1.2.3 

times  the  number  of  combinations^  i.  e.  the  number  of  combioi^ 

nAn-"-!).  (w— 2)      •«     ^  ii      •       »  ^     i  . 

tions  =  — ^ — r-~ .     By  following  the  same  method,  it  ap- 

pears  that  the  number  of  permutations  of  (n)  quantities,  tal^en  (f) 
at  a  time,  s=sn{n-^l).(n — 2)...(7i — ^r-f-1).  Also  each  combination  of 
(r)  things  admits  of  1.3.3.4.  •••r  permutations;  ,\  the  number q{ 
permutations  srs  1.2.3.  •  • .  r  times  the  number  of  coihbinations  | 
hence  the  number  of  combinations  in  {n)  quantities,  taking  r  of 

♦t.o«,  «♦  a  ti«.^  _  ^'(^^— 1)-(^— 2)>...(n-^+l) 
tnem  at  a  time^  =  ■ — wTo • 

TJtearem  4.  The  total  number  of  combinations  which  can  he 
formed  of  (n)  things  taken,  one  at  a  time,  two  at  a  time,  &3G.  ^» 
2-— 1. 

.  First  let  the  quantities  be  taken  one  at  a  time,  then  the  number 
of  combinations  is  •  ••  .n.    )f  taken  two  at  a  time,  the  number  is 


,  ,^.    If  taken  3  at  a  time,  the  number  is  „.<2=iLJJ=«!. 

•-     ,       -                .         ,            ,      .        (n^^l).(n — 8)'(?i— fc3) 
If  taken  four  at  a  time,  the  number  is  n.^— — \'     ^  ^  • 't 

1.S.0.4  ^ 

•%  the  total  number  k*  n  ^ ijj-^  +- -i — j-g^g — 4  ^^ftc. 

bb:(1+1)*-_1  =  2*-,1. 


On  L9garkkm$* 

123.  Logarithms  are  the  powers  to  which  a  given  numher  mast 
he  raised,  in  order  to 'become  equal  to  other  given  numbers. 

We  know  that  10>s=10,  10*=100,  lO*  =  1000,  &c. ;  therefore, 

if  10  were  the  given  number,  1,  2,  3,  &c.  are  the  powers  to  which 

10  must  be  raised,  in  order  to  become  equal  to  10^  100,  1000,  &c. 

Now,  suppose  it  were  required  to  find  a  number  (z)  such,  that  10* 

=a5;  it  is  evident  that  x  is  not  so  great  as  1,  because  10^=  10 : 

a  1 

suppose  2t=|,  then  10  ss=100'  =a  number  less  than  5.     .*.  x  is 

more  than  |  or  .666666 ;  but  if  x  were  =  .69897,  "then  10*  =2 

very  nearly ;  this  number  .69897  is  the  log.  of  6, 

It  is  likewise  found  that  10»^«»s 

2Q.4771S 

10- 

10».»*>«=11,  &C. 
L  e.  .301030  is  the  log.  of  2 ;  .477121  is  the  log.  of  3 ;    .696970 
is  the  log.  of  5 ,  and  1.041392  is  the  log.  of  1 1,  &c. 

Since  10  is  the  base  of  our  present  system  of  arithmetic,  the 
«ame  number  has  been  <;hosen  for  lihe  base  of  the  logelrithmic  sys- 
tem now  in  use.  It  is  evident  that  any  other  base  (a)  might  be  ta- 
ken, and  then  it  would  be  required  to  find  all  the  values  of  a;, 
which  would  make  a^  &=  each  of  the  different  numbers  whose  lo- , 
garithms  we  wish  to  find. 

Let  N,  n  be  any  two  numbers  whatever ;  and  suppose  a'  =  N, 
then  z  is  the  log.  of  N.     And  a^sssn,  then  x  is  the  log.  of  n* 

Also^  N  X  «==«*  X  a'J=sa'+^ 
Now  {x-\'x)  is  the  log.  of  Nx^  by  the  definition ; 

'      .•.  Log.  N+log.  «=log.  <NXw)- 
Hence  the  log.  of  the  product  of  two  numbers  =  the  sum  of 
tke  logarithms  of  the  numbers.     Thus,  log.  3X^=log.  3-}-  log.  6; 
Log.(9x8x7)=log.(9x8)4.1og.7==log.8+log.9+log.7. 
Ijog.pqr=s^og,pq^\og.r=[og.p-\Aog.q'i4og.r 

N     a*  N 

Also  —  =— a=aa*-1.    ,"•.  Loff.  — =^ — X  by  the  definition  of  lo- 
re     a^  ^    »  f    ^ 

garithms,  s=log.N — ^log.n. 

124.  Hence  the  logarithm  of  the  quotient  of  any  two  numbers  is 
equal  to  the  difference  of  the  logarithm  of  those  numbers. 

If  N  be  less  than  n,  a;  is  less  than  z ;  .*.  therefore  the  logarithms 
of  any  proper  fraction  is  negative.     ' 
Since  N=sa«;  i:i  N'"=«"%  and  the  log.  of  N""=wc=3i»log.  N. 
i  i.  ^     z      I        I 

Also  N*    ass  a» ;  .*.  Log.  N"  =-=--as=»--log.N. 

n     n       n 

125.  The  properties  of  Idgarithms  here  given  are  true  in  every 
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system ;  but  we  hare  selected  the  system  wkose  base  is  10,  be- 
cause it  is  the  most  convenient  for  all  purposes  of  calculaticm. 

It  is  also  evident,  that  if  a  series  of  numbers  be  taken  ia  geo- 
metrical progression,  their  logarithms  will  be  in  arithmetic  pro- 
gression. *  Take  the  common  scal^ 

KH,  10-»,  10-»,  1(H,  lQr\  1,  10\  10«,  10»,  10*,  &c 

^15^' »• 1,  10,  100.  1000,  &C. 

Or  .00001,  .0001,  .001,  .01,  .1,  1,  10,  100,  1000,  &c.;  each  of 
these  series  forms  a  geometric  progression,  and  the  logarithms  of 
the  terms  of  the  series  are  — 5,  —-4,  — 3,  — 2,  — 1,  0,  1,  2,  3, 
&c.  which  is  an  arithmetic  progression.  And  in  general,  o^,  o*^, 
«*+*,  a*"**,  &c.  form  a  geometric  series  of  numbers  whose  loga- 
rithms are  x,  a:-j-r,  a?-|-2r-f-&c.  in  arithmetic  progression. 

Since  N=10«  •    •  £L«J^-10«-»  •  ^  -^^-l(M 

Sec.  hence,  by  dividing  any  number  by  10,  its  logarithm  is  dimin- 
ished by  1 ;  dividing  by  100,  diminishes  the  logarithms  by  %  &c. 
therefore  taking  any  number,  3854,  whose  logarithm  is  3.^9117, 

The  log  of  385.4    =2.5859117 

38.54    =1.5859117 

3.854    =^.5859117 

.3854    =1.5859117 

.03854  =:^.5859117 

.003854=3.5859117  kc. 
Prob.  1.  To  find  the  logarithm  of  any  giv^i  number. 
Let  aHssN  ;  then  if  a;  be  fbund  in  terms  of  N  and  a,  it  will  be 
the  logarithm  of  N  to  the  base  a.    Suppose  N=14-n 

a=l-f-i 

Then  {l+b)^^l'\^,  and  {l^bf^^l-^y.       +&c. 

N„<.4..^,4f-.^f-i).Q^C-'>C-^>iS 
Al„(i+,r=i4i»+p|l-Mr24^-l^i!.+|i-»!lS3 

X'    '         1 

Now  suppose  y  to  become  very  great ;  then  r  and  -   become 

very  small  when  compared  with  — 1,  — «2,  &c.    If  y  be  increased 
witnont  limit  we  obtain    ,     i 
fi-4y4.jy-4M+&c.|^-{n^^-H«»— Jn*  fc.| 


(•-.ih4(«-l)'+i(«~i)^ 


hs  of  the  system* 

Hence  log.  N ;  or  log.  (l-j-w)  =  M{n — Jn"— Jn,— J«*+  &c|« 

If  »  be  any  whole  number,  the  terms  of  tUe  series  inereaeer  and 
.*.  the  series  itself  does  not  conrerge.     To  obtain  a  converging  se* 
ries  we  have  by  a  similar  method,  log. 
(1— n)  «=  M- 1-.«^»«— i»»— J»*—  &c. } 

Subtract  this  series  from  the  other,  and 

Log-  (l+n)— log.  (1— «)=2M}n-Hn»-fK4.  »  Scc.\ 

Or  log.  5i^=2Min-|4^XKX  *c. 


Suppose  ^-jj— J ;  then  ^=jj— - 

...  Log.N=2M-  j  ^  +51(5^1?  '  5<N -1)^+^' !  •»■  ^^8- 
(N — ^2) ;  an  expression  which  converges  with  sufficient  rapidity. 
It  may  be  easily  shewn  thai  leg^  (N  -^  1)  ;s=  2  log.  N  —  log. 

CS— 1)  — 2M  j  gjjsrzi  +  ^*(2JPrri)t+*^-  i  '   ^^  *«»»^  ^f 

which  series  will  give  the  logarithms  to  14  places  of  decimabn 
whenerer  N  is  =:.10d  or  upwards. 

This  series  is  £Mind  by  sopposing  n   ''hm^^y* 

Prob.  2.    To  construct  a  Table  of  Logarithms. 

Since  a  may  be  arbitrarily  assumed,  let  it  be  so  taken  that 

(<»-l)-J(a-l)*+i(a-l)»-&c^l 
Then  the  fir^t  number  whose  logarithm  we  must  find  is  2. 
Now  log.  4  =  log.2'=:2  log.2. 

A  Log.  4  or  2  log.  2=;2  |  g+g-+_4.&c.  |  -f  kg,  2. 
.-.Log.  2  =  2Jg+gj-fg|grf-&c.  j  =  .«B314y 

Log.  3  —  2  j  -+3^    I  5,y  I  &C'  S  •  • .  •  =1.098612 

Log.  4  =  2  log.  2.' '..«.. t»1.386294 

Log.  6    =    2\l+^,+J^kc.\+log.2=l.m4a7 

Log.  6    =    log.  3  -f  log.  2 >.  »  =1.791759 

*  See  Peacock's  examples  in  the  di£  and  imt.  calculus,  p.  61. 
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Log.  8    =    log  4  4-  log  2  or  =3  log  2  ••  ..=:2.079441 

Log.  9    sss    log  4  21go  3«* =2.197224 

Log.lO    =    log  5 -flog  2 aB2.302d8l» 

Log.ll    =   2  \  ^  +  3,10,  I  5,}o'  I  ^-  }  +  log  9=&c. 

The  logarithms  here  calculated  are  called  Napier's  logarithms) 
from  the  name  of  their  nohle  and  ingenious  inventor  ;  hut  are 
commonly  known  hy  the  name  of  hyperbolic  logarithms,  because 
they  can  be  represented  by  the  areas  of  the  equilateral  hyperbola, 
contained  between  its  assymptotes.  To  find  the  value  of  the  base 
{a)  of  this  system/ whose  modulus*  equals  1. 

Since  log  li,  or  log  (14-«)=»» — Jw'+i^* — J^*4"^ » therefoie 
by  reversion  of  series, 

*=Log  N-H(logN)*4-^(logN)'+gljaogN)*+&e.* 
\:  l-|-«  or  N=l+log  N+i(log  N)»+-ig(log  N)«-{-&». 

Let  log  N=l ;  then  N=l-|.-l+i+^+^j^-H«. 

sa=2.7182818  s=  the  number  whose  hyperbolic  log  is  1,  or  sss  the 
base  of  the  systeon. 

According  to  this  system  (2.7 182818) -""^^ssd^ 

(2.7182818'-  «^.)=3,  &c. 
Again,  since  Hyp  log  2.7182818=1 
therefore  Hyp  log  (2.7182818)^^=2 

Hyp  log  (2.7182818)»=3,  &c.  Hence  in 
this  system  the  numbers  whose  logarithms  are  1,  2,  3,  &c.  are  de- 
cimal numbers,  and  therefore  very  inconvenient  for  the  ordinary 
purposes  of  calculation.  To  change  hyperbolic  logarithms  into 
common  logarithms,  or  those  generally  used. 
^In  this  system  the  base  (a)=slO,  and  its  log  =  1.  Now  in  the 
ajrstem  whose  modulus  =  M, 

Log  N=M|2i — i»'+J«' — &o.}  and  in  the  Naperian  i&ystem, 

Hyp  log  N=n=J«'-|-Jn^ — ^c,  because  M=l. 
Therefore  N=MxHyp  log  N ;  and  if  N=?10,  we  have 

l-^XHyp  log  10;  •'•  M=a^^=2:34gg=-43429«8 

and  common  log  N=-43429448xHyp  log  N. 

Ill  I 

Now,  since  Hyperbolic  log  2=2  ^  -f-^  -f*Fr«8"h^* 


^  By  reversion  of  series.    See  pp.  294— 6, 


I 

/.  coHunoii  log  2  a:-86858896^|  -fi  +  5^+^')=^  9.3010300 

4  B  2  log  2        -        .       '.        .     =  0*6020600 

10 
6  =  log  -^=^og  10— log  2  =  1  —  log.  2  -    .     =  0*6979700 

6  '  =  log  3+log  2        -        -        -    s=  0-7781513 

7  =       .86868896(1+3-^+^^^4^) +logfc^ 

8  =  log.  28    =31og.2 =0.9030900 

9  =  log.  3*    ss21og;3 =0.9542425 

10  =  log.  5=  1.0000000 

11  =  -86858896(1 +^+g^+te,)+logft=104l3aa7 

12  =s:  log.  3    +    log.4*-    .    1    -    -    .     -     s*    10791812 
13-  «fl858a96(l+g:^+gigr^)  +  logll^ 

14  ==  log.  7  +  log.2        -    -        =  1.1461280 

15  «  log.  5  +  log^ a  1.1760913 

16  =  |og.  4»      log.4        -    .        -..--=  1.2041200 

17-  = -86858896(1 +g^+Jj,+&c.)+logl5=1.2304489 
18  =  log.  .9  +  lo|r.2    ."    ..*-,•-  =1.2582725 

W  =  ^85858696(1 +gi^+gigH-&c.)+lQgl7=l^^ 

20  -ttm  iog.l0  +      logjg    .......    rss  1.30103QQ 

21  =  log.  7  +      log.3    •    -    .    -    .    -    -    =1.3222193 

22  =  log.ll  +      log.2 =  1.3424227 

23=  -86858890  (l+g^+gli+&c.)+log21=13617278 

The  logarithms  of  24,  25,  26,  27,  28,  cftn  also  he  found  by 
addition;  but  the  log  of  29  must  be  calculated  hy  (be  peries,  as 
must  the  log  of  every  prime  nurnb^.  See  Index. 

The  logarithm  of  Iss^  and  log  lOsssl ;  heiice  die  logarithm  of 
any  immW  between  1  and  10  is  less  than  1.  Also  the  log  fif 
iOO=2 ;  therefore  the  log  of  any  nuo^r  between  10  and  IQO 
will  be  1,  with  some  decimal  part  annexed-  The  log^.any  nuxa* 
ber  between  lOO  i^nd  1000  will  be  2,  ivvith^ome  decimal  p9^ 
These  whole  numbers  .aie  calkd  the  indicesiof  'the:nmaerala»ian(i 
cauibe-Madily  fpund  from  the  rule  just  given ;  tbey  arjB  jwH  fifiyen 
in  tpgadtfamic  .tables,  liut  are  left  to  Im  8iBqpplifii|iy<th^fti«laiil* 
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The  great  advantages  attending  the  common  syetem  of  logarithmi 
arise  from  the  facifity  with  which  we  can  find  the  index  of  Ae 
logarithm  of  any  number ;  and  that  if  any  number  be  multiplied 
or  divided  by  10,  100,  &c.,  its  logarithm  is  increased  or  diminish* 
ed  by  1,  2,  &c. ;  the  decimal  part  remaining  the  same. 

On  the  method  of  finding  the  Increase  of  Population  in  anif 
country  under  given  circumstances  of  Births  and  Mortality. 

126.    Let  P  represent  the  population  of  any  country  at  a  given 

period; — the  fractional  part  of  the  population  which  die  in  a 
m  t 

year,  (or  ratio  of  mortality ;)  *  the  proportion  of  births  im  a  year. 
Then,  if  A  represents  the  state  of  the  population  at  the  end  of  n 
years,  log  A  =log  P+nXlogf  1  +  ^^  j  • 
The  rate  of  increase  of  population  in  one  year 

o      m        mo  mo  \  mo  / 

"  the  popnlation  at  the  end  of  the  first  year. 

But  it  is  increased  every  year  in  the  same  proportion ;  there* 

population  at  the  end  of  the  second  year.  In  the  same  manner 
we  may  prove  that  the  state  of  the  population  at  the  end  of  n  years 


e=  log.  P  -f-  «  X  logf  1  -| J-  j.  From  which  we  deduce 

log.P  -.  log  A  -  nXlog(l  -1-^)  • 

log  A— log  P  ^  ,      /     ,»»— ^\__logA  — logP 

»"  /   ^'  i°&\i  +^;= — n — : 

®  \  *  mft  /  Of  the  quantities  A^  P,  m,  hi  n,  any  four 
being  given,  the  fifth  may  therefore  be  found. 

1.  Suppose  the  population  of  Great  Britain  in  the  year  1800  to 
have  been  ten  millions ;  that  ^^^th  part  die  annually ;  that  )ke 
births  are  to  the  deaths  as  40  to  oO ;  and  that  na  emigration  takes 
place  during  the  present  century.  Whiit  will  be  die  state  of  its 
population  in  the  year  1900 1 

Here  B&=10000000,  nsslOO,  mssM,  &=30,  and 

•••*-*^-ia-    NowlogA«dogP+nXlog(lX^) 


mcaiiiig  or  Mnoj^noM;  380^ 
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s4og  lOOOOOOOXlOOXlog  ^<«  7*3604200  «  log.2S931000. 

Hence  A=22931000.  Ans. 

2.  Suppose  the  population  of  France  in  the  year  1792  to  have 
been  27000000;  the  ratio  of  mortality  durinc^  the  eighteenth  cen- 
tury to  have  been  -3>oth,  and  the  number  of  births  a^th.  What  was 
the  state  of  its  population  in  the  year  1700  ? 

Here  A?=27000000,  ?t=i92,  m=30,  &=dS^, 

•••'+^=la■''»«•«■«*-»x'<«('-^^)  . 

=log  27000000— 92xlog  |ff=7.2269858=log  16864980,  near- 
ly;  therefore  P=16864980. 

3.  Suppose  the  population  of  North  America  to  have  been  five 
millions  in  the  year  1800 ;  in  how  many  years  will  it  amount  to 
sixteen  millions,  taking  the  ratio  of  mortality  at  ^th,  and  the  an- 
nual proportion  of  births  at  ^ft^th  ? 

Here  A=±16000000,  P=5000000,  m»94d,  &«£4 ; 
"       ,    w^— ^      ...  log  A  —  log.  P 

log  16000000—  log  5000000      .5061500       „  .. 
•=' him =".0084836  "=  «'-3»-y««- 

4.  A  province  in  the  year  1760  was  estimated  at  500000  per- 
sons.  Ib  the  year  1800  it  amounted  to  720000.  From  the  bills 
of  mortality  it  appeared  that,  upon  an  average,  -^th  part  of  the 
population  had  died  annually ;  no  register  had  iMsen  kept  of  the 
births*  'What  was  the  annual  proportion  of  them  during  this  pe* 
riod? 

Here  A=720000,  P=500000,  9i=:50,  9t=a40. 


T       /"i    I  ^'^^ *\     log  A— log  P       ,       /,    .fiO— ^\ 
bg  720000  -  log  ^0000^,oo3,g,o^l,g  1,009, 

50--*     ^^^     ,    ,     9        .60— B        9 
Hence  1  +-^=1.009=1  ^—^and-^^g^  ^j^g^. 

...  50000— 1000fc=450i,  or  &=5;^^=34.4. 
The  annual  proportion  of  births  therefore  was  about  <^th. 
127.  But  in  any  country,  under  given  circumstances  of  births 

and  mortality,  the  fraction  — r-  is  always  a  given  quantity.    Let 
it  be  represented  by  - ;  then  the  relation  between  the  four  queiK 
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tifies  A,  f^  pf  n,is  exptBsaei  %y  AassP^l  -|-^  I.  If  Aca*fnP,ir9 
haye  mFoHj^f  1  -^fi  or  msssf  l-{ — j;  and  taking  the  logarithm 
log  fmflts  n  X  log  f  1  -j —  V  Hence  we  deduce  the  six  foUowiag 
formulsB ;  I.  Log.  An  idog  P^-n iog  f  1  -f^  J* 

'  n.  Log  p=iog  A— 71  log  f  1 +iy   in.  w=*?S4r— H?. 

for  finding  the  period  in  which  the  population  would  be  increase 
fn  times. 

VI.  Log  1 1  4—  I  sss— — ,  for  finding  ihe  rate,  -,    at   which 
\       p/         n  p 

thepopulatk>n would  be  increased  m  times  in  n years. 

The  iolbwiog  questions  are  intended  to  illustrate  file  use  of 
these  formulae,  in  iSbie  order  in  which  they  stand.  , 

&»  'fikqipase  the  population  of  a  tsountry  to  bogin  wiith  six  pei^ 
seiM,  and  lo  increase  'annually  by  ^th  of  the  whole ;  what  iriU 
he  the  state  of  its  po^mlatioaat  the  end  of  200  years  ? 

Here  P==6,  n=,200,  i=i;  1  +i=l+4  =  10825  ;    /. 

p     iq  •        p  Id 

A;=log  P+«  log  /lr|-i\=Jog  ^5  +  5D0  X  log  <1.0fi25)  »log 

6.Q439510s=AQg  111)6400.    Hence  A=1106400  persons. 

6.  if,  as  stated  in  the  third  Example,  the  population  of  Nordi 
America  was  five  millions  in  ihe  year  1600,  and  the 'rate  of  fl** 
crease  has  been  ^^^ths  for  tifty  years  previous.    'WSbat  was  fhe 

'State  of  its  populttlion  in  the  year  1750  ?     Ans.  1908930  persons. 

H«reiU=6«)W)0.|==J^;  l-fi=l4^=^  and  r^i 

4-.  Pssdog  Jl— 71  Xlqg  /l  -f -^==log  5omww— ^X^PgSB** 

Iog'5000000— 50x.<log  367— log  96&)^=s6.280790a=dQg  I908330i 
hence  A=sT&Q&S/3d  persons. 

7.  An  empire  to  be  40  millions,  and  the  annual  increase  j^^i 
bs^long  wmitlie  %c^re-il«BM)«il8*to  ^iniSion«  f 

Ans.  43.6  years. 
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Here  A=«)000000,  P—40000000;  ;»=^;  l-j^yl  l.^i^^^tH 
log.il— log.P  log  50000000r-log  40000000 


•*•  n  ssssn 


•       log(l+j) 


(log  196-^og  186) 


.096910      .,- 
;5j^j=43.6  years. 

4  'VjThat  must  be  the  rate  of  increase,  that  the  population  of  a 
country  may  be  changed  from  1106400  persons  to  5  millions  in 
100  years.  Ans.  About  ^th  annually. 

Here  A— 6000000,  P,=  1106400,  n  ==  100  ;  .-.  (l  +  -)  ™ 

logA-log  P  Jogg00000^-n06400^,^^^  ^ 

hence  1-4 — =1.015,  and  '-sss*015— ,  ^^^  g=ss»  nearly. 
•  p  p  'lOUU     DO 

6.  By  means  of  the  formula  n  a=r  — -— ,  verify  the  fol- 

lowing Table.  logM+i) 

Period  of 


Period  of  being 
increased    10  times. 


1 
P 


Period  of 
doubling. 


trebling. 


I  T^  I  83.5  years.    |    132.3  years.   | 277.4  years. 


I  ^  I   36.3  years.    |    57.6  years.    |  120.8  years. 


Here««S;l=^;  14i=l+^;  therefore 

_        logm log  2  '301030  __ 

*'"'ii       /,    .  1\  "log  121— log  120"^-003604  ~  ^^  ^^^^ 

ti-  o     1.  log  3  .477121  ,^, 

Here«=3;  then  ^-.^^— -—=:.— ^^  =  1321  years, 

nearly.     And  here  ^10;  then^^^  ^^^^^^  120  =  >003604  " 

277.3  years.    Again,  here  wi=2,  -  =^ ;  l-f^=l-f_  =^ ;  ... 

log  m  log  2  -301030       ^^,  ., 

^^log  (1+ jOog  53-log52'^  -008273  =^*  ^"^^  ^^"^y* 

II  o     1.  log  3  -477121      ^^ 

Here  m^;  then  j_^-j_^=__-==57.6  years. 

^^Q>  log^log52=^>Oo473^^^'Qy^""- 


fl^  What  aast  be  tlie  anntial  increnM  of  populatim  m  any 
country,  that  it  Bftay  double  itself  every  century  ? 


/  p        n         juu  luu 


:100)  p 

log  100696.    Here  1  -fic=l  00696,  and  -  « •00696»  which  ii 

P  P 

the  arithmetic  means  between  ii^  and  lirth. 

128w  Supposing  that  a  censns  of  the  whole  population  of  a  coun- 
try is  taken  every  n  years,  and  that  it  is  found  to  have  increased 
/r  per  cent,  during  that  interval,  then  if  P  "represents  the  amount 
eC  the  population  at  the  commencement  of  the  n  years,  P  -j" 

nP 

7^  will  represent  the  amouni  of  the  peculation  at  the  end  c^  the 

n  years.    If  the  annual  increase  be  -,  then  (by  Art.   127)  the 

P 
amount  of  the  population  at  the  end  of  n  years  is 

.\n-]og  (l  -fi\=Jog  (100+»)— log  lOObrdog  (100  -f-  n)  —4 

tiaem  lag  m>^  aai  lo«/l  4^)»4  ^^  (lOO  I  ")    8^ 
Substitute  this  value  of  lo 


f  log(  1  -I —  J  in  the  expression — y^ r— 


(Formula  V.  Art.  127,)  and  we  have  r for 

-{log(100+«)^| 

the  number  of  years  in  which  the  population  of  a  country  will  be 
iacreaaed  m  times,  if  it  goes  on  increasing  at  the  same  rate  as  it 
has  done  for  the  last  n  years  preceding  the  period  at  which  the 
census  is  taken. 

129.  If  the  census  be  taken  every  ten  years,  and  the  period  of 
doubling  be  required,  ^n  n  =:10,  m  =  2,  and  the  foregoing  ex- 
pression becomes  -= — .      By  substituting  in  it 

.      _{iogaO0+«)-2| 

for  It  the  particular  value  of  the  per  centage,  the  following  taUfr 
exhibits  the  corresponding  period  m  doubling.     See  index. 
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ON  Figurate  and  Polygtnud  Numhers. 

130.  Figcurate  numbers  are  such  as  arise  from  taking  the  suc- 
cessive sums  of  the  series  of  the  natural  numbers  1,  2,  3,  4,  fcc, 
and  then  the  successire  sums  of  these  last,  and  so  on ;  and  Poly- 
gonal numbers  are  those  which  are  formed  of  the  successive  sums 
of  the  terms  of  any  arithmetical  progression,  beginning  with  \inity; 
€ach  of  them  being  usually  divided  into  orders,  according  to  tho 
scale  of  their  generation,  which,  as  far  as  regards  those  of  the  first 
class,  may  be  shown  as  follows : 

Order,  Figurate  Numbers, 

Nat.  ser  ies.      1,  2,    3,    4,    5,      6,  kc. 


let  order. 
2d  order. 
3d  order. 


1,  3,  6, 10,  15,  21,  &c. 
1,4,10,20,35,  56,  &;c. 
1,  5, 15,  35,  70, 126,  Ac. 


GeneraH  Termt , 
n 

n(n^l) 

■T2 

^(^1)(^2) 

1.2.3 

n(n+i)'(7^f2)(?^-f3) 

1.2.3.4 


where  it  ia  to  be  observed,  that  the  general  terms  here  given  are 
M  called,  because  if  1,  2,  3,  kc,  be  respectively  substituted^  in 
€adi  of  them,  for  b,  we  shall  obtain  the  several  terms  of  the  series. 
And  if,  instead  of  the  natural  numbers  1,  2,  3,  4,  &c.  which 
give,  by  their  addition,  triangular  numbers,  an  arithmetical  series 
be  taken,  the  common  difference  of  which  is  2,  the  sum  of  its  sue^ 
cessive  terms  will  be  the  series  of  square  numbers.  If  the  com- 
mon difference  be  3,  the  series  will  be  pentagonal  numbers ;  if 
4,  hexagonal ;  and  so  on.     Thus. 


kritJu  Series. 

1. 2,  3,   4,  &c. 

1. 3,  5,   7,  &c. 

1. 4,  7, 10,  to. 
1, 6, 9, 13,  to. 


1 

2 
3 
4 


Gen,  Terms, 


n{n+\)\ 
w(27i-f-l) 
»(3«— 1) 


Or,        Polygonal  Numbers, 
Tri.     1,  3,  6,    10,  15, 21,  to. 
Sqrs.  1,  4,  9,    16,  25,  36,  to. 
Pent.  1,  5,  12,  22,  35, 51,  to. 
Hex.   1,  6,  15,  28,  45,  66,  to. 

vhere  the  number  denoting  any  order  is  the  common  difference 
of  the  arithmetical  series  from  which  the  polygonal  numberSi  b^ 
longing  to  that  order,  are  generated. 

In  like  manner,  if  we  take  the  successive  sums  of  the  several 
polygonal  numbers  thus  formed,  and  then  the  successive  sums  oi 
Iheae  last,  and  so  on,  a  great  variety  of  other  orders  of  this  kind 
may  be  obtained. 

Hence,  also,  in  general,  if  9i  be  made  to  denote  the  number  of 
terms  of  the  series,  a  figurate  number  of  any  order  m,  which  will 
MfWnii  oi  m^\  jhctorB,  may  b^  expressed  hy  the  following  for- 
mula: 


r^T"'^"T" •••w+i 

And  supposing  n  to  be  the  number  of  terms  of  the  series,  as  be- 
fore, a  polygonal  number  of  the  order  m  —  2,  or  one  of  which  the 
number  of  sides  of  the  polygon  is  denoted  by  m,  may  be  expressed 

-       (wi-— 2)7t* — (m — 4)w,         ,      y.  *T        i.         '     1 

by       s  \ 5 so  that  ngurate  Nos.  of  any  order,  may 

be  also  determined  without  computing  those  of  the  preceding  or- 
ders, by  taking  as  many  factors,  in  the  first  of  these  formuls,  as  is 
denoted  by  the  number  of  the  given  order  plus  1,  and  making  n 
equal  to  the  term  that  is  to  be  found. 

And  a  polygonal  number  of  any  order,  or  number  of  sides,  may 
be  ascertained  from  the  second  of  these  formulsa  by  substituting 
the  number  denoting  that  order  for  m — ^2,  or  the  number  of  sides 
of  the  polygon,  for  m,  and  taking  n  equal  to  the  term  required* 

1.  Required  the  15th  term  of  the  1st  order  of  figurate  numbers 

1,  3,  6,  10,  15,  &c.    Here  the  number  of  factors  being  two,  and 

ns=5l5,  we  shall  have,  by  the  first  formula, 

n     n+\     15(15+1)     15x16 

j-X    2   = g-^-  == — 2 — =15X^=120,  the  term  required. 

2.  Find  the  20th  term  of  the  4th  order  of  figurate  nambers. 
Here,  the  number  of  factors  being  5,  and  n=20,  we  shall  have 
w     w-fl     «-f-2    n+3    w+4     20     21     22^      24_ 

1  ^"^"^    3    ^    4    ^    5  "^r  ^2^3^4^6~ 
52504,  the  ans.  term  required. 

3.  It  is  required  to  find  the  12th  term  of  the  fifth  order  of  poly- 
gonal numbers,  being  those  called  heptagonal,  or  such  as  would  be 
represented  by  a  figure  of  seven  sides. 

Here  m — 2  being  s=5,  or  m=^y  and  9t=12,  'we  shall  have,  by 

the  2d  formula  \  \  (wi^2)«M»»— 2)n  \=\  \  (7^-2)  X 144— (7— 4)} 

XI2=^X72— 3X6=360— 18=342,  the  term  required. 

1.  Find  the  13th  term  of  the  8th  order  of  figurate  numbers. 

2.  It  is  required  to  find  the  36th  term  of  that  order  of  polygonal 
numbers  which  is  denoted  by  a  figure  of  twenty-five  sides. 

3.  It  is  required  to  find  the  first  seven  terms  of  the  6th  order  A 
figurate  numbers.     Ans.  293930.     Ans.  14526*     Ans.  3011 

4.  It  is  required  to  find  the  first  twelve  terms  of  the  order  of  p(h 
lygonal  numbers  called  nonagonal,  or  such  as  are  denoted  by  t 
^gure  of  nine  sides.  Ans. 

On  Interest  and  AnnuaAies, 

131.  Interest  is  the  consideration  paid  for  the  use-  or  foIbei^ 
ance  of  the  payment  of  money. 


r 

mriRMT  AND  A1IIIVITIB8.  81S 

Bate  of  interest  is  the  considemtioii  paid  tot  the  use  of  a  cer- 
tain sum  for  a  certain  time.  Thus,  $5  per  cent,  per  annum 
means,  that  85  are  to  be  paid  by  the  borrower  to  the  lender  for 
the  use  of  $100  for  a  year. 

When  the  interest  of  the  principal,  or  sum  lent,  is  taken,  it  is 
called  simple  interest ;  but  if  the  interest,  as  soon  as  it  becomes 
'  due,  be  considered  as  principal,  and  interest  be  charged  upon  the 
whole,  it  is  called  compound  interest  as  before. 

132.  Amount  is  the  whole  sum  due  at  the  expiration  of  any 
time,  principal  and  interest  together. 

Discount  is  the  abatement  made  for  the  payment  of  money  be- 
fore it  becomes  due. 

133.  The  present  worth  of  any  debt  due  some  time  hence  is  such 
a  sum  as,  being  put  out  to  interest  for  that  time,  will  amount  to  the 
debt.*  interest. 

134.  To  find  the  amount  of  a  given  sum  in  any  time,  at  simpk 
*  Let  jr:^  principal  or  money  lent,  r  ^  interest  of  91   for  a 

year,  n  =s  time  for  which  interest  is  required,  m  =3  amount. 
Now  it  is  evident  that  the  interest  of  a  given  sum,  at  a  given 

Tr.    Tn, 

rate,  must  be  proportional  to  the  time.     Hence  llnllrlnrsm 
interest  of  SI  for  n  years,  and  the  interest  of  $P  being  P  times  as 
:  great, .-.  Prn  =  the  whole  interest  of  $P  for  (n)  years  at  the  pro- 
posed rate.      Now  amount  =  principal  -|~  interest ; 
therefore  M  =:P+ Pm  =  P|l  +  wr|. 

In  this  simple  equation,  any  three  of  the  quantities  P,  n,  r,  M, 
being  given,  the  fourth  may  be  found. 

1.  Find  the  amount  of  $280*5  forS.years,  148  days,  at  6  per  ct. 
per  annum.  Here  P  =  2805,  r  =  ,  Jq— ••^^»  «==3.40647  years. 
••.  amount  =  280.6|  1  + .  1702735 1  =:  328-26171675  ==  8328 

2.  Find  the  principal  which,  being  put  out  to  interest  for  189 
days  at  4  per  cent,  will  amount  to  $200.  Ans.8196.  nearly* 

135.  To  find  the  amount  of  an  anniity  or  pension,  left  unpaid 
any  number  of  years,  allowing  simple   interest  upon  each  sum 

*  from  the  time  it  becomes  due. 

Let  A  be  the  annuity ,  then,  at  the  expiration  of  one  year,  A 
becomes  due,  and  at  the  end  of  the  second  year  the  interest  of  the 
first  annuity  is  Ar ;  also  at  the  end  of  this  year  the  principal  sum 
due  is  2A,  and  its  interest  at  the  end  of  the  third  year  is  2Ar,  &c. 
hence,  at  the  eni  of  n  years,  the  sum  due  is 
nA4-rA-f-2rA-|-&c (7i-^l)fA,  .'.  M==«A-HHn(jw— l)rA.} 

When  the  pensions  are  payable  hajf  yearly, 
MasnA  '^im{2n  —  l)*^Ar,  and  if  pensions  payable  quarterly 

Hence  true  discount  is  charged  on  any  sum  when  the  difierenoe 
between  the  sum  and  its  present  worth  is  taken. 

27  40 


1 
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L  If  An  annuity  of  870  be  forborne  fiye  years,  what  will  it  | 
amount  to  at  5  per  cent.  ?  r^%5  ' 

2.  Required  the  same  as  in  the  last  question,  iSupposing  half- 
yearly  payments  to  be  made.     M  =  nA-{^'{2n — l)|Ar==350+ 
5X9X70X.0125=$3S9.375.     If  the  payments  are  made  quar* ! 
terly,  the  amount  will  be  Sd91.56| 

126,  To  find  the  present  value  of  an  annuity  to  continue  a  cer- 
tain number  of  years,  allowing  simple  interest. 

Let  X  =  the  present  value,  then  if  x  and  the  annuity  at  the 
same  rate  of  interest  amount  to  the  same  sum,  they  are  of  equal 
value.     Now,  x-^-nrx^^  amount  of  x  in  n  years  at  rate  r ;  also 

%A^  —  ■        rAasa  amount  of  the  annuity.     .*.  a:+7wa5=»A-|- 

n*(n — 1)    .        -       awA+wfn^— l)*rA       ,  ^      . 

— ^ — i^A,  anda5= — ^ c=the  present  value. 

1.  What  is  a  pension  of  830  per  annum,  for  5  years,  worth  in 
Teady  money,  at  4|  per  cent.  ? 

2-f--45 

2.  What  is  the  preseat  worth  of  850  per  annum,  pa3rable  quar- 
terly for  6  years,  al  5  per  cent  ?  Ans.  8263.94 

T    ,v    /       ,.  2»A+n*(7i — l)rA   .-      i.    .  ^  .^ 

In  the  equation z  = ',^  . — r ,  if  w  be  mnnite,  x  is 

.  2(1-}- wr) 

infinite,  which  leads  us  to  suppose  that  for  a  limited  annui^  to 

continue  for  ever,  an  infinitely  great  sum  ought  to  be  paia ;  a 

conclusion  which  shews  the  necessity  of  estimating  the  value  of  an 

annuity  upon  different  principles. 

On  Compound  Interest. 

137.  Interest  is  a  certain  sum  paid  for  the  use  of  money  f» 
any  stated  period,  and  when  the  interest  of  .this  money  is  lega- 
latly  received,  the  money,  or  principal,  is  said  to  be  at  sin^ 
interest.  But  when,  instead  of  being  regularly  received,  it  is 
attowed  to  go  to  the  increase  of  the  principal,  tl^en  the  interest  of 
the  whole  is  called  compound  interest. 

136.  An  annuity  is  -a  yearly  income,  or  pension. 

139.  The  present  value  of  an  annuity  is  that  sum  which,  If  pot 
out  at  compound  interest,  shall  amount  to  sufficient  to  pi^  Ae 
annuity  at  the  time  it  becomes  due. 

140.  Let  P  be  the  principal,  or  sum  ptit  out  to  compoand  v* 
teiest,  r  the  fraction  which  expresses  the  rate  of  intarest  per  cent* 


ooMffomiD  unwaMBt*  SIS 

*ct  A  the  nnoant  at  the  end  of  n  years,  the  infeeiest  being  paid 
yearly;  then  the  following  Theorems  may  be  established  by 
means  of  logarithms.  ^  '  ^ 

141.  Log  A  =  log.  P  +  n  X  log  { 1  +  r).    Theorem  1. 
For  since  $1,  at  the  end   of  the   first  year,  because  l-^r^  and 

that  the  amount  is  increased  each  year  in  the  same  ratio,  we  have, 
'  by  the  rule  of  proportion, 
1 : 1-4-r:  :P  :  P(l-4-r)  ==amount  of  P  at  end  of  first  year.^ 

1 :  l--r:  :P(l-|-r)  :  P(l-(-^)^= ,. . . .  .second  year. 

1 :  l-pr:  :P(l4-r)' :  P(l+r)«= third  year. 

So  that,  at  the  end  of  n  years,  the  amount  is  P(1-|-t)^ 
Hence  A;=P(l-j-r)" ;  and,  taking  the  logarithm, 
Log  A=log  P-j-wXlog  (1-4-r).    From  which  we  deduce 
Log  P=log  A— nXlog  (l+r). 

Any  three  of  the  quantities  A,  P,  r,  n^  being  found,  the  fourth  may 
therefore  be  found. 

142.  Let  A?=mP,  then7ia=s-    ^f^  ^    .    Theorem  2. 

log  (1  +r) 

For,  in  this  case,  wiP=P(  1-4-r)". 
Divide  by  P,  then  m  =  (l+r)".    . 

Take  the  logarithm,  log  wi=»Xlog  (14-r) ;  .'.  71= — 2K^ — . 

log  (l+r) 

By  means'of  this  Theorem  we  ascertain  the  period  or  number 
of  years  in  which  a  sum  of  money  would  double,  treble,  &c.  or 
amount  to  in  times  itself,  when  put  out  at  compound  interest,  at  r 
rate  per  cent. 

•  143.  Suppose  the  interest  to  be  paid  half  yearly,  and  at  the 
same  time  converted  into  principal,  then  will  log  A=log  P+2nX 
log  (1+Jr).     For  in  this  case,  2n  must  be  substituted  for  n,  and 
Jr  for  r.     Hence,  at  the  end  of  n  years,  As=P(l+Jr)*' ; 
and,  taking  the  logarithm,  log  A=log  P+2wXlog  (1+Jr). 

144.  Suppose  now,  that  besides  the  interest  being  converted 
into  principal  at  the  end  of  every  year,  the  sum  P  is  at  the  same 
time  invested  in  capital ;  then  the  amount  A,  at  the  end  ofn  years, 

wiU  be  — ^ — = — -t  (if  R=sl+r.)     In  this  case  the  principal  P  is 

put  out  for  n,  n — 1,  n — ^2,  &;c.  years,  in  succession ;  the  amount 

*  That  is,  the  fraction  which  expresses  the  ratio  of  the  ittfeetest 
to  the  principal.  Let  the  interest,  for  example,  be  S  or  6  per  cent 
Then  thk  firaiction  r  will  be  (xjo  =yo)»  ®'  ^tSi>=A)- 


dwTefore  is  the  Bvaa  of  the  seTend  amounts  of  F  put  out  for  % 
n— 1,  n^2,  kc.  years; 

.•.A;=iP(l+r)-+P(l+r)»-*+P(l+r)"^+&c, . .  .+P(l+r) 
=s(if  l+n=R)     PR-+PR°-'+PR*-«+&c ....  +PR    • 


aBP(R"4-R'*-*+R»-*4-&c +R)=PX(geoin.  prog,  first  term 

V  .•   ^,     J>(R°-^'-R)     PR(R--1 

R  commoQ  ratio  R)  „     . —  b= —        —  • 

Otherwise,  to  find  the  amount  of  a  given  sum  in  any  number  of 
years  at  compound  interest.     Art.  142. 

«    Let  r  represent  the  interest  of  $1  for  one  year,  and  put  $l-f^ 
ssRsss  the  amount  in  one  year. 

Then  $1  :  R:  :R  :  R^=  the  amount  in  2  years, 
•1  :  R::R^  :  R'«s  the  amount  in  3  years. 

Therefore  R**  is  the  amount  of  81  in  ?i  years,  and  consequently 
the  amount  of  $p  is  pB.^,  .*.  calling  the  amount  a,  we  have 
log  a  =s  log  p  -^  n  log  R,  and  log  p  =  log  a  —  n  log  R. 

Cor.  1.  Log  E=l20=l20 .  and  —  *°^  '^^"^  ^ 


n  log  R 

Therefore  any  one  of  the  quantities  a,  p,  R,  n,  may  be  found 
ftom  having  the  others  given ;  and  .*.  Cor.  2,  if  a — mp^  then 

log  mp — ^log  p     log  m-f-lpg  p — logjp      logm 

^~       logR        ~  i^~R  i^R" 

145.  If  the  interest,  instead  of  being  due  yearly,  is  supposed  to 
become  due  half-yearly,  quarterly,;  or  after  any  other  given  period, 
then  n,  of  course,  instead  of  representing  years^  represents  some 
number  of  those  periods,  r  being  the  interest  for  one  period. 

1.  How  much  would  $300  amount  to  in  4  years  at  4  per  cent 
per  annum  ccmipound  interest  ? 

Herep=300,  R  =  l  +  Tjo  =  l-^andn==4; 
.-.  log  fl==log  ;^+^  log  R=log  300+4  log  1-04=2 -5452545; 
the  number  answering  to  which  in  the  tables  is  350*95},  Ans. 

2.  How  much  money  must  be  placed  out  at  compound  interest 
to  amount  to  $1000  in  20  years,  the  interest  being  5  per  cent  ? 

Here  0=1000,  R=i4-too=1*05,  and  71=20. 
.-.  logitedog  a— 71  log  R=1000— 20  log  1-05  =  2-576214,  the 
number  answering  to  which  is  376*89,  Ans. 

3.  At  what  interest  must  $300  be  placed  out,  to  amount  t0 
$350,  95*7  in  4  years  ?    Here  p=3O0,  a=350-957,  and  fi84; 

,.  logR^!2i±=l20^1<'g  ^-^^-log  ^=,.0170333.  the 

ft  n 

mimber  answering  to  which  is  1*04,  and  4. 

.*.  7)ss*04,  and  ^04X10(^s94,  the  rate  per  centss  Ans. 

4.  In  how  many  years  Will  $400  amount  to  «540  at  4  per  cent 


Qomtdutm  nvmcmn*  M9^ 

compound  interest?  Here  p  «&:  400,  a&s540^  Btt:l-}-Y$^Bel*C4. 
logo— Wp     log  540— log  400      .1303338    •    ^^ 

-^      logR       ° hToT-^  =  0170333=^^  y^"- 

5.  What  will  WOO  amount  to  in  6  years  at  4J  per  cent,  com- 
pound interest,  supposing*  the  interest  to  he  receivable  half  yearly  f 

Herep  =  600,  w=12,  and  R=:  1  +  f^V  ==  l'^225; 
.-.  log  fl=log  p-^  log  R  =rs  log  600+12  log  l-0226=2-8941109 
the  number  answering  to  which  is  $783*63,  the  amount  Ans. 

6.  In  what  time  will  a  sum  of  m(Miey  double  itself  at «»  per 
cent,  compound  interest?     Here  »is=2,  and  R=105; 

.  n  -1?!^- J21?__:i212?29_14.206=m  vears      * 
•  • ""  n"^i^"log  1-06  "^^^^211893—^^  ^—IH  years. 

146  Again  find  the  amount  of  a  given  sum  at  compound 
interest.     Let    r  =«  the  interest  of  1  $  for  a  year, 

P  =s  the  sum  lent,  n  ssz  the  number  of  years. 

Then  at  the  end  of  one  year,  P(14-r)  is  due,  and  this  farnus  die 
principal  for  the  second  year;  therefore,  at  the  end  c^  the  second 
yearP(l+r)X(l+^)orP\(l+^)'isdue,  by  Prob.  I.  in  simple 
interest.     This  forms  the  principal  for  the  third  year,  therefore  at 

the  end  of  the  third  year  P-(l  +  r)«  X  (1  +  ^)  or  P*{l+r)"  be- 
comes due,  and  so  on  for  any  number  of  years ;  hence^  BXthe^^sxr 
piiBtion  of  fl  years  the  amount  (M)  will  be  P'(l-(-r)". 
H  P,  r,  M,  begiven  to  find  «,  we  have  log  Mslog  P*(l  -|-  r)* 

^  .      1      /^  I    V  Joff  M  —  log  P 

«k>g  P+«  log  (1-fr).  .-.  n  ^    i„g(i^^)     • 

1.  Find  the  amount  of  $450  at  5  per  cent,  per  annum  for  3 
years.      M=P-  (l+r)-=450(l+-05)'=450(l  -OS)' 

s=s450X  1  *  1^62d=»S520*93  -f  Ahs. 

2.  What  is  the  amount  of  8500  at  4^  per  cent,  for  4  years  ? 

Ans.  8590*d7  cts.  3». 
If  interest  be  payable  half  yearly,  M==P(l-4-Jr)** 

quarterly,  M=P(l-f-ir)*". 

3.  Requii'ed  the  same  as  in  Ex.  1,  supposing  the  interest  to  he 
paid  half-yearly.  Ans.  $521-86  -f- 

147.  Pxoh,  To  find  the  amount  of  an  annuity  forborne  way 
number  of  years,  at  compound  interest.  Let  A  be  the  annuity  lor 
tarn  due  at  the  end  of  the  first  year. 

Then  $  1  :  (l  +  r)$::  A  :    A*(l-|-r)  =3=  interest  due  at  end  of 
second  year  .*•    A  -f-  A(l  4*  r)s=  sum  due  at  the  end  of  2d  yeac. 

In  the  same  way,  1  :  lr|-r:4  A-(-A(14-r)  :  A(l-|-r)4-A(l+r]feB 

the  interest  dup  at  the  end  of  the  3a  year* 

•'.  A-f'A(l-|-^)+A(l-f-r)SsB  sum  due  at  the  end  of  the  3d  year. 
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And  at  the  expiimtion  of  ( « )  years  the  amount  ^ 

1.  What  will  be  the  amount  of  an  annuity  of  930  per  annum, 
payable  yearly,  for  4  years,  at  5  per  cent.  ? 
M  ^a05)^l_6.465187  _ 
#  .05  .05  ' 

If  half  yearly  payments  are  made,  If  quarterly, 

♦  r.  r  . 

148.  Prob.  To  find  the  present  value  oi  an  annuity  to  be  paid 

(n)  years,  allowing  compound  interest. 

Let  X  SB  present  value  of  the  annuity  A ;  then  2;(1  --I-  r)'  ss 

(1  «L  rV^ 1 

amount  of  a;  in  n  years,  and  ■     '      -A  =  amount  of  A  in 

the  same  time  by  Art.  146. 

...  x'(l+rY «=^^; -A,  and»=^-.^3L^ 

Ine  required. 

If  the  number  of  years  be  infinite,  (l-f-^)"  is  infinite,  and 

A 

X value  of  the  perpetuity  9A  per  annum.     If  half-yearly 

payments  are  made,  x  =  ^il+^r)'"  '^'  ^''^  ^^  r(l+irr 
when  the  annuity  is  payable  quarterly. 

1.  What  is  the  present  worth  of  an  annuity  or  pension  of  $90 
per  annum  foif  5  years  at  4  per  cent.  ? 

(1-04)*— 1  1 

•04 

2.  If  an  estate  in  fee  be  sold  for  $7250,  in  ready  money,  what 
is  the  yearly  rent,  allowing  4  per  cent*  to  the  buyer  ? 

A.  A. 

Here  n  is  infinite ;  therefore  present  wotth-==  -^rrr,  or  7250  =a^ 

Therefore  A=8290=s  yearly  value  of  the  estate.  / 

3.  A  freehold  estate  be  purchased  for  $9150,  what  is  the  yearly 

rent,  allowing  the  purchaser  3^  per  ct  for  his  money  ?  Ans  320.OT 

149.     T-o  find  the  present  value  of  i^  annuity  to  commence  at 

the  expiration  of  (/»)  years,  and  to  continue  {q)  years. 

Let  A  be  the  annuity ;  then  the  present  worth  of  A  to  begia 

immediately,  and  to  continue  {p-\^)  years  =    T.J^.^^'A 
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Abo  the  present  worth  of  the  same  annuity  to  contmue  (p)  yean 

(l-i-r)P — 1 
from  the  present  time  a=     .lij,  w  '^  >  •'*  *^®  present  value  re* 

i  (lA^r)^^^ — 1      (l+r)**— 1 ) 

^^'"^        =  (    r(l+r)^         r(14-r)P  J  *^'  =  P'®'^"*  ^'^'*- 

1.  In  what  time  will  a  sum  of  money  douhle  and  trehle  itself, 
at  five  per  cent,  compound  interest  ?    By  196,  (since  rtsssj^^) 

Tr       «  1^       .        rj    1.1-  log  2        .3010300      ,^^ 

If  m=4i,  then  tune  of  doublmg^jj^^^  ="-0211893=  ^^'^  y^*"' 

^  ^       .        r      ,.,.       l®g  3       -3771213     ^  ^ 
If  m  =  3,  then  time  of  trebhng  _— =— j_g=22-6  years, 

2.  Supposing  the  interest  to  be  paid  half*yearly,  what  will  be 
the  amount  of  S500  in  8  years,  at  5  per  cent,  compound  interest  ? 

Here  P=500,  r=j^^,  1+Jr=1025,  n=8.  By  137,  log  A  =: 
log  P-f 2n=log  (l+lr)=iog  600+l6xlog  (1  •025)=re  •8705625 
ss^og  742-25,  Ans. 

3.  Suppose  a  person  to  place  out  annually  8100  for  10  succes- 
sive years,  and  suffer  the  whole  to  accumulate  at  the  rate  of  five 
per  cent,  compound  interest.  What  sum,  would  he  have  at  the 
end  of  the  tenth  year?"  Here  P=100,  R=l-06,  «=10. 

By  144,  A^PR(Rj^i)^io5{(i;;|)r°-Uiooi(i.o5)|.__i 

Now  log  (105^=  10  X  log  105=-2118930  =  log  1-6289; 
...  (1.05)  —1  =  -6289.    Hence  A  =  2100  X  6289  =  81320. 

ON  Vartuhing  Fractions. 

150.  Vanishing  fractions,  and  other  similar  expressions,  are 
such  as  in  certain  cases  become  equal  to  J  ;  which  symbol,  though 
apparently  nugatory  or  of  no  value,  m'ust  not  be  rejected  as  use* 
1m8,  being  of  frequent  occurrence  in  several  algebraical  and  flux- 
ional  investigations,  where  it  will  often  be  found  to  denote  some 
fixed  quantity,  or  to  be  0,  or  infinite,  according  to  the  nature  of 
the  question.^ 

Thus,  if  a  be  made  to  represent  the  first  term  of  any  regular 
geometrical  series,  r  the  ratio,  or  common  multiplier,  and  n  the 
nomber  of  terms,  we  shall  have,  by  the  rule  in  the  Art.  Geom. 

s» a  -f- ar  -}-  «^  -|-  fl^  +  ar*  +•  •  •  •ar*  •-}-  flt*^, 


*  The  idea  of  fractions  of  this  kind  first  originated  about  the 
year  1702,  in  a  contest  between  Varignon  and  BoUe,  two  mem- 
Ders  of  the  Academy  of  Sciences  at  Paris,  concerning  the  princi- 
ples of  the  Difierential  Calculus,  of  which  RoOe  was  a  strenuoiM 


SM  ^   rAsmrntfa  FftAcnoHs. 

whete  the  left  hand  member  of  the  equation  is  an  tmlTenal  eii* 
pression  for  the  sum  (s)  of  the  series  on  the  right  hand,  whatever 
may  he  the  values  of  a,  r,  and  n ;  as  will  appear  by  dividing  the 
numerator  by  the  denominator. 

Let  therefore  the  ratio,  or  multiplier  r  be  taken  ssl,  in  whieh 
case  its  power,  r°,  or  1°,  will  also  sssl,  and  the  expressions  for  the 

sum  will  be  Sec^r — 7^=^*     ^^^  when  r  aes  1,  the  original  series 

becomes  of  the  form    S=a4-a-j-^"|"^H"^ *^  **  terms, 

of  which  the  sum  is,  evidently,  csstia ;  and  therefore  in  this  case 

it  follows  that  ^^sssna. 

And  in  the  same  way  it  might  be  shown  that  this  symbol  is  the 
representative  of  various  other  quantities,  according  to  the  nature 
of  the  expression  from  which  it  is  derived.  But  it  will  be  here 
sufficient  to  observe,  that  the  true  value  of  any  fractional  expres- 
ion  of  this  kind  may  be  obtained,  as  follows. 

RuLB  I.  If  both  the  terms  of  the  given  fraction  be  rational,  di- 
vide each  of  them  by  their  greatest  common  measure ;  then,  if  the 
hypothesis  which  is  found  to  reduce  the  original  expression  to  the 

form  tp  be  appMed  to  tl^e  result,  it  will  give  the  true  value  of  the 

fraction  in  the  state  under  consideration. 

2.  When  any  part  of  the  fraction  is  irrational,  observe  what 
the  unknown  quantity  is  equal  to  when  the  numerator  and  deno- 
minator both  vanish,  and  put  it  &=  that  quantity  -{*  or  —  i;  then, 
if  this  be  substituted  for  Uie  unknown  quantity,  and  the  roots  of 
the  surds  be  extracted,  to  a  sufficient  number  of  places,  the  result, 
when  i  is  put  s=0,  will  give  the  true  value  of  the  fraction. 

1.  Find  the  value  of  the  fraction ,  when  x  is  equal  to  «. 


Opposer.  Among  other  arguments  against  the  truth  of  this  doe^ 
trine,  which  had  then  been  recently  introduced,  he  proposed  m 
example  of  drawing  a  tangent  to  a  certain  curve,  at  the  point 
^ere  the  two  branches  intersect  each  other ;  and  as  the  fractional 
expression  for  the  subtangent,  according  to  that  method,  had  both 
its  numerator  and  denominator  equal  to  0,  he  regarded  such  a  re- 
sult as  absurd,  and  adduced  it  as  a  proof  of  t^e  fallacy  of  this 
mode  of  solution.  But  the  mystery  was  soon  afterwards  explain- 
ed by  John  BerwyuUi ;  and,  upon  the  renewal  of  the  dispute,  still 
Idrther  by  Saunn,  who  showed  that  g,  in  the  case  here  mention- 
ed, had  a  real  value*     See  Montuchf  Histoire  des  Mathematiques, 

,  Yol.  m,  p.  Ill 
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Hete,  if  we  put  xsss  a,  there  will  arise  **     "  «aa. 

Bat,  by  division,  =a=  a^-<r;  and  if  x  be  now  put  aas  a,  w« 

a* a^   a; — a-  q 

dball  have — c=2a ;   whence  jr,  or  the  given  fraction,  in  its 

0^— <t  U 


vanishing  state,  is  s=S 

2.  Find  the  value  of  the  fraction ,  when  x  is  equal  to  1. 

^—^  1—1     0 

Here,  as  before,  if  we  put  «s=l,  there  will  arise  = — 5-=^;  but, 

^ ^  I     1 — 1      y 

by  division,   =a:+a:*+;r'+aJ* ;  where,  if  ar  be  now  put  s=  1, 


we  shall  have  the  result  =^,  which  is  therefore  in  this  case,  the 
true  value  of  the  symbol  % 

3.  Find  the  value  of  the  e^cpression  y  a=-i ^^ — ,    when   x 

is  equal  to  a.  Here,  if  a;  be  taken  =  dr{-€,  ^cording  to  the  ruloy 
we  shaU  have  y^^l<H"g— V(^-f^)l^  j^^^  ^^  extracting  the 
square  root  of  c^-|-ae,  and  then  dividing  by  e^ 

y^ll  +2^(^)  2'4'6W  *^- ^ '  '^''^'''^'  ^''**"'^  *^®  "^^ 
terminate  quantity  ecsdO,  there  will  arise  y=|3,  which  iff  the  true 
Talue  of  the  expression  in  the  case  proposed. 

4.  Find  the  value  of  the  fraction ,  when  a:^=a. 

Here  -<=»(«— «)"~'+m<i(3J—a)°»-'-4 —  i.o     <^{x-^ 


And  if  we  now  take  a?t=a,  both  in  the  original  expression  and 
in  the  quotient,  there  will  arise  #:^?wa"*~* ;  where  it  is  to  be  ob- 
served, that  by  this  hypothesis,  all  the  terms  of  the  quotient  will 
vanish,  except  the  last ;  whence  the  undeyeloj^d:  fraction,  which, 

in  the  supposed  case,  takes  the  form  ^r,  has  for  its  true  value  the 

definite  quantity  «ia""*. 
5.  Let  there  be  taken,  as  another  example  of  this  kind,  the  fol* 

P(x — fl)"* 

lowing  equation  y=/^\ :•„ ;  where  P  and  Q  are  supposed  to  be 

certain  functions  or  combinations  of  x,  which  do  not  become  0  for 
the  same  value  of  x. 
Then  taking  as=a^  the  expression,  according  to  this  hypothesis, 
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P»XO      0  ' 

will  become  of  Ae  fonn  qvo"^'    ^^  ^  considering  the  in- 

^es  m,  n,  of  the  proposed  fraction,  under  each  of  the  relatioos 
ni^n,  m — »,  m^n,  we  shall  have  by  division  the  three  following 

,                    P(a:— fl)-^  P-  P 

results ;        y ^— ,  y=^,  y  -q^^^^^ 

And  consequently,  by  now  taking  z  z=z  a,  there  will  ariise 

PXQ     _P     _    P 

Whence,  agreeably  to  the  subjoined  note,  the  value  of  the  sym* 
bol  f  ,  in  this  case,  will  be  nothing,  finite  or  infinite,  accordii4[  to 
the  conditions  above  mentioned. 

1.  What  is  the'  value  of     -^ ; whe  xssati. 

Put  x*=a+  e,  then  expunging  a:,  -  — 


a — ((r-f-aey  ^ 

rf44fl«&c (f—2ae&;c.      —Ue      3flc        ^      ,         ,  (&acti«u 

»  t  =-2 — £_-^-s3 — B=s3a,the  ralue  of  te 

2.  What  is  the  value  of  VL^g'^^l-^^^a?   ^^^^^^ 
Let  the  fraction  ss=  y,  and  put  re  =  a  — >  e,  then 

s=fl?-|-aa  &c.     Also  a^{cf — fl*c)i5=aX(« — i^)=^ — ia«  fc. 
And  ^{  a  X  (fl  —  c)^}=  >4/(  a'  —  ^e)=a  —  |«  &c. 
♦m  ^^a'-f-ac&c. — a^-}"i<^^c.      4^zg      16a 

"~"         a — a-f-|c&c.  "^  f c  ""  9 

X  as  a.     Let  0— e=;z.     And  expunging  2, 

tt^{4«»+4X{a-«)'}-rfl»-f«e— ««  „        ,^c^^  .  ..     .  '    vii 

V{2lf2x(J.h-Il y-  Buta^{4a'+4X(a.e)'| 

=  aX(8fl'~12a«e4-12afi«)i==2fl^— ae+l^^     And  is/(3e^+asfl 


yea  ^  —       ^  '        e*   ' 

■  Here,  if  I  had  gone  no  farther  than  the  first  power  of  e^  it  is  ev«t 
ident  hy  inspection  that  all  the  terms  would  have  vanished,  hy 
which  nottung  could  have  heen  concluded. 

If  e  remains  at  last  in  the  numerator,  the  value  of  the  fraction  is 
0 ;  and  if  e  remains  in  the  denominator,  -the  fraction  is  infinite.  ^ 
But  if  all  the  terms  vanish  out  of  hoth  numerator  and  denomina- 
tor, the  series  must  then  he  carried  to  more  places,  to  have  a  so- 
lution. 

Note.  In  addition  to  the  ahove  article,  it  will  here  he  proper  to 
show  the  signification  of  some  other  operations  and  symhols, 
which  often  occur  in  the  solution  of  prohlems ;  as,  for  instance, 

1.  If  0  he  multiplied  or  divided  hy  any  finite  quantity,  the  pro- 
duct or  quotient  will  he  0.    Thus  0X«==O,  or  -«asO. 

a 

2.  If  any  finite  quantity  be  divided  by  0,  the  quotient  will  be 
iifinite ;  and  if  it  be  divided  by  an  infinite  quantity,  the  quotient 

will  be  0.     Thus  x  =oo ;  and  — =^. 

3.  Adding  or  subtracting  any  finite  quantity  to  or  firom  an  iafi* 
nite  quantity,  makes  no  alteration  in  it.    Thus  CD±x=a[> . 

4.  It  is  also  to  be  observed,  that  the  greater  any  number  Of 
quantity,  a  is,  when  taken  positively,  the  less  is  — a ; 

Thus,  — 1  is  ^>— 2 ;  — ^-^ — 4 ;  and  so  on. 

5.  That  0  added  to  or  subtracted  from  any  quantity  makes  it 
neither  great  nor  less ;  that  is,  a-[-0=5sa,  and  a — Oss=a. 

Also,'  if  nought  be  multiplied  or  divided  by  any  quantity,  both 
&e  product  and  quotient  will  be  nought ;  because  any  number  of 

times  0,  or  any  part  of  0,  is  0 ;  that  is,  OX^i  or  aXO  s=  0,  and- 


.  6.  From  the  last  property  it  likewise  follows,  that  nought  divi- 
ded by  nought  is  a  finite  quantity  of  some  kind  or  other.  For 
since  OX<z=0,  or  06=0X^9  it  is  evident  from  the  common  rule  of 


he  of  each  fraction  when  z  is  equal  to  a,    Ans.  3^i^,  3a,  and  7^^ps> 

2.  Find  the  value  of     ^  ,  or \^  ^  '     '    ,  wJma.^  le 

equal  to  1.  Ans.  fh  or  |in(»+l)]* 


S34  DBCOKPOffiETIOK  OT  FEACTIOKS. 

The  Decampantion  of  Rational  PraetioTis  into  their  equieaknt 

Simple  Fractions. 

151.  This  problem  being  of  considerable  utility  in  the  Integral 
Calculus,  and  other  branches  of  analysis,  where  it  is  of  frequent 
occurrence,  it  will  be  here  proper  to  lay  before  the  reader  such  of 
the  more  simple  methods  of  ejecting  the  decomposition  required, 
as  can  be  employed  without  the  assistance  of  fluxions ;  which,  as 
far  as  regards  most  of  the  useful  cases  of  this  kind,  are  the  fol- 
lowing: 

Rule  I.     Let  the  fraction  :=r,  that  is  to  be  decomposed,  have  at 

least  one  dimension  less  in  its  numerator  than  in  the  denominator; 
to  which  state  it  can  always  be  reduced,  when  necessary,  by  di- 
vision. 

2.  Find  all  the  simple  factors  of  which  the  denominator  (D)  is 
composed,  either  by  trial,  or  by  putting  the  sujns  of  its  terms  =sO, 
and  then  determining  the  roots  r,  r',  r",  6cc.  of  the  equation  so 
formed,  in  the  usual  way. 

3.  Put  A,  A\  A",  &c.  for  the  numerators  of  the  several  partial 
fractions  into  which  the  given  fraction  is  resolvable ;  and  let 
X — r,  X — r',  X — r",  &c.  be  their  denominators ;  then,  in  the  case 
where  the  factors,  thus  found,  are  all  unequal,  we  shall  have 

s^= 1 — : — , -J --I 4-  &c.  taken  to  as  many 

D      X — r  '  X — r    *  x — r     '  -    -"'    •  ' 


terms  as  there  are  factors  in  the  denominator  of  the  proposed  firac^ 

tion. 

4.  Reduce  these  partial  fractions  to  a  common  denominator,' 

(which  will  be  the  same  as  D),  and  add  their  numerators  together ; 

then  comparing  the  coefficients  of  the  several  powers  of  a,  in  the 

numerator  of  this  new  fraction,  with  those  of  the  like  powers  of 

2  in  the  numerator  of  the  proposed  fraction,  we  shall  obtain  the 

necessary  equations  for  determining  the  values  of  A,  A',  A'',  &c« 

as  required.^ 

l+x 
1.  Convert  the  rational  fraction  — ^  into  its  equivalent  simple 

fractions. 

^  The  process  here  followed  may  be  employed  for  all  rational 
fractions,  whose  denominators  are  resolvable  into  unequal  simple 
ftctors ;  but  as  this  cannot  be  generally  effected  when  the  highest 
power  of  the  unknown  quantity  exceeds  the  fourth  degree,  we  are 
necessary  limited  in  the  application  of  the  rule,  in  consequence  of 
the  imperfertion  which  still  attends  the  general  solution  *bf  equa- 
tions* 
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Here  the  factors  of  th^  denominators  x  — 3?  being  x  and  1— «, 

1+^      A  .    A'  l+x    "  A+  (A'— A)« 

we  shall  have  —*—,== — }-- ;  or  — 1--5= — «—: — -5 — '— 

X — ar      X    '  1 — X        X — ^ar  x — or 

And  consequently,  by  equatij^g  the  coefEcients  of  the  like  terms 

of  the  two  numerators, 

A=I  and  A'— A«  1,  or  A'=  1+A=1+1=2 ; 

whence    ,^  «=-  -f-r^ — ==  ^'^  fractions  required. 

*'"     X         X        x.'^^X 

2.  Convert  the  rational  fraction  -~-^  into  its  equivalent  simple 

fractions. 
Here  the  factors  of  the  denominator  a>— ic"  being  a:,  1 — x^  and 

l-L.;^*       A.         A'  A" 

!-[-«»  we  shall  have   -—^ss — [-= Itjl"»  ^'»  ^  reducing 

the  fractions  to  the  same  denominator, 

l^^A(  W)+A>(x+J)+A"(^)    ^j^^^^^  ^    ^^ 

a; — ar  a; — :r  *  ' 

( A'4-A")a:4-( — A^- A' — A")a:*.     And, by  equating  the  coefficients 
of  the  like  terms,  A=l,  A'+A"=0,  and  — A+A'— A"=l. 
From  which  equations  we  have  Ajs=1,  A'=1,  and  A"s=3— 1. 

,•,  JlL-s-s— -L- -— —  the  simple  fractions. 

* — jc     X    '  1 — X     1-f-a^ 

3.  It  is  required  to  convert  the  rational  fraction 
1 X  \ kx 

r— r-  — TTT-o*  or  its  equal    «  '        ,  ,,  into  its  partial  fractions. 
1— 4a;+2ar  :i^ — ^2a;+J 

Here,  by  putting  the  denominator  ^ — ^2a:-f-i=0,  the  two  roots 

of  the  equation  will  be  found  to  be  l-f-J>>/2,  and  1 —  \h/^%  and 

consequently  the  factors  are  x — (l-f-J  V2)>  and  x — (1  —  i>^2) ; 

Ml+i V2)I-(1-4V2)A-+(A+A').  ^^^^^  ^^ 

-<l+iV2)A— (1— iy2)A'=i,  and  A  +  A'  =-4,  we  diaU 
have,  from  these  equations,  A        ^,  and  A'        \  \  theiefore 


^    _,  i  \ 


■  ■  I     ■■    I  >'  '  ■  '       ■    I  I  I.I.  1 1 1  1 1 

^In  cases  of  .this  kind,  where  the  highest  term  of  the  equation^ 
representing  the  denominator  of  the  given  fraction,  has  any  coeffi- 
cient prefixed  to  it,  the  numerator  and  denominator  must  oe  each 
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UniM  n.    When  the  factors  of  the  denominator  of  the  ghen 
fraction  are  all  equal,  or  some  of  them  equal  and  others  unequali 
the  decomposition  of  it  into  simple  fckCtors  cannot  be  ejected  in  the 
mj  belotfe  pointed  out,  but  must  now  be  be  taken  of  the  l<»in 
N B  B-  ,  BM        A         A' 

where  p  represents  the  root  of  one  of  the  equal  factors,  contained 
in  D,  and  r,  r',  &c.  those  of  the  unequal  factors.'^ 

In  which  case,  as  }n  the  former,  if  all  the  partial  frBctions,  so 
fbnned,  be  broujg^t  Xxy  a  common  denominator,  and  the  resulting 
fraction  be  reduced,  when  necessary,  so  as  to  have  the  same  de- 
nominator  D  as  the  proposed  fraction,  the  comparison  of  the  coeffi- 
cients of  the  like  terms,  as  before,  will  give  tne  values  of  the  nu- 
Bienuom  sought^ 

14-a; 
1.  Required  to  convert  the  rational  fraction  y,  -^    -a.    into  itB 

(l-sr) 

equivi^nt  simple  fractions.    Here,  according  to  the  ruk,  we  have 

1+x  B       ,    B'       B4-B'(l— a;)      B-fB'— B'x 


equating  the  coefficients  of  the  homologous  terms,  B%m     1,  and 
B-4-B'=l,  or  B=2  ;  whence 

(l^«==(rz:^— TZJ'  ^^®  ®^°^P'®  fractions  required- 

2.  It  is  required  to  convert  the  rational  fraction  7^ — •rrr-i — a 

into  its  equivalent  simple  fractions.     Here,  according  to  the  aWve 
.  1— 5a:  B       ,    B'    ,      A 


n—x){l'-\-xY      (l-farf^l+a:  '   1— a:~ 

B{  (l+a:)(l-^)  |+Bl(l+a:)'(l-<g)  |+A(1  +xY 


{l-a:)(l+a:)» 


divided  by  this  coefficient,  as  above,  in  order  to  obtain  ^e  (nte 
factors ;  which  equal  division,  it  is  evident^  will  not  aker  the  va- 
lue of  the  fraoiti(». 

^  That  the  former  rule  cannot  hold,  in  the  case  where  the  de- 
lMMninait>r  of  the  given  fraction  has  equal  factors,  is  obvmrs;  Ibr 

if  we  take,  for  instance,  /'^  a,  4 ,  the  twa  partial 

[aj-^jpj*     X — p     X — p  ' 

fractions,  on  the  right  hand  side  of  the  eqniation,  wouM  fbm  ift 
fiet  but  one  equation,  Jl*  ^  ;  from  which  no  useful  eonekiiion 
dAboimved* 
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B(l--<rH-B'(I--a^A(H-2»-f«Q 

A;=l,  2A — B  5,  and  A — B'  ==  0,  we  shall  have,  from  these 
equations,  B — r3,  B'8=><-*1,  and  A  im    1;  diereforo 

7i — x/i  t    vt  ^^n  *  \8  — n 1— ^  we  the  simple  metMNcif . 

(1— a:)(l-f^r       (l+a?)        1+^      1 — ^* 

iVb^6.  When  the  factors  of  the  denominator  of  the  given  frac- 
ti%iiis  are  few  in  number,  we  can  always  find  the  partial  fractioQS 
into  which  it  is  conrertible  by  the  preceding  methods ;  but  as  the 
calculation,  in  other  cases,  becomes  more  laborious,  it  will  be  here 
proper  to  show,  that  any  one  of  the  numerators  of  these  fractions 
'may  be  deduced  immediately  from  N  and  D,  independently  of  the 
rest,  as  follows  ^ 

BuLE  IIL^  1.  When  the  factors  of  the  denominator  of  the  (ir- 

€n  fracticHi  are  all  uneoual,  or  of  the  fomi 

N        A  A'  A"         A'" 

Tk  =s 1- ;  H 77  H TTo  &c,  take  that  which  consti- 

tates  the  denominator  of  the  simple  fraction  that  is  to  be  deter- 
mined, and  let  S  denote  the  product  of  all  the  rest  of  the  factors ; 
then  if  the  root  or  value  of  :i;.(found  by  putting  the  factor  thus  ta- 
ken «B  0)  be  sabstited  for  iv  in  the  formula  -s*  it  will  give  the  nu- 
merator of  that  fraction ;  and  the  same  rule  will  hold  for  all  tlM 
rest. 

2.  If  the  frctors  of  the  denominator  are  equal,  or  'Some  equal 
and  others  unequal,  as  in  die  form 

N_  A     ,     A^     «   ,,  t       B      ,       B^       ,   ,. 

let  S  denote  the  product  of  all  the  factors  in  the  denominator  of 
the  given  fraction,  except  one,  as  before ;  then  find  the  simjrie 
fractions,  due  to  the  unequal  factors,  by  the  first  part  of  the  rcUet 
and  for  the  unequal  factors  proceed  as  follows  : 

,    T>      N     . .  __^  ^  ^     N— BS     . 

1,  B  =^5,  takmg  rt— j>=0,  or  2^=^,  put  P  ==— — —  ;  then 

P                                                       P— ^B'S 
9,  B'  sss=,  taking  a^— :p=0,  or  x=p,  put  Qssa ;  then 

Q  Q— B"S 

3.  B"=^i  taking  a:-^pss=0,  or  x=:=p,  put  R  = ;  thea 

o  x-^ 

R 

4.  B'"=-Q,  taking  x — p=sO,  or  2;==^,  ^.  &;c.|  observing  whep 
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the  factor  a>— p,  in  any  case  of  this  kind,  becomes  x-{^j  to  take  x. 
.  in  these  fonnuls,  p,  instead  of  -f-p ;  and  if  it  be  simply  2,  or 
xdtfif  take  x^) ;  which  operations  being  performed,  the  sum  of 
the  fractions  thus  obtained,  together  with  the  former,  will  give  all 
the  simple  fractions  into  which  the  given  fraction  is  resolvable. 

1.  It  is  required  to  convert  the  rational  fraction      ,    «  into  its 

equivalent  simple  fractions.     Here,  the  factors  of  the   denomina- 
.    tors  being  z,  1  —  z  and  1  -4-  a;,  we  shall  have,  as  in  Example  2, 

^^"  ^'  z(i^)a+z)  =^+^+^z'  ^'^^"^"'  *^'  ^'"' 

z— 0,  the  first  factor,  A  =  -^=--; -S— — — -       ,  '    a     1,  a:be- 

S       (1 — z){l4-z)         1 — ar 

N       14-ar* 
ing  =aO ;  and  for  1 — a:,  the  second  factor,  A'  =5-=^  ^,  .    ^  = 

8      ar(14-ar) 

14-a:?"  N 

,    ji     1,  Z/being  =  1 ;  also,  for  1-4-x,  the  third  factor,  A"  =s— 

—  r-f — ^,  the  simple  factors,  as  before. 

2.  Convert  the  rational  fractiop  -^ — 3'  ^^     into  its  equiva- 
lent simple  fractions.     Here,  accordiikg  to  the  rule,  we  hare 
1  _  A     ,  B    ,  B-  ,  B--  ,       C       ,    C- 

a^(i—xY(i+x)  ^"i+i  ■*"««"♦"?  "*"T  '^a^f  mPI;'  ^'^^^ 

B,  B',  B",  are  the  numerators  of  the  first  set  of  factors,  and  C,  C, 
those  of  the  latter.     Hence,  for  the  unequal  factor  l-f-^*  we  have 

^=s  '=  Ai-^)'  '°^-^'+=^  '^  ~4'  ^  ^'°g  °  ~^-   ^* 

for  «•,  a",  and  a:,  or  {x — 0)',  {a>--0)',  and  x  —  0,  in  the  first  set  of 
•     equal  factors.     B  =  |===^j:^^ij-^  =^-^-^^  =  1. 
X  being  =0. 
^    Pat  P==-^35-=^ll^—=l+a:_^;  then  B'==^  = 

-; — ^I^^ — 5-j— 5-=s=l,  a:,  as  before,  being  =  0.     Put  Qs^ ;r-  :» 

<s=2— -a?;  then  B"=^=== -a-T-;jp=2,  a:,  as  before, be- 


X  S      1— ^a>— ar- 

ing  sasO.    Again,  for  (1  —a;)',  and  1 — a;,  in  the  second  set  of  equal 


fcctors, .  C  «  -=_^=-,^«-,  X  being  =  1. 

Putfiss-r; =— --T 2-«=l  J-2;J»a^j^a:8  J  then 

C^aasg-.  Ti    4        =\t»  ^T,  as  abovc,  being  =  1.    Therefore 

O  JT'^X  4 


T^il—xfil-^-x)      x''  *  :r*  '  ir  *   2(1— a;)»  '  4(l~a:)      4(14-a:) 
6  _a;      l_a;_4a:8         ^  13+21a:4-2a5«         ^  ^       ^ 

ced  to  iu  equivalent  simple  fractions. 

2  3      12  1  1  6  2  16 

l^x  '  l-f-a;'i  '  1— a;  '  1— 3a;'  l+x     l—x  '  l+2a:  '  1— ftc* 
14_5j:J-3a:»  2+28a:^ — ^x* 

^    2-  ^  (l+zf(H-2:rT''^"''^(lf  :r)(2-st)(i:^''  ^  ^'^  »- 
doeed  to  its  equiiralent  simple  fractions, 

A.«  ^  ^  3       ,     10 

^'  ~(l+ar)«     l+a;    (l+22r)«  ^  l+Sir* 

A       ^«      1      .      ^      .       ^      .         J* 
^"^^ «  1  1-fa; '  2-^  '  l~2a: '  (1— Sir)*  * 

SI 
Of  Recurring  Seriet. 

152  A  Recurring  Series  19  a  rank,  or  progression  of  quantities,  30 
constituted  that  each  succeeding  term  is  formed  from  the  sums,  or 
differences  of  some  multiples  of  a  certain  number  of  the  precedinfi[ 
terms,  taken  continually  in  the  same  way.  Thus,  if  l-(*6a>4-lfilisr 
«{-482:'-{-1202;*4~^*  ^  ^^^  given  series,  we  shall  have  the  lbil|^ 
term  l27^=xX2d  term  ^a?Xlist  term ;  the  4th  term  48a:^=^«jrX 
3d  term  -f-  62^  X  2d  term ;  and  so  on.  In  which  case  (the  epm- 
pound  expression  x,  63^^  or  simply  1,  6,  is  called  the  so^  of  reW 
tion  of  the  several  terms. 

And  if  1442;+62:'4.1l2^-f  282;'+6ar'-|-&c.  be  tha  give«  feriM, 
we  shall  have  the  4th  term  llr'  z=z2x  X^  terra  — as^XSd  ftena 
-[-ar'X  1st  terra  ;  the  5th  term  28a:*  =  22:  X  4th  term  —  a?X3d 
term  -{-3aJ*X2d  term  ;  and  so  on. 

Where  2a;,  — ^,  jf^af,  or  2,  —1,  4-  3,  is  the  sc^  trf  fdAtiM, 
the  numbers  composing  it  being  the  multipliers  by  which  the  «eiP* 
&0I  terms  of  the  series,  or  their  coefficients  are  produced.*  These 


:c^ 


*  This  branch  o(  the  ccieace  appears  to  h^va  been  &isi  Jxeaied 
on  by  Demoivrey  in  his  Miicellanea  Analyti>oat  and  his  Jkctrine 


•f  Chancet :  and  has  sin<;e  bera  eaaaMtemkbr  'wuetv^nH  by  JBvltft 
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series,  which  are  called  recurrent,  from  its  being  necessary,  in 
their  formation,  to  have  recourse  to  the  prdceding  terms,  arise 
from  the  expansion  of  certain  fractional  expressions  of  the  fonn 

^  I    /  >  ^  I    /    I  if^*  1   I    /    I  i/La  I    /^  ^'  ^^  which  the  tenna 

of  each  denominator,  (abating  unity,)  with   their  signs  changed, 

constitute  the  scale  of  relation  of  the  term  of  the  series,  produced 

from  the  development  of  the  fraction  in  question. 

Thus,  if  A,  B,  C,  &c.  be  made  to  denote  the  first,  second,  third 

&c.  terms  of  the  series,  arising  from  the  expansion  of  the  first  of 

d  ^ 

these  fractions,  we  shall  have  r— ^ — p=sa— ^I'Aaj— «'Ba:*— a'Ca^— 

a'Da^ — .  •  •  .a'P«'*~* ;  where  it  is  evident  that  each  term,  beginning 
with  the  second,  is  formed  by  multiplying  that  immediately  prece- 
ding it  by — a'x;  in  which  case  — ax,  or  simply  a\  is  the  scale  of 
relation  of  the  several  terms  of  the  series.  Also,  if  the  s.econd  of 
these  fractions  be  converted  in  like  manner  into  a  series,  we  shall 

&c.  where  each  term,  beginning  with  the  third,  is  determined  by 
means  of  ^e  two  that  preeede  it,  multiplied  respectively  by  — b'x, 
—a':? ;  which  quantities,  therefore,  or  simply  —  b\  —  a\  consti- 
tute in  this  case  the  scale  of  relation  of  the  terms  of  the  series. 
And  in  the  same  manner  it  will  be  found,  by  expanding  the  third 
of  the  above  fractions,  that  the  coefiicient  of  any  power  of  Xy  in 
this  case,  depends  upon  the  three  that  precede  it,  multiplied  re- 
spectively by  — **',  — b'j  — a' ;  and  therefore  that  these  form  the 

scale  of  relation  of  the  series ;  and  so  on,  for  other  fractions  of  this 
kind. 

In  all  of  which  clises,  it  may  be  observed,  that  the  coefficient 
of  any  term  in  the  series,  depends  upon  as  many  of  the  preceding 
coefficients  as  there  are  units  in  the  highest  power  of  x  in  the  de- 
nominator ;  and  that  the  law  above  mentioned  only  takes  place 
after  as  many  terms  as  are  contained  in  ^the  numerator. 

Problem  L  To  find  whether  a  given  infinite  series,  of  the  form 
•-f^&p-f-ca^+iW"f^"f"^*  ^  *  recurring  series ;  and  if  so,  what 
is  the  scale  of  relation  of  its  several  terms. 

Rttle  I.  Suppose  the  series  to  be  a  recurring  one,  &nd  that  the 
scale  of  relation  consists  of  two  terms,   which  let  be  denoted  by 

and  other  later  writers,  who  have  more  fully  developed  its  princi- 
pbsy  as  well  as  extended  its  application* 
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«'»  b\  Tlien,  by  beginning  at  the  third  term,  we  shall  Have,  from 
what  has  been  before  observed,  fta'+a^'^=c,  ca'-f-i*'=^»  Ai'+c6' 
BB  e,  &c.  where  the  coefficients  a,  b,  c,  d^  e,  &c.  being  known, 
I  the  ttumeral  values  of  a\  b',  may  be  determined  from  the  first  two 
I  of  these  equations.  And  if  the  coefficient  of  each  term,  after  the 
I  second,  be  equal  to  the  sum  of  the  two  that  precede  it,  multiplied 
^  respectively  by  the  numbers  thus  found,  the  series  is  a  recurring  , 
I    one,  having  a\  b\  for  its  scale  of  relation  ;  but  otherwise  not. 

2.  If  th^  scale  of  relation  be  supposed  to  coiisist  of  three  terms, 
I  let  them  be  denoted  by  a%  b\  c\  Then,  by  beginning  at  the  4th 
\  terai,  and  employing  the  same  principles  as  in  the  former  instance 
I  we  shall  have  ca'-j-^A'+oc'  =  d^  <;fe'-f<ji'-|"^^'=  *»  ea'-f^^'-f-cc' 
\  s/j  &c.  where,  as  before,  the  coefiicients  a,  &,  c,  d^  e,  /,  &:c.  be- 
i  ing  known,  the  numeral  values  of  a\  b\  c%  may  be  determined 
fipom  the  three  first  of  these  equations.  And  if  the  coefficient  of 
;  each  term,  after  the  third,  be  eaual  to  the  sum  of  the  three  that 
precede  it,  multiplied  respectively  by  these  numbers,  the  series  is 
I  a  recurring  one,  having  a\  b\  c  ,  for  its  scale  of  relation ;  bat  * 
I    otherwise  not. 

3. 'In  like  manner  we  may  also  proceed,  to  find  wliether  a  se- 
ries, which  is  supposed  to  have  a  scale  of  relation  of  four  terms, 
i   be  a  recurring  one  or  not ;  and  so  on.^ 

1.  J[t  is  required  to  find  whether  l+a^-fia^+lS^'+^laf+lSla^ 

*  1.  Divide  unity,  or  1,  by  the  sum  (S)  of  the  proposed  series 
ts  far  as  to  two  terms  in  the  quotient,  which -let  be  p  -f-  ^x,  and 
call  the  remainder  S"a:^. 

2.  Divide  in  like  manner  the  given  series  S  by  the  latter  S%  as 
I    far  as  to  two  terms  in  the  quotient,  which  let  be  p'-|-fi''^>  ^^^  ^^ 

the  remainder  S'x". 

.  3.  Proceed  in  the  same  manner  with  %'  and  S'',  calling  the  first 
two  terms  of  the  quotients  p"'\^"x,  and  the  remainder  S"  V^  and 
80  on ;  then,  if  the  series  be  recurrent,  the  operation  will  at  length^ 
terminate,  otherwise  not.  And  in  the  former  of  these  cases,  the 
scale  of  relation  will  consist  of  as  many  terms  as  there  are  diyi- 
sions  ;  the  values  of  which  may  then  be  found,  as  in  the  rule  giv- 
en^in  the  text.  And  when  these  values  are  known,  we  shall  have 
for  the  sum  of  the  series, 

Sssr-ll—    .  ^ 


'^^"^    '  f^^  +zjr^^^      ^ 


y'+^'a:+— — —  &c.,  where  the 

rational  fraction,  answering^  to  this  continued  fraction,  may  be  de» 
termined  in  the  usual  way.    See  Continued  Fractions. 


«if06&i^-{-ftc.  be  a  Tecunrmg  series,  and  if  so,  what  is  its  scale  of 
xelation. 

Here  assal,  dssl,  caed,  d  sss  13,  &e. ;  whence,  supposing  the 
scale  of  relation  to  consist  of  two  terms  a',  b\  we  shall  have,  by 
the  first  formula,  lXa'+lX^'«s5,  and  6a'+  IX^'  =s  13,  which 
equations,  when  resolved  in  the  nsual  manner,  give  a'  ^  2,  and 
^'  sss3.  And  as  the  coefficient  of  each  term  after  the  second  will 
be  found  upon  trial  to  be  equal  to  the  sum  of  the  two  that  precede 
it,  multiplied  respectively  by  2  and  3,  the  series  is  a  recurring  one, 
having  2,  3,  for  its  scale  of  relation. 

2.  It  is  required  to  find  whether  l+2ar+3a*+3a:»+7aj*-f^+ 
l^-+.9«^4^1a;»+17a^4.a3a:"+  &c.  be  a  recurring  series,  and  if 
so,  what  is  its  scale  of  relation. 

Here  <t^l,  ^=2,  c=3,  dsrs^y  ee?,  fi=sS,  te. 

And  if  two  terms,  a',  b'  only,  be  taken  for  the  scale  of  relatioii, 
their  values,  as  determined  nrom  the  first  formula,  will  not  be 
found  to  succeed.  But  if  the  scale  of  relation  be  supposed  to 
consist  of  the  three  terms  aS  b\  c',  we  shall  have,  by  the  second 
formula,  3a'-{-2*'-4-c'=3, 3a'+3^'+2c'=7;  and  Ta'+aft'-j^a* 
which  equations,  oeing  resolved  in  the  usual  manner,  give  V  0 
^— 1,  5'a2,  and  e'ssa2.  And,  as  the  coefficient  of  each  term,aftei 
the  third,  will  be  found  to  be  equal  to  the  sum  of  the  three  tbtt 
precede  it,  multiplied  respectively  hj  —  1,  2  and  2,  time  series  is  a 
recurring  one,  having  — -1,  2,  2  for  its  scale  of  relation. 

3.  Required  the  scale  of  relation  of  the  infinite  recurring  seriot 
«^-(a+4(a:+(fl4-24)a:'+(fl4^)«'+(a4-4i«)a^4-        Ans.  2,-1. 

4.-  Required  tne  scale  of  relation  of  the  infinite  recurring  is- 
ries  14^+10i'+12«'+10a^+24aJ»+66a;»+100a:^-f^. 

Ans.  2,  — 3,  4 

Problem  11.  Having  given  an  infinite  recurring  series,  of  tko 
form  «+to4<a:y*^^4^^-t-^«  ^  fi^^d  its  sum. 

Rule  I.  1.  Find  the  scale  of  relation,  when  it  is  not  obviinttt 
by  the  former  rule.  Then,  if  the  scale  consists  of  only  two  tenUi 
as  -|-a',  -f-i',  the  radix  or  sum  (S)  of  the  series,  infinitely  contiii' 

ned,willbeS=?±^^:^.        ' 

1— aa; — bar 

2.  When  the  scale  of  relation  consists  of  three  terms,  -f-^>~H' 
-f-c',  the  sum  of  the  series,  infinitely*  continued,  will  be 

^      a-^-(^— -flfl^)a;-{-(c — ba'^^')af 

1— -a  a;— ^'a^— c  it 

3.  In  like  manner,  when,  the  scale  of  relation  consists  of  four 
terms,  +a',  -f-^',  -|-c',  -f-<^',  the  sum  of  the  series,  infinitely  coft* 
tmued,  will  be 

g  ^a+{b^.^)x+{o^--^')^+(d^'.^M'-ac^^  ^  ,nd  «o 

1^-tt'a^-^V— <'as*— H^V 
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on,  for  Bxsf  greater  number  of  terms,  obeerving  to  change  the  signs 
of  the  quantities  a',  b'y  c'j  &c.  which  are  here  supposed  positivoi 
from  —  to  -|~>  when  any  of  them  are  negative. 

U  Required  the  sum  of  the  infinite  recurring  series  1  4-  6x'\' 
123? -{-^Ba?  4-  1202;^-|~  ^*  ^^^  ^^^  ^^  relation  of  its  coefficients 
being  1,  6.    Here  a=l,  &=6,  a'asl,  and  &'e=s6 ;  by  the  rule, 


orj-jfi—aa^ l-f-(6«-lXl)g l+fia;      =  sum  of  the 

~l-^'a:— *V  1— aj-62«  1— »-6?  series. 

2.  Eequired  the  sum  of  the  infinite  recurring  series  l-f4a;-j-6a? 

'{'lh!?'\'28x*'-{S33f -^  iCc,  the  scale  of  relation  of  the  coefficients 

being  2,  —1,  3.     Here  «=!,  fc=s4,  c=6,  a'=2,  ^  =—1.  and 

c'ssd;  whence  by  the  2d  case  of  the  rule, 

_a-\.{h—aa')x+{C'--^'-Hib')a?      14,(4— 2)a;+(6— 8+1  )a:^ 

1 4-2:r— ar*  ( l-|-a;)'— 22* 

"i — ft    I    *    »  «  =/^       va — TTT  =«  s^n*  of  t^e  series.    And  in 
1— 2a:-f-ar — 32?       (1 — a:)' — 3ar 

the  same  way  we  may  obtain  the  sum  of  any  series  of   this  kind, 

when  the  scale  of  relation. consists  of  four,  five,  or  more  terms. 

1.  Required  the  sum  of  the  infinite  recurring  series  2  —  4b-f- 
8a;*— 16af-}-32a^— &c.  the  scale  of  relation  being  — 2. 

2.  Required  the  sum  of  the  infinite  recurring  series  l-f-22;-f-32' 
-f4a^4-5^^4^^»  ^*  ^e  scale  of  relation  of  the  coefficients  being 
a,  and  — 1. 

3.  Required  the  sum  of  the  infinite  recurring  series  1  — 
3.6      7.9 


"4^ — TS'h-ii  ^'  ^^^  scale  of  relation  of  the  coefficients  being 

z    or     or  *  <£*  2  1  x(x 1) 

._^_l.  An8.q^,   ^.j-^,.  and  ^jj^p^  An^ 

4.  Reouired  the  sum  of  the  infinite  recurring  series  1  -|-  Sa;  -f- 
72'4.13:^-}-252:*4-51a:*+103a:*-f  &c.  the  scale  of  relation  of  the 
coefficients  being  -f-2,  — 1,  -f-2. 

5,  Required  the  sum  of  the  infinite  recurring  series!  -j-  80;^)- 
27«»4.6^+125a*4-216a^4.34ai:*+&c.  the  scale  of  relation  being 
4,-6,4,-1  l+x+22«  1+4X+2? 

•  (1— 2)*— 22»  '  ^''^'  (1  — ;c)*  ' 
Rule  HI.  When  the  sum  of  a  limited  number  of  terms  only, 
of  a  recurring  series,  is  required,  it  may  be  determined  by  first 
finding  the  sum  of  all  the  terms  of  the  series,  following  the  term 
proposed,  and  then  subtracting  the  result  from  the  whole  sum, 
lound  by  the  former  rule. 

1.  Let'  it  be  required  to  find  the  sum  of  n  terms  of  the  recur- 
ring series  l-j-2a:-|-3a;*-|-4a:'"f:^^**  •  •  •'w;*^« 

Here,  the  general  term  being  naf^^.,  the  next  terms  will  be 
[«4"l]^+[^*+2]a:***.*+[w+3]a:^*-f-&c.  where  the  scale  of  rela- 
tion of  the  coefficients  is  2,  — 1,  as  before. 


fM  j»oiiEBiiw  nMa»* 


'  I 


W]bi0Qcea  by  substihituig  (9t-{-l)2f,  and  (ii4-3)a^S  &r  aaadk 
ia  the  first  ca&e  of  the  rule*  and  making  a's:s2»  and  b'  asc:-—  1,  ne 
shall  have 
(j|pfl)af+(«4-2)aJ^'— 2(«4-l)a^*     (»+l)a;-— ««*+*  . 

• 1— 2a>fa;« ~ ~" {l,^^)^  '      ~  ^^^  ^'^ 

the  series  (»»+l)af4.{7I+2)l*^^+(«4^)a^^«+ (»  + 

continued  a(f  infinitum.  But  from  the  answer  to  example  2,  in 
the  former  rule,  it  appears  that  the  sum  of  th^  whole  infinite  se- 
ries l+2z+3a;*443^+5a:*+&c.  =     J;    ^  • 

Whence  7= r-g—     '  .. zr- — «= ^    ',       J seAn. 

1.  Sum  n  terms  of  the  infinite  recurring  series  l-|-4a;^14r'-|' 

46a;^-f  146a:*-f454a:' (2.3"— S")a:",  the  scale  of  relation  irf  the 

coefficients  being  5,  -—6.  *^^ 

A       1— g^C^'S"— ^)a?+(4'3"— 3'2")a-*^* 

2.  Required  the  sum  of  n  terms  of  the  infinite  recurring  series 

1  +  D.  +  2^+«^-f6^+10^+82x'+W+«fe. ... .  ?^x.. 

using  the  upper  sign  when  n  is  an  even  number,  and  the  under 

sign  when  it  is  odd ;  and  observing  that  the  scale  (^  relation  is 

,:,  l-a>-i(2"db2yaf-t(2^=F4)a^4' 
1.  8.  Ans. ____ ^^ 

3.  Required  the  sum  of  n  terms  of  the  series  1  ^X'^^^^ 

-|-8**-|fc9af-|-4x*-|-4r'  * « •  •    ^T —  a:",  using  the  upper  sign  when 

M  is  an  even  number  and  the  under  sign  when  it  is  odd ;  and  ob^ 
serving  diat  the  scale  of  relation  is  1,  1,  — 1.  * 


Ans. 


hi4£termkMUt  Analysis, 
153.    Indeterminate   Analysis  is  the  resolution  of  a  species  of 
equations  where  the  number  of  the  unknown  quantities  is  greater 
than  the  number  of  equations,  and  where  the  answers  are  restrict^ 
ed  to  whole  and  positive  numbers. 

1.  If  a  whole  number  be  subtracted  from  a  whole  nuinber,  the 
remainder  is  a  whole  number^ 

2.  Any  multiple  of  a  whole  number  is  a  whole  number. 
Problem.    Given  the  indeterminate  equation  axJzby=Ci  to  Sni 

all  the  possible  values  of  x  and.  y  in  integer  numbers,  suppose 
the  numbers  a,  b,  c,  prime  to  each  other. 


•  > 


»  •■ 

V  I 

\ 

Find  tke  rtHxn  of  one  of  the  unknown  quftntiti«s  in  tmns  of 
the  other.    Thus,  if  the  equation  be  ax — tytsrsc,  th^n 

X  —      '    ;  or,  ax-i'byssc,  then  x = -4—^,*. 

Increase  the  values  of  y  successively  by  the  coefficient  of  rr,  and 
diminish  the  vahies  of  x  successively  by  the  coefficieiiit  of  y,  and 
all  the  values  of  a;  and  y  will' be  obtained.  t 

Rule  I.     Of  the  tWo  quantities  (viz.  the  divisor  and  dividend,) 
divide  that  which  has  the  greatest  coefficient  by  the  least,  the  di- 
visor by  the  remainder,  and  thus  continue  the  process  until  a  re- 
mainder appear  in  which  the  coefficient  of  y  is  unity,  observing 
,  in  each  step  to  take  the  quotient  figure  such,  that  the  coefficient  of 
y  in  the  multiple  of  the  divisor  may  be  the  nearest  possible  to  the 
coefficient  of  y  in  the  dividend,  whether  greater  or  less  than  the 
.  dividend,  and  to  subtract  the  less  from  the  greater,  whether  the 
\  least  be  the  multiple  or  the  divisor. 

2,  Divide  the  absolute  number  in  th^  remainder  by  the  coeffi- 
i  cient  of  x,  and  if  the  sign  of  the  dividend  be  negative,  the*  remain- 
1  der  is  the  value  of  y ;  but  if  it  be  affirmative,  subtract  the  remain* 
\  der  from  the  diviser«  and  the  last  remainder  will  be  the  value  of  y. 

3t/  I  c  hv  "T"  c 
154.  For  since  a:=  ^  '^- ,    ^   "^     must  be  a  whole  number; 

and  since  —  is  a  whole  number,  let  --=^  be  the  nearest  multiple 

of  ^  to  ^ ;  then  —  is  a  whole  number^  eonsequently 

^H:f_^»(*-*)«-b  i,a.«,A.yo.  let  b-h^,  then^i+fisa 
add  • 

wkole  number,  and  the  coefficient  /  is  less-than  either  a  or  b. 

Again,  let     ^  "^  be  such  a  multiple  of  -=^31:   as  will   maicfr 

&e  coefficient  m  of  a;-the  nearest  possible  to  the  coefficient  a  of 

2 ;  then   since    -5LiI!.  jg  a  whole  number,  the  dilSerence 
a  a 

2l  —  ^  '     =ai 12 IS  a  wh.  Let  a  —  m  ss=  n,  then  -^ 

a      .      a  a  .       d 

must  also  be  a  whole  number,  and  n  wUl  be  less  than  either 

.  I  or   a;  but  I  is  less  than    either  a  or  ^  ;  therefore  n  is  much 

less  tlmn  either  a  or  b.    It  is  evident  by  continuing  this  process, 

the  operation  will  be  similar  to  that  of  finding  a  common  measure, 

and  will  be  performed  without  Uie  use  of  the  denominator  a,  and 

tfcttt  «s  die  coefficifait  Hf  y  i^  oontinually  dimiaiihtitg   it  my.  be 

ndbocd  to  inakf  •  * 
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1.    Criven  19:i;— 14)ffes=:ll,  to  find  the  least  affirmatiTe  vaifiei  of 

„  14|r+ll 

z  and  y.    Here  .t    i    *^  '  — 

14r+ll)l%        (1                       •              19)44(2 
14y-fll ^ 

5y— ll)14y-f  11(3  Rem  6 

16y— 33 

"I  ■ 

y — 44  • 

And  because  the  sign  of  the  dividend  44  is  negative,  the  re- 
mainder 6  is  the  least  value  of  y 

m._      ^            14y+ll       84+11     95       ^ 
Thereforea^     1?      =^ ^l9=^^' 

Whence  the  least  value  of  y  is  6,  and  the  least  value  of  a:  is  5. 

155.  If  all  the  values  of  x  and  y  were  required  in  this  exam- 
ple, it  would  be  impossible  to  give  them,  as  the  number  of  an- 
swers would  be  infinite.  For  by  increasing  the  value  of  x  by  the 
coefficient  of  y,  and  increasing  the  value  of  y  by  the  coefficient 
of  a:,  woi.0^0  J^^^=^'  19»  33,  47,  61,  75,  89,  103,  &c:) 
we  nave  ^^—e,  25,  44,  63,  82,  lOl,  120,  139,  &c.  \ 

3.  Given  19a:  =  I4y  —  11,  to  find  x  and  y  in  whole  numbers. 

„               19a: +11             ,  5a:  +  11        .  ,. 

Here  y  = — -=^ =  x  -| r^ — ,  and  a=  14. 


14)33(2          52;  +  11 
28  3 

Rem.  5  152;  +  33 

14a: 


Now  f  f  gives  a  remainder  ^ 
5;  .*.  14 — 5=9=  the  least  va- 
lue of  a:,  and  since  in  this  exam- 
ple the  less  x  is,  the  less  will  y 
a;  +  33  be,  we  have,  by  substitution, 

271+11 

— j^ — =sl3=:  the  least  value  of  y,  the  number  of  solutions  be- 

>Qg  indefinite. 

4.  Given  17a;+29y=573r  to  find  all  the  positive  values  of  ^ 

,     .       .    ,           ,           „            573— 29y  29y— 573 

and  y  m  whole  numbers.     Here  ^ —  


17  17 

17y)29y--573(2  17)4011(235 

34y ;__  34 

5y+573(17y            (3  61 

15y+1719  51 

2y— 1719)5y+  573(2  101 

4y— 3438  85 


Rem.  Divi.  y+4011  16  Rem. 

Then  because  the  sign  of  4011  in  the  dividend  is  afiiimatiTef 
sttbtract  the  remainder  16  from  17,  and  the  remainder  is  1,  whidi 
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19  tke  least  valae  of  y.  Whence  g  ass  bajj^J-^  iii8?i?.  Then  dimin* 

khing  X  by  the  coefficient  of  y,  in  the  original  equation,  and  in- 
creasing y  by^the  coefficient  of  x,     We  hare  i);  s=s  32,  3, 

and  ^sssl,  18. 
5.  Given  21a;-|-17^  =s  2000,  to  find  all  the  positive  values  of  x 
and  y  in  whole  niftnbers.     Here  a?  =  —  lut^jOii© 

17y— 2000)21y  (1  21)10000(476 

17y— 2000  84 

4y+2000)17y— 2000(4  160 

17y-|-S000  147 


And  because  the  dividend        y— 10000  130 

-^10000  is  negative,  the  remainder  4  126 

is  the  least  value  of  y.  «  ~4  Bein. 

^^               17y— 2000           1932       ^   ,       .  ,        ^ 

Whence  x=ss — ~= = ^r-  =  92,  the  greatest  value  of  z. 

Then  diminishing  x  by  the  coefficient  of  y,  and  increasing  y  by 
the  coefficient  oil  x,  we  have  a;  =92,  75,  58,  41,  24,      7, 

and  y  =  4,  25,  46,  67,  88,  109. 

6.  QiTen  21a:-|-17y=:  2000,  or  4a:+17;j=ll;  p=^t^j^y—U7, 

4q -^    psssS;  qssX'j-4p — 2.     Hence|y:^3  —  4q: 

11  — 17p        ,^         ,^            2000-.21a;     ,^^    ^, 
.-.  «= J— ^  ==  17^  —  10 ;  y  = Yj =130— 21j. 

By  taking  q,  6,  5,  4,  3,  2,  1,  we  shall  obtain  the  values  of  x 
and  y,  given  above.  The  manner  of  proceeding,  by  considering 
the  values  of  p  %nd  q  on  the  right,  will  be  easily  understood ;  the* 
method  consists  in  continually  dividing  by  the  coefficients  in  each 
equation,  (rejecting  the  whole  numbers  ih  the  absolute  terms,) 
until  the  coefficients  of  one  of  the  quantities  is  1. 

7.  Given  19a: — Uy= — 11,  to  find  x  and  y  in  whole  numbers. 

Hence  q  =  4r— 1 
p  =s=  6r — 1 
X  ^14r — 5 
y  =19r— 6 
where  r  may  be  taken  at  pleasure,  if  r  =1,  a:=  9,  y  =  13,  tec. 
As  the  work  on  the  right  hand  is  merely  explanatory,  it  may 
be  omitted,  as  in  .the  ^th  example. 

8.  Given  21a;  -|-  5y  =  800,  to  find  x  and  y  in  whole  numbers.. 


19a; — 14y=— 11,  or 
Sx — 14p= — 11 ;  1>=— a^-^-y, 
5q —  4p — ■   1 ;  q=x — 2p-j-2, 
g —  4r=— 1 ;  rs=— ^--j-Pf 


21a; +  5y  =800,  z-f5p==    0. 

Hence  a:  =s — 6p;  y=a  160^2lp 

•  if  p  s=s—  1,  a;  =  6,y=s  139, 

if  ;?=— 2,  a:==10,  n  =  118. 


This  method  of  solving  Inde- 
terminate Equations  is  nearly 
the  same  as  that  given  by  Euler 
in  his  Algebra,  vol.  ii.; 


9.     A  company  of  men  and  women  club  together  for  the  pay- 
ment of  a  reckoning.     Each  man  pays  C25,and  each  woman  C16, 
26  43 


•Bid  it  i»  found  tbmt  all  the  women  together  hare  paid  CI  wMm 
than  the  men.  How  many  men  and  women  were  there  ?  Lei 
z  s=s  the  numher  of  wmnen,  and  y  ass  the  nnmber  of  men.  Then 
the  women  will  have  expended  16a;,  and  the  men  25y,  so  that 

16:.=:25H-1.  whence  :^?^^       ^^>lg-^>^ 

25y-f-l       175+1  _  7y— l)16y    (2 

**=     16        **       16      ~  14y— 2    . 

^,      .  ^  a:  =  11,  36,  61,  86,  111,  kc.  2y+2)7y--0(3 

^^^^.\y=    7,23,39,55,    71,  &c.  6y-f-6 

According  to  the  first  answer,  the  women  y — 7 

e3q)ended,  16X11=176;  and  the  men  25X7=175,  or  y=7 

according  to  the  second  answer,  the  women  spent  16  X  36s=576, 
and  the  men  25  X  23  =  576. 

Ohs.  When  the  remainder  is  negative  and  not  divisible  by  the 
coefficient  of  x,  then  it  is  the  least  value  of  y ;  but  should  th«  re- 
mainder be  affirmative,  subtract  it  from  the  coefficient  of  x^  and  it 
will  give  the  least  value  of  y, 

156.  Determine  a  priori  Uie  number  of  solutions  that  the  eqna- 

tion  ox-f-^ssse,  will  admit  of,  &c.     Let  such  integral  values  of  z' 

and  y'  be  found,  that  we  may  have  az' — ^'=  1,  which  is  always 

possible  ;  then  acx — hcy*^=c ;  -•-  ax-\-byssacx*--^cy\  and  eonse- 

quently,  we  must  have  x=cx' — mh^  and  xss=.ma  —  cy',  where  m 

may  be  any  number  taken  at  pleasure,  that  will  make  these  values 

•  of  X  and  y  positive  integers ;  but  if  no  such  value  of  m,   can  be 

found,  it  wiU  be  a  proof  that  the  proposed,  equation  is  impossible 

in  positive  integers,  and,  on  the  contrary,  as  many  suitable  values 

6f  m  as  can  be  found,  so  many  solutions  will  the  equation  admit 

of  and  uo  more.     Hence,  because  we  must  have  ex'  >  mh,  and 

cy^  <^  OTa,  the  whole  number  of  solutions  will  be  expressed  by  the 

ex  ct/' 

'    differences  between  the  integral  parts  of  -r-,  and  — ;   becauae  as 

o  a 

m  must  be  less  than  the  first  of  ^  these  fractious,  and  greater  than 
the  second,  the  difference  of  their  integral  parts  will  evidently  ex- 
press the  number  of  different  values  of  ?»,  except  when 

fix  JCOti 

-^  is  a  complete  integer  ;  in  which  case,  since  m  '^rr-r  the  dif» 

leieiKe  of  the  integral  parts  would  be  one  more  than  the  number 

tf  different  values  of  m;  therefore,  when  the  expression 

dx'  h 

-J-  is  an  integer,  we  must  consider  t  as  a  fraction,  and  reject  U 

therefrom ;  but  this  must  not  be  done  with  die  otkev  quantity 

—  because  «i^  — • 


J 


157.  The  vmhws  of  a:  ind  y,  in  the  equation  ^e-^flyaBl,  eon  W 
easily  found  b^  dividing  b  by  a,  (b  being  suppoood  greater  than  o) 

•«  by  the  remainder  of  tliis  division,  and  so  <m,  as  in  tbe  mefbod 
of  finding  the  greatest  common  measure  of  numbers.  Then  put 
down  the  last  quotient  but  one,  multiply  it  by  the  next '  qooliient 
and  add  1,  multiply  this  by  the  next  quotient  and  add  the  prece- 
ding sum,  and  so  on,  until  all  the  quotients  are  taken.;  the  iaateum 
will  be  the  value  of  x,  and  the  sum  preceding  thai  the  value  of  y. 

158.  We  can  find  the  number  of  solutions  that  the  equation 
cx-^-bys^c  or,  Qz-f- 13=^000,  admits  of,  when  the  remainder  of 

-r-  IS  not  less  than  that  of  — .  For  -r ^^  =5-^^ r-^i*ttd  ««' 

b  a        ^  b        a  €Lb 

**^  being  1,  it  is  evident  diat  —z  will  in  this  case  represent  the 

number  of  solutions ;  this  can  be  exemplified  in  this  example, 
which  falls  under  this  caJse  ;  for  2000  (c)  being  divided  by  9  and 
18,  gives  17  for  the  number  of  solutions  which  the  equation  ad- 
mits of.       But   as   we   cannot   tell   when    the    remainder    of 

-^  is  greater  or  less  than  that  of—,  without  first  finding  the  va- 

b  Of 

lues  of  x'  and  y'  in  the  equation  ax' — htf  s=  1,  we  do  not  know, 
l)y  this  method,  whether  the  true  number  of  solutiops  is  found,  or 
whether  it  be  one  less  than  the  number  of  solutions  ;  thus,  in  the 
equation  7x+9y=100,  since  100-J-(7X9)=1,  we  know  that  the 
number  of  solutions  is  either  1  or  2 ;  by  proceeding  according  to 
the  usual  method  we  shall  find  2  to  be  the  true  number.  This 
method,  however,  may  be  modified  so  that  we  can  always  ascer- 
tain the  number  of  solutions  which  the  equation  az-}-5y=c  ad- 

nuts  of.      Let  us  suppose  that  — — g-j  ■■  and         j-t^  ;  hence , 
by  taking  the  difference,  we  b         a  a 

or  c  s=s  (<^— /)a3-j-aA — bk^  or  aJi — bksssso — (dr—f)aib, 

Gonsequenly,  the  right  hand  of  the  equation  consists  of 
known  quantities,  and  by  determining  the  least  values  of  h  and  A:, 
from  this  equation,  we  thence  know  the  value   of  the  fractions 

r-  and  -,  and  if  ^  is  an  improper  fraction  ;  that  is,  h  greater  than 

b  €L  0 

bf  then  the  number  of  solutions  is  one  more  than  the  number 
found  by  dividing  c  hy  ab, 

1*  Let  the  equation  72;4-dy&s=100,  be  proposed  to  find  whether 
it  admits  of  more  than  one  solution.  Here  Sss^ being  1,  we  have 
uk    bk  wt    abt  or  7h — 9ks=S7 ;  from  which  the  ImmI  value  of  i 


18  found  BslS ;  and  aince  ^  is  more  than  1,  the  equation  admits 
of  two  solutions. 

'2.  Given  9a>-(-139isaS000,  to  find  whether  there  are  more  thair 
^  >  (dSft)  solutions  which  the  equation  admits  of.  Here  i^ 
fasXi^  and  we  have  the  equation  9A — 13A:(=c — 17a3)=ll :  from 
this  we  find  the  least  value  of  A  to  be  7,  and  since  ^  does  not 
amDunt  to  1,  the  number  of  solutions  is  but  17. 

i«r/x    T  ca;'      ,  ,  h — 1        ,  cy'      ,  ,  1      , 

159.  Let  us   suppose  «        »    \  and  a-j — ;  showing 

the  greatest  degree  of  possibility  without  there  being  an  integral 
solution,  since  3  —  1  is  the  greatest  remainder,  and  1  the  least. 

Then  we  have,  by  subtraction,  — y    ■  ,  or  c  =a^ — o— ^; 

^  .ab  ab 

which  shows  that  if  c  is  greater  than  ab  —  a  -^  ^,  the  equation 

ax '■{' by  s=i  c  is  possible  in  integers. 

So  also  if   -  ■    dA — r—,  and  — ==/4--,    we    shall    have    c  ss 
o  0     '  a  o 

ab(d—f)'\<J) — a — b ;  or  putting  d—f=d,  cs=uib{d''{*l) — (o+i), 

which  shows  the  greatest  value  of  c  for  any  number  of  solutions; 

ex'           1       ,  cy'          fl— 1 
^d    by    putting        i     «  |  . »  and  -2-=y-] ,  we  have  e  = 

ab{d' — 1)4-(«-|-^)»  for  the  least  value  of  c  for  any  number  of  solu- 
tions \ab{d'+^)—{a+b)  \—\ab(d'—l)+{a+b) }  =2  {oi— («+*)!» 
expresses  the  difference  between  the  greatest  and  least  value  of  c. 
Thus,  in  the  equation  Sx-^-dysssddd,  559  is  the  greatest  number 
for  7  solutions ;  and  in  the  equation  8:r-|-9^t=a449,  449  is  the  least 
for  7  solutions. 

160.  If  there  be  three  unknown  quantities,  and  only  twt>  equa- 
tions for  determining  them,  as  ar-f-^y-f-cz,  =.  e?,  and  ex-^-fy^gz 
s=h ;  exterminate  one  of  these  quantities  in  the  usual  way,  and 
find  the  values  of  the  other  two  from  the  resulting  equation,  as  be- 
fore. Then  if  the  values  thus  found  be  separately  substituted  in 
either  of  the  given  equations,  the  corresponding  values  of  the  re- 
maining quantities  will  likewise  be  determined ;  thus, 

1.  Let  there  be  given  x — 2y  |  z  5,  and  2x-^y — ^«*=7,  to  find 
the  values  of  x^  y,  and  z.  , 

Here,  by  multiplying  the  first  of  these  equations  by  2,  and 
subtracting  the  second  from  the  prodnct,  we  shall  have 

32:---^yfe=3,  or  2s=--~-^  ^  =  wk,;  and  consequently, 

^,  or  -^  — ^^^^^^^'  "^^^  whence  y  =3^.     And,  by  taking 
jMsl,  2,  3,  4»  &c.  we  shall  have  y  »»  3,  6,  9,  12,  16,  Sec.  and 


s^6,  14,  16,  31,  96,  ftc    Bat  from  tkefintuf  tb«  imgireii 

equations,  2=-5-f-2jr-— z ;  whence,  by  eabstitiitiBg  the  abvn  v«1bm 
for  y  and  t,  the  results  will  give  x^5,  9,'  7,  8,  9,  tec.  Then 
fore  the  tirsr,  six  values  of  x,  y,  and  z  are  as  below ; 

9  1  10  1  where  the  law  bjr  which  they 

1£  j  18  >  may  be  continued  la  aufficiqntly 

26  I  31 )  obvious. 

-  7x  =±  100,  to  exhibit   all    the   diflerea- 

n  integere.     Here  t    cannot   be   greater 

Prob.  1, 


}  y<iz:3      €  j    8  I  12 


I  16  I  2] 
1.  Given  ax  -^  &y 
Taiuesof  X,   y,   and  z 

(ban =13f  ;  and  by  proceeding 


IQO— 6y— 7y 


—33— y— 2r. 


ay+^-1. 


3y 


I  Now,  by  taking  2=  1,  y  be- 
comes =  0,  and  a;  =  31 ;  but 
this  answer  is  inadmissible,  be- 
cause  y  s=  0  ia  not  an  integer, 
bat  by  adding  3,  iha  coefficient  of  k,  to  this  value  of  y,  and  sub- 
tracting S,  the  coefficient  of  y,  from  the  value  of  x,  we  ahall  ob- 
tain another  answer,  and  by  repeating  iMs  process  continually,  w« 
shall  obtain  ^1  the  possible  values  of  x  and  y,  for  this  value  of  z ; 
and  in  a  similar  manner  are  the  values  of  x  and  y  to  be  found 
wken  z  as  2,  &c.  when  all  the  possible  solutions  wiU  be  fotlQcl  to 

be  41  in  nuraber,  and  to  be  as  follow ; 

_.    _   _ 


\y=a 

x=3, 


161.  To  determine  the  number  of  solutions  that  the  equatioa 
ax-\^-^3:=d  will  admit  of,  two  at  least  of  the  coeiHcienIs  Otkt  Ct 
being  prime  to  each  other.* 

*  When  this  is  not  the  case,  the  proposed  equation  must  b« 
bansformed  to  another  that  shall  have  two,  at  least,  of  its  ooeffi- 
cienta  prime  to  each  other.  Thus,  if  the  equation  be  VHx-^-lSy-^ 
202^=100001,  by  transposing  20z,  and  dividing  by  3,  we  have 

4j9-}~^y=:33381 — 1x  -\ 5— ;  .■.  —^  is  an  integer,  which  ciJl «; 

then  zs:3u  4-  1 ;  whence,  by  substitution,  the  propoaed -eqvaljoa 
becomes  l£r4-lfiu+20(3t(-f  1}  mt  VWOOl,  wludi,  by  tnm 
29» 


ai»  = 

=  SI  fl 

8 

°iJ=ieii 

6 

=  'U=,-^5 

» 

S 

»=1|4 

7 

j=2  6 

3 

.=11 

=  94 

^ 

>lf; 

MS  TOBTltmiVATB  AlU&mff. 

Bat  the  number  of  solutions  that  tbe  equation  az-^  hytme 
will  admit  of  is  exiNressed  by  the  integral  parts  of 

-z =^,  t!  and  y*  being  determined  from  the  equation  cui — hj 

^1.  Therefore,  in  the  equation  ax-^-  by^  d — ctr,  if  we  make 
2=sl.  2.  3,  4,  iec,  successively,  then  the  number  of  solutions  in 
the  equations 

,  ax-^lfyir-^  '"  c  will  be  the  integral  parts  of  ^ — 7-^ ^ 

ax+busssdr^2c...n - — r-^ i ^ 

o  a 

{dr^c)z'      (d  —  Zc)^ 

b  a 

the  sum  of  which  will  be  the  whole  number  of  solutions  that 
the  equation  admits  of,  that  is,  if  we  take  the  sum  of  the  integral 
parts  of  the  arithmetical  series 

aa  also  of  the  arithmetical  series 


aar-f-^y=^^— ^< 


{d-c)^     {d-2c)y'     (<^-^)y^  .  (^^~4c)y-       (^  — gc)y     ^^ 
^  tf         *"       a         *         a         '         a  'a  "T     • 

the  difference  of  the  two  will  be.  the  whole  number  of  integral  so- 
lutions. Now  in  each  of  these  series  the  first  and  last  terms,  ai 
also  the  number  of  terms,  are  known  ;  for  the  general  terms  being 

(d — C2)x'       ,  (d'-^z)y'  ,    „   V  ,  ,        , . 

2 —        ,  and  — ^,  we  shall  nave  the  extremes  by  taldog 

0  u 

the  extreme  limits  of  z,  that  is,  2:  =  1,  and  z  -^ ,   which 

a 

last  value  of  z  also  expresses  the  number  of  terms  in  the  series. 

If,  therefore,  we  find  the  sum  of  the  two  whole  series,  and  then 
the  sums  of  the  fractional  parts  in  each^  by  deducting  these  last 
sums,  each  from  the  corresponding  whole  sum,  the  sum  of  the  in- 
tegral parts  of  each  series  will  be  obtained.  In  summing  the 
fractional  parts,  there  will  be  no  necessity  to  go  through  the  ^ole 
aeries,  for,  as  the  denominator  in  each  is  constant,  these  fractions 
will  necessarily  recur  in  periods,  and  the  number  in  each  period 
can  never  exceed  the  denominator  ;*  it  will  therefore  only  be  ne« 

the  20,  becomes  divisible  by  3,  and  we  then  have  4t-f-5y-j-20»« 
33327 ;  in  which  equation  x  and  y  have,  of  course,  the  same  va« 
lues  as  in  the  one  proposed,  and  therefore  the  number  of  solutions 
must  be  the  same ;  but  in  this  last  one  value  of  u  may .  be  0,  be- 
cause a%=3u4-l.    ^ee  Simpson's  Alg.  p.  199,  Prob.  15. 

*  This  will  appear  from  considering  the  above  series ;  for,  if  in 
tbo  firat  series  d  and  c  be  prime  to  each  other,  and  neither  of  them 
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cessNury  to  find  the  sum  of  the  fractions  in  one  period,  and  to  miil- 
tiply  this  sum  .by  the  nnmber  of  periods,  in  order  to  get  the  sum 
of  all  the  fractions,  observing,  however,  that  when  there  are  not 
an  exact  number  of  periods,  the  overplus  fractions  must  be  sum* 
med  by  themselves,  which  may  be  readily  done,  since  they  will  be 
the  same  as  the  leading  terms  of  the  first  period ;  it  must  also  be 

remembered  that  7  is  to  be  considered  as  a  fraction  in  the  first  se* 

0 

Ties,  as  in  Prob.  2.  ^      ^ 

1.  It  is  required  to  determine  the  numl^r  of  integral  solutions 
that  the  equation  3a;+5y+7zs=100  will  admit  of.        AnS.  41. 

Zx-^-SyssslOO — 7z  if  we  make  z  =  l,  2,  3,  4.  ••  .13  in  succes- 
sion, then  the  number  of  solutions  in  the  equation  Sx-^-Sysssa  ad- 
mits of  is  expressed  by  the  integral  parts  of  -^  — =-,  p  and  q  be- 
ing determined  from  the  equation  Sp — 5q  ===  1,  (where  it  is  evi- 
dent jjg=:2,  gt=l,)  .••  in  the  equation  3a;-(-5y=100 — 7;?,  if  we  take 
zaBlf  2,  3,  to  13,  which  is  the  limit  to  the  value  of  z,  then  the 
number  of  solutions  in  the  equation  32;-{-5^=9,  and  3z''\-6ysssl^ 

&c.  will  be  contained  in  the  integral  parts  of  -z ^;  -^ s^ 

and  the  whole  number  of  solutions  will  be  expressed  by  the  dif- 
ference of  the  sums  of  the  arithmetical  series,  viz.     , 


^     1<^ 
6  "*"  5 


2%?  ,  30p 


or. 


and 


2,9 

6 

1>9 

3 


5 
2>16 

f^4 


+ 


5 

2.23 


f^^-lV^'^ 


5 
1.23 


4 


5 
2.30 


6 

1.30 


h?#+ 


|23g     30g 


4^+ 


9 


+ 


5 
1.37 


1-^  + 


2.93 

5 
1.93 


3     •     3     '     3 

and  consequently  the  sum  of  these  series  are  265|  and  221,  res- 
pectively. Now  as  the  fractions  which  remain  amount  to  some- 
thing, these  must  be  deducted  from  the  above  sums.     Now 

3,2,1,5,  4     15,,       .0^^  3      ^ 

5"'^"T-g-h5i-5=5=^»andg-hg+g_    ^=1 

and  as  the  number  of  terms  is  13,  the  sum  of  the  first  period  of 
fractions  is  (2x3-fll)  ==7J,  and  of  the  second  1  X  4  +  0  =  4. 

prime  to  b,  each  term  will  be  wholly  integral,  that  is,  the  fractions 
will  all  be  0.  If  3  be  prime  to  d,  and  not  to  ,c,  the  fractions  will 
be  all  equal.  If  &  be  prime  to  c,  but  not  to  d,  then  the  fractions 
will  recur  after  the  first  integral  term,  which  can  never  lie  beyond 
the  ^th  term ;  and  finally,  if  a,  b,  c,  be  all  prime  to  each  other, 
the  series  of  firactions  will  always  recur  after  the  bth  term.  Sim- 
ilar observations  evidently  apply  to  the  second  senes. 


Mi  aillKTlEIHIIATl  ABULTSn. 

flenoe  we  have  M5|**7|as^2flB )  cb  41,  Ana.  the  whole  nurim 

221  -—4  c^l7  )  of  solutions,  as  reqaiied. 

41Ans. 
2.  Giyen  the  equation  52>-}-7^4-llzs=224,  to  find  the  numher 
of  solutions  which  it  admits  of  in  integers. 

921    5    7 
Here  the  greatest  limit  of  z^  is   19 ;    also  in  the 

equation  bz' — 7^s=l,  we  have  :i;'ss=3,  and  ^^=Q,  also  ip=  5,  and 
3  =  7;  therefore  the  two  series,  of  which  the  sums  are  required, 

beginning  with  the  least  terms  -^ r ,  and  -i— ^,  will 

^    3.15  ,2-26  ,3.37  ,3.48  ,  3.59    ,  3.213, 

<>e-y-|     y     I     7    +-y-+-y-  + — ' 

^2.15  ,  2.36  .  2.37  ,  2.48  ,  2.59     ,  2.219 

"^^  T"  '    "5      '     5      1    5      '   "5^  + "T"' 

the  common  diff.  in  in  the  1st  heing  -^»  and  in  the  2d     -^, 

and  -the  numbor  of  terms  in  each  19. 

Now  the  sum  of  the  first  series  is  928f , 

and  the  sum  of  the  second  .  •  .^^ .  •  866f ;  also  the  first  period  of 
fractions,  in  the  first  series,  is  ?"}"l"H"H't"?  I  ?  I  ?'  '  '^>  and  the 

•t-H- 


first  period  in  the  second  series,  is  0  (  g  j  t-}  i  j  f  =»  2,  f  being 
considered  as  a  fraction  in  the  first  period,  but  not  \  in  the  second. 
Hence  the  number  of  terms  m  each  series  being  19,  we  have 
two  periods  and  five  terms  of  the  first  series  »=  2X4-1*  ^®  ^'^ 
^e  fractions  =  10^,  for  the  sum  of  all  the  fractions,  and  there- 
fore 928^—10^  ==  918  =r  sum  of  the  integral  terms  of  the  first 
aeries  ;  also  in  the  second  we  have  three  periods  and  'four  terms 
t--8X2+lf™7f ,  and  therefore  866f— 7f-859  =  sum  of  the  in- 
tegral terms  of  the  second  series ;  whence  918—859  s=:  59  is  the 
whole  number  of  integral  solutions.  In  a  similar  manner  may 
the  number  of  solutions  be  obtained,  when  there  are  four  or  more 
unknown  quantities. 

3.  Required  to  determine  the  number  of  integral  solutions  that 
Uie  eouation  724-92^4-23z=9999  will  admit  of.      Ans.  34365.- 

4.  Required  to  determine  the  number  of  integral  solutions  that 
the  eouation  5a:-f  72^-l-9z=93256  will  admit  oil    Ans.  1380114& 

5.  Kequired  to  determine  the  num.  of  integral  solutions  that  die 
equation  So;  -|*  7y  ~|-  ^^  °==  6665  will  admit  of.      Ans.  70 

6.  Required  to  determine  the  num.  of  integral  solution  that  dn 
equation  6x^2ly-+'27z^ 20000  will  admit  of.        Ans.  7079A 

162.  To  find  such  a  whole  number  as,  being  dirided  hj  odiar 
given  numbers  a,  3,  e,  shall  leave  given  remainders  figfhf 
RiTLB  I.    Call  the  number  that  is  to  be  determiiied,  x,  the  nan* 
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bers  by  which  it  is  to  be  divided  a,  b,  c,  dee.  and  the  gtwea  re- 
mainders /,  gf  A,  6cc, 

2.  Subtract  each  of  the  remainders  from  x^  and  divide  the  dif- 
ferences by  a,  by  c,  &c.'and  there  will  arise 

Q^^—m.'f         X-mmmmOr        ^J^^^^ 

— =^,  — =-2  J J  ^.  s^  whole  numbers. 

«         b         c  3.    /• 

3.  Put  the  first  of  these  fractions  — ^  =^,  and  substitute  the 

a 

value  of  X  as  found  in  terms  of  p,  from  this  equation,  in  the  place 
of  X  in  the  second  fraction. 

4.  Find  the  least  value  of  p  in  this  second  fraction,  by  the  last 
problem,  which  put  =  r,  and  substitute  the  value  of  x,  as  found 
in  terms  of  r,  in  the  place  of  x  in  the  third  fraction.  4 

5.  Find  in  like  manner  the  least  value  of  r,  in  this  third  frac- 
tion, which  put  =  s,  and  substitute  the  value  of  x,  a^  found  in 
terms  of  «  in  the  fourth  fraction,  as  before  ;  and  so  on  to  the  last ; 
when  the  value  of  x  thus  determined  will  give  the  whole  number 

1.  To  find  a  number  which,  divided  by  3,  5,  7,  and  2,  wiU 
leave  the  remainders  2,  4,  6,  0,  respectively. 

whole  numbers.    Let  — ;r— =P,  and  rceas  3P+2;  then— ^! 

3P4.2— 4     3P— 2        ^       ^         .  ^      5P       ,2P4-2 

— ^ = — ■= — ^=swh.  subtract  it  from  -p-,  and  — ^^ 

3P— •  2  P— 4 

Sttblraet  this  from — g — ;  then  toAssQ,  and  Ps=6Q-|-4 

and  2«16Q  +  14.    Again  ?^t=l^%i:?=wA.,  and  ^  a= 

vfh.  =  R,  and  Q=7R  —  1,  and  a:=105R— 1.    Lastly,  — g-as: 
^ sssaoh;  and  --5^  ssswh.=Sf  and  R==2S4-1-    Whence 

z  a=s210S-{'104,  the  number  sought ;  and  putting  S=0,  the  least 
value  of  X  is  104. 

2.  Find  a  whole  number  which,  being  divided  by  16,  17,  18, 
19y  20,  will  leave  6,  7,  8,  9,  10,  remainders. 

m,.      «— 6  x—7  a;— 8  a:— 9^  a:— 10 
Leta:-number.    Th^n  ^g-, -jr,  ^g-, -39-, -gO"^ 

whole  numbers.     Put    ,^  =P,  then  as=:16P-4-6.     Then  ■    .„ 
I  gp 1  10  p  I   I  17 

or —  wk.    And  thence  --^ssswA.  a=Q,  and  P=17Q — 

17  17 

,       :.        <u^^    ,A      A I      ^»'— 9     272Q-^18       .        ,  2Q 
1,  and  aM^372<3h-10.    Also  -Jq-= — ^j§ — =»*•  and  ||ae 
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wh^MmlR,  ftttd  Q SB 9K,  whence  z ^  S448R  -^  10. 

.     .    a?— 9     2448R— 19       .         .  — 3R        ^         3R       , 
Again— j^ =irA.,  and  ^-j^=irA.,  or  -jg=«A. 

18  R  R 

and  --rr-ssswh.  whence  -j^ssswh.  a:=S,  and  Rsb=19S.  Then 
19  19 

46512S— 10. 


-      .    »    10      486128-^       .        .128        ,      rp      ^o 
Lastly  = 5g^ =wh.  and  -5g-=trA.=T,  and  S 


s=5T.    Whence  a;t=2325d0T— 10.     And  if  T=l,  then  the  least 

value  of  x=222550. 

3.     To  £nd  a  number  (2:)  whkh,  being  divided  by  3,  7,  14,  20, 

there  shall  remain  1,  3,  7,  14. 

„        X — 1  X — 3  X — 7  X — 14  ,   ,  .  _      x^\ 

Here  — ^»  ""t"*  "TI"'     on     ^®  whole  numbers.     Let  —^ 

ssstS^  andass=3P+l.     Then     ^    -r-i    ^ — s=«;A.  and  — = — = 

P4-4  7  7'  7 

wk.    Whence  -^=:K^A.=Q,and  P=7Q— 4,  andas=:21Q— IL 

.,  •   x^l     21Q— 18       .        ,  7Q— 4    „,        .  14Q-.8 
Also  ---p  9B — -y—  £^=to4.  and      ,.        rwA.  and       "la — 
14  14  14  14 

s=  4oA.     Whence  -^  =  tt'A.  which  is  absurd. 

Hence  the  question  is  Impossible  for  the  three  first  suppositions; 
but  will  hold  good  for  two  of  them.  In  which  case  :cs21Q— lit 
wiMTO  the  least  vakie  of  ;{;  is  10. 

Rule  II.  When  two  divisors  and  their  remainders  are  given, 
thiBJSL  find  two  fixed  multipliers,  M,  N,  such,  that  dividing  them, 

M  M  '  N  N 

—  leaves  P,  and  -r-  leaves  1  remaining,  and  —  leaves   1,  aiid  -r 

leaves  0  remaining.    Then  divide         T^  "^ ,  and  the  remainder 

is  Xt  die  number  sought. 

Likewise,  for  three  divisors  and  remainders,  find  diree  fixed 
multipUera,  M,  N,  P,  such,  that,  by  dividing  them, 

—  leaves  1,  and  r-  leaves  0  remaining.     —  leaves  1,  — leaves  0 

P  P 

remaining.     —  leaves  1,  ^  leaves  0  remaining.    Then  dividing 

M/4.N;f4.PA  *  \   '      {«» we  quantities 

'  L    — *  ^®  remainder  is  ar,  required ;  and  the  like  for 

To  piov«  the  truth  of  this.    Since  (Case  1,) —  as  also  y  leavi 

Qi:liy  division ;  tibieiefore  --^,  and  —  leave  0*    Aad  siiKe'  -7->^ 

a  o  9 


••, 


—  leave  1.     Therefore  — r —  and leave  0.     Thoe- 

a  0  a 

fine       ,        aod  leave  0 ;  that  is  -=^  leaves  ^,   and  — =^ 

^  a  da 

leaves/..    Therefore  Ml!*^  leaves  0+/,  and  ^^f^f  leaves 

^-{-0.  But  since  N^  -|"  N/*niav  exceed  oi^,  and  therefore  is  not 
the  least  number ;  therefore  divide  by  ab,  and  thje  remainder  is  the 
least  number  required.  And  the  same  way,  Case  2,  or  any  other» 
18  proved.        ^ 

4.  Having  the  cycle  of  tbe  dominical  letter/,  and  cycle  of  the 
moon  gy  to  find  the  year  of  the  Dionysian  period. 

Let  2;  be  the  year  sought.    Then  -^r^  and    .^      are    whole 

numbers.    Here  a — ^28,  end  ^^  ss  wh.  ss  P,  and  MiBs28P.    Also 

M--1       .  _28P— 1     '  ,       ....      .     .   66P— 2         . 

-g  i    wh.  = — r^—  ;  and  multiplymg  by  2,  — j^  ea  wA. 

57P  p  I  o 

Also,   -rr^ssswk.    Therefore, -^s=:t0A.as=Q,  and  P=19Q-«9 


Whence  M=^X19(Q— 2)=532Q-r-66,andif  Q=l,  then  Mas 
^76.     Then  $  =~  =  «^A.  :«=  P,  and  N=19P.    Also  ^^  = 

?A.  multiply  by  3 ;  then  — ^q  wL  and 


p 3 

wh.  therefore  -^  =wA.=Q,  and  P=28Q-f3. .  Whence  Nss28 

X 19Q+57,  and  if  Q==0,  N==57.    Thercffore  x  =  remainder  of 

— ^X^  ■,  which  serves  in  general  for  any  numbers,  /,  g.    Let 

/sslO,  5^12 ;  then  25=430. 

5.  Having  the  cycle  of  the  Sunday  letter/,  the  golden  number 
gf  and  indiction  A,  to  find  the  year  of  the  Julian  period. 
.  Here  db=s28,  ^^=19,  0=15,  a&=s532,  aca£=420,  3cBs28fi,    And 


M       '  M 1 

aftc=^980.    Then  ~=wA.=P,  and  M fc=  285P.    Also- 


.iii» « 


gg^  , — _    gg 

2S5P 1 

SB  — ^ — esswh.    This  at  last  gives  P=1!J[  the  least ;  and  then 

MmA8«6.    Again  ^c=to&.paP,.and  Ns420P.    A1m»  ^"j^n,? 
M    I  I  ~ ifti  adl      7"  lutteyA.  which  wffl  give  P^asIO,  and 
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P  P  — 1 

Ncx»4200.    Lastly,  •^st&A.:=:Q.  and  P=a532Q.    Also  -^ 

ss — si      ' — w^'  and  — -^ —  =  wh.  at  last  Q  =  13,  and  P  s=s 

^916.     Whence  the  remainder  of 7000     i is  s=s  ai. 

Let  /=sO,  or  28,  ^ssal,  A==Q ;  then  35=2072. 

Cor.  When  the  operation  brings  out  a  lesser  number  divided  by 
a  greater,  instead  of  a  whole  number,  the  problem  is  impossible. 

6.  Given  the  cycle  of  the  sun  18  the  golden  number  8  and 
the  Roman  indiction  10,  to  find  the  year.  Ans.1717. 

The  solar  cycle  is  a  period  of  28  years,  the  lunar  of  19,  and 
the  indiction  a  period  of  15.  The  year  before  the  christian  era 
was  the  9th  of  the  solar  cycle,  the  1st  of  the  lunar^  and  the  third 
of  the  indiction  cycle.  Wherefore  9,  1,  and  3  being  severally  ad- 
ded to  any  year  x  of  Christ,  and  the  sums  divided  respectively  by 
28,  19,  and  15,  the  remainders  will  sheW  the  several  years  of  the 
cycles  for  that  year.  But,  in  the  present  case  proposed,  the  re- 
mainders are 

a:-L9_18    a;+l— 8        ,  a:4-3— 10 
18,  8,  and  10 ;  hence  then     '  ^  — ;      '   q — ;  and      '      — 

j»     Q     j«     y  j»     y 

must  be  integers  ;  or  -^q-J  "TflT'  ^^^  "Tfi"  integers.      Put  liiQ 

X 9 

first  of  these  equal  to  the  integer  ;n,  that  is     ^^   ^==m ;  then  :r=s 

28w-|-9,  a  value  of  x  answering  the  first  condition.    Write  this  in 

.1.    o^i    1.       28771+9—7     281W+2  ,  9m+2     . 

the  2d,  then  ~ or  — r^^  =7w-| ~-  =  an  mteger; 

9m+2      18w+4  m—A  m — 4 

...  _iL  or  ^-=^  "IT = *"  ^°''^'' '  ••-ir  ="  "" 

integer  ;  hence  m=l^n'\-A  ;  which  substituted  in  the  value  of  x, 

we  have  a:=28X(197i+4)4-9=532n-|-121  a  value  of  a:  answering 

the  two  first  conditions.     This  value  of  x  being  written  in  the  3d 

....  ,  53271+121—7  532n+li4  ^^,-  -, 
original  integer,  we  have jz or r^ s=:3on+7  + 

7«+9  .  ,  7n+9      14^+18        ,,      n— 3 

^1    =  an  mteger ;  hence       '      or r~ — =7^4-l — = 

lo  10  15  *  15 

an  integer ;  .•.         +y  an  integer ;  .•.  «=l^+3 ;  this  written  in 

the  last  value  ofx,it  becomes  £=s532X(l^P+3)+121aB7980^ 
1717,  a  general  expression  for  the  year  answering  all  the  three  con- 
tioos,  in  which  p  may  be  either  0, ,  or  qpy  wliole  nuiober.    In  thf 


present  case,  it  is  evident  that  the  value  of  p  must  be  nothing, 
and  then  s=a  1717,  the  year.  It  is  evident  that  such  a  combina- 
tion cannot  happen  again  till  the  year  9697=7980-f-1717,  when 
the  value  of  ^  is  1 ;  and  that  the  successive  years  of  its  happening 
are  found  by  the  continual  addition  of  7980. 

7.  A  person  receiving  a  box  of  oranc^es,  consisting  of  between 
100  and  200,  observed  that  when  he  told  them  out  by  2,  3,  4,  5, 
and  6  at  a  time,  he  had  none  remaining,  but  when  he  told  them 
out  by  7  at  a  time,  there  remained  6.  How  many  oranges  were 
there  in  the  box  ?  Ans.  180. 

If  the  number  is  divisible  by  4,  it  is  evidently  divisible  by  2 ; 

XXX           X    5 
therefore  we  need  only  make  5    g    ^    and -^ whole  num- 

X  ^  X       ^it!D  &D       42'        9 

heiB.     Put  r^ssp,  then  x=Ap,  and  ^5=-|-.    But  -f— t-=4=* 
4  00000 

X     20r  27* 

wh      r,  0Tp=s&r  and  assSOr ;  therefore  ^    ■       ■ -3  I      ess  wk, 

bo 


2r      r 

or -s-^;55astoA.=», whence  rs=335,and  2=60*;  .•.     ^    —     _. 
6       3  7  7 

,4s— 5       ^      4s— 5       ,       ,         ^9—6^^,^8s—l0 
j-  ■  ^ — Gssswhj  or  — —sssgwh ;  whence  — = — X«= — = — ' 

■l-j —     I    'Why  or  ti>hj=sit ;  therefore  s  =7^-f^»  *^d 

420^+180 ;  whence  if  ^  =  0,  ar  =  180,  the  answer. 

8.  Find  the  least  whole  number,  which  being  divided  by  11, 19 
and  29,  shall  leave  the  remainders  3,  5,  and  10,  respectively. 

Another  method  of  solving  questions  of  this  nature  is  to  suppose 
X  the  given  number  ;  then  if  r,  r',  r"^  &c.  be  the  remainders,  and 
dy  d\  d"y  &Q.  the  divisors,  it  is  evident  that 

T     a?*— 7*'     X     T^'  t 

,  must  be  whole  numbers.     To  apply  this   to 


d  d*         d"  X— 3    X 5    a:— 10 

the  abpve  example,  we  must  have   -rrr- ;  -tq-  ;  — ^-- ;   whole 

^     »— 3         ,  ,,    ,o       J  lip —2    lip— 7 

numbers.     Put  — -=sp,  then  a:=llp-|-3,  and  — r^ — ;      1^  ■ 

77;>— 14    88p— 56        p—\4    p— 27     ^  , 
whole  numbers,  or  --^ — ;  — %g — »  or  ^-j^  ;  whole 

numbers.     Put  ;?::=?195'+14,  then  ^\l^q — 13 1  must  be  a  whole 

57flf— 39      «,     0^+10         ^  ,  ,         ^ 

number,  or    — ^55 —  a=s  2q — 1 — ^  '       =  whole  number.    Put 

#7-4-10  ^  ^ 

^  ^r  ;  .-.  ^=29r— 10 ;   if  r=l,  ^=19,  p=19H-l*«37fi, 

awlli^f3=4128. 
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•9.  Findtlie  least  whole  niunber,  which  being  divided  hy  S8^  19 
and  1^,  shall  leave  for  remainders,  19,  15  ,  and  11  ,  respectively. 

If  r,  f\  r",  denote  generally  the  remainders  of  a  number  di- 
vided by  28,  19,  and  15  respectively,  we  shall  find  by  proceeding 
as  above,  as=7980c— 3135r^-HS00r"— 1064/",  where  c  may  be 
any  number  taken  at  pleasure  ;  supposing  r,  r',  r",  to  be  19, 15, 
11,  as  in  the  ex.  we  have,  a5=:7980c—59565-f  63000— 11704= 
7980c— 8269,  if  c==2,  then  a?=769l.  The  formula  exhibiting 
the  value  of  x  is  useful  for  finding  the  year,  when  the  cycle  of  the 
sun,  the  golden  number,  and  the  Boman  indiction  are  given. 

a:-f  9--18    a:+l— 8     ar+S— 10     x— 9    a:— 7-    a^7 

xience  — ^^ '^    ' — — -^    •— ^^ or '-    

28  19  15       ^^  28         19         15 

must  be  whole  numbers,  we  have  a:  =  7980c  —  282154-29400— 
7448«b  7980c  —  ^63 ;  if  c  =  1,  a:  x«1717  year.     As  in  6th  Ex. 

10.  It  is  required  to  determine  in  what  year  of  Christ  the  cycle 
of  the  sun  was  8,  the  golden  number  or  eycle  of  the  moon  1^  ani 
the  cycle  of  indiction  10.  Ans.  In  the  year  1567.* 

IL  Here  ar;+7y+92i=93256,  or  y^^J^^^—^V^^  ^  18651 

--^2. 1  ^+"^;^.  or  l=y:i^=:>  wK.  ,.^l=:|±5x2= 

^ir^^L^n.  and  ^+^"^^=^"*^y=«^*^>aBd 
5  ^    ^  ^  5  ' 

|fct=:5r — ^22^^ ;  whence  as=18654 — ^7r-f-2. 

Now  it  is  evident  that  y  will  be  a  positive  integer  as  long  as  ft* 

is  greater  than  22r-j*2.     But  the  greatest  value  of  z  is    .    . 

**'■»"■'■  III  I "         ■  I     I     '     ,        ■ 

*The  entire  cycles  here  mentioned  are  28,  19^  and  15  years  re- 
spectively ;  from  which,  agreeably  to  the  times  of  their  commence- 
ment«  the  cycle  for  any  particular  year  may  be  found  as  follows : 

1.  For  the  sun.  Add  9  to  any  given  year  of  Christ,  and  di- 
vide the  sum  by  28 ;  then  the  quotient  is  the  number  of  years 
elapsed  since  his  birth,  and  the  remainder  is  the  solar  cycle  for 
the  given  year  ; '  and  if  nothing  remains,  the  cycle  is  28. 

2.  For  the  moon.  Add  1  to  the  given  year  of  Christ,  and  di-^ 
vide  the  sum  by  19,  then  the  quotient  is  the  number  of  lunar  cy- 
cles elapsed  in  the  iirterval,  and  the  remainder  is  the  cycle  fcff  the 
given  year ;  and  if  nothing  remains,  the  cycle  is  19. 

3.  For  the  indiction.  Divide  the  date  of  the  year  by  15,  and 
add  3  to  the  remainder,  and  the  result  will  be  the  indiction. 

Whence,  by  reversing  these  observations*,  the  year  of  Christ  an- 
awering  to  any  particular  cycle,  may  be  found. 
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93256—6—7     93244 
BB s=s — - —  sss  10360f,  and  the  greatest  value  of 

2;-4-2=20720f ;  hence  the  greatest  valae  of  r,  so  that  y  may  be 
positiye,  is  20720f -r5ss5:4144}f ;  therefore  all  the  positive  values 
of  y  are  included  between  the  limits  r=l,  and  r&ss4144. 

If  r=s=l,  then  y<==5 — 2z — ^2=3 — 2z,  where  z  can  only  be  aavl, 
so  that  in  this  case  there  is  but  one  value  of  y. 

If  r=Q,  then  y=10 — 2z — ^2==8 — 2z,  where  z  may  be  either  1, 
2  or  3,  and  in  this  case  there  will  be  three  Answers. 

If  rs=s3,  then  ytecl5 — 2z — ^23=13—22,  where  z  may  be  either 
1,  2,  3,  4,  5,  or  6,  and  in  this  case  there  will  be  six  Ans. 
If  r3=s4,  then  2ssl8-*-2;7,  and  here  there  will  be  eight  Ans.    , 
If  r=5,  then  ^^=23 — 2z,  and  there  will  be  eleven  Ans- 
Whence  it  is  evident  that  the  number  of  answers  or  values  of  y, 
irom  rzssil  to  rts=4144,  is  equal  to  the  sum  of  the  series  1  -f-3-}-6 
-j-  8  -j-  11.  ••  .to  4144  terms,  which  terms  being  united  in  pairs, 
form  the  arithmetical  progression  4-f-14-4-244-  34  -f-  &c  to  2072 
terms,  the  sum  of  which  is  ^■f^QX2071-f4^  ^^^  ^  21463848, 

the  number  of  the  positive  values  of  y.  But  as  some  of  the  cor* 
fefflK>ading  values  of  x  will  either  be  0,  or  negative,  we  must  now 
find  the  tiumber  of  those  values,  which  must  be  deducted  from  the 
number  found  above.  It  is  obvious  that  x  will  be  a  positive  in- 
teger as  long  as  18664  -{-  zis  greater  than  7r ;  that  is,  x  will  be 
positive,  for  all  values  of  z,  as  long  as  7r  is  not  greater  than 
18654,  or  r  not  greater  than  Ji^f^^=2664f . 

But,  if  r  be  =c  2665,  then  7r=18655,  and  x=z—l ;  where,  if 
z==l,  then  a;  is  ss  0,  and  there  is  one  value  to  be  deducted. 

If  rs=3666,  then  x=z  z  —  8 ;  and  in  this  case  2;  is  s=:  0  when 
2s=8,  and  negative  when  2=1,  2,  3,  4,  5,  6,  or  7 ;  consequeni* 
ly  there  are  8  values  to  be  deducted. 

If  rt=;2667,  then  x  =  z — 15 ;  and  in  this  case  a;  is  mb  0  when 
z  =  15,  and  negative  when  z  =  1,  2,  3,  &c.  to  14 ;  hence  there 
are  15  values  to  be  deducted. 

*W^hence  it  is  evident  that  the  number  of  answers  to  be  deduct- 
ed is  expressed  by  the  arithmetical  progression  1  -f-  84-16-f-22*f- 
Scc,  to  4144 — ^2664=1480  terms,  the  sum  of  which  is  equal  to 

l-f7X  1479+1  ^  |48o_7662700 ;  hence  21463848—7662700= 

13801148,  the  number  of  answers  required. 

7  How  many  different  ways  is  it  possible  to  pay  £100  in 
crowns,  guineas  and  moidors  only.        Ans.  70S34  diTOrent  ways. 

Let  X  denote  the  ftumber  of  crowns,  y  the  number  of  gum- 
eas,%Bd  z  the  moidores ;  then  5a;-f-21a;-|-27z=S0000  by  the  ques- 
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tion.     In  this  equation,  if  y  and  z  be  supposed  ss  0,  we  shall 

haye  j,— gopo>,JlOOO ;  and  if  :?  and  y  be  3=  0,  then  z=z  M/^ 

ss^40 ;  consequently  the  greater  value  of :];  is  4000,  and  of  z,  740. 

„  20000u-.2lJ^-27z      ,,^     .       ^       y+2z 

Butas= g-^— =4000— 4y— 5z— ?^-^  r=ttjA.,  or 

H-22_.  ,  -_^  .  20000—813^-27:: 
^  '  wh.=p ;  whence  y=op — zz,  and  y= ^— ^ 

a=4000+3z— 21p. 

By  assigning  difierent  yalues  to  p,  in  these  equations,  for  the 
values  of  x  and  y,  we  may  find  all  the  possible  answers  that  the 
question  will  admit  of ;  but  as  these  answers  are  too  many  to  be 
put  down  here,  we  shall  only  show  how  the  number  of  them  may 
be  determined. 

Now  it  is  evident  that  y  will  be  a  positive  integer  as  long  as  5p 

is  greater  than  2i ;    that  is,   as  long    as  5p  is  greater    than 

2z 

•7-*     But  since  the  greatest  value  of  z  is   740,  p   cannot  exceed 

740  X  2 

^ =  296 ;  therefore  all  the  positive  values  of  y  are  inclu- 
ded between  the  limits  ^==0,  and  psssQ96. 

If  ps=Oy  then  y  and  z  are  each  =  0,  and  x  =  4000 ;  theiefoie, 
in  this  case,  the  question  admits  of  one  answer  only. 

If  p=l9  then  y=5 — 2z ;  where  z  may  be  either  0,  1,  or  2;  ani 
in  this  case  thb  question  admits  of  three  answers. 

If  pB=2,  then  ^slO — ^2z,  where  z  may  be  either  0, 1,  2,  3, 4,  or 
5.     In  this  case  the  question  admits  of  six  answers. 

Byjproceeding  in  this- manner  for  each  particular  value  of  j',the 
number  of  answers  will  stand  as  in  the  following  table ; 


y= 

Values  of  z  that  will  give  positive 

Number   of 

1 

values  of  y. 

answers. 

0^2z 

0 

1 

6— 2z 

0,1,2 

3 

10^2z 

0,1,2,3,4,5 

6 

15— 2z 

0,1,2,3,4,5,6,7 

8  ^ 

20— 2z 

0,1,2,3,4.5,6,7,8,9,10, 

i^ 

26— 2z 

0,1,2,3,4,5,6,7,8,9,10,11,12, 

&c. 

&c. 

&c. 

0 

1 

2 
3 

4 
5 

&c. 

Whence  it  is  evident  that  the  number  of  answers  from  p=Oto 
jp  s  296  will  be  equal  to  the  series  1  +  3+6+8+ ll+lS-f&c. 
continued  to  297  terms,  which  terms  (setting  aside  the  first)  being 
united  in  pairs,  we  shall  have  the  arithmetital  progression  9  +19 

+29+39+&C.  to  148  terms,  the  sum  of  which  is     i     '     o» 


X  148  SB  110112;  and  adding  (1),  the  term  omitted,  we  hxH 
110113  for  the  number  of  answers,  or  positive  values  of  y.  But 
in  these  answers  some  negative  valaes  of  x  are  included,  t^e  num- 
ber of  wkick  must  be  deducted  from  the  number  of  answers  al« 
ready  found,  in  order  to  obtain  the  true  number. 

Now  it  is  evident  that  x  will  be  a  positive  integer  as  long  as 
4000-4-3z  is  greater  than  2lp ;  that  is,  as  long  as  p  is  less  than  ^Jf^ 
or  190 ;  but  when  pis  mm  to  190,  x  will  be  ss  0 ;  and  when  jg  is 
greater  than  190,  x  will  be  negative  in  certain  values  of  z. 

If  pasl91,  then  Xfen4000«f3z--21^ar--ll,  where  k  is  obvi- 
ous that  X  will  be  negative  when  z  is  either  0,  1,  2  or  3 ;  hencf 
there  will  be  four  negative  values  of  x. 

If  J9S9K192,  then  xsbQz — 32,  where  x  will  b^  negative  when  z  it 
either  0,  1,  2,  3,  4,  6,  6,  7,  8,  9,  or  10;  and  in  this  case  there 
will  be  11  negative  values  of  x. 

If  p  sas  193,  then  xescSz^—^,  and  there  will  be  18  negative  val- 
ues of  X,  And  when  psBsl94)  there  will  be  25  negative  values  <if 
x;  and  so  on  for  other  values  of  p;  so  that  the  number  of  all  the 
negative  valaes  of  z  will  be  expressed  by  the  arithmetical  progrta* 
sion  4-fll-f  18-f25-f &c.  continued  to  296— 190(rsl06)  terms; 

whereof  the  sum  is  i±I^^?^X  106  s  39379,  which,  aub- 

tracted  from  110113,  found  above,  leiives  70734  for  the  number 
of  answers  required. 

13.  Find  what  rear  of  Christ  the  cycle  of  the  sun  was  6,  goU* 
en  number  or  cycle  of  the  moon  10,  and  the  cycle  of  indiction  10. 

Let  x  be  thejyear  required  ;  then  if  a;-|-9,  a?-t-l,  and  2  -J- 3  be 

divided  respectively  by  28,  19,  and  15,  the  remainders  wilibethi 

cycles  of  the  sun,  moon,  and  indiction. 

2:4.9—8    z+1— 10  «4.3— 10        x+l    :t  — » 

Hence  -^^ ,  Jll^g—  ;  and  J^^  ;  or  -^ ;  -^^ 

and  — r-?-  must  be  the  whole  numbers.    Put  -^-  as=«,  then  at* 

15  )ea  '. 

2Qp  ■  1 ;  and  this  value  of  x,  substited  in  the  fraction,  gives 
28p  — 10    -,9?H-10       .     .         9p~l0         .         ,  9p— 10 
'^^ — «=li i9~=^^5  ^^^^   "^gT  =^^-»  *^^        19" 

^  18p— 20  ,  T,  19|p  z  .  r  1^  18»— .20 
X2aBa— ^|— -CS3SM7A.     But  -r^s*=  wh.;  therefore  -~-  — — '^. 

s=aB^3l^a=^X-4-las=»A.;  or  ~^-<=«>*.,  which  suppose  aes  r; 

then  j9=»19r.^l,  and  as==532r— 29.    This  value  of  x  substituted 

in  the  3d  fraction, gives    ■' v- — =g:35r^^2-f-    |g     '  "»*« ;  himm 
30«  45 


IM  nmisxMiVAVB  axjstbs. 

— ^^:strA.,  and     ,-,   X2= — r= — ssst&A.    But  -rs-«r 
15  10  15  15 

,      ^        15r      lir— 12     r4-12      •  ,  ,c     m 

taerefore  -r?-"" r? — sss^-^-^-ssBwhjsss;  hence  ra»loi— 12 

lo  15  15 

and  2=7980^—6413,  where,  if  i  be  taken  s=  1,  then  z  =  1567, 

the  year  required. 

14.  Given  3x  sssSy — 16,  to  find  the  least  values  of  x  and  y  in 
whole  numbers.  Ans.  2^=8,  ys=s5, 

16.  Given  14^:  ^^&y  -f*7,  to  find  the  least  value  of  x  and  y  in 
whole  numbers.  Ans.  a;&=3,  yssH, 

16.  'Given  27z  =  1600  -^16y,  to  find  the  least  values  of  x  and 
y  in  whole  numbers.  Ans.  ,ri    18,  y  s&cl9. 

17.  Divide  100  into  two  such  parts,  that  one  of  them  may  be  di- 
visible by  7,  and  the  other  by  11.  Ans.  56  and  44. 

18.  Given  9:K4-ld^  =s  2000,  to  find  the  greatest  value  of  z,  and 
the  least  value  ot  y  in  whole  numbers.        Ans.  ar-g-215,  ysss^, 

19.  Given  \h>\-Qys=Q^y  to  find  all  the  possible  values  of  or-and 
y  in  whole  numbers.      Ans.  xssx]9,  14,  9,  4;  yss:9,  20,  31,  42. 

20.  Given  17x-4^19y-f  ^12=400,  to  find  ail  the  answers  in  whole 
numbers  which  tne  question  admits  of.     Ans.  10  difierent  ans. 

21.  Given  5a:4-7y-f-l  1^*^=224,  to  find  all  the  possible  values  of 
Xf  y,  and  z^  in  wnole  positive  numbers.        The  number  is   59. 

22.  Require<l  to  find  in  how  tnany  different  ways  it  is  possiUe 
to  pay  £20  in  half-guineas  and  half-crowns,  without  using  any 
other  sort  of  coin.  .       Ans.  7  difierent  ways. 

23.  I  owe  my  friend  a  shilling,  and  have  nothing  about  me  bat 
guineas,  and  he  has  nothing  but  louis  d'ors ;  how  must  I  contrive 
to  acquit  myself  of  the  debt,  the  louis  being  valued  at  lis,  apiece^ 
and  the  guineas  at  21j.?  Ans.  I  must  give  him  13  guineas,  and 
he  must  give  me  16  louis. 

2^.  How  mapy  gallons  of  British  spirits,  at  lb,  15$,  and  18r, 
a  gallon,  must  a  rectifier  of  compounds  take  to  make  a  mixture  of 
1000  gallons  that  shall  be  worth  17;  a  gallon  ? 

Ans.  llli  atl2«;  111^^  at  15i;  and  777^  at  18i. 

25.  Given  72; — 12y=19,  to  find  the  least  values  of  x  and  y  in 
the  whole  numbers.  An8.a;=asl3,  yas=6., 

^  26.  A  person  bought  as  many  ducks  and  geese,  together,  as 
cost  him  28r ;  for  the  geese  he  paid  4«  M  apiece,  and  for  the 
docks  2r  6^  apiece.     What  number  had  he  of  each  ? 

Ans.  3  geese  and  6  ducks. 

27.  A  person  in  exchange  for  a  number  of  pieces  of  foreign 
gold,  valued  at  17f4c2  each,  received  a  certain  number  of  guineas 
vadto  50,  and  li  over.    What  was  the  sum  exchanged  ?  Ana.  49|£ 


28.  Forty-one  peTsons,  eonsisdiig  of  men,  ,woinen  and  ckildreoi 
spent,  among  them,  40s,  of  which  each  man  paid  4s,  each  woman 
3f,  and  each  child  4d,    How  many  were  there  of  each  ? 

Ans.  5  men,  3  women,  and  33  ^children. 

29.  With  guineas  and  moidores,  the  fewest,  which  way, 
Three  hundred  and  fifty-one  pounds  can  I  pay  ? 

If  paid  every  way  *t  will  admit  of,  what  sum 
Do  the  pieces  amount  to  ?•—» my  fortune's  to  come. 
Ans.  9  guineas  aiid  233  moidores ;  and  37  ways,  is  ^  £12987. 
.   30.  How  many  ways  can  a  refiner  mix  three  kinds  of  silver,  of 
11|,  13},  and  17^  pennyweights  fine  per  oz,  so  as  to  form  a  mass 
of  75  oz,  of  15  pennyweights  fine  per  ounce  ?    Ans.  8    ways. 

31.  A  person  bought  100  head  of  cattle  for  $200.;  oxen  at  $20 
apiece,  cows  at  $10  apiece,  calves  at  $4  apiece,  and  sheep  at  $1 
apiece.     How  many  of  each  sort  did  he  purchase  ? 

k    Ans.  The  question  admits  of  10  different  answers,  one  of  which 
is  4  oxen,  1  cow,  5  calves,  and  90  sheep. 

32.  A  company  of  men  and  women  spent  1000  cents  at  a  tav- 
ern ;  the  men  paid  each  19  c'ents,  and  each  woman  13  cents. 
How  many  men  and  women  were  there  ? 

Let  X  s=s  the  number  of  men,  and  y  ss  the  number  of  women. 

Then  we  shaU  have  19:r+13j^l000.    a;  =  +  ^^^^^^ . 

13^-^1000)192;           (1                                     19)3000(157 
13y— 1000 ..  19 

,6y+1000)13y— 1000(2    *    *150        110 
12y-f2000  133  95 

y— 3000  17   *  150  ' 

1000— 13y     IOOOl-221     ^,    ,  .\     :       ., 

X  asa — 2.=s a=s41,  the  greatest  "mf^e  oVx. 

And  17  is  the  least  value  of  y ;  then  diminisliing  x  by  the  coef- 
ficient of  y,  and  increasing  y  by  the  coefficient  of  x,  we  have 

I  ^i:  S  M:  74  !       ^ow.  when  a^l,  y  =  17,  so  that  the 

men  spent  779  cdnts,  and  the  women  221.  When  x=^,y=:^, 
then  the  men  spent  532  cents,  and  the  women  468.  When  x  =15, 
jfss  55,  the  men  spent  285  cents,  women  715.  And  when  xss&f 
9taB74,'the  men  spent  38  cents,  women  962« 
'  33.  To  find  a  number  which,  being  divided  by  6,  shall  leave  the 
lonainder  2,  and  when  divided  by  13,  shall  leave  the  remainder  3. 

Ans.  68. 
34.  Find  the  least  whole  number  which,,  being  divided  by  29, 
diall  leave  the  remainder  16,  and  when  divided  by  56,  the  remain* 
der  ahaU  be  27.  Ans.  1147. 


36.  Find  the  least  wbole  number  wUdi,  beii^  diyidei  Vy  7, 8» 
ttid  9,  respectively,  shall  leave  the  remainders  5,  7  and  8. 

Ans.  1727. 

36.  Find  three^numbers  in  the  proportion  of  5,  7  and  9,  which, 
being  divided  by  11, 13  and  15,  shall  leave  the  remainders  1, 2, 3, 
respectively.  Ans.  2685,  3759,  4833. 

Compotimj  Indetertninate  Equations. 

'  -  • 

163.  Equations  of  this  kind,  not  higher  than  the  second  degiee- 
which  admit  of  answers  in  whole  numbers,  are  chiefly  such  as  con- 
sist of  the  products  or  squares  of  two  unknown  quantities,  togediei 
with  the  quantities  themselves ;  being  usually,  as  far  as  regards 
the  plan  of  this  part  of  the  present  article,  of  one  of  the  four  gea- 
eral  forms  given  below. 

Bulb.  If  the  proposed  equation  be  of  the  form  xy=say'\-iy^ 
we  shall  have,  for  its  solutions  in  whole  numbers 

Cii-+-C 

y=a-| — — ^,  where  x — h  must  be.a  divisor  of  o^-f-c. 

2.  If  the  proposed  equation  be  of  the  form  g'-l-^ayTnatap  |  ^  |  c> 
we  shall  have  for  its  solution,  in  this  casCj   sfssa— i«-s4~ 

■  jT — >  where  a:— *  must  be  a  divisor  of  c-^(i^— ^). 

3.  If  the  proposed  equation  be  of  thevform  a?  =  ^7H*y-f^f  ^ 

shall  have,  for  its  solution,  in  that  case,  y  i    ^ 1     ^■,  and 

^  8fi      *     2 

X     g  I  y — «,  where  «— «  must  be.  an  even  number,  and  «  be  so 

taken  that  8n  may  be  a  divisor  of  ef-^-Ab, 

4.  And  if  the  proposed  equation  be  of  the  form  a:^s=ay'-f-^!H^ 

b^^2cn 
WB  shall  have  for  its  solution,  in  this  case,  y  sas— | ,  and  x 


n'-'-a  ^ 

4-  ny,  where  n  must  be  some  whole  number  between  f^a  and  HJ 
^»  •  •  • 

1.  Given  xy=43— 2a)— 5y,  to  find  the  several  values  of  a;  and  \ 
in  whole  numbers.    Here,  by  the  first  fomi,  Qis=i — ^2,  b    \    3,  and 

6-4-42  48" 

whence  yfe=>-2-|-:^^=s— 4a-f— _,  where  it  is  phda 


^  Every  indeterminate  equation  of  the  seeond  degree,  cotttain- 
ing  two  imknown  quantities,  can  always  be  reduced  to  the  ftna 
a?  —  ay^  n=  ^,  consequently,  on  the  solution  of  this  depends  that 
ct  every  possible  case  that  can  arise  in  indeterminate  equations  of 
tids  kind ;  for  s(wie  examples  of  nMdi,  see  the  biter  pan  of  drii 
prtsent  article. 


that  X  must  be  such  a  number,  tbat,  when  added  to  3,  the  sum . 
shall  be  a  divisor  of  4B.     But  the  divisors   of  48,   that  will  give 
quotients  greater  than  2,  are  16,  12, 8,  6,  4,  and  2.     Therefore  the 
integral  values  of  the  two  unknown  quantities,  are  2^16*— 3,  or 

13  I  =12—3,  or  9  |  =8—5,  or  5  \  =6—3,  or*3  |  =s4— 3,  or  I 
y=ff— 2,  or  1  I  =1:1—2,  or  2  |  =V— 2,  or  4  J  =  V— 2,  or 
6  I  =  i^S- — 2,  or  10,  which  are  all  the  answers  m  whole  posi- 
tive numbers  that  the  question  admits  of. 

2.  Given  a^-{'xy=2x-\-'2y'^29j  to  find  the  values  of  x  and  y 
in  whole  positive  numbers.     Here,  by  the  second   form,   a  =  2, 

fc=3,  and  c=29.    Whence  y=-<i;^l  I  ^9+3(2—  3)_    ^^^ 

26  .  ^"~^ 

-| 5,  where  it  is  plain,  that  x  must  be  such   a   number,  that, 

when  diminished  by  3,  it  shall  be  a  divisor  of  26. 

But  the  several  divisors  of  26  are  1, 2,  13,  and  26,  of  which  the 
only  ones  that  will  render  the  expression  positive,  are  1  and  2. 
Therefore  x=/k  or  5,  and  y=  1  1-f  ^^  =  21  |  or  —5—14- 
■fj^  =  7,  which  are  all  the  answers  in  whole  numbers  that  the 
question  admits  of.        '  ^      , 

3*  Given  a?=  j^-j-20y,  to  find  the  values  of  x  and  y  in  whole 

positive  numbers.    Here,  by  the  third  form,  a  =  20,  and  6  ss  0  ; 

400  ,  *^— 20     50  .71    ..       .        -^  .  , 

whence  ysss  -^^  \        —  =: f-^ — 10,  and  a5=10-f-y — «,  where 

it  is  plain,  that  n  must  be  some  even  number  which  is  a  divisor  of 
60,  But  the  only  number  of  this  kind,  that  will  give  positive  re- 
sults, is  2!  .-.  y  =  A^  +  1—10=16,  and  ax=10+16— 2  =  24. 
4  Given  a?  ==  5^-^  12y  -j-64,  to  find  the  values  of  x  and  y  in 
whole  positive  numbers.     Here,  by  the  4th  form,  a  s=  5,  b         12, 

and  e=s8.     Whence  y  =s=>^^ — -= — =  ;,  "*    i-,  and  x  =  8-f-«yi 

»  — ^  o  — » 

where  it  is  plain,  that  n  must  be  some  integer  less    than  ^5, 

which  numbers  are  only  1  and  2. 

Therefore  jJ±J«=7  I  or  =P+a=44. 
^       5 — 1  I  5  — 4 

And  a!=8+lX7=15  |  =8+2X44=96. 

5.  It  is  required  to  find  two  numbers  such,  that  their  product, 
added  to  their  sum,  shaU  be  79.  \       S    1»    3,    4,    7, 

^^^'  \  39,  Wy  16,    9. 

6.  Given  a?-|-a;^te=4a:-(-3y-)-27,  to  find  the  several  values  of  x 
and  y  in  whole  numbers.  a       k  x=z  4,    6  and  6. 

^^^•|3/-=27,  11  and  5. 

7.  Given  2^=^+100^1000,  to  find  the  least  values  of  x  and 
y  in  whole  numbers.  Ans.  a:=370  and  2kss30. 


9S8  mwrnvoLMrnkTE  MBMSiam. 

8.  Given  aAs^ofiOj^-f-lOOy-l-lOO,  to  find  the  vnlues  of  a;  and  y 
in  whole  numbers.  Ans.  xnrQdO  and  yaasM, 

In  additjion  to  the  present  article,  it  will  here  be  proper  to  ob- 
serrct  that  a  more  direct  and  general  method  of  resolving  indete^ 
minate  equations  of  the  first  degree,  than  that  before  given  may 
be  derived  from  the  doctrine  of  continued  fractions,  as  follows. 

164.  To  determine,  from  the  principles  abovementioned,  the 
values  of  x  and  y,  in  the  equation  ax  —  ^  =  drc,  which,  when 
a  and  b  are  prime  to  each  other,  is  always  possible  in  whole  Nos. 

Rule.  Find  the  quotients  arising  from  dividing  the  coefikient 
of  y  by  thct  of  a:,  (or  b  by  a,)  as  in  determining  their  common 
measure,  and  set  their  corresponding  converging  fractions  under 
them,  according  to  the  method  made  use  of  in  Art.  165. 
^  Then,  if  the  last  fraction  but  one,  in  this  series,  be  denoted  by 
-,  we  shall  have,  by  multiplying  each  of  its  terms  by  c,  xs=^f  or 

— pc,  and  y^=qc,  or  —  qc,  according  as  c  is  positive  or  negative ; 
observing,  when  the  values  thus  found,  give  a  result  with  an  oppo- 
site sign  to  that  in  the  question,  that  they  must  be  taken  with  tneir 
fiigns  changed. 

And  if  any  equi-multiples  ma^  mb  of  the  coefficients  a,  3  be  now 
taken,  we  shall  nave,  in  general  terms,  QC=bm±pc,  and  xs^somiz 
qc ;  where,  it  is  evident,  by  putting  m  \  1, — ^2,  — 3,  &c.  0, 1, 2^ 
3,  &%.,  and  taking  pc  and  qo  as  before,  that  an  indefinite  number 
of  positive  integral  answers  to  the  question  may  be  obtained. 

Nate.  From  the-rule  above  given,  it  is  obvious,  that  wfami 
cnsl,  or  02;-— ^y=s:±l,  which  is  the  form  of  the  equation  on  which 


the  solution  of  the  general  case  depends,  that  taking'^-s=  the  same 

fractions  as  before,  we  shall  then  have  x=:p  or  — p,  and  ;( =  g  or 
— q.  And,  for  the  general  value  of  the  same  quantities,  7»=im±ipt 
and  y  =  am  ±  g,  where,  taking  p,  g,  and  m,  as  above,  it  is  pkin 
that  the  number  of  answers,  as  in  the  former  case,  will  be  mde- 
finite.* 

].  Given  13a; —  1%  =  1,  to  find  integers  for  x  and  y. 

1  ■  II  IIJM.  I     II      I  ■  II  ■  » 

^  *  The  first  general  solution  of  this  problem,  from  prinriples 
similar  to  those  above  followed,  is  commonly  ascribed  to  pachet 
de  Mesiriac,  the  editor  of  Diophantus ;  who  gave  both  the  rale 
and  its  investigation,  in  the  third  edition  of  his  Mathematical  Re- 
creations, entitled  FrobUmes  Plaiians  et  dilectaUes  qui  sejbntpar 
le$  Nombresy  printed  in  1624.  But  it  is  worthy  of  remark,  thatt 
rule  of  the  same  extent  and  import  is  given  in  the  Hindu  treatises 
on  Algebra,  by  Brahmegupta,  written  in  696,  and  BhascaiSf 
written  in  11^* 
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Here  j Whence  Quotients.  •  •  1,  d,  6,  Therefore 

13)19(1  Converging  fractions  •  ^  -f*  }>  -ft ;     and  y=sBqas^; 

13  which  numbers  give,  by  substitution,  13  X  3 — 19 

X2sb39 — 3Sbs1.  And  if,  according  to  the  rule, 
there  be  taken  the  general  values  a:=199n-f-3,  and 
y=13»t-|-2,  we  shall  have,  by  putting  m=0,  1,  2, 
3,4,  ta.  respectively. 
i  a.=3.  22,  41,  60,  79,  &c. )  j^.  ,  , 
_  I  l^t»2,f  15,  28,  41,  54,  &c.  \  ^^^^^  ^"^*  "® 
all  deduced  from  the  first  two,  by  adding  successively  the  coeffi- 
cient of  y  to  the  last  value  of  x,  and  the  coefficient  of  x  to  that  off. 

2.  Given  I5x^^l7y  ss  1,  to  find  the  least  integral  values  of  x 
and  y.  Ans.  a;  =  8,  and  ^  ess  7. 

3.  Given  14a: — 17^tBs:l,  to  find  the  integral  values  of  x  and  y» 


6)13(2 
12 

1)6(6' 

'A 

0 


14)17(1 
14 


3)14(4 
12 


2)3(1 
2 


1)2(2 


Whence    J  Q^^^ie^^     ^  1,4,1,2, 

(  Converging  fractions  J,  |,  f>  f » If 
Therefore  xsssp=6,  and  y=q=6 ;  which  num* 
bers  give,  by  substitution,  14x6— 17x5=sS4 — 
',  whence,  as  the  result  has  here  an  op- 
posite sign  to  that  in  the  proposed  equation,  we 
must  take  x    i    p     — 6,  and  y     \    q     — 5,  or 


change,  the  signs  of  the  above  values  ;  in  which 
case  we  shall  have  —14x6+17 X5  = — 84  +  86  =1.  And  i4 
agreeably  to  the  rule,  there  be  taken  the  general  values  x  =  17m 
— ^,  and  ys=l^ — 5,  we  shall  have,  by  putting  iin;=l,  2,  3, 4  tec. 
as  before,  (  as=sll,  28,  45,  62,  79,  kc.)  i .  .  ,  ,  ,i, 
i  y=^  9,  23!  37,  5i;  65,  &c.  } '  ^^^^^  ^^1"^^'  ^* 
in  this  and  the  following  examples,  are  derived  from  each  other, 
as  above.  • 

4*  Given  242;  —  11^  sss  —  1,  to  find  the  least  integral  values 
of  and  y.  Ans.  x=s  5,  and  ^  =  11. 

5.  Given  13a: — 5y= — 1,  to  find  the  integral  values  of  x  and  y. 


13)5(0 


5)13(2 
10 


3)5(1 
3 


2)3(1 
2 


1)2(2 


(  Quotients 0,  2,  1,  1,  2,       ) 

(  Converging  fractions. .  -i,  ^,  i,  i,  f ,  A  i 
Therefore  x  =  — p= — 2,  and  y= — q  5 ; 
which  numbers  give,  by  substitution, —13x2 
+5x5a=3 — 26-f-25s=a — 1.  And  consequent- 
ly, taking  the  general  values  je=^^2,  and 
^t:^13m-rl-5,  we  shall  have,  by  putting  wsmL^ 
2,  3,  4,  &c.  as  usual. 


xzss^    8,  13,  18,  23>  &:c. ) 
2/^=8,  21,  34,  47,  60,  &x:. ) 


<.  GiveBL  7x  —  1^  c=3  19j  ^  find  the  least  int^ml  values  of 
X  and  y  Ans.  x  ss=:  13,  andy  s=  6, 

7*  ^vett  18x;--4!3yss4^to  find  the  integral  values  of  x  «nd  f. 
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18)23(1 

18 


5)18(3 
15 


3)5(1 
3 


2)3(1 
2 


stances, 


1)2(2 


{  Quotients 1,  3,  1,  1,  2      ) 

(  Converging  fractions ^,  f,  |,  f,  f  f}  j 

Where  p  being  =9,  ^=7,  and  c  =4,  we  shall 
have,  by  the  rule,  ics==pc=9x4==36,  and  yss 
5'cs=7x4*=28;  which  numbers  being  substitu- 
ted in  the  proposed  equation,  give  18  X  36—23 
X28=648— .644=:4.  And  if  these  be  taken, 
according  to  the  rule,  the  general  values,  x=2lki 
-(-36,  and  y  s^  18»i-f-28,  we  shall  have,  by  ma- 
king m  ==—1,  0,  2,  3,  &c,  as  in  the  former  in- 


( a:±=13,  36,  59,  82,  105,  128,  6ce. 


8.    Given  25a; 
and  y.     Here 
25)16(0 

16)25(1 


\  y=10,  28,  46,  64,    82,  100,  &c 


:! 


9)16(1 


7)9(1 


2)7(3_ 
1)2(2 


16y  =s  —  7,  to  find  the  integral  values  of  x 

<  Quotients 0,  1,  1,  1,  3,  2,        ) 

(  Conv.  fractions.. J,  J,  |,  j^,  {,  t^,  H  ( 
Where  p  being  =  7,  j^  =  11,  and  c  =s  — 
7,  we  shall  have,  by ,  the  rule,  x  =a  — ^x?= 
—49,  and  y —    qc= — ^77,  which  numbers 
being  substituted  in  the  proposed  equation, 
give  —25X49+16X77  ==  — 1225-}-1232 
=  7,  whence,  as  the  result  has  here  an  op- 
posite sign  to  that  in  the  question,  we  must  take  x  =  -{-  49,  and 
y=-f-77,  in  which  case  we  shall  have  25X49—16X77=1225— 
1239    II    If.    And  if  there  be  taken,  according  to  the  rule,  the  ge- 
neral values  X  =  16?w-f-49,  and  y  =  25w-|"77,  we  shall  have,  by 
putting  m= — ^3,  — 2,  — 1,  0,  1,  2,  3,  &c.  as  before. 
(  a:  =  1,  17,  as,  49,    65,    81,  &c.  ) 
\y  ~%  27,  52,  77,*  102,  127,  ^c,  J 

9.  Given  19z —  117y=  11,  to  find  the  least  integral  values 
of  X  and  y,  Ans.  a:  =  56  and  y  s=s9, 

10.  Given  53a;  — ^27^^=100,  to  find,  the  least  integral  values  of 
a;and^.  Ans.  a;  =19,  and  y  =  41. 

11.  Given  31a:  —  21y  =  —  23,  to  find  the  least  values  of  x 

and  y)  Ans.  a;  =  4  ,  and  y  s=s  7. 

/' 

165.  To  determine,  by  the  method  employed  in  the  last 
article,  the  %  integral  values  of  x  and  y  in  the  equation,  ox  -|-  ^ 
asBc,  where  a  and  b  are  supposed  to  be  prime  to  each  other,  as  be- 
fore. 

RxTLE.  Find  the  quotients  arising^  from  dividing  the  coefficieDl 
of  y  by  that  of  a;,  (or  h  by  a),  and  set  their  corresponding  converging - 
firactions  under  them,  as  in  the  preceding  problem ;  denoting  Ae 

iMt  but  one  mth«  aeries  by  ?.  as  usual    Then,  if  any  »teg«I 


t 

namber  m  can  he  taken,  so  that  ma^^q^  and  mh^cp^  we  shall 
have,  for  the  genera)  values  of  the  unknown  quantities,  x=zcp  — 
mh,  and  y  ^sss.  ma  —  cq.  In  which  case,  the  question  will  admit 
of  as  many  solutions  as  there  are  values  of  m  that  answer  the 
above  conditions.  But  if  no  such  number  can  be  found,  the  ques- 
tion is  impossible."^ 

1.  Given  ^x^5y=^&i  to  find  the  values  of  z  and  y. 


3)5(1 
3 


2)3(1 
2 


1)2(2 
2 

0 


(  Quotients •  •  •  1,  1,  2, 


,  1,  2,      ) 

\  Converging  fractions • .  •  •  .^j  ^,  f ,  f  ( 

Therefore,  since  ^  =  2,  ^^  =  1,  and  c  =  26, 
the  general  values  of  the  unknown  quantities,  ac- 
cording to  the  rule,  will  be'  a:  ==  52 — -^m,  and  y  = 
2m — ^26.  Where,  in  order  to  render  3?n — ^26  posi- 
tive, it  is  plain  that  m '  must  be  greater  than  ^. 
Hence;  taking  m  =  9,  10,  &c.   respectively,  we 

!x  =Es  7   2) 
,'  /  >  which  are  the  ojily  an- 
swers in  whole  numbers  the  question  admits  of. 
2,  Given  12a:  -)-  7y  =  340,  to  find  the  values  of  x  and  y. 

12)7(0  (Quotients 0,  1,  1,  2,  2,        ) 

*    7)12(1  (  Converging  fractions  ..J,  ^,  |,  i,  f,  V5r  ) 

Therefore,  since  p  =^  3,  ^  ss=  5,  and  c  sss340^ 
the  general  values  of ^  the  unknown  quantities 
will  be  fc=1020— 7m,  and  y  =  12w  — 1700. 
1)2(2      I     Where,   in  order  to  render    12m  —  1700 
positive,  it  is  evident  that  m  must  be  greater  than  ^|g<>,  orl41. 
Hence,   taking  m  =   142,    143,  144,    &;c.  respectively,    we 


g)7(l 
2)5(2 


which   are  all  the  integral 


,    ,,   ,  (  a:  =  26,  19,  12,     5 

shall  have    j  ^^  _    4,  le,  28,  40 

answers  the  question  admits  of. 

3.  Given  13a:  -f-  17y  =  1600,  to  find  all  the  possible  integral 
values  of  ^  and  y. 

*  If  may  be  here  observed,  that  the  number  of  solutions  which 
any  equation  of  this   kind  admits  of,  will  always  be  equal  to  the 

difference  of  the  integral  parts  of  -j-  — ^,  except  when  the  great- 

J     O  Or 

er  of  thes^  two  quantities  is  a  whole  number,  in  which  case  there 
wiU  be  one  less.  And  if  this  difference  be  less  than  unity,  the 
equation  is  impossible.  Which  circumstances,  together  with  that 
mentioned  in  the  preceding  problem,  are  of  great  use  in  enabling 
us  to  judge  of  the  possibility  or. impossibility  of  any  indeterminate 
equation  of  the  form  dx — hx==Cj  or  aar-|-^a:=c,  prior  to  its  solu- 
tion ;  and  consequently,  also,  in  proposing  them  so,  that  they  may 
be  within  possible  limits. 

31  46 


13)17(1 
13 


4)13(3 
12 


1)4(4 
4 
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(Quotients ; .^.l,  3,  4,       ) 

(  Converging  fraction , ^,  f ,  f ,  ^) 

Therefore,  since  j?  s  4,  ^  ss  3,  and  c  =  1600, 
the  general  values  of  the  unknown  quantities  will 
be  2  s=  6400  —  17m,  and  ^  =  13m  —  4800; 
where,  in  order  that  13m  —  4800  may  be  positive, 
;it  is  evident  that  m  must  be  greater  than  ^\%^i  or 
2.     |369.     Hence,  taking  m  =  370,  371,  372,  &c.  re- 
spectively, we  shall  have^  for  the  number  of  answers  required, 
(  X  =  110,  93,  76,  59,  42,  25,    8  >     , .  ,  „  .       .  .^ 

J  y  =  lo!  23!  36;  49!  62,  75]  88  \  ^^^^^  ^'^  ^^^  *»«^*  ^f^. 
the  first  two  by  taking  17  continually  from  each  successive  value 
of  z  and  adding  ^13  to  those  of  y. 

4.  Given  11a;  -|-  13^  a=s  1£I0,  to  find  all  the  possible  values  of 
X  and  y.  Ans.  only  values  x  sss  9,  and  y  :=  7. 

5.  Given  7x  -f-  11^  sss  59,  to  find  the  values  of  x  and  y. 

Ans.  Question  impossible. 

6.  Given  13a:  -j*  14^=  200,  to  find  all  the  possible  values  of 
z  and  y.  Ans.  Only  values  x  3=  10,  and  y  s=  5, 

7.  Given  72;  4"  ^^  ^=  1921,  to  find  the  least  values  of  2 
and  y.  Ans.  a;  =  3,  and  y  ess  100. 

8.  Given  21a;  -}-  5^  ss  20000,  to  find  the  number  of  answers 
the  question  admits  of.  Ans.  190  difierent  answers. 

The  doctrine  of  continued  fractions  is  also  peculiarly  applicaUe 
Co  the  solution  of  indeterminate  equations  of  the  second  degree; 
the  method  of  employing  it,  in  cases  of  this  kind,  being  as  follows: 

163.     Determine,  from  the  principles  abovementioned  the  inte 
gral  values  of  x  and  y  in  the  equa    a:*^a^s=r±  1,  supposing  a 
to  be  any  positiv€(  whole   number  not  a  square  ;  because   in  that ' 
case  the  difierence  of  two  integ^l  squares  would  be  ==  1,  which 
m  impossible. 

Rule.  Find  the  quotients  arising  from  determining  the  square 
zoot  of  a,  according  to  the  method  laid  down  in  the  last  article, 
and  set  their  corresponding  converging  fractions  under  them,  as 
usual.  Then,  if  the  given  equation  be  of  the  form  a^ — ay^=-|-l, 
which  is  always  possible,  the  numerator  and  denominator  of  the 
fraction  that  falls  under  the  last  figure  of  the  first  or  second  period 
of  the  abovementioned  quotients,  according  to  which  of  them  oc- 
cupies an  even  rank  in  those  periods,  (as  otie  of  them  must  al* 
ways  do,)  will  be  the  values  of  x  and  y  respectively.  And  as  this 
will  be  the  case  with  every  fraction  falling,  in  a  simikr  manner, 
under  the  last  figure  of  any  of  the  succeeding  periods  of  quo- 
tients, it  is  plain  that  the  question  will  admit  of  an  indefinite  nuior 
ber  of  answers  ;  since  these  periods  recur  ad  iJifinitum.  Or  if 
the  fraction  first  found,  which  gives  the  least  valu9  of  :s  and  |f|be 
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denoted  by  ^  we  shall  have,  for  their  general  vmlues, 

''—  2  '  ^ 2^ 

which  values  will  always  be  integral^  when  m  is  taken  equal  to 
any  whole  number  whatever. 

Secondly,  if  the  given  equation  be  of  the  form  a:*  —  fl^  =  —  1, 
and  the  last  figure  of  the  first  period  of  quotients,  found  from  the 
extraction  of  /^a  as  before,  occupies  an  odd  place  in  that  period, 
the  ntimeratcur  and  denominator  of  the  fraction  standing  under  it, 
will  give  the  values  of  x  and  y.     And  if  the  fraction  thus  found 

P 
be  denoted  by  ^,  as  in  Ae  former  instaiuMB,  we  shall  have  for  their 

general  values  m  this  case  x  =  ■  ""o     —     * 

y^(H-gV«)'-;'-0>-fV<»)'--'.  where,  by  taking  «»  =  1.2. 

3,  &c.  as  before,  the  number  of  integ^ral  answers  will  evidently  be 
indMuikttei.  But  if  the  last  figure  of  the  first  period  of  the  abeve- 
^Qoentioned  quotients  occupies  an  even  place  in  that  period^  the 
question  is  impossible."^ 

1.  Given  a^ — ll2^  =  1,  to  find  the  values  of  x  and  y  in  whole 

numbers.  Here  ^ll^^^^^,:.:^-!^  \  ^^ 

2 

^      .  ■_    ■     .  -  — ^ — . — ^^— ^  .-■ 

^  The  first  solution  of  the  equation  above  treated  of,  which  is 
one  of  the  most  important  problems  in  the  indeterminate  analysis, 
being  that  on  which  the  general  solution  of  every  other  equation  of 
the  i^econd  degree  depends,  is  usually  ascribed  to  Lord  Brounker, 
who  was  led  to  the  consideration  of  the  question  from  its  having 
been  pr<^8ed  by  Fermat^  as  a  challenge  to  the  English  mathema- 
ticians of  that  time. 

Brau7iker*8  solution,  which  is  very  ingenious,  is  given  by  WaZ- 
Us  in  his  Opera  Math,  chap.  99,  and  nearly  literally  by  Eider,  in 
the  7th  chapter  of  Vol.  II.  of  his  Algebra  ;  but  what  will  be  cou" 
sidered  as  very  remarkable,  is,  that  one  of  the  solutions  of  this  pro- 
blem given  by  the  Hindu  algebraist,  Bhascara,  in  his  Vija  Ganv' 
ta,  is  exactly  the  same  as  that  of  Lord  Brounker  ;  and  that  Brah^ 
megupta,  whose  algebraical  treatise,  entitled  Cuitaca  d^hyaya,  was 
written  more  than  1200  years  ago,  has  given  a  solution  of  the  ge* 
neral  problem,  which  Mr.  ColebrooJce  considers  as  perfectly  com* 
plete,  and  free  from  all  limitations  except  such  as  are  fixed  by  the 
nature  of  the  subject,    i 


Vll+3       Wll+3 

^      ""*+     i     ^^vii+^      'vii+3 

2 

Where,  the  fractional  part  of  t}ie  last  result  being  the  same  as  that 

of  the  first,  we  shall  have  (  Quotients 3^  3,  6,  3,  6,  &c. ) 

I  Converging  frac'ns  ^»  f,  -^y  •  •  •  •  &c.  ( 
And  as  the  last  figure  of  the  periodic  part  of  the  quotients  3,  6, 
here  occupies  an  even  place  in  that  period,  and  has  the  fraction  Y 
standing  under  it,  we  shall  have  zssslO,  #id  ys=zS;  which  nani- 
bers,  being  substituted  in  the  proposed  equation,  give  10*— 11x3* 
=100— r-99=l.  And  if  m  be  put=  2,  in  the  formuls  express- 
ing their  general  values,  we  shall  have 

"  —  =60,  which  numbers  also,  wheA 


2V11 

substituted  in  the  equation  as  before,  give  199^—11X60^=39601 

—  39600  =  1.     And  by  taking  m  =  3,  4,  5,  &;c.  other  values 
may  be  found  at  pleasure."^ 
2.  Given  2*— 41y^s=: — 1,  to  find  the  values  of  x  and  y. 

Here  ^41^  |  ^^^"^^  |  ^^^^^^  I  ^4^ 
V«-|-6    0./S/41— 4     -J 6  a,       1 


6     —  '6  '  V41-H         "'H^ 

5       — ^"      6  '^^414-6      "f"5ia4±t 

1  ^         i  '  ^41-1-6      ^^iiH±i 

^  The  method  here  used  for  the  solution  of  questions  of  this 
kind,  which  is  due  to  Lagrange,  is  more  simple  and  complete 
than  that  of  Euler ;  though  even  in  this  way  the  task  of  finding 
the  values  of  x  and  y,  when  they  are  large  numbers,  is  often  very 
laborious. 

Thus,  the  least  values  of  these  quantities  that  will  solve  the 
equationar*— 21  ly*=i,are  a:=278354373650,  and  2^^=19162705353 
from  which  example,  and  others  of  a  still  more  complicated  kind, 
that  might  be  give^*  it  appears  how  necessary  it  is  to  have  an  in* 
fallible  method  of  proceeding  in  these  cases ;  as  we  should  be 


Where  the* fractional  part  of  the  la9t  leealt  being  the  same  af 
that  of  the  first,  we  shall  have 

(  Qaotieivts 6,  2,  2,  12,    2,      2,      12,  &;e.  ) 

i€onvergiagWions-..i,  f,-i^,^,  %^  ffj,  Wo^&c.  J 
And  as  the  last  figure  of  the  first  period  of  these  quotients,  2,  2 
12,  occupies  au  odd  place,  and  has  the  fraction  ^  standing  under 
it,  we  shall  have  a;  sb  32,  and  y  s=s  5v  which  numbers,  being  sub- 
stituted in  the  proposed  equation,  give  32^ — 41X^=1024—1025 
=  —  L  And  if  m  be  put  sss  1,  in  the  formulsB  expressing  the 
general  raiues^  we  shall  have 

•^  2^41 

substituted  as  above,  also  give  131168*-^lX2048ft^=^— 1.     And 

when  f»  =w  2,  8,  4,  &:c.  other  values  may  be  found. 

Also,  if  the  proposed  equation  had  been  a:*  — ?  41y*  a=  -^  I,  we 
should  have  had,  from  the  above  process,  0:^=2049,  and  ^3=320 ; 
these  being  the  numerator  and  denominator  of  the  frac^tion  stand- 
ing under  th^  last  figure  of  the  second  period,  which  here  occu- 
pies an  even  place. 
3.  Oiven  ar — l^^ss:!^  to  find  the  values  of  x  and  y« 
Here,  according  to  example  2  of  the  last  article,  we  shall  hinv, 
for  /^V3i  iht  following  quotients  uid  een veiling  fracttoas : 

( 3,  1,  1,  1,   1,    6      1,      1,      1,      1,      6,      ice.  ) 

i  h  h  f  h  ¥.  -^»  w  w»  w  m  m  &«.  V 

where  the  last  fignte  6,  of  the  first  period,  being  in  an  odd  place, 
we  must  take  the  fraction  that  stands  under  the  6  in  the  next  pe- 
riod ;  which  gives  jc  =?  649,  and  y  =  180,  for  the  least  values  of 
these  quantities  that  satisfy  the  conditions  of  the  question.  And 
if  the  proposed  equation  had  been  2^ — 13y*= — 1,  we  should  have 
had,  for  their  least  values,  in  this  .case,  x  =  18,  and  y==5.     And 

*™— ^  ■!       ■  I        I  III  I  ■  I  I  ..  ■  ^  ■  ■  I 

neatly  deceived  if,  after  haying  failed  in  trying  a  few  modeialely 
large  nambers,  we  should  thence  conclude  that  the  question  aqu 
impossible.  These  circumstances  induced  Euler  to  form  a  table 
of 'the  values  of  x  and  y,  necessary  for  the  solution  of  the  equa- 
tion £^ — ^^=  i>  for  all  the  values  of  a  from  1  to  100;  whidn  is 
pven  in  Vol.  II.  of  his  Algebra,  together  with  another  of  doable 
3ie  extent,  by  Lagrange.  Legendre,  in  his  Essai  before  mention- 
ed, has  also  extended  the  same  table  to  upwards  of  1000,  and  has 
shown  its  application  to  the  solution  of  the  generd  case 

31*  '*""'» 


see 
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from  these  other  values  may  be  found,  as  in  the  examples  befon 
given. 

4.  Given  ^  '—  14^  =»  1,  to  find  the  least  values  \/L  z  and  y, 

Ans.  X  ss  15,  and  y  =x:  4' 
6.  Given  x*  —  22y*  =  1,  to  find  the  least  values  of  x  and  y. 

Ans.  X  a==  197,  and  y  s=  42. 

6.  Given  a?  — ^'29^*  =  —  1,  to  find  the  least  value  of  x  and  y. 

Ans.  a:  =  70  and  y  =  13. 

7.  Given  a?  —  63y*  =s  1,  to  find  the  least  values  of  x  and  y. 

Ans.  X  =  66249,  y  sa  9100. 

8.  Given  7? —  113y*  =  —  1,   to  find  the  values  of  x  and  y 

Ans.  x  =  1204353,  and  y  =  113296. 

9.  Given  a;"  —  7y^  s=  1,  to  find  the  first  values  of  x  and.  y. 

Ans.  a:  s=  3,  or  45,  y  =  1,  or  17. 

167.  To  determine  the  values  of  x  and  y  in  the  equation 
^ — a'kf^sss^^  when  the  absolute  term  h  is  less  than  >^a. 

Rdlb.  Find  the  partial  quotients  arising  from  extracting  the 
square  root  of  a,  after  the  manner  before  used,  to  the  end,  if  pe- 
^eessary,  of  the  first  period,  and  set  their  corresponding  converging 
fractions  under  them.  Then,  if  the  absolute  term  h  be  found  in 
the  denominator  of  any  one  of  the  complete  quotients  obtained  from 
this  development,  the  converging  fraction  standing  under  the  par- 
tial quotient  answering  to  tlmt  term,  will  give  the  solution  of 
a? — gy^  I  h^  or  a?— ay^aec — &,  according  as  the  fraction  occupies 
an  ei^n  or  an  odd  place  in  the  period.  But  if  the  term  h  be  not 
found  in  an  odd  place,  the  latter  equation  is  impossiUe ;  and  if  it 
be.  not  found  in  the  denominator  of  any  of  the  complete  quotients* 
the  proposed  equation  is  impossible  under  either  sign.^ 

Secondly,  when  the  equation  is  possible,  if  the  numerator  and 
denominator  of  the  fraction  abovementioned  be  denoted  by  m  and 
n  respectively,  and  the  values  oip  and  gbe  found,  by  the  last  Ar- 
ticle, in  the  equation^ — ajf^=^\<i  or  ^ — a^=s — 1,  according  as 
the  substitution  of  m  and  n  for  x  and  y,  gives  a  result  with  the 
same  or  a  contrary  sign  to  that  proposed  in  the  equation,  we  shall 
have,  for  new  values  of  these  quantities,  xss^pm^aqnj  or  ysaqm 
:±;pn.     And  by  substituting  these  values  of  x  and  y  for  m  and-  n 


*  The  quotients  arising  from  this  mode  of  extracting  the  square 
root  of  any  nOnquadrate  number  being,  in  general,  symmetrical, 
the  absolute  term  b  may  be  found  several  times  in  the  same  pe- 
riod ;  in  which  case  we  shall  have  as  many  solutions  of  the  equa- 
tion a?— «y^=-j-^,  or  £^— naj^aaa — b,  as  there  are  recurrences  of  this 
xind ;  and  the  same  will  likewise  take  place  in  all  the  other  pe* 
rioda. 
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in  the  same  formnliB,  and  so  on,  other  values  of  them  may  be  ob- 
tained at  pleasure.* 
1.  Given  2^--»23^r3s2,  to  find  the  values  of  re  and  y. 

Her^  ^23=4  +  ^^=4+-;^ 

V23+4  V23--3  2  1 

7  "^7  i  ^23+3      "^  ^±^ 

V23+3  V2a^_q  .        y       ^q  I      ^ 

2  ^"       2      ~^"T-^23+3      "^^±A 

where,  the  absolute  term  2  being  found  in  the  denominator  of  the 
second  complete  quotient,  we  shall  have 

1  cSiS"  friction;:  '.t  I  I  £• !  '"^  consequently  as  the 
fraction  •{-  answers  to  the  partial  quotient  3^  in  the  last  term,  we 
shaQ  have  x — nu^i  and  xsssTtsssl ;  which  numbers  being  substi- 
tuted in  the  proposed  equation,  give  ^ — 23X^^=^^ — 23=^.  Also 
if  th^pe  be  now  taken  the  auxiliary  equation  ^ — ^23^s=sl,  we  shall 
have,  by  continuing  the  above  process  for  ^23,  and  taking  the 
fraction  which  stands  under  the  last  quotient  figure  of  the  first  pe- 
xfod,  |»a:^4,  and  qs=s6 ;  whence,  according^to  the  formulie  given 
in  the  latter  part  of  the  rule, 


(  x=s=ym±aqn  )  ,       .     <  rc=5,  or  235, 
\  x=qm±,  jm  J  ^^^^  ^^'  \  ya=l,  or  49, 
And  by  putting  these  values  for  m  and  n  in  the  same  foxmulat 
other  values  of  z  and  y  may  be  found ;  and  so  on. 
Given  a? — I3y^        3,  to  find  the  values  of  z  and  y.  ' 

Here  ^13  -=  H-'^^^^^.t^^-^  \  ^ 

V13-f3^,  .V13-V   ,  ,        3  ,.1 

'4  ^       4  ,  '^a/12  +l~*"nZi|±i 

^^^  ^_1  I  V^^-^-i  I        3  1 

3  "^3  '  ^l3+3~  "*"^f±4 

whence,  the  absolute  term  3  being  found  in  the  denominator  of 
the  last  of  these  complete  quotients,  we  shall  have 

{Partial  quotients.  • -S, -1,  1,  6cc.\       a    j  i 

Converging  fractions....*,  f,  +,  &c.  J  ^"^  consequently, 
as  the  fraction  \  answers  to  the  partial  quotient  1  in  that  term, 
*  The  general  values  of  z  and  y  in  this  Article  may  be  other- 
wjise  obtained. by  determining  those  of  p  and  ^,  according  to  the 
mies  before  given,  and  then  substituting  them  for  those  letters  in 
the  above  formuls ;  but  the  method  here  followed  is  more  c«niw* 
nient  in.  practice. 
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wt  shall  have  «  ss  m  sis  4,  and  yji-wf  i^l ;  which  numbers  Iwiog 
substituted  in  the  proposed  equation,  give  4' — 13  X  1  S3s=  16  —  ll 
1 1  3 ;  and,  as  the  result  has  here  a  different  sign  from  that  in  the 
question,  we  must  take  the  equation  ^— «a^  ss=  —  1,  which  being 
resolved  by  the  method  beforementioned,  gives  jisslS,  and  qs=6 ; 
whence,  by  substituting  these  values,  together  with  those  of  m  and 
n,  in  the  common  formulie,  we  shall  have 

which  give,  by  substitution,    ]  23179 19y{W5s»--3*    J    and,    by 

means  of  these  values,  others  may  be  readily  fouiid. 

We  might  here  also  proceed  to  the  solution  of  the  general  case 
of  these  equations  a^ — a^ss  b,  where  a  and  b  are  supposed  to  be 
^^y  given  integral  numbers ;  but  the  artifices  and  train  of  reason- 
ing required  for  this  purpose  would  extend  the  present  artick  to 
too  great  a  length.  We  must  therefore  refer  those  who  are  dest* 
arous  ai  farther  information  on  this  interesting  subjec^^  to  Lth 
grange's  Additions,  at  the  end  of  Euler^s  Alg^a^  or  to  the  End 
nar  ie  Theorie  des  Nombres  of  Legendre,  second  edition,  wheie 
Ibey  will  find  almost  every  branch  of  the  Indeterminate  AnalyaB 
treated  with  great  perspicuity  and  elegance. 

Cf  dnUinuedFraciians. 

168.  A  continued  fraction  is  that  which  has  for  its  denomina* 
tor  a  whole  number  and  a  fraction  ;  and  so  on,  continually,  or  dH 
the  series  terminates,  by  being  broken  of,  after  a  certain  number 
of  terms. ' 

^  are     continoed 
fractions  of  the 
kind  that  most 
J  usually  occur. 

These  expressions  arise  in  various  ways,  and  are  of  great  use 
in  finding  the  approximate  values  of  fractions  and  ratios,  that  are 
expressed  in'  large  numbers,  as  well  as  in  the  resolution  of  ceitim 
unlimited  problems  of  the  first  and  second  degrees ;  in  the  latter 
of  which  the  answers,  in  whole  numbers,  cannot  be  easily  obtaia- 
ed  by  any  other  method.     Thus,  in  order  to  represent  the  trredacttfe 

iTaction,or  ratio,  ti  by  a  continued  fraction,  let  b  be  cuntained  ia  c 

p  times,  with  a  remainder  c ;  also,  let  t  be  contained  in  b,  q  tiMS* 
i/nih  a  remainder  d;  el  in  c,  r  times,  with  a  ifemainder  e ;  and  Sft 
W  M,  as  in  the  following  opetation :    Art.  48  p.  33. 

Then  we  shall  have,  by  the  common  method  f<Hr  the  dlvisiMirf 


""•"SAc.     •  "*li  &c; 
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tt  c    i  tL  c         '  tf 

numbers   =5^4--,  -:^=g-j — ,  -y=r-|-~,  &c.  where  the  integers  jp, 

q,  r,  &c.  are  called  partial  quotients-:  and  each  of  these,  with  its 
remainder,  or  depending  fraction,  complete  quotients. 
And  since,  by  taking  the  reciprocals  of  the  second,  third,  &c.  of 

these  expressions,  we  have  7=-   ,  d      -=s-  ,  e  (Tftl»«i«« 

J     j+_,     c     r+-^^  If  these 

be  substituted  for  their  equals  in  the  former,  there  will  arise 

5  &c.  Whence,  by  ex- 
tendings  the  number  of  terms,  and  generalizing  the  formulae,  we 
shall  have 

?=«4-l     1  Or.  -=^     1  1    according 

'  f  OEc.  j  greater  or 
less  than  the  denominator ;  which  expressions,  in  this  case,  will 
consist  of  a  greater  .or  less  number  of  terms,  according  as  the  finc- 

tion  Y  19  more  or  less  complicated;  but  they  will  always  terminate 
b 

when  Y  is  rational,    l^ence,  from  what  has  been  here  shown,  it  is 
0  . 

obvious  that  any  given  irreducible  fraction  may  be  converted  into 
a  continued  fraction,  as  follows ; 

RvLS.  Divide  the  greater  of  the  two  terms  of  the  fraction  by 
the  less,  and  the  last  divisor  continually  by  the  last  remainder,  till 
nothing  remains,  as  in  finding  their  greatest  common  measure ; 
then  the  successive  quotients,  thus  found,  will  be  the  denomina- 
tors of  the  several  terms  of  the  continued  fraction,  and  their  nu- 
merators are  always"  unity,  or  1. 

1^  Thus,  if  it  be  required  to  reduce  f^f^-  to  a  continued  frac- 
tion, 
1051)2431(2  where,  since  the  numerator  of  the 


as  the  nu- 
merator is 


329)1051(3 

64)329(5 
9)64(  7 
1)9(9 


proposed  fraction  is  greater  than  the 
denominator,  the  first  quotient  figure 
2,  will  be  an  integer,  and  the  rest  of 
the  quotients,  taken  in  order,  are  3, 
5,  7  9.  Whence,  taking  these  for  the  denominators  of  the  conti- 
nued fractions  sought,  and  1  for  each  of  their  numerators,  we  shall 
have,  according  to  the  above  rule, 

47 


f 

*'??• 


010 


3431 

ToSi 


M+j 


1 

9 


for  the  continmed    fraction  re- 
quired. 

2.  And  if  ^f  is  to  be  redu- 
ced to  a  continued  fraction,  we 
shall  have,  by  the  same  rule, 
1096  _1 

9119-8+5,1      , 

3.  Also,  if  ffj^  is  to  be  reduced 
to  a  continued  fraction,  the  re- 
sult, found  as  above,  will  be 

972     2  4-i     1 


Any  continued  fraction  may 
also  be  converted  into  a  series 
of  vulgar  fractions,  bv  finding 
the  successive  sums  of  its  seve- 
ral terms,  after  the  mann^  of 
reducing  complete  fractions  to 
simple  ones,  in  conunon  arith- 
metic. 

Thus,  if  it  were  required  to 
reduce  the  following  continued 
fraction, 

a  4--      1 

'  ^  &c.  to  a  series 
of  common  vulgar  fractions,  the 
operation  will  stand  thus : 


r 


6 

hi 

r 


6 


4 


1 


=«rf 


«H- 


+ 


r«+i 


^^-}-4?-|-^ 


y^+1 

Or,  if  the  results  thus  obtained  be  placed  one  after  another  in  a 
right  line,  with  the  quotients  oi;  denominators  o,  ^,  Yi  ^t  ^>  ^*  ^^ 
the  continued  fraction  put  over  them,  the  same  expressions,  mak- 
ing ^  the  first  term»  may  be  as  follows ; 

r     a^    a(?-fl^<gy+y-j-«     a6yd+yd-^a6-^l  ^^trt  it  ftPPCTff 

0'  1 '  ^r^'    6y+i    '       ^ya-p+^    ' ^' ^^^^ ^ *PP®^ 

that  the  successive  sums  of  the  terms  of  the  continued  firactioDi 
which,  from*their  approaching  continually  nearer  to  its  true  valae, 
are  called  converging  fractions,  may  be  obtained  by  adding  the 
product  of  sach  numerator  and  the  quotient  standing  over  it,  toths 
preceding  numerator,  for  the  next  numerator,  and  following  tba 
same  process  for  the  denominator. 
Hence,L  by  means  of  the  property  here  mentioned,  we  have  the 


oovvpivs^  nA<09mmh 


ari 


foUowiag  easy  and  commodious  method  of  converting  any  given 
fractionsd  expression  into  a  series  of  converging  fractions,  without 
first  reducing  it  to  the  continued  ibrm,  and  thence  finding  the  sue« 
cessive  sums  of  the  terms ;.  which  is  often  a  very  emharrassing 
part  of  the  process. 

RirLB«  Find  the  quotients  arising  from  dividing  one  term  of 
the  given  fraction  by  the  other,  and  the  l^st  divisor  by  the  last  re* 
mainder,  &c.  till  nothing  remains,  as  in  a  former  rule,  which  will 
be  the  denominators  of  the  continued  fractions,  and  set  them  in  a 
right  line»  beginning  with  0,  or  the  integer  that  first  occurs,  ac- 
cording as  it  is  a  proper  or  improper  fraction. 

Put  ^  under  the  first  term  of  these  quotients,  in  order  to  render 
the  mode  of  proceeding  more  evident,  and  make  the  first  quotient 
figure  (0,  or  otherwise,  as  it  may  happen  to  be,)  the  numerator  of 
tke  second  fraction  in  the  series,  and  1  its  denominator. 

Then,  the  product  of  this  numerator  and  the  quotient  standing 
over  it,  heing  added  to  the  preceding  numerator,  will  give  the  nu« 
merator  of  the  fraction  next  following ;  and  the  product  of  the  de- 
nominator and  its  corresponding  quotient,  added  to  the  preceding: 
denominator,  will  give  its  denominator ;  and  so  on,  for  the  rest. 

Where  it  is  to  be  observed,  that  each  of  the  converging  frac- 
tions, thus  obtained,  will  be  in  its  lowest  terms ;  and  the  last  that 
occurs  will  be  the  same  as  th^  fraction  first  proposed. 

1.  Thus,  if  it  be  required  to  find  the  series  effractions  conver- 
ging towards  the  given  fraction  ^^,  there  will  arise,  by  following 
the  operation  pointed  out  in  the  first  part  of  the  above  rule, 


265(64(0 
0 


64)265(4 
266 


9)64(7 
63 


1)9(9 


And  consequently,  by  proceeding  accord- 
ing to  the  latter  part  of  the  rule,  we  shall 
have 

(Quotients 0,  4,  7,  9,         ) 

(  Converging  fractions. i,  ^,  J,  A>  iWt  > 
where  ^^  is  the  same  as  the  original  frac- 
tion, or  that  first  proposed. 
2.  Also,  if  it  were  required  to  find  the 
series  of  fractions  converging  towards  the  given  fraction  f  |^,  there 
will  arise 

And  consequently,  by    proceeding  in 
the  way  before  mentioned,  we  shall  have 

(  Quotients. .3,  4,  10,   3         \ 

(  Converging  fract's..  i,  f,  f,  H  ifl  1 
where,  as  before^  f ff  is  the  s^une  $3  the 
given  fraction^ 

Or  if  A,  B,  C,  &c.  be  made  to  repre- 
sent the  numeiaton  of  the  OQnvergin([ 


127)285(2 
264 


31)127(4 
124 


3)31(10 
30_ 

1)3(3 


379 
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OB=By-fA 


B'=A'(? 
C'=BV+A' 


fractions  above  given,  taken  in  succession  from  — ,  A',  B',  C,  &c 
their  denominators,  we  shall  likewise  have,  by  the  same  rule, 

C         By+A   .D_.C^+B   . 

C'  ~B'r  +  A"  D'  ~C'a4-B' 
where  the  law  by  which  the  terms  may  be  continued  is  sufficient- 
ly evident. 

Hence,  in  order  to  exemplify  this  latter  method,  let  it  be  propo- 
sed, as  one  of  the  most  useful  cases  relating  to  fractions  of  this 
kind,  to  express  ia  small  numbers  the  ratio  of  the  circumference  of 
the  circls  to  its  diameter ;  which,  by  stopping  at  the  5th  place  of 
decunals,  is  fiJM^- 

Here,  by  following  the  process  mentioned  in  the  first  part  of 
the  former  rule,  there  will  arise  the  1st,  2d^  3d,  and  4th  quotient 
figures  3,  7,  15,  and  1,  respectively. 

And  consequently,  since  a=3,  o=^,  y=15,  ^=1,  &c.  we  shall 
have  A=a=3 

B=A(?+1  =3x7+1=22 
C=By+A=22X  1 5+3=333 
D=C(y-  -B=333X  1+22=355 
A'=l 

B'=A'^=lX7=:7 
C'=B'r+A'=7  X  15+1=106 
D'=C'^+B'=106X  1+7=113 
3    B      22  C       333  D      355 


Where  -r-ic=--,  :=r;=^-=r.  :;t7 


tT?  =TThy  &C- 


l'B'~7*C'  106' D'  113' 
as  would  have  been  the  case  if  the  results  here  obtained  had  been 
found  by  the  rule  before  used.  Whence  the  converging  fracticms 
required  are  -f,  ^,  f^f ,  f^|-,  &c.  which  are'  alternately  less  and 
greater  than  the  circumference  divided  by  the  diameter,  and  are 
each  expressed  in  the  least  numbers  possible  ;  the  second,  -^,  be- 
ing the  ratio  assigned  by  Archimedes,  and  the  fourth,  f^,  that 
given  by  Metius,  which  is  much  more  accurate  than  the  former. 

And  if  a  greater  number  of  decimals  be  taken,  and  the  opera- 
tions be  carried  on  to  a  farther  extent,  the  converging  fractions 
thus  obtained  will  approach  continually  nearer  to  the  true  value  of 
the  circumference ;  but  they  will  necessarily  become  more  com- 
plicated the  farther  they  are  produced.  A  similar  observation  to 
that  above  made  may  also  be  applied  to  every  case  of  the  kind  here 
treated  of;  in  all  of  which  the  series  of  converging  fractions 

U*  o/'  n7>  Tvh  ^*  which  are  called  principal  fraetionsy  will  be 


alternately  greater  and  less  than  the  total  value  of  the  continued, 
or  original  fraction  ;  and  each  of  them  will  express  that  yalu^ 
more  accurately  than  any  other  fraction  that  can  be  conceived  in 
more  simply  terms. 

It  may  be  farther  remarked,  that  among  continued  fractions! 
those  have  been  particukurly  distinguished  in  which  the  denomina- 
tors, after  a  certain  number  of  changes,  are  continually  repeated 
in  the  same  order  ;  in  which  case,  the  continued  fraction  so  form- 
ed is  said  to  be  periodic,  and  may  then  always  be  oonsidored  as 
the  root  of  a  quadratic  equation,  or  a  surd. 

^    -,,       ,  1       -  "1      Then,    since   the 

1.  Thus,  let .  a:  =  -  ^     J  I  ^^jj^\^j     of    these 

P  +  ^1   i_  j  fractions  is  unlimit*' 

p  &C,  J  ed,  and  all  of  them, 
afier  the  first,  return  again  in  the  same  order,  it  follows  that  Uieir 
sua  is  also «»  ». 

Whence  z  =  — j — ,  or  by  multiplication^  a^-jipa?as!l ;  and  ooor 


sequently,  xss — lp4"i>^(l^"H^)»  i'*  which  case  the  above  contin- 
ned'fraction^  serves  to  determine  the  square  root  of  the  number 
//(^-(-4) ;  since'  we  have 


P+ptcc 
And  if  pt  in  this  hst  expression,  be  put  ss  2,  we  shall  have 

"Ts  &c.,  a  formula  which  has  the  advantage  of 
showing  the  law  by  which  the  operation  may  be  continued,  mors 
evidently  than  if  the  extraction  had  been  performed  in  the  usual 
way** 

2.  Agaiot  lot  us  take  the  foUowipg  continued  fractiont 

'  q  &%.,  in  which  the  denominators  recur  period- 

*  From  th«  common  method  of  extracting  the  roots  of  numbers^ 
ve  know  diaf  //3=1. 4142 1356  •  • .  ;  but  the  bare  inspection  of 
this  decimal  leads  to  no  rule  for  its  farther  extension ;  whereas, 
when  expressed  by  a  continued  -fraction,  we  see  in  what  way  it 
Msy  be  earned  en  to  wtf  degree  of  aecuraey. 
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kdOiy  in  pairs.    Then  we  shall  have  x  s==^  ■      1 

*  g-f-a:,  from  which 
tkete  arises,  by  reduction,  the  quadratic  equation  pa^-^-pqx^sBq ; 

where  a:a=>— ^--f^V(P^3*-Hpg)»  or  2^a/(jP"^+^)  ==|^^'• 
And  if  p,  in  this  expression,  be  put  =  2,  and  ^  =  3,  we  shall 


o*4- ^T"  •    1 


'  3  &c. } ,  where  the  law  of  con- 
tinuation is  sufficiently  obvious  ;  and  by  substituting  other  num- 
bers fqr  p  and  q,  various  series  of  this  kind  may  be  obtained. 

Also,  if  a  continued  fraction  be  irregular  in  some  its  first  terms, 
or  only  becomes  periodic  at  a  certain  distance  firom  its  commence 

ment,  it  may  still  be  resolved  in  a  similar  manner  with  the  for* 

1 
met.  Thu8,3.Letasa=p-J — ,  1      , 

*^  s  &C.  Then,  by  ma- 
king ysss  that  part  of  the  fraction  which  is  periodic,  we  shall  have 

jp    p  \     I  ^  I  or  y  = — i^ — i-.    But  by  the  nature  of  the  pro- 

posed  fraction,  it  is  also  evident  that  y  =- ,   1 

s  '\-y.    And  con- 
sequently by  reducing  the  expression  to  a  more  simple  fonn»  we 

shall  have  r^-\-rsys=ss,  or  y*+*y="" »  whence,  by  substitatioii, 
there  will  arise  the  quadratic  equation 

!  1:^<1=:^  r +  '!  ^=^^=^  !  =^.  from  which  the  Tdoe 
(       X — p       )     *'     (       X — p       )       r 

of  a>— ^,  and  thence  that  of  x  may  be  obtained,  as  below, 


«=^ 


4  In  like  manner,  if  there  be  taken  the  following  continiied 

P  P 

fraction,  a-H- .  P  or  a^-a—    p 

*^?&c.  v^* 

&e.  w«  shall  ohtain,  by  a  substitution  similai  to  that  before  oaed. 
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3D^a        ,    ,  or  a:  g^.       Y"rVw -r^j^    ^^^j  consequently, 

9-|-a: — a  2  ^ 

2a 
hj  transposing  -^^  or  a,  to  the  other  side  of  the  equation,  we  shall 

Or,  by  making  ^=2a,  the  expression  for  the  simple  radical  will 
become  a/(^+P)  =  ^+iz\    P 

^^^  2a  &c.  And  in  nearly  the 
same  way  may  any  other  expression  of  this  kind  be  transformed 
to  a  quadratic,  or  a  surd  ;  to  which  they  are  always  reducible, 
whether  the  periodic  part  consists  of  one,  two,  or  more  terms  ;  or 
whether  it  commences  in  a  regular  or  irregular  manner.' 

A  similar  mode  of  solutibn  may  also  be  applied  to  continued 
surds,  or  expressions  of  the  form  V^ja-f-yv/Ca+yv/ («+))},  &c.  the 
value  of  which,  though  apparently  mfinite,  is  always  determina- 
ble by  means  of  a  certain  equation ;  and,  in  some  cases,  it  is  a 
real  mtegral  or  fractional  quantity;  for  putting  as=>^{a4->y/(a-}- 
^/(^-^")) }  ^c«  we  shall  have,  by  squaring  each  side  of  tne  equa- 
tion, a:^===fl-|-^|a-[~>\/('^~f")  j  ^'  ^^^  latter  part  of  which  is  evi- 
dently equal  to  the  original  surd.  Whence  a?  =  a-^x,  or  ar^» — x, 
sssa  ;  and  consequently,  x=J±>^(J-|-fl),  where,  if  a  be  now  put 
equal  to  2,  the  expression  will  become  \/{2-f->v/(2"f"\/(2+))| 
&c.  =•  j±V(l+2)==2,  or  —1. 

Again,  let  there  be  taken,  as  another  instance  of  this  kind, 

afeF=>i/l«+>s/(^+A/(^+V(*+)))  \  ^'  Then,  by  squaring  each 
side  of  the  equation,  as  before,  we  shall  have  a:*  =  a  -|-  y^|i  -j- 

//(«+V(^+))}  &CMand  a;»-7«  =  V{*+V(a+>v/(*+))}  &c. 
And  by  again  squaring  each  side  of  this  last  equation,  x*  —  2aa^ 

4-<J^=i-|->s/  {a-f">v/ (*"!")  \  ^'  ®^»  ^* — ^^  —  x  =  b  —  c^,  which 
equation,  when  solved  in  the  usual  way,  will  evidently  give  the 
value  of  X.        ' 

To  this  we  may  add,  that  the  square  root  of  any  quadratic  num- 
ber may  be  converted  into  a  continued  fraction,  of  the  periodic 
kind,  as  follows.'^     - • 

*  It  has  been  long  known,  that  any  given,  continued  periodic  frac- 
tion could  be  reduced  to  a  quadratic  equation,  and  thence  to  a  sim- 
ple surd ;  but  Lagrange  appears  to  have  been  the  first  who  has 
proved  the  reverse  of  this  proposition,  by  showing  that  the  square 
root  of  any  whole  number,  or  the  root  of  a  quadratic  equation,  can 
always  be  expressed  by  a  continued  periodic  fraction. — See  his 
work  entitled  De  la  Resoltction  des  Equation  NumerigueSy  p.  65. 
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Bulb.    Find  such  an  integml  Talae  a,  of  the  given  quantity  x, 

1 
that  X — a  shall  be  less  than  unity,  and  make  x  =  f^-^—r      Find, 

JC 

also,  such  an  integral  value  a'  of  ri:',  that  of — a'  shall  be  less  than 

unity,  and  make  a;  ==sa'-| — ;;.    Proceed  in  this  manner  with  x",  by 

putting  its  greatest  integral  value  equal  to  «'' ;,  and  so  on. 

Then,  by  successively  substituting  the  value  of  x\  x'\  7f'\  &c. 
for  their  equals  in  the  nrst  of  these  expressions,  we  shall  have 

'^="+-?4J.      1 
^^4-  — 

a'"  -}-  &c.  for  the  continued  fraction  required. 
Where  it  is  to  be  observed  that  the  denominators  «',  a",  a'",  &c. 
are  the  partial  quotients  before  mentioned  ;  and  the  quantities 
x\  a;",  3f'\  &c.  resulting  from  the  development  of  a;,  and  of  which 
Uie  integers  a',  a",  a"\  &c.  form  the  greater  part,  are  the  com- 
plete quotients.  And  if  the  partial  quotients,  thus  found,  be  placed 
m  a  right  line,  as  usual,  and  their  corresponding  converging  frac- 
tions be  determined  according  to  the  method  before  used,  they 
will  give  the  approximate  values  of  the  root  required.^ 

1,  Thus,  if  It  be  required  to  convert  the  square  root  of  19  into 
a  continued  fraction,  w^  shall  have,  by  following  the  above  rule, 

^       6      ^  ^         5  *  '  V19+S      T^i(A/l»+^ 
^19+  3_o  ,  V19  -  3  _<>  ■         g  o,         1         . 


6          *'        5           '1^19+2        'i(V19-K) 
V19+2  V19-4  1  >       1 

*^  3  ^      3  ^V19+'4  i{V19+*) 

VI944    ^  ,  yig-f  4    ^  ,        4  1 

*^~  ~1       '^^        I       ^^■V19+4~~°^J(V19-}-4) 

*  It  is  not  for  the  sake  of  the  extractioa  of  the  square  root,  (hat 
dkis  method  has  been  devised,  but  on  account  of  its  application  to 
indeterminate  equations  of  the  second  degree ;  which  admit  of  do 
other  general  method  of  solution ;  as  was  first  shown  by  Ur 
gramgt,  in  the  Ulentoin  o^  Berlki,  for  1767  and  1768. 
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V19-H_^ ,  ^19—2    ^,        5      _^,         1 


Where  xni  being  the  same  as  x^,  it  is  plain  that,  omitting  the 
4,  which  is  the  greatest  integral  part  of  \/19,)  the  quotients  2,  1, 
3,  1,  2,  8,  already  found,  will  always  return  again  in  the  same 
order  to  infinity. 

Whence  Vl^==Ho_j_  ^       i 

And  if  it  should  be  required  to  convert  the  square  root  of  19 
into  a  series  of  ct>nverging  fractions,  without  first  reducing  it  to  the 
continued  form,  they  may  be  obtained  in  the  way  before  used,  from 
the  integral  parts  of  the  above  results  only.     Thus, 

(Quotients 4,2,1,   3,    1,    2    8,       2,     &c.  ) 

\  Converging  fraction^.  ..*,*,  f ,  Af ,  ||,  |i,  ^^%  ^^^,  )  « 
each  of  which  fractions  expresses  the  square  root  of  19  nearer 
than  any  of  the  preceding  ones ;  and  it  is  manifest,  by  setting 
down  the  quotients  of  the  next  and  following  periods,'  that  they 
may  be  continued  at  pleasure  to  any  degree  of  acciiracy  required. 

^  2.  Also,  if  it  were  required  to  convert  the  square  root  of  13  into 
a  series  pf  coi^verging  fractions,  we  shall  have 

yi3  +  3         V13-1  3    .  1 

5       ""•        4            ~fvi3+l      '^J{V13+1) 
V13  +  1  V13-2  3  1_ 

™  3       ^^        3  V13+2       4(^13+3) 


xai 


ZIY 


^V13  +  2_      V13-1         i__i  .  , _i 


^ 3 — =^-h7l3Ti=^+4 


3  '         3  'V13+1        '4(V13+1) 

_V13-f-l  V13-3  1-11 


V13  +  3       '  i(V13+3) 
V13  +  3  V13-3  4  1 

1       ^         i              '  V13  +  3-"^(V13+3) 
V13+3     ,  ,  V13— 1     ,  ,        3 1 

7=^-1 ^+-T-=i+vr3+i='+i(Vi3+i) 

where  a:yi  being  the  same  as  z\  the  integral  parts  of  the   process, 
1,  1,  1,  1,  6,  as  in  the  former  example,  will  return  again  con- 
tinually, in  the  same  order. 
Whence,  for  the  remaining  part  of  the  operation,  we  shall  have 

(Quotients 3,  1,  1,  1,    1,     6,      1     &c- 1  ^„^i,   ^f 

i  Converging  fractions...*,  h  f  J>  V»  ¥^  W  &c.  J  ®*^^  ^* 
32*  48 


9^ 
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which  will  be  the  nearest  square  Tbot  of  13  that  can  be  ezpieMed 
in  small  nambers. 

170.  The  operation  made  use  of  aboTe  for  converting  the  square 
root  of  19,  and  other  nonquadrate  niunbers,  into  converginff  frao- 
ttons,  may  be  rendered  much  more  simple  by  observing  the  follow- 
ing law  of  the  formation  of  the  successive  quotients,  viz.  let 

21 '     — 8^4-&c.  and  -^ — 7^ —  =3  w  -f.  dec*  represent  any  two 

n  n  '' 

consecutive  fractions  in  the  -examples  there  given,  where  m,  m!, 

m"  &c.  are  the  numbers  (hat  are  to  be  added  to  the  root ;  9t,  n', 

n"  the  divisors ;  and  tt,  u'y  u'\  &c.  the  integral  parts   of  the  le* 

^ective  quotients. 

TheUt  A^om  the  obvious  nature  of  the  operation,  we  shall  ha?e 

iQ ^n 


in  this  case  m'=s> 


,  and  n'= 


19— m' 


n 


so  that  each  vahe 


of  m',  n\  send  u  ^  may  be  readily  deduced  from  those  of  m,  n,  and 
u  in  the  preceding  fraction.  Hence  the  operation  above  referred 
lo  will  stand,  by  means  of  this  law,  as  follows ; 

19— 4« 


a/19+2 


:1+&C. 


=:34-&;c. 


2 


^^'=2+&c. 


V19+4 


ssS-f&C. 


1X4—0=4 
3x^—4=2 
5X1— 2i=3 
2xd--3b=a3 


3X2— fc=a4 

1X8— 4=»4 


.  1 
19—2" 


=  3 


=  5 


^^-^=2 


5 

19-^ 

2  ' 

19— 2» 

19— 4« 

3  "" 

19—3* 


3 


Where  it  will  be  found,  by  continuing  the  process,  that  the  pe- 
riod of  quotients  2,  1,  3,  1,  2,8^  will  rectir  .again  in  the  same  or- 
der, ad  infinitum.  Hence,  placing  these  quotients  as  hi  the  former 
part  of  the  work,  and  following  a  similar  mode  of  ^operation,  ve 
shall  have  the  following  series  of  converging  fractions  : 

1 1 1 1 4, «. «.  ¥^  &C. !  ^"'^'^  '^^  :^^^^  *^'-«»  ^» 

more  nearly  than  any  preceding  one  ;  and  it  is  evident  that  tbsv 
may  be  continued  at  pleasure  to  any  degree  of  accuracy  reqittrea. 
In  the  same  manner  also  may  the  sauare  root  of  any  nonqinidrate 
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amnhcT  N,  be  extracted,  ,by  supposing  a  to  be  the  greatest  integer 
{entBined  in  i\/N,  m,  m\  w!\  &;c.  the  numbers  to  be  added  to  ^N, 
'«,  7i',  n'\  4cc.  tbe  divisors,  and  Ut  u\  u*\  &^  the  iategral  parts 
of  the  several  fractions,  as  before  ;  viz. 

^     ^ •  *--  1  Xa  — 0    =w 


-}-&c. 


A^N+W' 


n 


aaw'-f-&C. 


/# 


71 


tt 


•=a*'-f-&a;. 


»  Xw  — m  =5»i' 
«'X«*'  — »*'  =1 


n"Xu"-'m"=m" 


-m 


% 


n 


N- 


•w 


/« 


n 


n 


:^3n 


// 


?l 


ff 


ni 


Where,  by  continuing  the  extraction,  as  in  the  former  case, 
we  shall  always  arrive  at  a  fraction  equal  to  ^ — "^^—^  or  the  sec- 
ond in  the  series  ;  after  which  the  quotients  will  constantly  recur 
again  in  the  same  order.  It  'is  also  evident  from  the  practical  ex- 
tm^e  before  given,  and  may  be  demonstrated  generally,  that  the 
last  quotient  of  every  complete  period  of  quotients,  in  this  mode 
of  extracting  the  square  root  of  any  numb^,  is  always  equal  to 
twice  the  greatest  integer  contained  in  >^N.* 

The  Differential  Method  of  Series, 

171.  The  Differential  Method  is  the  method  of  finding  the  sue* 
«essive  differences  bf  the  terms  of  a  series,  and  thence  any  inter- 
mediate term,  or  the  sum  of  the  whole  series. 

Problem  L    To  find  the  first  term  of  any  order  of  differences. 

Let  a,  b,  c,  d,  e,  &c.  represent  any  iseries  ;  dien  if  the  succes- 
sive differences  of  the  terms  be  taken,  these  differences  will  form 
«  new  series,  which  is  called  the  first  order  of  differences  ;  in  like 
manner,  if  the  successive  differences  of  the  terms  of  this  last' se- 
ries be  taken,  a  new  series,  called  the  2d  order  of  diflferehces,  will 
be  obtained.  # 

1st  order  of  differences, 

h  —  a,    c  —-  b,  d  —  c,  '  c  —  d  ftc. 

b  —  a  c  —  b  d  —  e 

2ad  order  c  — 2b  +  «>  d  -^2c  +  b  e — 2d  -rf-  c,  &c. 

c  —  2b-\-  a      .    d  —  ^c-j-b 

3rd  order. I d — 3c  +3*  —  a,  e — Sd-^-  3c  —  b,    &c. 

■  ■  I  M       I    I         I  I  I  ■  ■  «  I  I    I  I   ■  ■     - II  ■  I  .         I  iiMi      m,   I  ■  »— »— ^m^ 

^  The  reader  who  may  wish  to  see  a  fuH  acoouiit  of  this  sub- 
ject i&  referred  to  the  Theory  of  Numbers,  by  Ijegendrey  so  ofkoi 
mentioned ;  the  Memoirs  of  the  Academy  of  Berlin,  an.  1767  «od 


ij 


M 


.■^3 


m 


^1 
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Now,  since  in  the  first  order  the  first  term  in  any  difierence  is 
the  same,  except  the  sign,  as  the  second  in  the  succeeding  diffe^ 
ence,  in  subtracting  any  difierence  from  the  succeeding,  die  fint 
term  of  the  former  must  be  placed  under  the  second  term  of  the 
latter,  and  consequently  the  same  must  take  place  in  every  suo 
ceeding  order. 

Hence  the  coefficients  of  the  several  terms,  composing  either  of 
the  difierences  belonging  to  any  order,  are  respectively  the  same 
as  the  coefficients  of  3ie  terms  in  the  expanded  binomial,  being  ge- 
nerated in  exactly  the  same  way,  the  terms  that  are  subtracted  be- 
ing in  reality  added  with  contrary  signs.     Therefore,  the  first  dif- 

ference  of  the  nth  order  is  a — 7W  |       ■   — c • — ^-^ -4 

-f-  &c.  when  n  is  an  eyen  number,  and 

,      .       n.{n  —  1)     ,  w.(w— 1)(»  —  2)   ,        . 
—  a  +  nA ^ ic  +  — i^ -^ L  d  —  Scc. 

when  n  is  an  odd  number. 

1.  Required  the  first  term  of  the  fourth  order  of  difierences  of 
the  series  1,  8,  27,  .64,  125,  dec.     Here  a,  b,  c,  dy  e.  6cc,  s=  1, 

8,  27.  64,  125,  &c.  and  »==  4.     .-.  a^nd  \  ^^^  ^K  — 

e=l—^2-f  162— 2564-125=0 ;  hence  the  first  term  of  the  fourth 
order  is  0. 

2.  Required  the  first  term  of  the  5th  order  of  differences  of  the 

series  1,  3,  ^,  ^^  3\  &c.     Here  a,  by  c,  d^  e,  &c.  =1,  3,  9,  27 

Q,    .  , -  ,     ,      w(n— 1)        w(7i— 1)(«— 2)  - 

81,  &c.  and  9ts=5,  .*.  — a-^^nb ^ — c-| — ^-^ «••• 

_n05:3^1^^  _  5e+/« 

_14.15— 96+270— 405+243=32  =  the  first  term  of  the  fifth 
orfler  of  difierences.  * 

3.  Required  the  first  term  of  the  third  order  of  differences  of 
the  series  1,  2^,  3^  4^,  &c.  A.ns.  6. 

4.  Required  the  first  term  of  the  fourth  order  of  differences  of 
the  series  1,  6,  20,  50,  105,  he.  Ans.  2. 

Problem  IL  To  find  the  nth  term  of  the  series  a,  &,  c,  d,  e,  kc 

1768 ;  and  to  the  second  volume  of  Etder^s  Algebra^  English  edi- 
tion ;  where  he  will  find  the  whole  doctrine  of  Continued  Frao 
tions,  and  every  part  of  the  Indeterminate  Analysis,  amply  devd- 
oped. 
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liCt  iT,  A'\  d"\  d*',  &c.  represent  the  first  term  in  the  first, 
second,  thivd,  fourth,  &c.  order  of  differences  respectively,  then  in 
die  general  expressions  for  the  first  term  of  the  nth  order,  we  shall 
have,  by  making  n  successively  equal  to  1,  2,  3,  &;c.,  and  trans^ 
posing, 
te=s    oA-d^  Or,  by  substitution, 

it=    e^-3^-3c— rf'", 

&c.  =  occ. 

where  Ae  coefficients  of  a,  (T,  i",  (T",'  &c,  in  the'(n4-ljth  term 
of  the  series  a,  3,  c,  (2,  &;c.  are  the  same  as  the  coefficients  of  the 
terms  of  a  binomial  raised  to  the  nth  power ;  that  is,  the  (n-}"l)^ 

?i(7i—  1)  n(«— 1)(?^— 2) 

5 — *   i" 


c=a- 


'2d'+d'' 
d=a-\'M+'^d"-\^' 

i^d'-\Sd''+W"'\'d>' 


term  is  A-f-*^^' 


2.3 


'^'"-|-&c.;and  .'.wth 


term  is  a  -{-  [n — l)d'-| 


(n-l)( 


^  "2:3 


+  &c. 

Cor.  The  above  series  will  terminate  only  when  one  of  the 
auantities  i',  d'\  d'*\  &c.  becomes  0 ;  hence,  when  the  differences 
ao  not  at  length  vanish,  the  nth  term  cannot  be  accurately  found, 
but  must  be  approximated  to. 

1.  Required  the  tenth  term  of  the  series  1,  4,  8,  13,  19,  &c, 
1,  4,  8,  13j  19,      ^      Hare  the  first  terms  of  the  difierences 


8,  4i  5,  6, 

1,  1,  1, 
0. 


are  3,  1,  and  0;  that  is,  (f=3,  cT'asl. 
'  and  ^"=s=0,  also  a=l,  and  n=»10; 


.-.  ^[^n^\)d'-\ 


(n^l)(n^2)^,, 


<{''=l-f  274.36»64,  wb]«h  is  the 


ten^  term  required. 
2.  Required  the  twelfth  term  in  ^he  series  1,  2",  3",  4",  5",  hoc^ 


12,  18,  24, 
6,  6, 
0. 


Here  <2'=7,  rf"=12,  d'"=6,  d*^: 
0=1,  ai 

(n^l)(«— 2) 


1,  8,  27,  64,  125,    \\      Here  <2'=7, 
7,  19,  37,  61,  also  a=l,  and  n=12 ;  fl+(«— 1)^'  + 


^(^"'-f&c.  =  1+77  +  660 

+990=1728,  the  twelfth  term. 
8.  Required  the'  20th  term  of  the  series  1,  3,  5,  7,  &c. 
4.  Required  the  20th  term  of  the  series  1,  3,  6,  10,  15,  &c. 
6.  Required  the  15th  term  of  the  series  1,  2*,  3^,  4^  &c. 

.     .  Ans.  39.     Ans.  210.     Ans.  225. 

"Problem  IIL     To  find  the  sum  of  n  terms  of  a  series. 
If  in  the  series  a,  h^  c,  J,  &c.  a  e=s  0,  then,  by  the  last  problem, 
the  expression  for  the  (n+l)th  term  will  be 


TBB  ffinauTioii  OF  nmncn  oesibs* 


Now,  if  we  put^sssa,  cs=a-f-|9,  (2  s=  a -j- 19 -{- /,  &c.  then  the 
n(-|-l)th  term  of  the  series  a,  b,  c,  d,  &c.,  or  the  nth  term  of.  the 
series  3,  c,  d^  &c.  will  be  n  terms  of  the  series  «  -|~  ^^  H~  /^  "h  ^ 
and  d^'  in  the  former  series  is  the  same  as  d'  in  this ;  hence  ' 
sum  of  n  terms  of  the  series  a,  /?,  y,  d,  ice,  is 

«aH — 2"'^"' :2:2~~'' +^' 

1.  Required  the  sum  of  n  terms  of  the  series- 1,  3,  5,  7,  &»• 
1,  3,  5,  7, )     Here  d'=z2,  and  d[''  =  0;  also  assl ; 

0, 0.    )  •••  ««H — o 


-i2'  sssn'sB  sum  of  n  terms. 


2.  Required  the  sum  of  n  terms  of  the  series  1, 2*,  3*,  4*,  9,  &c 
1,  4,  9,  16,  25, 
3,  5,  7,  9, 

2y  2, 2, 

0,0. 

,  n(n — 1) .,   ,    nin — 1)0 


Here  ^'=3,  <^"s=:2,  and  rf''=0 ;  also  0=1 


i)^'+«( 


2)     _  3«»— 3» 


2      --    •  2.3 2 

n»— 3«»+2»          n(n+l)(2?i+l)  .     ^ 

J «-j —   ass  -_i — ! — ^ ! — i  sss  sum  of  »  terms. 

3.  Required  the  sum  of  n  terms  of  the  series  1,  2,  3,  4,  5,  doe. 

4.  Find  the  sum  of  12  terms  of  the  series  1,  3,  7,  12,  18. 

5*  Required  tue  sum  of  n  terms  of  the  series  1, 3,  6,  10, 15,  ta 

.    Answers,!!:^".  430.  and  2i!5±^(?di). 

6.  Required  the  sum  of  n  terms  of  the  series  1,  2*,  ?,  4',  &e. 

7.  Required  the  sum  of  n  terms  of  the  series  1,  2*,  3*,  4^,  Ax. 

Answers ^,  and  g-  +^  +^ -^. 


On  the  Summation  of  the  Infimte  Series. 

172.  An  Infinite  Series  is  a  progression  of  quantities  proceeding 
onwards  without  termination,  but  usually  according  to  some  regu- 
lar law,  discoverable  from  a  few  of  the  leading  terms. 

173.  A  converging  series  is  a  series  whose  successive  terms  de- 
crease or  become  less  and  less,  as  the  series 

1+1  +1+1,.  being  a  whole  number.       • 

174.  A  diverging  series  is  one  whose  successive  terms  mcrease 
or  become  greater  and  greater.     Such  is  the  series 


XBB  8U1fllATX(»f  Of  UlVllim  SBBISS. 


j;_  ==1— 2+4r-8+16--&c. 

175  A  neutral  series  is  one  whose  terms  9re  all  equal,  but  have 
signs  alternately  -)-  and  — ,  as  the  series 

1        l_l+l_l+l_&c. 

176.  An  ascending  series  is  one  in  which  the  powers  of  the  un- 
known quantity  ascend,  as  in  the  series  ar^bX'\-<:a?-\~daf. 

177.  A  descending  series  is  one  in  which  the  powers  of  the  un- 
Imown  quantity  descend,  as  in  the  series  fl4-^ar'*--|-car*--|-<Zar*. 

178.  The  summation  of  series  is  the  finding  a  finite  expression 
equivalent  to  the  series. 

179.  As  different  series  are  oflen  governed  by  very  different 
laws,'  the  methods  of  finding  the  sum  which  are  applicable  to  one 
class  of  series  will  not  apply  universally ;  a  great  variety  of  use- 
ful series  may  be  summed  by  help  of  the  following  considerations. 

180  Asi 9  ^    pq     .  .      q     _    Ui      q 


n     nr\-p     n(n'\^p) '  * '  *n(nr\'p) 


fl-^mp 


! 


•%  any  fraction  of  the  form 


— 7-T — r  is  equal  to  -th  the  diff.  be- 


tween  the  two  fractions  -  and  — r^  hence,  if  this  diff.  be  known, 

the  value  of    ,     , — r  will  be  known,  whether  —  and  — t—    be 
n(n  -4-p)  n  «+P 

known  or  not ;  ana  it  .*.  follows,  that  if  there  be  any  series  of 


frac.  each  having  the  form 


n^Tif^p) 


,  the  sum  of  the  series  will 


be  c=3  to  — th  the  diff.  between  a  series  of  frac.  of  the  form  ^,  and 
p  n 

another  of  the  form  --t~~9  ^^^  ^^  ^^^  difference  can  be  obtained, 

vtYp 

the  sum  of  the  proposed  series  may  be  readily  found,  whatever  be 
the  values  of  |>,  ^,  and  n. 

1\  Required  the  sum  of  the  series  -z-^  -["o  q  Ho  g  +    *c* 

continued  to  infinity. 
Here  q;=s\i  and  p=l,  also  ?zssb1,  2,  3,  &c.  successively ; 
(  14.  i-i:i4.i-i.&c.  ad  inf.   )      1 

•••  I  Z(|4:i4:|:|:&c.  ad  inf.)  i  =^^^ 

8.  Required  the  sum  of  the  above  series  to  n  terms. 


Tn  BVMMATIOlf  OV  IHJUIIl'l  8BBIB8* 


i-H+i-H....- 


%+l        W-j-l' 


111 

3.  Required  the  sum  of  the  series  r-s  +5-^  \  c \  \  ^*  ^ 

l*o       0*0       d*7 

ihfimtum.     Here  ,pa=2, 

&c.  ad  inf. 


.  ad  inf.   1,1      « 

.adinf-)}=^'-*-ir^=^"^- 


4.  Required  the  sum  of  the  above  series  to  n  terms. 


*r    •  ••• 


2n~  1  '  2»-fl' 

aag^  ■  . -;,  and  -  of  this  sum  is  - — ,  ,    ■  sum* 
xn-^l         p  2nrf'  1 

6.  Required  the  sum  of  the  series  -—j  +5^  )'*>  a  K  >yi'^ 


to  infinity.    Here  p=3. 


1.4^2.5  '3,6  '4.7 


1  -dtttititltfe  !  =-1+*+*=^.  and  la.   of  thi. 


is  l^  S3S  sum. 
6*  Required  the  sum  of  n  terms  of  the  above  series. 


n 


(I  it  I  I  I  1  11  -         "^    \ 


=i+i+i- 


(_1 .      1      I     ^    Y„    »      I      ^       .      n     ^ 
n+1  "^n+S  "^n+3y  "n+l   '  2n+4  "+"371+9  ' 


n 


+ 


n 


+ 


n 


3n-f3  '  6n-f-12  '  97^f 27 

2         3 

7.  Required  the  sum  of  the  series  ^-^ — ?-t?-} 


sum« 
4 


r+ 


3.5     5.7  '  7.9      9.11 
4*c.     Here  ^»=:2,  and  ^tsS,  3,  4,  &c.  successively. 

and  —  of  this  is  1^  sss  sum. 
P 
8.  Required  the  sum  of  the  series  l'H-H-[--A-|  te«  ad  i 


itam.    This  series  is  evidently  the  same  as  the  following,  viz : 

1^.,  whose  sam  is  1  (Ex.  Ist ;  .*.  the  sum  of  the  series  is  2. 
9.  Required  the  sum  of  the  series  5-3  ^  ^  ,^  |  ^  ,^  +  ^* 

ad  infinitum.    This  series  is  the  same  as  i  (k^  4-^-s7  "Kr-7  +1 

*  ^3.2  *  6.3  *  9.4    * 

111 

*c-  »=  tV  (j-g  "^XS  +3.4+*^'^  "  ^^^*  "^^  *^'  ^®°  *®  ^°^ 

^^^'°"^I2(^'- 

•  10.  Required  the  sum  of  the  series  r-5  -\ci  a   log!    ^*  •^ 
infinitum.  Ans.  }. 

11.  Find  the  sum  of  the  series  -r-^  — 2r-r  -Kr-^ — &c.  ad  infin- 

1.3     2.4  *  3.0 

itum.  Ans.  |. 

,  12.  Find  the  sum  of  the  series  s-^ — -  ^  |      . — oTT"!"**' 

3.0      d.7       7."       «7.11 

ad  infinitum.  Ans.  1^ 

13.  Find  the  sum  of  the  above  series  to  n  terms. 

^^'  *^~4(4n  +3  ) 

4         4  4  4 

14.  Required  the  sum  of  the  series  j--=  \      ^  |      ,^  -j- 


1.5  '  6.9  '  9.13  '  13.17 
-f*dDc.  ad  infinitum.  Ans.  1 

181,    since   —^ g  ^_  ^M  . 

g      ■^..,  M  — ?^ g        I 

»(»-|-p)(»-[-2p)  2|>  I  «(«+!')      n(n'-\-p){n'\'2p)) 

hence  the  sum  of  anv  series  of  fractions,  each  of  which  is  of  the 

1  ' 

form  — ; — ; — x% — r-^T".  is  equal  to  57-  the  difierence  between  one 
«(n+p)(«-j-2p)        ^  2p 

series,  whose  terms  are  of  the  form 

—--— — .,  and  another,  whose  terms  are  of  the  form 

g 

A.  R  ^ 

1.  Required  the  sum  of  the  series  ^  ^  ^  |  2.3.4+1X6 
33  i» 


nn 


*ntt  !^ttKAMttt  M^  myiifm  mttit* 


i  iHfiiiitttAi.    Heire  ps^h  and  j^set,  5,  6,  te.  sitixteasitefy 

1.2  '  2.3  '  3.4   +  **• 


i:2">2.a's.4'^- 


(Art.  19).  Ex.  1)>  2|  and  ^  of  this  is  1}  sssua. 

2.  Re^uiied  the  soia  of  g.ft.lk  UJu.M  '  11. 14. IT '*^ 

ftd  infinitum.    Here  pa=A^  # 

3     .     9    ' .      15  ^ 


«    Q  T 


+ 


f&c. 


5.8^8,11^11.14 


.11^  11.14 


3     ■     g      ■-    « 

-TE-rr-n 


5.8  •  8.11  '  11. 14 


j  flOC 


gt^T^'l   _(  •j4-,Vf  &c.)  V      6.8  '  "     •"'        2p 

4.  Find  sum  of  the  series  —^^+—^+—^+jjj^ 

ad  iftfihiMttft.  Ans.  ^. 

5.  Beqitired  the  sum  of  the  seriea 


■t 


M»  +  P){'H-2p)  '    («-h»)(«4-2p)(n-+3p) 


t  •  • 


a4-2d 


fee  ad  infinitum. 


+  • 


>•  •  «  • 


(182.)      Likewise,  since 

ff _J . 

2pq .  g ^ 

JL  J : — i — , —  V : Atttz — TTTT I  •*•  a^Y  wriaBrf 


fra.  of  the  form 


7i(»4^)(?»+2jp)(n-f3p)  3p 


tween  n  aeries  ol  the  forni 


iC»ifc*)t»TH?rt 


',  and  another  of  ih* 


/ 


* 


THE  MMKATHBl  9f  flUWHIH  flRllt.  OTV 

1>  «e^»iwA  thg  »Bm  4rf  the  awiw  ^-g;g-| + ^  j[^^  {  ^j^^^ 
4-&C.  ad  infinitum.    Here  p^l, 

1  1  "=1:23"*' "^<*^'^- 

2.  Required  the  snm  of  the  series  ^  i  ^./yU?  '  <L7.lll 

-|-&c.  ad  infinilttai*    Here  p:ma% 

1,2.  3      ^ 

1.3.6     '    3.6.7  ^SI^IS"*"  111  .         1  t_L.-l. 

1      2       ■°^!:§3"'"a6:9Ts:7:9+*'^' 

•••  ^1&>*»A  *=  sum. 

d  6  8 

sd  infinitum.  A|i8.  t^t* 

ff  T  9  . 

4  Sum  the  series   t  o  q  A'^y^  A^Jt^f^^  a  A''te'4^^  injaitum. 

Ans.  If. 
(183.)  In  a  cimilat  manner,  it  ^y  be  sliown  that  thd  Bum  ^my 
series  of  fractioiis  «Cth^  ibtm 

'  t  .   \ ,  '.    ■  ■      ■    ■   "L    I  '    is  c=:  to the  diffi  Witwei^  a  s^- 

ries  of  the  form  ^.  _■;»..  Vo^^  ^ — ^L^iZ  'Vwi'  *^^  another  of 

tne   form    1  ■  ■  ■■<       ,1        ■  >      1  1  <■  n   ■   • 
(w-|-^)(n-l-2p)(.  • .  .{nrf-n^) 

184.  Again,  since 

a[a-^b){a^'2b) ....  {a+ph)      aia-^h^ar^-^)  ....  \a-^{j^l)b\ 

«(n+^)  ••••  Jw+(p — 1)^}  n(n-|-5) • . . . (w4:p4)       ' 

fl(tt — ia> — b)(a'\-b){a"\-2b) . . . .  (a4^^) 

"^       n(n+b)  («+M) . « . .  (n4tP^) 

•*•  »(«+*)  («4-^)(. ..  .(w-f^)**^ 


MB  SVIDLCtlOll-  0t  niVIIIITI 

tf(a-H)....{a4-(p+l)*}  J  .       rr      .         ^,.1. 

■      '     .  ,, — —  '    ,    , >       I   .'.  any  senes  of  fractions  of  toe  form 

.    \".;'**'  ;^^^  is  as-  toN 7  the  difference  of  a  series  of 


n(n-j-*)  •  •  •  •  (n'\-pb)  n- 

the  form  — — ^\;    ^  **'*.  -V/     ,...,  and  another  of  the  forai 
n{n  +  *)  . .  • .   jw-f-(p— 1)^} 

g(a+^)>,,{a-f(p-fl)^| 
n(7i4~^)  •  •  •  •  (^"h?^) 
1.  Sumthe8enesi4^+g;5;g+....g;5;g^  +  te.  to  r 

terms.    Here  a  :=:  1,  ^  s=  2,  and  n  ss  2, 

,    ,1.3,1.3.6,  1.3.5.7.... (2r—l)  ^ 


•  •  •  • 


2    '   2.4   »  2.4.6..  .(2r— 2) 

1.3   .  1.3.6  1-3.6.7  .  .  .  (2r+l)\ 
2  ^  '  2.4  "*"    •  •     •     •     •         2A.6  .  .  .  2r      / . 
1.3.6.7  .  .  (2r+l)         ,         1        ^  ^.  .  1.3.6:7....(2r+l) 
2.4.6.-.  .2r     >  ^*  ;;3^^^ofthisis    ^^^      /^ 

— 1  ss  sum  of  r  terms ;  when  r  is  infinite,  this  expression  is  en- 
dently  infinite  also. 
2.  Sequired  the  sum  of  the  series 

f  4i!^) +«m^W  to  r  tcnn,. 

g(fl-H),  .a(fl+5)  .  .  .  \a+(r—l)h\ 

"^      «     "^  •  •  •  n(»-f*)  .  .  .  |n4-{r  — 2)*} 

~^~»~ ,   •  n(n+b)  .  .  .  {^(r— .1)*}/ 

a{a^){ar^2b  .  .  .  (fl+i^3) 


n.{nr\~b)  .  .  .  {w+(r — l(b\ 
a  a(a-4-^)(M-23)  .  .  .   (fl+r^) 


» — a — b      {n — a — b)n{nr-^b)  .  .  :  {w+(r — l)b\ 
.   If  r  be  infinite,  then  this  expression  for  the  snm  will  become 
finite  only  in  particular  cases  :  Thus,  if  a  =  a  -(-.26,  the  second 

fraction  in  the  above  expression  will  be  -,   , —  ,    ,.,.  ,     which 

^  b\a(r  -f  l)b\ 

evidently  vanishes  when  r  is  infinite,  in  which  case  the  sum  is 
;  and  the  same  would,  of  course,  be  the  case  if  n  wero 


fieater  than  o-f"^' 


suxiumMi  •»  wmmm  mvbb. 


Bal  if  4  were  eq[ual  to  0  -4-  3,  thea  the  scid  frtctiou  would  bf* 

g(g+3)(g-f.2^)  .  .  .  (a4-r^) g        _  » 

come  -r — r-r-T — ,  ^,>  . — ,    ,v  '  A, BiMl  the  sum  a  1  !■;"■> 

(a+3)(a+2i)  .  .  .  {a-f-rb)  n — n  0 

•—a,  an  expression,  of  no  definite  signification. 

3.  Find  the  sum  of  r  terms  of  the  series  }  ^ 

2.4     2.4.6  ,  2.4.6.8  2.4.6.8  .  .  .  (2r-f  8)    ^ 

35  +3:6:7  +3A^9'  '^^^  '^^■^^^^■^^  '"     •  *^    •• 


3.6.7.9  .  .  .  (2r  4- 1) 

4  Reqttired  the  sum  of  the  aeries  p-^  1  .'■■    1  ^^  vl^  I  fcc 
^  6.6  '  6.6.7  '  6.6.7.8  * 

ad  infinitum.  Atis.  ^ 

186.   As  every  sumimihle  infinite  series  may  be  euppi^sed  to 

arise  from  the  expansion  of  some  fractional  expression,  the  value 

of  the  series  may  be  ofien  obtained  by  first  assuming  it  equal  to  a 

fraction  whose  denominator  is  such,  that  when  the  series  is  mul* 

tiplied  by  it,  the  product  may  be  finite,  which  product  being  equal 

to  the  numeprator  of  the  asi^amed  fraction,  determines  its  v^e^  as 

in  the  etamples  following. 

1.  Eequired  the  sum  of  the  infinite  series  z-^^^xf^^^-^t 

then 


Assume  the  aories  equai  to 


' — &c. 


lliat  is,  z-\-ii^-j-3^-\-5cejem:7 

If  a!=i,  then  J+i-H+&«' 

i 
If  »=i,  then  i+H-aV+*»- 

2.  RequiMd  the  sum  of  the 
infinite  series  x — ^  -f-  a:J — 2^-{' 

iisc.  Assume  the  series : 


that  is,  a:— a:*-}'^'*^'!"^*  ^^ 

X 

Tf:r=i   thenJ-J+l-^ 

If  »=1.  then  i— 14-1^1^1 

If  »B=a.  the*  9  —  44^—18 
2 


then  f-*'+*'-**+&c. 

ai*— ^4-^ — &C. 
33* 


l-f*a; 


3.  Required  the  sum  of  the 
infinite  series  ir4-2aP44:^-|^x' 
-|-&;c.     Assume  the  se|ie$ 

l—fix+3* 


ftii  Tiiiiittr 


i* 


^^v 


BMtBumMc  JMtunm. 


If  «Bi|,  then  i  fi  I  A  I'fce 

If 


series  a;-j-4a?4-®^-f'16a^+* 


that  is,  a:  +  2a?  +  3a:*  +  &c.=5s 
a; 

(l-xf' 
If  a*=i,  then  J-f}-H+&B. 

4.  Find  the  sum  of  the  infinite 
As^unethesum^,,-^; 
then  (l--a:)'^X(a:+4r*+9a;»+&c.)==«+a?; 

If  »=4,  then  Ull-il-lih&c-  =  6. 
1.  Required  the  sum  of  the  series  1^2 +2*3^  +34^  + 
Ac.  ad  hifinitum. 


1.2    '  2.2"^ 


-(-^-f 


3.2* 
4 


+  &C.) 


2.2    •   3.2« 

ijij      I       1  ssa  sum. 

2.  Find  the  sum  of  the  series 


Vooi  n 


1.2 


2.2«  ^3.2» 


+  &C 


1  .  1 


1.2.3.2« 


1.2 


+ 


\^H^ 


6  7 


+ 


2.3.4.3»  ^3.4.6J? 
4*^*  iid  infinitum.  ^  Ans.  ^, 

3.  Required  the  sum  of  the  series  x  -f-Sx'-f-^^'f"^^'!'^'  ^ 

a; 
infinitum.  Ans.  rz y 

4.  Required  the  sum  of  n  terms  of  the  series 

£§     6. 10  "^8. 12  16(1  +  n)      12(3+2n)' 

6.  Find  the  sum  of  the  series  -g-^g  +^^;2T  "^^TsM'^"^'  ^ 

infinitum.  Ans.  ^. 

10.18     .      12.21       .      14-24 

2.4.9-12  "^4.6.12.16  "^6.8.16.18 
-f*A%*  ad  infinitum.  Ans.  •!{. 


6.  Find  the  suni  of  the  series  ^Vl'T^^  +  ^  ^"Vo'i  g  4" 


186.    Diophantine  analysis  is  that  part  of  algebra  which  relates 
to  the  finding  particular  rational  values  for  general  expresaioitf 


under  a  sard  form ;  the  principal  methods  of  effecting  which  are 
comprehended  in  the  following  problems  : 

Problem  L  To  find  such  values  of  a;  as  will  render  rational  the 
expression  /^(aa^'{-bx'\-c).  Before  we  can  give  any  direct  inves-^ 
ligation  of  this  problem,  it  will  be  necessary  to  consider  the  nature 
of  the  known  quantities  a,  3,  c,  beeause  there  are  several  cases  in 
which  the  thing  here  proposed  to  be  done  becomes  impossible,  and 
that  solely  on  account-of  these  known  quantities. 

Cass  I.     When  a  =  0,  or  when  the  expression  is  of  the  form 

<v/(Aa4-c).     Put  ^/{bx  -(-  c)  sBBs  ^,  or  te  -j-  c  sss  j^j  then 

X  sas       '  ;  consequently,  whatever  value  be  given  to  p,  there 

must  necessarily  result  a  corresponding  value  of  x  that  will  render 
the  proposed  equation  rational,  and  equal  to  p, 

1.  Find  a  number  such,  that  if  it  be  multiplied  by  5,  and  the 

]iioduct  increased  by  2,  the  result  shall  be  a  square. 

jf — 2 
Put  5a;+2==p^,  then  x=^^--z — ;  if  j»=2,  then  a?  =  f ;  and  by 

assuming  other  values  for  p,  difierent  values  of  x  may  be  had. 

2.  Find  two  numbers,  whose  difference  shall  be  equal  to  a  giy- 
en  number  a,  and  the  difference  of  whose  squares  shall  be  also  a 
square. 

Let  x  be  one, number,  then  a^-^  is  the  other,  and  weliave  to 
make  {ar\-x)* — of,  or  cf^Qax,  a  square.     Put  a'-|-2aa?=s^, 


then  X  a=^-o — >  where  the  value  of  p  may  be  any  number. 

Case  II.     When  a  s=r  0,  or  when  the  expression  is  of  the  form 
h/iflsf-^-bx).    Put  /k/ioaf-^-bxysspx,  or  or-J-^atss^a;*,  then  ax  + 

b 
h^^x  ;  whence  x=-n »  and  whatever  value    may  be  given  to 

p  in  this  expression,  there  will  result  a  value  of  x  that  vnll  make 
the  proposed  expression  rational. 

1.  Find  a  number  such,  that  if  its  half  be  added  to  double  its 
square,  the  result  shall  be  a  square. 

Let  a;  be  the  number,  then  we  must  have  22*  4-^^;  ss  a  square, 
which  denote  by  ^of,  then  2a;-t-i=^a;>  or  2x — ^x — ^— |  ; 


\^  Q,  p  being  any  number  whatever  :  If  p  be  taken  (ss  2,  then 

2.  Find  two  numbers,  whose  sum  shall  be  equal  to  a  given 
number  a,  and  whose  product  shall  be  a  square. 

Let  X  be  one  number,  then  a  —  a;  is  the  other,  and  we  have  to 
make  ax — of  a  square :  Put  ax    g-^.    p^a*,  then  a    x\    f^x,  whence 


/ 
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X  — ^       ,  p  being  any  number  whatever. 

Otherwise.    Assume  aT^-^-brss^,    Now  we  mLay  take 
2~^      *^^  J  9  where,  r  and  s  must  be  so  assumed  that  their  pro- 
duct may  be  1 ;  which  is  the  case  generally  when 

r  :=^,  and  s=—  •  Equating  the  values  of  x,  we  get  raxA^l  i<ar; 
•  -r^*  -^ ^    '    ,      — 5  •     The  substitution  of  —  for  r,  and  — 


f  —  ar     nr —  amr  n  m 

to  «,  is  easily  made ;  we  have  only  to  put  nt^  in  the  place  oi  f • 
and  n'  in  the  place  of  s,  and  when  the  coefficients  are  not  affect- 
ed with  r  or  *,  we  must  put  the  product  rmt  after  the  coefficient; 
this  will  be  easily  understood  from  the  nature  of  algebraic  frac- 
tions. 

Case  III.  When  c  is  a  sqtutre,  or  when  the  expressions  are  ef 
ike  form  ^(aa^-^-bx-^^).    Put  ^/(ca?  ^-  &c-j-c*)  s=s  pa:-f-c,  then 

1.  Find  two  numbers,  wnose  sum  shall  be  16,  and  such,  that 
tiie  sum  of  their  squares  shall  be  a  square.  * 

Let  X  be  one  number,  then  16  —  2  is  the  other»  &nd  we  have 
to  make  »*-}-(  16— ^f,  or  2a^-S2a;-l-256,  a  square,  =  (pa:  —  \%f 
sss^a;'— 32pa>4-256,  and  we  then  have  23^ — 22xr^a? — 32pa;,  or 

2x — 32sssj^x — 32p,  whence  x  =a-  ■  j/^-— .     If  we  take  prr^we 

lihall  xvta&j-,  ,\  tlie  two  numbers  are  9f ,  amd  6f. 

Otherwise.     Put  fla?+*^-f-c^=^'     Then  flar-f-ia5==^ — ^, 

Assume   '  \  ^  '  ^      1    M 

,                 .    ,               I          t         2c — ^     2c»i«— ^ffl^ 
whence  raa;+r^— c=«r-#-{s,  and  a;  = = — —5 — -5 — . 

Case  IV.  When  a  is  a  sqvare^^  when  the  expression  isef  Mie 
p^rm  i^(^rtc*-+-ftc4-c).     Put  >^(fl5"a;*+*a:4-c>asa«>-f^,  or 


2jpa 

1.  Find  a  number  such,  that  if  it  be  increased  by  2  and  S  1^ 
Vffately,  the  product  of  the  aums  shaB  be  a  aquara. 

Let  X  be  the  num^ier,  then  We  have  to  make  («-f^)(^  4*^  * 
«P+7»4-K),  -a  square,  which  denote  by  («-*-p)*,  then  aP-|*7»4"W 


ssaf—2px-^9  or  7x^l0s*si — %Ki>-j-p^,  .•.  ^'"^iq^    ^  ''^  ^^ke 
p=sAy  we  shall  have  x=%. 

Otherwise.  For  a'a:'-j"3a:-j-c==:D*,  put  aj6=-,  and  it  becomes,  by 

z 

rejecting  the  denominator  2*,  a?  +  ^2:  -j-  02*=  a  ;  which  is  of  the 

same  form  as  above   only  a  is  in  the  place  of  c  :   hence,  changing 

-  ,  2amn--hfji^  1  cfn? — n* 

a  for  c,  we  nave 


CTw"  —  w'  2        2amn — bw^ 

Case  V.   When  neither  a,  nor  c,  are  squares^  but  when  ^ —  4ac 

ir  a  i^iMzr^.     In  this  case  it  will  first  be  necessary  to  show  that 

the  expression  oa^-j-iaj-f-c  will  always  be  resolvable  into  two  pos- 

h        c 
aible  factors  :  For  if  we  put  2^-^ — x  -| — =  0,  solve  the  'equation, 

t  or  find  the  two  values  of  z  in  it,  as  z=kf  and  xsssJc',  then  x —  k, 

h       c 
and  X — k',  will  obviously  be  the  two  factors  of  a*^ —  ar-j — ;  and .% 

a^p^ — k){x — k')  will  be  equal  to   the  proposed  expression :  Now 
the  values  of  x  in  the  above  equation  are 

t  k«__  + ,  and  »— g^ -^ ,  or  putting 

l^-^-AacsseP,  the  values  of  x  are  -s — ,  and J—,  and  .'. 

(«c+^)(x+^)=«t»+M-«;    ' 

we  see  therefore  that  the  proposed  expression  under  those  condi- 
tions is  always  resolvable  into  two  factors. 

Let  there  be  then  ^/(iM;*-f-*a:+c)=^{(ya;+f)(^+*)|>^W<^^^ 
put  equal  to  p(A+^)»  t**®^  (/^+5')(^+**==p{i^+5')*J 

or  {hx'\-k)=ss^(fx'{'g)  ;  whence  2x-:^°        . 

In  addition'to  the  above,  we  will  here  show  the  method  of  find* 
ing  the  factors  of  the  formula  aa;*  +  te  +  c,  when  l^  —  4ac  is  a 
square.     Assume 

aa^'-\'bx-^c={mx'\-p)  {nX'}-^)=mn3!?'\'(inq'{-np)X'\'pq. 

Hence  We  have  by  eauating  the  coefficients,  a  =  mn,  b=7nq^ 
npj  .*,  c=pq,  we  have  also,  ac=mnpq,  and  by  subtracting  4  times 
this,  from  the  square  of  the  equation  b  =  mq'^n'py  and  extracting 
the  root,  we  have  mq — npsss^(b* — 4ac) ;  hence  ,^' — 4ac  must  be 
a  square  :  put  it  sssf*,  tnen  7nq — np=^. 

Hence  by  addition,  subtraction,  &c, 

*  This  symbol  is  used  to  denote  the  words  a  squares 

50 


Thus  to  find  the  factors  of  the  fonnula,  ^s'-l-iSsj-M.     H«v 

«i=3,  «=3,  Ji=V(169— 144)=5,  .-.  p=^,  q=±Q. 
Hence  the  factors  are  82  -{-  ^»  ^^^  2«4"3.    Taking  the  above 
ISeneial  expressiooft  for  the  factors  of  the  formula  aa^  -|-  bx-^^  «« 

•hall  find  the  value  of  x  to  be  (H^/)^^— (^  —f)mJ^ ,    ^^^^^  ^ 

and  s  may  be  any  numbers  and  m  and  n  are  Ikctors  of  a,  the  co- 
efiicients  of  z. 

1.  Find  such  a  value  of  x  as  will  render  the  expression  6:i^-f 
13x-f-6  a  square. 

Here  a=d6,  6=sl3,  and  c=^f  and  as  this  expression  evidently 
does  net  belong  to  any  of  the  preceding  cases,  it  will  be  proper  to 
try  whether  ^ —  4ac  is  a  square,  which  it  is  found  to  be,  viz.  25 1 
We  are  certain,  therefore,  that  the  expression  may  be  represented 
by  two  factors,  i^ch  ure  readily  found  to  be  2ar  4-  3,  and  Qx-\4L 

Put  therefore  6a?+iar-f6,  or  (2a:-f3)(ar+2)=(jp(22r-|-3)|»,  and 

it  follows  that  2x'{'2s=:^(2x-j^)f  whence  xr^^  ^j^* 

>If  we4akepsL,tbjto^ss5l,  and  the  expression  fe  equal  f  Mi 
Otherwise.     Assume  aa?4^a;+c=(j&-(-5'y(Aa:+A:)st=^. 

and  there&ie  xv=£^    >  mn,^^ — — -»• 

GisB  VIk  When  tke  proposed  expresnon  can  be  dkridei  tsU 
ttoo  parts,  one  of  which  is  a  gfuaare,  and  the  other  theproAtctoftm 
fimtoTs* 

This  is  the  last  ease  in  which  any  general  method  of  proceeds* 
ing  can  be  pointed  out,  and  may  often  be  serviceable  when  the  ex- 

Eression  does  not  come  under  either  of  the  preceding  cases :  It  is, 
owever,  sometimes  troublesome  to  find  whether  the  proposed  ex- 
pression can  be  decomposed  as  this  case  requires,  or  .not ;  but  if 
It  be  ascertained  that  it  can,  the  expression  A/{nof'{-hX'\^)  maybs 
put  under  tibe  form  \/i  (^ar-f-c)"  4-  {fx  -f-  £i{hx  +  *)  j,  and  ii  we 
equate  this  with  {dX'\-e)'^p{fx-\-g)y  there  will  result' 

(dx+eYXif^'\'g){hx+k) 
=(dx-\^Y+2p{dxJte)(fx^g)-{lf(fa+g)\  or 

hx+k^pi8.+e)^(fx+8)t  x^^^y 

1.  Find  a  value  of  x  such,  that  Sa^  4*  8x4*7  sEall  be  a  squaie. 
This  expression,  after  a  few  trials,  is  found  to  be  equivamt  to 


{»AJ2)^(x+l){x4^},  whidi  beng  eqvattd  with 

^^.   Ifwetake|^wesl«Ulliavea:==^,and2^i^ 

7bs:49. 

^.  Find  a  vnlue  of  x  sadb  that  l^x* -f-  ^3^+ ^  may  be  a  square. 
Otherwise.  Put,  as  before,  aa:'-f  *a:-fc=((£a:-f-€)*-|-(  fi^g)  (*a?-f-*) 
«=y".    Then  y*~(«^+«)^=(>+^)(^+*) ; 


take  y-H^+«==^(/»+^)  I 
y--dx — e==s(hx-]-k)  ) 

whence  r^?-|-r^— <ir — essshz-^sk-^-^^^ ; 
A         ^ — ib---2g     gm? — kn? — 2emn 
^    *  — A«--/r+2rf^An«— >»+  2e;mn ' 
In  the  above'  Takes  of  x,  m  and  n  may  be  any  numbers  whol- 
eYCT. 
The  third  and  fourth  cases  may  be  solved  after  anoAer  mfl»- 

10C>  more  gsAeral ;  pfutting  xsaa?,  and  rejecting  die  denom.  wUch 

z 

is  ft  square,'  the  formula  a3^-\-bz-\'C^  becomes  ai^-^byz-jr^s^s^  Q  ; 
assume  this  =(c2-f-wia:)(cz4-^y)=c(r-|-»w)*Xc(r4-w)  5 

hence  we  have  a^4"^^"H^^2^^=^^^"f"^(^"f^)y*"h***2^' 

Equating  coefficients, 

fc=c(m4-w),  m7i=afl,  or  cni?===bfnr^'^mnc=s:hm — ac  ; 
now  cz-]'mys===c{r^^'mgf===cr''4-2crfas^^ 
— ocj*,  (since  cri^ssshvi — ac) ;  nence,  we  have 

z  =  r*  —  fli*,  and  y  =  2crr  -4-  3i*. 

€br.  1.  If  a,  ^,  and  c  are  each  1,  then  the  formula  becomes 
y'+yz-J-;:',  and  z — r^ — iS*,  ys=:^rs'\-^. 

Uor  2.  If  a  and  c  are  each  1,  and  &  ==  0,  then  the  formula  be- 
comes y*+^>  »^d  y=2rs,  z — r^ — ^, 

182.  We  have  now  given  all  the  cases  in  which  methods  have 
been  discovered  to  render  1^  expression  ^(xzx'4*^^4~^)  rational ; 
bat  as  it  may  have  rational  values  in  other  cases,  it  is  of  ira|K>np 

*  ance  to  be  able  to  determine  them. 

Now  this  can  only  be  doaie  when  one  satisfactory  value  is  mt* 
ready  knofwn,  which  value  must  therefore  be  found  by  trial ;  this 
being  obtained,  other  v»kies  may  be  readily  deduced. 

183.  Suppose  the  expression  ^{a3^-\'bz-^)  is  found  to  become 
rational  when  2  =  r,  and  that  the  value  of  the  expression  in  fhiiB 
eaas  i».»f  than  ar^-f^  |  c    s' :  Put  «=ssy  4-n.  tiil  m^  kate»  by 
substitution,  gg^-j-^a;  [  r    fl(y"i-y)'-{-^(y-f-r)'T'^ 
aac5i^(&r-f  ^)y4"<^+^''T^  >  ^^  as  tMs  form  comes  imSer 


Case  3,  the  value  of  y,  in< order  tkat  diis  last  expressioii  may  bet 
square,  can  be  found,  and  thence  that  of  a:=sy-f-r. 

1.  Find  such  vdues '  of  x  that  will  render  the  expression 
V  (10-f8a?^-2a^)  rational. 

This  expression  is  found  to  become  rational  when  x=l. 

Put  .*.  aD=i'\-y,  and  we  have,  by  substitution,  10-|-8a; — 2A=i 

16-f-4^ — 2y",  which  must  be  a  square ;  denote  it  by  (4  — py)^ 

16— Spy-f-j^,  and  we  shall  have 

16+4^^22/^16— 8py+;7y» 
or  4 — 2ys=s — 8p-j-p*y ;  whence  y=i  fy^  • :     If  we  take 

jpessl,  then  ytssi,  and  .*.  :r  &=  5,  and  the  value  of  the  proposed  ex- 
pression is  0. 

2.  Find  values  of  x  that  will  make  the  expression  ^{Ss^-^liSx 
-}-8)  rational. 

3.  Find  a  number  such»  th^t  if  three  times  itself  be  taken  from 
three  times  its  square,  the  remainder  increased  by  3  shall  be  a 
square. 

'  Problem  11.  To  find  such  values  of  a;  as  will  render  rational 
the  expression  >y/(«a:^-|-da:*-f-ca:-|-<f.  There  are  but  two  cases  in 
which  a  direct  solution  can  be  given  to  this  problem  :  these  are 
the  following : 

Case  1.  When  the  two  hist  terms  are  absent,  or  when  the  ex- 
pression is  of  the  fopm  ^{ajf-^-bo^).    Put  \/(ae'4-Ja:*)  =  fx,ot 

aaf^-bofsssfj^g?,  then  ar-j-fcrsp*  \  whence  X  s=  ^ • 

1.  Find  a  number  such,  that  if  three  times  its  cube  be  added 
to  twice  its  square,  the^  sum  shall  be  a  square.  Here  we  mast 
make  3a:'4"2i*  a  square  ;  let  p*y*  be  the  square, 

2?*— 3 

then  3ar-|-2==p*,  .•.  x  •   If  we  take  p=?=3,  we  have  ar  =  3, 

the  number. 

Casb  II.  When  the  last  term  is  a  fgtiare,  or  the  expression  is 
of  the  form  ^(aa^-j-3a:^-}"-ca;-f-(?).     Put  VC^'^+^^+ca;  -j-  <^==* 

g^ar-J-^  ;*  then  aic*4-^a:'+ca:+(?  =  7^+ca:+^, 
oraB»+y  =  ^,-  .-.  ax+b=^-^i  whenc  a:=-^^j5- . 


*The  expression  is  assumed  equal  to  ^-^  +^,  in  order  tbat 

the.  two  last  tei:ms  in  its  square  may  be  the  same  as  the  corres- 
ponding terms  in  the  proposed  expression. 


wenummni  iwusmt.  M9 

This  solution  gWes  only  otie  Talue  of  z,  Imt  frtm  this,  other^va- 
Ittes,  when  possible,  may  be  obtained  by  the  method  next  follow- 


When  the  2d  and  3d  terms  are  absent,  this  method  evidently 

1.  Find  such  a  value  of  x  as  will  make  the  expression  3a^  — 
&*-f^a;-f4  a  square.  Put  3a:'+5a;^+6a:4-4=(f:j4-2)^a*+6« 
*f-4,  then  3** — 52:^sr=|a!",  or  3a: — Sessf ;  wnence  x — ^ff,  which  va- 
lue being  substituted  in  the  proposed  expression,,  makes  it  equal 

to  (W- 

To  these  two  cases  may  be  added,  as  in  the  last  problem,  a 
l&itd,  by  which  other  values  may  be  had  from  one  being  previous- 
ly known. 

(4.)  Suppose  it  is  already  known  that  the  expression 
^{aaf-{^ar'^6X'{-d)  becomes  rationed  when  a:  =»  r,  and  that   ihe 
"vklue  of  the  expression  then  becomes  =s;  that  is,  let  ar'-|~^~h 
cr-fH&=^ ;  then,  as  in  Art.  (3),  put  z=y-|-r,  and  we  have 


cy  -^-cr^sscx 
d 


b',  c\  and  ^,  representing  the 
sums  of  the  quantities  und^r 
which  they  are  respectively 
placed,  therefore  the  value  of  ^ 
yJ^J^  ^y+  c'y+  ^ —  a , )  ^^y  ^®  determined  by  last  case. 
The  expression  hjk^ — ^-^-^x  + 1)  is  found  to  become  rational 
when  0(31=2;  it  is  required  to  find  another  value  of  x  that  wiU  an- 
swer. Put  as=:^+2,  then  aJ*— a^+2ar+l=y-f 3^-f8y  4-  9 ;  as- 
same  Uiis  last  expression  equal  to  (^+3)*,  or  -y^+Sy-f"^ » 

then  s^+35/*=^ir*,  or  y4-3=^ 
whence  2s=5 — J^^  and  .*.  a:==3-j-y=:  j.. 
Sckoliuim,     There  are  many  cases  in  the  preceding  problem  in 
which  the  unknown  quantity  admits  of  only  one  rational  value, 
and  many  more  in  which   the   expression  is  impossible.     If  any 
expression  can  be  divided   into,  factors,  one  of  which  is  a  squa¥&, 
this  square  may  be  rejected,  and  the  remaining  factors  only  used ; 
thus,  if  the  expression  aa^  -|-  bs^,  or  o^(ax  -|-  i),  is  to  be  made  a' 
'square,  it  will  be  only  necessary  to  make  ax-^b  a  square  ;  also,  in 
in  the  expression  a^ — a^—x-^-l,  which  is  equal  to  (1 — *)*(!  -|-  2^, 
it  will  only  be  necessary  to  make  1+a;  a  square,  in  order  that  the 
wliole  expression  may  be  a  square. ' 

ProkiUm  IIL     To  find  such  values  of  x  as  will  render  rationd 
die  expression 

^(ajr-^bQf-\^o?'\'dX'^e).    In  this  problem  there  are  three  cases 
in  which  a  direct  solution  can  be  obtained. 

Case  I.  When  both  the  first  and  hut  terms  au^  complete  squares^ 
or  when  the  expression  «  of  the^form  y^(e;^2^4"*a*-}-ca^f"^'4"'^*) 


flV4-2ajnx^+(OT*+^^)^'T'2'"^"H^>  ^®^»  ^'^  order  that  the  three 
first  terms  in  each  side  of  this   equation  may  destroy  each  othor, 


we  must  take  &=2am,  or  m        ,  and  there  will  result  ca?  -|~  ^^^^^^ 

whence  a=a  ,  ,  ^ ,  or  substitutiofi:  for  m  its  equal  ;r-  we 

frr-f'2ae  —  c  °  ^       2a 

have  x=  -70  ,  .  o,-^ r-  ;  or,  since  c  is  found  in  the  proposed 

^*-j-4flr(2a€ — c)  ^ 

expression  only  in  its  second  power,  it  may  be  taken  either  posi- 
tively or  negatively ;  henc«  we  get  another  value  of  a:,  viz* 

X        .» — }  0,1^    .    V  '     Or  this  case  of  the  problem  may  be  solv- 

ed  differently  by  making  d  =  2me,  when  m  will  be  equal   to  -^ 

instead  of  —^  and  we  shall  have  b3!f-\-'C2?i==sQama?-^{fr?-^2ae)3fi 

whence  arrr-.  ~* ;  or,  substituting  for  m  its  equal 

D — 2am 

.     _   we  have  x—    ^^^^^^      5  ''^  "^    M^+^) 
this  last  value  being  obtained  from  supposing  e  negative,  as  before: 
Hence,  by  employing  these  two  methods,  four  solutions  may  be 
obtained  ;  it  must  be  observed,  however,  that  they  all  fail  when  b 
and  d  are  both  0. 

1.  It  is  required  to  find  such  a  value  pf  2;,  that  in  the  expression 
ar* — 6a:^-}"^^ — ^24a:7}-16  may  be  a  square.  Put,  according  to  the 
first  of  the  above  methods,  ar*--6a:»+4a;'— 24a:+16===(a;^— ar--4)* 
=;^*_6a^+a:»4-24a:+16,  and  there  results  4a;*  —  24a;  =  a:»+24i, 
or  4z^-2^=a;4- 24 ;  a:=^^^ta=16. 

If,  according  to  the  second  method,  we  put  the  expression  equal 
to  (a;»+3a:—4)«=:2r*4-6a:'+a:*— 24^+16,  we  have  6«»+a*=— 6a? 
4-4a^j  whence  x=\. 

Case  II.  When  the  first  term  crdy  is  a  sg-uaret  or  when  the  e3> 
pression  is  of  the  form  >!/(aV+^a^-4-car^4-^a:-f-c.)  Puta'ar*-f-^-h 
cji?-4-dx-^es=^^aa^-^mx-\-?t)^=s=a^x*-\-^^  -f-  2an)ar'  -|-  2mnx 

-\-7r ;  then,  in  order  that  the  3  first  terms  in  this  equation  may 
destroy  each  other,  we  must  make 

b 

2a 


^"^^^  o     J  whence 


»==-gjj-=— gy-,we  haT6.%A 


wjonunram  ana&trs.  Ml 


}  g    ^mwg-f-n*;  whence  a;  =  -j ^ — ,  or,  substitnting  for  m 

and  n  their  values  as  deduced  above,  we  have 

la  fails,  the  same  as  in  the  last  case. 
1. '  Kequired  a  value  of  x  such,  that  the  expression 

4z*-f-4a:*-J-'^"l"2^ — ^  ^^Y  become  a  square. 
Here  971  =  1,  and  n  s  | ,  therefore 

and  we  have  2x-^^6=s^X'{^ ; 
whence  aft=-4^fi=13J. 

Case  IIIl     When  the  hut  term  only  is  a  square,  or  when  the 

expression  is  of  the  form  >^({M:*-|-&aj'-f-c^"l~^~l^)' 

Put  aa^4^a:»4^/+'^-|-«^=('««'H-^-H)'^== 

m^x*'{'2mn3^-{-{n^'{'2me)3^'f-2nex'\-t^ ; 

then,  in  order  that  the  three  last  terms  on  each  side  of  this  equa- 
tion may  destroy  each  other,  we  must  make 

(    4 

d — 2ne         >      ,  2e 

^ 9  I  o-«-  f    wnence   , 

c=:M^-\'2me)  ^_^8     4cej»— £i» 

m       ^    = — g-g — ,  and  then  we  shall 
have  tfa^-f-AafesmV+SmnsB*,  or  flg-f-&     n^X'\'2mn ;  whence 
X  == — ,  or  substituting  for  m  and  »,  their  values  as  deduced 

above,  we  have  a:  = — ^.    , — -; .^.g  ',  which  formula  faiu 

64flr — (4ce — dry 

under  the  same  circumstances  as  those  of  the  preceding  cases. 

The  first  case  of  this  problem  is  evidently  included  in  each  of 
the  two  last  cases,  and  therefore  either  of  the  two  formuls  last  de- 
duced is  also  applicable  to  the  first  case. 

1.  Find  such  a  value  of  x  as  will  make  the  expression  dx^-^-Asf 
-Wa:* — ^2a:-4-l  a  square.     Here  ?w==l,  and  w  =  — 1,  therefore  put 
5a;*  —  4x8   I    3aJ  _  2a:  +  1  =  (2:8  —  a:  +  1)»  = 
a:*  — 2a:»-|-3a:«— 2x4-1, 
and  we  have  5af  —  Aa?  =  ar  —  2a:*, 
or  5a:  —  4  =  a:  —  2 ; 
whence  a:  ==  f  =  J. 
When  the  proposed  expression  does  not  come  under  either  of 
the  above  cases,  then,  as  in  the  preceding  problems,  one  satisfac- 
tory value  of  the  unknown  quantity  must  be  discovered  by  trial, 
after  which^  ether  values,  when  possible,  may  be  obtained ;  but  in 


this,  as  well  as  io  the  preceding  problems,  there  are  many  expres- 
sioni  in. which  the  uidinown  quantity  admits  of  only  one  value, 
and,,  in  a  great  many  instances,  the  value  is  impossible.    We  now 
proceed  to  show  how  to  find  other  values  from  having  one  value  ^ 
^ady  given. 

185.  Suppose  it  is  already  known  that  the  expression 
^{ax*'\-h2r4--ca^'{'dx'\-e)  becomes  rational  when  a:  ==  r,  and  that 
we  have  ar*'4-^r*-f"Cf*+<ir-|-c===«'.    'Assume  y  -j-  r  =  a;,  and  we 


have  a^4-4ary'4"^^^y -i-4at^y+«^  =  ox* ' 

dy  '■\^r  =s  dx 
€  ssz    e 


the  terms  in  the 
last  line  represent- 
ing the  sums  of  the 
quantities  under 
which  they  are  re* 
spectively  placed. 


Hence  the /expression,  is  reduced  to  a  form  in  which  the  •  prece- 
ding case  will  apply,  and  therefore  the^  value  of  y,  and  thence  that 
of  a;,  may  be  determined. 

As  fo^ukft  of  tlije  form  aa^  -f*  6- often  ocgox  in  the  aalutioa  of 
Diophantine.ProblemS)  i^  demands  some  further  notice  here. 

Supposing  p  to  be  a  value  of  a;,  that  rpnders  a3^-\-h  a  square,  so 
that  aj^  \h     g*,  to  find  a  generaViOxpression  for  other  values: 

Assume  x  as  j^-Uy ;  then  because  wp^-V-h^ta^-^s  by  substitution 
«ft*+^  becomes  >^^^\d^y*\-%Q^^'\Aa'pf-\'a7^  =  D  ;  which  iat' 
mula  falls  under  case  3,  and  by.compari|ig  each  term  with  the  ge- 
neral, e^e8sio%  Wft  have:Sb3a94.  4a^'sesc^.64[^)5^a6r  4«pi=s:^,  a«d 

ossaa  ;  whence  we  have 

d  _  4«/_  2«j^      _4ce»— cg»_24it>«^—  IMp* 

^^^^^)=^^^),  because  ap*=^^.     And 

(dividing  by  a,  and  substituting  g*— 6  for  ap*) 

=^^ X  3!*    1^  5 ^^^^  ^®  have a:=^y==p  X     ^^_^  ^ 

This  simple  value  of  x  show$  that  the  most  complex  expres- 
sions may  often  be  reduced,  by  skilful  management ;  the  reduc- 
tion was  first  given  by  Euler.  This  formula  may  often  be  applied 
to  difficult  questions,  where  expression^  of  the  form  nx^  -f-  b  oflen 
occur. 

1.  Find  such  values  of  a:,  that  the  expression  3af*+2a:* — 5jr4* 
7a>^  may  be  a  square.  It  appears,  upon  trial,  that  if  1  be  sab* 
ipl^ti^jed  for  ,^,  that  the  expression  will  become  a  square,  viz*  4 


Pat  therefore  xssay^l,  and  we  have 

which  must  be  made  a  square  ;  therefore,  according  to  tba  l^t 
case,  denote  this  squa-re  by(i|i/^-fV-y+2)*=f^|ij^  +  ^V^V^  + 

lV+15a:-f  4,  we  shall  then  have  V+1  V'=Hfiy*-HVA'^y'»  oi 
%+14  =  IJI^y-pj^^ ;  whence  y  =  -VirW*  and,  consequently, 

Problem  TV,     To  find  such  values  of  x  as  will  render  rational 
the  expression 

i^(aa?-\'bx^-\'Cx--\-d,)  In  this  problem  there  are  likewise  only 
three  cases  in  which  a  direct  solution  can  be  obtained ;  these  are 
as  follows. 

Cask  I.     When  both  first  and  last  terms  are  ctibes,  or  when  the 
expression  is  of  the  form  j^{ii^a?-\'b3^-{'CX-\'^,)  » 

Put  (^a?+b3^+cx+a^={ax'i-d)^==^2^'^(t'^  and 

we  have  &i:*-J-c«==3a'(i2?-f-3a(Pa;,  or  hX'\-'C=3(^dx-\'3aeP ; 

SatP'-c 
whence  :.  =  ^-gj-^- 

1.  Find  a  value  of  x  such,  that  the  expression 

af^9a^'-\Ax'\S  may  be  a  cube. 

Put  a;*4-9a*44a:+8==(a;+2)«===aJ»+6«"+12a:+8,  and  we  shall 

then  have  ^^_+  4a;  =  6a;*  +  12a;,  whence  a;  =  f  =  2|. 

Case  II.     When  the  first  term  only  is  a  cubcy  or  when  the  ea> 
pression  is  of  the  form  /^(a?a;^-f-Aa?-f-ca;-f-<^« 

Put  t^s?4'^:^+<^^+^^{^+^)'^=^^'\^^  +  ^^^  +^'» 

and  make  3<Aytsss3,  or  m — ^_j,  and  we  shall  then  have  es^  d  sss 

3fl»Aj-|-^»  whence  x        .  ^^  ^ ;  or  subs,  for  wi  its  ==,  -^  we 

V—^da^ 

have 


1.  Find  a  value  of  x  that  will  make  the  expression 

SaJ*— 4a?+2a;— 1 2  a  cube. 
Put  Sa;*— 4a?+2a;— 12=(2a;— 4)'==8ar'— 4a?+|a;+2^   and  we 

get  2a; — 12=:?=|a;+2V5  whence  as=^.- 

Case  III.  When  the  last  term  only  is  a  cube,  or  when  the  eappr^ 
sum  is  of  the  form  ^(aji''\-b3^-^cx-\-d?). 

Put  iiar'+3a?+ca;+(f=(wa;+(Z)^===mV+3OT«(2a?+  3»M?a:  +  <?, 

and  make  c=377i<P,  or  m — ^^^,  and  there  results  aa;*4'^a^===  '"^^ 


-{^rrfdaf^  or  ax']-b=sswfx'\-3nfd ;  whence  a?=> — 33r>  .^^  ^^^ 

34*  51 


for  m  its  equal  .jrj^  we  have  x  =  — ^    j^     . — . 

1;  Required  such  a  value  of  x  that  will  make  the  expression 
2a?-|-3jr»— 4a;-}-8  a  cube.  Put  2a;»+aii»— 4i:+8  =  (— J^+2)'  = 
—  aV**  +  §^  —  4a:  +  8,  and  we  have  2a:"  -f  ai?=  — ifra^-j-l^ 
or-2a:  -f  3  =  —  aV^  +  i  ;whence  a:  =  —  ff • 

Th^se  two  last  cases  are  evidently  applicable  to  those  forms  be^ 
longing  to  case  1st,  and,  therefore,  when  the  first  and  last  tennd 
ar(^  both  cubes,  three  solutions  may  be  obtained,  one  firom  each 
case  ;  it  n^ust  however  be  observed,  that  they  all  fail  when  b  and 
c  are  both  0.  Having  now  given  all  the  cases  in  which  a  direct 
SQ^tion,  of  the  problem  can  be  obtained,  it  remains  to  show,  as  in 
the  preceding  problems,  how,  from  having  a  particular  solution, 
others  .;nfiy  be  derived  from  it. 

(6.)  This  expression  ^{aa^  4-  bsi^  -{-  bx -{- d)  becomes  rational 
when  xsszr,  and  that  then  ar^-f-br^-^'Cr'^dssaf.  Assume  y  -f-  r 
isa,  and  we  have 

tttf  +  3arw*  -4-  3ar^  4-  ar*  =«  oa^         "]    ,     The  expression 
V  +  2ftf!y.  4-  ^r»  =  Aa? 
cu   -A-crvs^ex 

_^ ■   d  =d 

n^  -[-     y^  -j-     c'y    +    ^  sa»  a  cube. 


is  therefore  redu- 
ced to  a  form 
which  is  resoh^- 
ble  by  last  case. 


1.  J^  is  requi^d  tQ  find  such  values  for  a;,  that  the  expression 
SbE*— 4a;P4^6a;-f-4  may  be  a  cube.  It  appears  upon  trial,  that  2a^ 
ifl^a  satisfactory  value ;  put  then  x=y^\y  and  the  expression  be- 
comes 2y»4-2jr443r-f.8,  which  put  equal  to  ( Ja:+2)^=»  ^y'+l^ 

|dty  I  8>vand  there  leaalta  2y'42y^iW+ly*»  or.fiH-«»^f 
-j-l ;  whence  y-  '     jg,  and,  consequently,  x=i^. 


On  Double  and  Trifle  Equalities. 

\Wi '  In  the  preceding  problems,  the  object  of  our  investif^ 
lions  has  been  to  find  rational  values  for  expressions  under  a  surd 
form,  and  our  inquiries  have  been  directed  to  each  expression  sep- 
arately. Questions,  hbwever,  often  occur  in  the  diophantine  aniu- 
yms,  wX  requires  us  to  find  values  for  the  unkhown.  quantity,,  or 
quantities,  that  shall  not  only  render  a  single  expression',  a  square, 
ciibe,  &fc.  but  that  shall  ali^,  at  the  same  time,  fulfil  similar  condi- 
tions ^n  one  or  more  other  expressions,  >contaioing  the  same  un- 
known quantity  or  quantities.  In  the  case  where  two  expressions 
ax^^D|ice(j^4,dt  is  caUed.,a.  iem^Ze  egtMSj^y^a^^d.  when.,  there  afff 
three  expressions,  a  tripU  equality^  &o«  The  following  methods 
of  resolving:4he8e  equalities  will  bej3f^servi(?e  to  the  student  in 
oiiliflary  cas^DiL; .  but  In  those  where  the  methods  here  given  are 


found  to  be  in«}ffi6i«nt,  hoxiniuit  be  guided  by  his  own  penetration 
and  ingenu4^»  3ince  no  general  methbd  of 'proceeding,  that  shaB 
be^suijtable  to  eyery  case  that  may  occur,  pan  be  given, . 

P,r9bkm  L    To- resolve  the  double  eqqaliiby  ox.-f*  daes  Q^  and: 
cz  \  dmm'U .     Put  aa:-f-^s=sp*,  and  ca:  -f-  ^  =  ^>  then  equating  the 

two  values  of  x,  which  the  equations  furnish,  we .  havev?— -  = 
,  oT,c^r*r.€b9asa^f^-'''*atL;  therefore  c^;j^ana«^-----€«^rf-c'3,'  aad, 


c 


consequently,  q  must  be  such  a  value  that  the  expression  ca^  — 

cad-^i^b  may  become  a  square,  which  value  may  be  ascertained  by 

one  or  the  other  of  the  preceding  methods,  and  thence  the  value 

of  a:  may  be  determined. 

Problem  11.     To  resolve  the  double  equality,  or 

C  CL3^-\-bx^^  D    )  '1 

J  "cjgJ-^y—  Q I  c      Pat  X  =s  -,  then  if  each  equality  be  maitt' 

p)i«4  by,^^  there  will  result  the  double  equality  a4<*%  rb  q,  i^^ 
cA^d^.s:^  Q,  which  belongs  to  the  preceding  problem.  Oiipui^. 
tuC,^  b:i:.s;9i  jAi?^  .then  iwc  +  A -sscjpfa;,  and.  coaoyBeqiiendy, 

0fi4ttuilipl3^ng  by>  the  square  (j^-**«a)^  it  becomes  c^  -—  abd^^-dbf^' 
smO" ;  whence  p  taeLy  be  detennined,  and  thence  x^- 

Probl&m  III,     Resolve  the  double  equality 

SX^-  ^^fe  D '  1  "^^'^  *^  ^*^  ^  neeessaiy  first  to  resolve .  the.^ 
eqnality  by  Problem  1,  Art.  ( 1  ),  and  to  substitute  the  value  x  so, 
deduced  in  the  second  equality  d3^'\-^X'{'fi±s  Q ,  which  will  in  con- 
Bequence,  rise  to  the  fourth  power,  and  therefore  its  solution  will 
beldng  to  PSrob.  3,  p,  397. 

JPiwlem  IV.    To  resolve  the  triple  equality 

i'ax-{-by^a,)  (axA-hp^t!^) 

}  bx-i^dy=  u  i  }     Put   <  ca;-prfy=sM*  >  then,   by    expunging    y 

df-^bir 
from $ho4w0  first  equations* we  have  tr       ^^    j,~ ;    and  by  ex- 
punging ^e&om  the  s'ame  equations,  we  hove -yaw  ,  ^    ^^  ;  there- 
totet  by  substituting  for  x  and  y,  in  the  third ' equation ^. their  re-. 
ce<37akMia'hiBap»=exhibited,  we^dbftU  have^'j/ ■  ■.  %&*jl^.u  „,,..fi*^ 


JXji  J9i9'^^^^y'.F^'tXj,  ,and^dividing.^the^  ejqpression  .by^tlu^ 


IM  nu^FOAiifiiis  qiDMtwm  arb  io&VTtbNs. 

aquare  <*,  there  arises  th€(  equality  -=^ — ;-2:' —  ^ — —  s=s  o  ;  from 
^  1        J  ^ — ^^^        ad-— be 

which  the  values  of  z  may  be  determined.     Having  then   found 
the  values  of  z,  we  shall  nave,  from  the  above  values  of  x  and  y, 

observing  to  write  tz  for  w,  the  following  results:  viz.  3?=-^ — r-^ 

and  y  s=s  — -—^^  where  t  may  be  any  value  whatever. 

189.  The  above. are  the  most  general  methods  hitherto  discov- 
ered for  the  resolution  of  double  and  triple  equalities ;  we  may 
now  therefore  proceed  to  show  the  practical  application  of  the 
foregoing  parts  of  the  present  chapter  to  the  solution  of  diophan- 
tine  questions  ;  but,  as  has  been  already  said,  the  student  must  ex- 
pect to  meet  with  cases  in  which  the  mode  of  proceeding  must  be 
left,  in  a  great  measure,  for  his  own  judgment  and  penetration  to 
suggest.  Indeed,  the  subject  on  which  we  are  now  treating  has 
exercised  the  ingenuity  of  some  of  the  most  eminent  mathemati- 
eians  of  Europe ;  but  Euler  and  Lagrange  have  been  the  most 
successful  in  combating  the  difficulties  wiUi  which  it  is  attended. 
The  performances  of  the  former  are  contained  in  the  second  vol* 
nme  of  his  Algebra,  which  with  the  additions  of  Lagrange,  fonns 
the  most  complete  body  of  information  on  the  diophantine  analy- 
sis extant,  and  it  to  this  work,  chiefly,  tha^  the  attention  of  the  stu* 
dent  is  directed.  In  the  following  solutions  it  will  frequently  be 
observed  that  much  depends  upon  the  nature  and  relation  of  the 
assumptions  made  at  the  commencement,  as  ,a  little  artifice  and  in- 
genuity here  will  often  enable  us  readily  to  satisfy  one  or  two  con- 
ditions of  the  question,  when  those  that  remain  may  be  obtained 
by  one. or  other  of  the  known  methods  already  given. 

1.  Find  three  numbers  such,  that  if  to  the  square  of  each  the 
product  of  the  other  two  be  added,  the  results  shall  be  aU  squares. 

If  X,  y,  and  z  denote  the  numbers,  then  a^-^zssz  p ,  y*  |  jrj'i 
a ,  si^'\'Xy=  o .     Assume  x  =  mz,  y  =  nz^  then  the  expressions 
become  wi'4-^i=Q,  w'-|-^7i=a ,  l-j-m7te=D  ;    now  the  first  and 
second  expressions  are  evidently  squares,  if  fnr\-n  s=s  J,  ,-. 
ftCz=i  \ — 71 ;  by  substitution,  l4-wi7z==l-f-Jt« — w^=:n=:(l — c»)'; 

whence  n==^{=^+L,  and  «^=i-^=^^^^^      . 

c(c— 8)  8c +1         ^         .,      ^ 

.•.  xs=mz^sz'——-z,  y==»z-==_J_2: ;  houce  if  z  be  ta- 
ken ^b4(c'+1)»  then  Qb=c{c — 8),  yi=8c+l ;  where  c  may  be  any 
number  greater  than  8 :  taking  c=3s9,  we  get  2lj4>28,  yt=s73,  xtwB. 

Let  y,  a:  —  y  and  4ar  denote  the  numbers.    Then  it  only  re- 
mains to  make  lfte'-{-a;y— y^=:  Q  ssss(4e — ry)^s  lOx*— ^^i^^-fV- 


uonuiitiKB.  iiiTBititini-:  amo;  vwmoauL 


Hence,  by  redoctioli  (8r-^l)as=s(r*-|-l)y ;  and  consequendy 
-|- 1 ;  j^  53=  8r-  -j*  1",  and  the  mimbers  are  8r  -j"  1>  ^(^  ^  8)  and 
4(7^  -|-  1)  whence  r  may  be  taken  at  pleasure,  provided  it  be 
greater  than  8.     Let  r  =^9f  and  the  numbers  aie  73,9  and- 328. 

2.  Find  two  numbers  such,  that  their  sum,  the.  sum  of.  their 
squares,  and' the  sum  of  their  cubes,  may  be  all  squares. 

Let  ax  and.  ^2r  denote  the  numbers  ;  then  (ar\'b)z  =3  Q  sssn', 


«« 


«*4'^^=D  >  (d^A^xssBU,  whence  a:== — -. — = ;    and  by  substitu- 

tiog.  this  value  of  z  in  the  third  formula,  we  have      j^   h^      q  , 
or  (^— ^+i*)«^Wia ,  or  a?--.tf^i*ss  q  .    Put      ^+^ 

(^— ei3  Xy^B'  (  '  ^  subtraction  a&=A"— B*;  now  take  A4- 
B==2a,  A — B=J^,  whence  we  get  A=a-f:J^,  and  a'+^^ssA^sss 
^+ifl*+TV^»  or  16fe=8fl4-3,  or  15&=8a :    hence  0=15,  fc=8 ; 

•'  ^ ^HM=^=^'  <^^'^  '^^^^ '     \cx=  184,  numbers. 

If€tt  3z  and  42;.  denote  the  numbers.     Then  it  will  only  remain 

\»  •«ttitfy  the-  last  condition  .(3a;)'+(4a:)^=s  □ ,  or  27a?-j--64a^=&la? 

^0=^2?,  or  ^^=^KT  »'^  flE*=9il»  then  zas=91,iind>|  j^'^^M: 

Let  Sjt,  and^  15x,'  dtoote  the  numbers  ;  then  we  have  {Sx)^  4? 
(lfo)^=512a:»  +  3375  x»  =  D ,  or  (iar)»  X  23x  =  3887a:»  =a , 
or  «iss  23,  attdrSr  =  184,  152  =  345.  Ans. 

iel.{f» — g^x^eoA2r9x.'  Then  (f*— «Vx+8fV=a  =  <*.  .-.af 

•(Pr:?)^: 8??  ^^  ^^'  *^^-    '^^'^  ^  1^X23 .  ^^^ 
take  ^=^13X23,  then  xs=s23,  and  the  numbers  ^e  345  and  184. 

X  Find  two  numbers  such,  that  not  only  each  of  them,  but: . 
ab(>  their  sum  and  their  difference,  when  increased  by  unity, shall. 
B^  all  .'square  numbers  ? 

Let  2r-f-22;  and  af^ — 2x  denote  the  numbers*  Then  it  remains  to: 
make  2a?-|- 1  and  4a;+ 1  squares.  Put  2a:*-f»  l=aw?  and  4a:-j-l=w^. 
Then  by  subtraction  2a? — 4as=?7^ — n\  Now  take  m  -|-fn=ar — 2 
Bjidm — n-r-2x.  Then  a«=(3a; — 2) -5-2.  Hence  we  have  22^4*1 
=.(9a*  ^  lac  +  4)  -r  4;  or  82:*+  4=9a:»— 12a:  +  4  ; :  a:=:  12. 
And'  the  numbers   are  168  and  120. 

By  the. question,  x-j-  1,  y  -j-  1,  z. —  y^  a?  +  y  "h  ^*  mva&i  be  aH  ^ 
squares.     Assume  2;r|-l=s:a^-[-£' and  y..=  2a^,  which  assumption) 
fulfils  the  third  and  fourth  conditions ;  to  make  a'  -|-  ^^  a  square, 
a8nuna-:ap=«^5«-«nV^  s=  2mM,  and 'it  only  remains  to  make  ^4^1 
:=Qab-\-lsss^mn{m* — w*)-|-l  =D,  which  is  accomplished  by  tak- 
ing ffi? — 7fe=l-|-i»«>  or  tn? — wn«=»*-}-l ;  from  which  m  ss»  J«cb 


^ V(5n«4-4) ;  hence 5»«+4=  □  =(2— wr)«, . •.  ««=^^  ^       If 

rt=S,  n= — 8  or  8 ;  if  rs=3,  7i=3,  taking  n=^,  we   have 
-l-5==s5  or  —  2  ;  hence  ff         5  or  16,  b= — 12  or  30,  x=uif' 
— 1=168  or  1155,  y=2a3=120  or  960,  and  innumerable  ot 
answers  might  be  obtained. 

4.  Find  three  cubes  such,  that  if  unity  be  subtracted  from 
each,  the  sum  of  the  remainders  shall  be  a  square. 

To  make  a'-j"^'"}"^* — ^  *  square,  assume  a  =91 —  3,  and  it  be- 
comes n' — 3w'i-[-3«i*-4-c*  — 3 ;  and  since  n  may  be  any  number, 
let  n  =  3,  and  it  is  W  —  27^  -j-  24  -f- «"» which  is  easily  made  a 
square.        Take  c  =  2,  then  (||)',  (ff )',  and  2»  Ans. 

5.  Find  two  numbers  such,  that  their  sum^  shall  be  a  square, 
their  difference  a  cube,  and  the  sum  of  their  squares  a  cube. 

Let  x-\-  y  and  x  be  the  numbers  ;  then  the  2d  and  3d  condi- 
tions y=cube,  and  2«*-f~2a:y~f"yV=cube.  Put  x-=^yz ;  then  ^z* 
-f-  2y*z  -(-  y*  =3  cube,  or  since  y  is  a  cube,  we  may  reject  ^,  and 
then  2;z^+2z+l  =  cube  =  (l+l^)'  =  l+2«-f  fz^-f^z*;  and 
.'.  54=36-f-82:,  and  z=\  \  hence  xss=.\y^  and  sinee  y  =  cube,  let 
y==s(2r)'=a8r' ;  then  x  =  ISr' ;  and  by  the  first  condition,  2a:4K 
==447^=^  D  ,  or  by  dividing  by  4r*,  llr  =  a  ;  whence  r  =  11 ; 
consequently  a:=18r*=18X  1331=23958,  and  x-fy=26r»  ==  26 
X  1331=34606. 

Let  x,  and  y,  "denote  the  numbers,  then  a;  -{- v  :s=  at*,  z — y=ffi 

then  ggs    g     ,  y«!  -g—  ;  and  a'-fV —  T  ' —  cube,  or  fl*-f^ 

=:  2Xcube,  put  a  =:  «i,  .-.  «^3*+  ^*  =  2X  cube,  or  n^i-f^s* 
2Xcube.  put  ^==scn,  then  c»i'-|-cV==2Xcube,  or,  c»*  -4-  c*  =2X 
cube,  again  put  w  =£  c  -f-  «»  •*•  en'  -j-  ^=  2c'-)-2A-|-cc*=2  Xctil» 
=  2(c+/)*, .-.  2A  +  c«*  =  6cy+  6c/»  +  2/,  put  2A  =  6cy,  /. 
e  =3/",  the  preceding  equation  then  becomes  9c/^  =  6c/^-{-!^i 
or  3c  =^,  therefore  c,  and/,  are  any  numbers  in  the  ratio  of 

2  to  3.  Take  c=2,  and/=:3,  then  ft=3/=9,  n=:c-|-tf=lli 

3  =  cn=22,  a=9t3  =  242,  and  x  =  34606,  y  =  23958. 

6.  Find  3  numbers  such  that  the  product  of  every  two  plus  the 
sum  of  the  same  2  numbers,  may  make  a^square.  Let  x^  y,  and 
iP"f"y"hP  denote  the  numbers  then  put  a?y4-a:-|-y  =  a^.  (1)  Also 
a:*4-a:y+2;p4-ar+a:4-y4-p===  (by  (1))  =  a*  ^{p^l)x  -f  fl"4-p  == 
y,  (2)  &  SimUarly  f~{.{p^l)y^^^  =  c«,  (3)  (2)  &  (3)  be- 
come squares  by  making  ^7=7,  and  a==3,  then  by  (1)  I  have  ay^- 


9 y 

x*]-y==Q  or  x —    ,  ^    .Put  ^  =  1,  then  2  =  4,  and  z^=s)SL 

and  4,  1,  12,  as  required. 
7.    Find  3    rational  right  angle  triangles  having  equal  aretf. 
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Let  nf — nf,  2mn,  be  the  sides  of  the  first  nf  —  g^^  and  2mq  those 
of  the  second,  and  j^ — wf,  27np,  those  of  the  third.  Now  because 
the  areas  are  equal  I  have  (m^ — w')«=(»i* — q')g.  Hence  I  have 
nfssn^-^-nq-^-^ ;  also  for  the  same  reason  («f — w')n=(|>* — 7n?)p, 
,\ni?=:^jj^  —  np-^  n^=^-f-n</H"2*  •'•  ^*==P — fl'»  hence  «i?  =  «* 

j=l,  n=s=3,  then  p=l,  nt=l.  Hence  wi* — w'^J^,  ?97i7is=4i  are 
the  sides  of  the  first  triangle  &  j^  =  its  hypothenuse.  Also  I 
have  n^ — fl'^^=Jt»  ^^  =  H^^^  ^^®  l^ffs  of  the  second  and  Jt  = 
its  hypothenuse,  &  j?" — wA==^,  2mp=^  are  the  legs  of  another 
or  3a  and  V^  =  i^  hyppthenuse  or  by  rejecting  the  common 
divisor  25, 1  may  take  40^    42,    58  )  the  sides  and  hypothenuse 

24,    70,    74  >  of  each  triangle  as  required. 

15,  112,  113  ) 

8.  Find  a  cube  number  which  added  to  the  sum  of  its  divisors 
shall  be  a  square*  Let  (2a;4~l)'  be  the  number,  which  I  shall  sup- 
pose 2a:-)-l,  is  a  prime  number ;  then  the  divisors  are  1,  2x  -f- 1, 

and  (2a:+l)*,  per '  question  2a?-j-2+(2«+l)»+(2a:+l)W(l+ac 

-f4a;*+2^)=====^n»  <>'^+3a?+^+2^==^  °»  ^^^  l®«^st  value  of. 
which  will  make  this  a  square,  and  at  the  same  time  make  (22:-}-l) 
a  prune  is  x=Sy  which  gives  l+3a:+4ar*  +  2a;'  =  Q==  100,  and 
&C'\'lz=:7t  and  (2ar-|-l)'=343,  is  the  number  required.    . 

9.  Find  a  square  such  that  being  added  to  the  sum  of  its  di-^ 
▼isors,  the  sum  may  be  a  Q  .  Let  (2a;+l)*  denote  the  number  in 
which  (2a;-|-l)  is  a  prime  ;  then  the  divisors  are  l,2a:-f-l,  (2a;-j-l)* 
and  {2x  -f-  l)^  whose  sum  is  =  4(1  +  3a:  -j-  42*-(-  2a:') ;  hence 
(ac  4-  1)*  +  4(1  +  ar  +  4a:«  +  23:^)  =  n  ;and  the  least  value 
of  X,  which  makes  this  a  square  and  (2a: -f-  1),  aprime  is  a:  =  1 ; 
.*.   23;  -^- 1  =  3  and  (2a:  -f- 1)*  =  81  =  the    number  sought. 

10.  Fmd  a  square  number  such  that  the  sum  of  its  divisors 
shall  be  a  square.  Let  (2a;-(-l)*  be  the  number  ;  then  its  divisors 
are  1,  2:e-)^l,. whose  sum  s=:  2a:-|-2=n.  Let  as=l,  then  2a;-f-2 
=4—2',  and  (2a;  +  1)*  =  9  =  the  numbers  sought.  Again,  let 
(2a:  -f-  1)*  =  the  number  sought ;  then  the  sum  of  its  divisors 
s=4(l-}-3a;-|-  4a;**-}-  2a;'),  which  becomes  a  square  when  a:s=3  ;  .•. 
2a>+.l=7  and  (2a:-flj^=7*=3401,  the  number  sought. 

11.  Find  a  a  number  such,  that  the  divisors  of  its  divisors  being 
subtracted  from  it  the  remainder  shall  be  an  9£th.  power.  Let 
(f  be  the  number,  where  a  is  supposed  to  be  a  prime.  Then  its 
divisors  are  1,  and  a ;  .*.  c^ — <^^l  =  an  nth  power,  which  is  sat- 
isfied by  making  a — 2,  and  0^=4  =  the  number  sought  for,  its  di- 
visors are  1,  2,  and  4—2 — 1=1=1",  as  required. 
12.  Find  two  square  numbers  such,  that  each  added  to  the  sum 


of  ito  dmsora  shall  make  the  same  number.  Let  oW,  tW,  lie 
the  numbers,  where  a,  6,  c,  and  e2  are  each  supposed  to  be  prime 
numbers.  Then  the  suni  of  the  first  and  its  divisors  ssrCl-f-c-H*) 
X(l+^+*')»  and  the  sum  of  the  2d  and  its  divisors  s=t=(l-|-^4^ 
(l+<^+»");  hence,  per  question,  (l-f-«+a*)(l-f-^H-^')={l+c4-<f) 


(l^^.)  -Suppose  g^«g,tfaenl+344'=:=:^^'">"'^"^^^^W"H^ 
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a=  an  integer,  or  (l-f-c-f-Ofl+i^-H^)  ni^st  be  divisible  by  7,  an  J 
it  is  evident  that  if  it  is  divisible  by  7,  oqe  of  its  factors  must  be 
divisible  by  7.  Now  the  least  value  which  c  can  have  to  render 
l-j-c-f-c"  divisible  by  7,  is  11,  which  gives  l-f-c-|-<^  =  133 ;  fliis, 
divided  by  7,  gives  19.  Hence  l+3+d*=19-f  19c?  +  19(P,  or  1+ 

4i443'=(l+2i)«=73+76e?-f  76^^=  D .     Put  2d+l  =  x,  flien 

4^  -|-  4d  ^  1  =  :Ea,   and  4cP   +   4d  :=   a?  —  1 ;  therefore 

7^+76<j==il9a:»— 19,  and734-76<?-f76<?«19a?+54*ifca.    Pat 

a?=%,  then  19^-}"^=  CI ,  where  y  is  «upposed  to  be  -prime  to  6. 

Put  192/*+^=^  5  *^^s  becomes  a  square  when  jr=l>  which  gives 

19+6=i2^=y ;  .-.  2*— 19^/*=6=5"— 19.    Suppose  that  1V+ 

1=3*,  or  5*— 19;/^l,thenlhave  2*— 192/^=(5*— 19)X(if— IV) 

(since  ^—l^f  =  1),  or  2»— 193^=:6»2*— 19g^— I^'-Sy+IQV); 

put  g — 5a:-}-19p)  then  by  substitution  and  reduction,  ^^ae:($'4^f 
or  y=-q-\-&p.  Hence  I  have  only  to  solve  the  equation  5^—  19p^ 
tsssl.  (This  is  easily  solved  by  a  table  at  the  end  of  Barlow's  The* 
ory  of  Numbers,  ^=170,  pB=339  ;  where  it  is  evident  that^  and^ 
may  be  taken  either  positively  or  negatively,  since  their  squaiei 
are  both  -f-  ^^  the  equation  ;  .•.  put  p  =  39,  y  =  —  170,  then 
^i=2d,  and  xsss2y=:75y  and  2<i+ 1=25=75;  rf  ^t=  37=s:  a  prime. 
But  54+19iJ*=(l+2Af=(l+2if=327« ;  .-.  1  +  2^  =  327,  or 
&SS7163,  which  is  a  prime,  as  it  ought  to  be.  Hence  (^b^  =c  2^  X 
16y=3262,  and  0^(^=1 1"X 372=407'; .-.  326^=106276,  and  40^ 
=  165649,  are  the  numbers  sought,  which  will  be  found  to  an- 
swer die  question.     See  page  376. 

.  13.  Find  three  triangles  such,  that  the  sum  of  the  squares  of 
the  hypothenuses  of  two  of  them  may  be  to  the  sum  of  the  Q 
of  the  base  and  perpendicular  of  the  other,  as  5  is  to  1. 

Let  the  first  two  triangles  be  m{3^ — j^),  m.2xy^  '«(«*-f-y^i  soi 
n(a^ — 1^),  n,2xy,  «(«'-|-y') ;  and  let  the  third  be  a;*— y",  2ay,a^4y. 
Then   (w^+n«)(a;'+y')^^5(a:»+y»)^  f««4^^i=t^^  By  the 

formula  page  454,  m  = 3-7-^^ ,  rt=  '  J^'  -3 — .  Let- 
ting Qc=i  2vy=  1»  *=  h  Tssz  3,  we  ha^  us  triangles  8.8,  '§.«6,  !! ; 
li2, 1.'6,  2;  aixd  3,  4,  5,'or  if 'we  miritiply  eaiA'terttby*^.  wekuve 
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M  an  answer  in  whole  numbers,  44,  33,  ^;  6, 8, 10^  and  16, 
20, 25. 

14.  Find  two  whole  niimbers  such,  that  their  difference  shalhbe 
a  square  and  the  sum  of  their  squares  a  cube.     Ans.  75,  100. 

Let  4a?  and  Sa?  denote  the  numbers  ;  then  Aa? — 3z^  =  3?=  Q , 
and  it  remains  to  make  (4a;»y*4-(ai^^=16a?*+9a:^==25a;*==«»a»,  and 
z  =  ^^,  Let  0  ass  5,  then  x  s=s  A^cssd,  and  the  numbers  aie 
4A=100,  3aA=75. 

15.  Find  two  squares  whose  sums  shall  be  a  biquadrate* 

Let  2?,  y*,  be  the  squares.     Put  a;*-f-^=a*,  or  ar  =  (i*  —  y^  =5s 

(fl^-?7w)*,  ysss  ,  and  as=— ^-j — r- .     Let  msa=2,  a:^s5,  the& 

^s=a400,  2;s=225. 
To  make  a:'^-+V'4~^*^^^n=(^+^)'»  ^'^ 

— '         -.    Let  y==4,2i=3,  0=3  ;  then  a:=},  y^ss  16,  2:  cs  9, 


2fl 

or  by  X  by  ftsaS",  I  have  or  can  take  ^  =  144,  2*  =81, 
3*=  64.  Otherwise,  let  4a^,  4i:'y",  y*  denote  the  members  ;  then 
4^-j-4a:y-|-^=s(fea:*-(-y*)*,  and  the  question  is  answered.  Let 
«=2,  y==s3y  then  4i^^==64,  and  4^*0:^144,  ^*=  81,  as  above* 

16.  Find  two  different  isoceles  triangles  such,  that  their  perim- 
eters and  areas  shall  be  both  expressed  by  the  same  nubers. 

Let  2z  =  the  base,  and  y  =  one  of  the  equal  sides  of  one  of 
the  triangles,  and  2v  =  base,  and  z  c=r  the  other  =  sides  of  the 
other  triangle.  Then  I  have  x^(i^ — a?)=v/y(2? — 1^)  and  2x  -4- 
^=2t?-|-22r,  or  0^(1/^ — ^ar^)=r'(a:*— -^),  and  y--^a:=«  -{"  ^-     Diviae 

the  first  by  the  second  and  «*{y — a;)5=»*(j2:— ©),  or  y  ess  -=(«  — i»  ) 

u"  * 

*}-«.     But  ytssz  \  V    x.    ^JEience  ^(a^-t?)  -}-  a;  sas  z  |  t>-    g ;  or, 

a=t-j — -p-,  and  y  = ~l   — '  ^^^  ^^  multiplying  by  r-J-o;, 

I  have  expressed  in  whole  numbers,  viz.  2x(v'\-x,)  and  a?  -(- 1'*  "|- 
2t?  -[-  2r{©  -|"  ^)»  •^d  tt^  -^  vx  -j^  2x^f  in  which  a;  and  v  may 
be  taken  at  pleasure.  Let  v  =  1,  2:  =s3,  then  I  have  24  and 
14,  for  the  base  and. side  of  one  of  them,  and  8  and  22  for  anoth- 
er; and  as  they  are  both  divisible  by  2,  .'.  12,  7,  and  4,  and  11. 

17.  Finc^three  numbers  in  arithmetical  progression  such,  that 
Ae  sum  of  every  two  of  them  may  be  a  square. 

Let  the  numbers  be  denoted  by  2a:*  4-  2ay,  2a:*,  and  2a:" — 2aff, 
then  43?'\-2ay=Q  ;  4ar* — 2ays=:Q .  Put  4a:^=a*-f-y*»  P^^  assr* 
-^f  yss^rs,  then  2ic=r'4"^»  'or  a?s=J(f*4-s*),  and  then  the  nui»- 
:bers  are  i^r*  4-  /)*  -f  4r5(r*  —  5*),  J(r*  +  /)^  and  J<r*  +  **)*— 
4r<(f<_/) ;  take  n««,  and  «  =  1,  then  482,  3362,  and  6242. 
96  « 


^ 
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18.  Find  3  numbers  such,  that  the  snm  of  all  three,  and  dw 
the  sum  of  any  two  of  them,  shall  be  a  cube. 

Let  x-\'y-^z=c?,  x-^^yssdf^  x-^zssst?^  atrd  y-j-abssd*,  to  find  x, 
y  and  z  in  positive  integers.     By  adding  the  3  first  equations  and 

dividing  by  2, 1  have  x-\^y-\'Z=s(^ ^=z  "'^''"-  ; .-.  2^ — b^ — As 

if=  a  cube.  Put  osssc*,  fcag^-fe,  csrssc*— 6 ;  then  20*— i*— A= 
_(6€)«=^,  or<i=— 6c,  if  c=3,  a=27,  fe=33,  c=21,  &rf=; 
— 18,  or  by  rejecting  the  factor  3,  I  may  take  9,  11,  7,  and  — 6, 
for  the  roots  of  the  cubes.  But  as  one  of  these  are  negative,  I 
will  now  proceed  to  find  positive  roots  by  the  aid  of  the  roots 
found.  Let  i7-|-9==fl,  mv--\- 11  =  ^,  nv  -\-  7  =  c,  pv  —  6  =4 
then  2(t?  +  9)«  —  (nv  +  7)«— (ptr— 6)»=(w^?+ll)^  or  (2— «•— 
y)t,»^(18— 77i»+6p»)X3i>^-f-{162  —  49n  —  Q6p)x2v=nfff+ 

SSwi^tj'-fSeSTw.     Put  m= ToT— — ^  5  ^^^  ^  = 

g_^a_p3_^3 ,If«=l,i>=l,  then  «=^  and  1^= 

-HSt^  '  whence  a,  &,  and  c  are  easily  found,  and  then  Xj  y  andz. 

1-9.  Find  3  whole  numbers  such,  that  the  product  of  all  3, 
divided  by  the  sum  of  all  3  numbers,  the  quotient  shall  be  a 
square,  and  the  square  of  each  number  added  to  the  former 
square,  each  result  shall  be  a  square.  "* 

Let  the  three  numbers  be  denoted  by  2;,  y  and  z,  then   I  have 

to  make      .      .    =a,ar-{ — .  "^  ,    =a,  JTn r^-r-=D»and 

«N r^—r  ^=  a  >  first  put      f^^,    — c?,  and  then  x        ^^  "i^^ 

'  x-f-y-\-z  >    x-f^-\-z  yz — tr 

(1) equation;  ihen2?--{--d^s=u==(a'-\-mxy^ssc^']'2^^ 

I  find  a;=/\^,  and  y'-f-a^=(^~f"^y)'^=®^~f"^^y4"^Vj  •*•  y— 
r 2,  and  2^']-a^^=:=i{a'\-pzYi=ui^-\-2apz-^pV,  andzt=r — ^  sub- 

x— w  1  — ^ 

stituted  in  the  first  equation,  give  by  reduction  the  equation 

m?  +  m{'^^ f-^)=r,  the   second  equation.     Now,  by 

1  —  np      n-^p  l—hp 

completing  the  square,  &c.  I  have  m  =s    ■  .  ^  ;  here  ar,  y  and  « 

*56a        4« 


are  easily  found.     Let  w=i,  j>=|,  then  w==f ,  x  =-^->  y 

4ttid  «=^.    Pat  0=33X3X5=495,  a=280,  yi=220,  z=596, 

then  2=5=840,  y=66D,  z=1188 ;  then      ,^^,     =  «"=  495»,  and 

a5-(-y+ar 

««-f<A=97ff',  ^-K=825*,  and  2»-f-af^l287«,  as  lequired- 


r 
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80.  Find  x,  y  and  z  in  rational  numbers  such  that  x-{'y^zsssd^, 
«-}-^t=^,  yU-atesc*,  y-f.zs=^.  By  the  three  last  I  have  x-^A- 
js===(i«=J(i«-fc«4Hi»)or(i«+c«)==i2<?---rf',  (1).  This  shows  that 
d  and  a  are  to  be  so  assumed  that  2d^  — -  a*  =  the  sum  of  two 
square.  ^Again,  by  the  second  x=Ui^ — y,  and  by  the  third  z=sz^ 
— y,  then  by  the  4th  a>f-2i=a*=^-|~^ — ^y>  o' 

y=— ^-g ,anda:=— i-^^ ,  ^g  =       ^ ;  now  2^— ^ 

becomes  the  sum  of  two  square  by  taking  rf-r-3,  and  assS,  whidi 
gives  Sfi'— a«==98=49+49.'  Let  i=7X^'^t/^r^.  and  c= 
7  .^^Traw— (Wj-wj  .  ^^g^  j»  j_  c»  =  98,  as  U  ought  to  do.    Let 

3«=4,  ?i=3,  ^hen  i=7XM»  c=^Xi^.  Hence  y=  17,  a:  =  336 
X(3fe)'  +  32  =  .i|MA,  and  z  =  32  — 336x(A)'=  W;  then 
these  values  of  y,  2;,  and  z  answer  all  the  conditions  of  tne  ques- 
tion. Should  integral  numbers  be  required,  they  will  be  found 
by  multiplying  the  above  values  of  a;,  y  and  z  by  5**,  and  then  ta- 
king the  product  for  y,  x  and  z,  respectively.     Hence 

y  =  4150390625,  a:=14243750000,  2^=1381250000,  and 
a;-fy+2s=375*,  x+z=z:5(f,  x-\-y=  135625",  y4-2=74375». 

21.  Find  three  whole  numbers  such,  that  their  sum  and  their  3 
differences  shall  be  all  squares.     Ans.  5,  14,  and  30. 

Let  Xf  y,  and  z,  denote  the  numbers ;  then  x  —  y,  x — z,  y — Zy 
and  X'\-y'\'Zj  are  to  be  squares.  Put  x — y — >ro',  y — z^^  n*,  then 
35— jB==r»^4-7i^=  n ,  and  a:-|-y-f"2^=3y-|-iw'— J^'=  n  =«* ;  whence 
^t=(s^ — ^9-|-^«)-t.3j  when  j,  w,  and  «,  may  be  taken  at  pleasure, 
provided  m^-j"^^  ^  *^  square ;  let  m  =.  4,  ?ir=:  3,  and  « s=:  7,  th^B 
y=14,  a:=rwi-|-y=30,  2:  =  y  —  «*=:5.  Hence  the  numbers  are 
5,  14,  and  30.  In  the  same  way,  we  may  find  other  sets  of  num- 
bers that  will  answer  the  conditions,  as  10,  19,  35 ;  22,  31,  47 ; 
29,  38,  54,  &c.  &c.  either  of  these  being  much  l^s  than  those 
given  by  Bonnycastle. 

22.  Find  three  numbers  in  continued  geometrical  progression 
such,  that  their  three  differences  shall  be  all  sqares. 

Let  the  numbers  be  denoted  by  a:,  a;^*,  and  xz\ 
then  a;(z*— 2^)=  Q ,  a:(:2:*— 1)=  D  ,  x{:i^+\)=  D ,  or  x{f-A-l)—  Q , 
and  a:(2«+l)=a=a«,  and  x{:^+\)X{^—l)  =  O,  {f+\W= 

D ,  z  3=s  -75 ,  ( T-Vs )  ^*^=**  •     Or  better  thus, 

2mn  \nC7C 

which  is  a  more  simple  expression :  a:,  rcz*,  and  aa:*,  denote  the 

number,  then  x\:? — 1)=  D  =a',  (2r^-|-l)fl*  =  D ,  or  «*  +  1=  D . 

Put  z  ^s-^ — ,  then  xU    ~    )' — 1|=«3?,  and  then  I  have 
2mn  *     2mn  ' 


4Xt  BiMKABram  qubbtuimb  and  soLtmom* 


2fnn 


iw' — »' 


in=s3,  9U==:1,  a==7,  a5=d63,  z  =  __={=|,  and  a:2^=6ax-V 

112V16 

«B=63x7=all2 ;  anda:zS=63xW)'= — §^  ='r¥^.  and  th« 

Dumb^n  are  63»  112,  xs^.    Multiplied  by  9,  \  have  567, 1006, 
1792,  as  required. 

22.  Find  two  such  rational  fractions,  that  the  cube  fA  either  be- 
ing added  to  the  square  of  the  other,  shall  make  the  same  sum ; 
and  furthermore,  that  their  sum  and  the  sum  of  their  squares  may 
both  be  square  numbers.    Let  the  two  fractions  be  denoted  1^ 

,  and  — p- ;  for  the  sum  of  these  is ,        i    cr     o.  And 


die  sum  of  their  squares  is         ^Yf,  ,  which  will  evidently  be  a 

Q ,  when  ^-f-^  ^  a  square. 

Again,  by  the  question,  the  cube  of  either  of  the  fractions  be* 
ing  added  to  the  square  of  the  other,  must  make  the  same  sum ; 

duces  to  <r(;^ — ^zss(x'\-y)(p? — y*),  whence  a*  = 

question  ha^,  .*.,  been  reduced  to  the  finding  of  such  values  of 
X  and  y  as  will  make  ^-fV  ^^^  ^4-^-4-^  both  rational  squares, 
viz.  .T'T--2435,  and  ^tss=1768  are  such  values  as  will  make  the  ex* 
pressions  aj'-f-y*  and  ic*+  a?y  4"  y*  ^^*^  rational  D ;  whence,  and 
from  w^t  Ims  been  deduced,  see  page  464,  question'  90. 
^-      (^+y)'        _  ,41^..  ,„d  1,,^,,    A      2416X4183  ^ 

10101945  ^y      1768X4183      7395544 

13227769  /  ^""^  ^4:^  =  3637«  ~  =13227769  "®  ^^'^  ^"^^ 
tions  that  will  answer  the  question. 

23.  Find  three  numbers  in  geometri<ial  progression  such,  that  if 
any  one  of  them  be  increased  by  its  root,  the   sum  shall  be  a  a< 

Let  the  numbers  be  denoted  by  a:*,  ic^y*,  and  y* ;  then  Q^'\'i  ^ 

Put  a;*y"+a:y5=a'a;'y' ;  then  txytss  ^ "^9^  ^^^^ — SF" 

a*— 1 
take  ^ss-^-,  and  yr-2fl ;  .*.  ^-f  1  is  satisfied  4d^-f"^  as  a  ^ 


^        .J  vf—l    ..  .         6  12      .         11 

(2fl— »i)';  gsss     ^^    ;  if  »i«=o,  a=:-,a:=iy,andy=gg- 

But  as  these  arc  heavy  numbers,  let  me  try  a  different  notation. 
Let  a^,  4j^,  and  16a:"  be  the  numbers  ;  then  a:*-j-a:=  Q  ,  4a;*  4"  2a: 
aacQ ,  and  16«'-|-4a:=*=a ,  or  Aa^-^xsxzu  .     Put  a^^x  «=  {r«)*aaa 

1  4 

fV,  a:=:-5 — r  ;  substitute  in  the  2d  and  3d^  I  have  -^ —    ^  ■■  I 

^  ,  «*— 3 

r*-[-3saa(r — sys=39^^^2rs-i-f ;  then  rss:-^-— ,  and  by  substituting 

in  2r^-Hfc=2^— 4«*+  18s«  a .     Put  «=l-ffl,  then  2**— 4j*-|-183. 
16+8a^4-8a3+2a*=  P  =(4-f  fl»)^^16+8a'-U*.    Hence  8  -f  2a 

d    ^    S      d       1+  7         ''"^  ^  ^ 


2s  7'       ^r«— I 

—A^'  ^^^  ^^  numbers  are  (15^) »  (tSa)  » and  {jt^Y^Ajob. 


^^     489'  —  M80' '  '480' '  —  '480 

.  25.  Find  two  numbers  such,  that  if  either  of  them  be  added  to 
the  □  of  the  other,  the  sum  shall  be  a  square  number.  Let  x — v 
and  4a;y  denote  the  numbers;  then  {x  —  y)'4"  ^^  =='a^+2a?y-j-y, 
and  16ar*^4"^ — y=  D  =(4a:y+a)^=16a:y-j-8ai:y -f"  ^>  *^^  y  ™* 

J—-;  if  ;c=:2,a==:l,  then  ^s=r=,  and  the  numbers  are  ^=,  and 

Qflx  -\-  1  17  17 

^  ;  if  x=i\  and  0=4*  ^^^^  ^^®  numbers  are  -]Af,  -^^ ;  also  ^  and 

I-.     Otherwise,  let  x,  and  2a:-|~l  denote  the  numbers  ;  then  the  QT 

of  the  first  and  second  is  sss  z^-^-^x-^ly  and  the  first  added  to  the 

D  of  the  second  =  4a:*-f5a;+l=0==(2a:— a)*=4a;»i-4ar  -f  4 

X  =;; 7—-^,  if  «=3,  then  :rii  and  -rz  are  the  numbers  ;  if  a^?2, 

4a  -(-  5  17  17 

then  -^  and  -ff .     Otherwise,  0^  and  ^^  denote  the  namben ;  thea 

a?-f-^=(a: — ayf=3? — 2«a:y-|-a'y*,  and  'i^'\'X=^{2a — yfsssAeP — ^a^ 


-\^,  x=—^ — ,  and  in  the  second  x=4£t — 4ay»    Put  these  val- 

ues  of  af  =  to  each  other,  then  — ^-— e=B4fl' — 4ay,  and  y\      J^ 

_     ,         4a*-f8«'--4«+l  .   .        ,2a+2a— 1,.  . 

and a?-f-y  == — — — g^ ^—ss  D ,  as  it  is  =( — ^-^ — ^)*;thef8? 

fore  a  may  be  taken  at  pleasure,  provided  it  be  greater  than  unity, 

aft=4»y=TV- 

25.  Find  three  squares  in  arithmetical  progression  such,  that  if 

any  one  of  them  be  increased  by  its  root,  the  sum  shall  be  a  □  I 

Let  a?,  25a:*,  and  493:*  denote  the  numbers  ;  a^  -4-  a^ssQ ,  26a;*4- 

35«!  .  •     *    '''^ 
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fosssQ,  and  49a*4-7xs=s □ ;  then  put  a^-f"^  rssnPa?,  or  a?  +  1 « 

1  25  5 

tfx,  ot««=nrri.  Now2&«*-f6»=prijy,  I  „«_i=0 ,  or  20+ 

49  7 

U^O.  49a?+7x=^j^— ^,-H^^j=  D,  or42+7«?'=  Q. 

Put  »=l+a  ;  then  2()4-5»'ta264-10(^f5a't«□==^ 
4-lOar+flrn  or  a=-g— 5-  ;  thence  w=al+a-=a  ^ — ^and 

the  last  expression  to  be  made  a  square  is  42  +  "^w'  =*  ^  + 
7r>-146;^-f77^~700r+175^  ^^  4er^_140r'+  ««)r'-70(M- 

1225=«ia  =(7r*— 10r4-*)^==4»r*— 140f»+r'(14«+100)-««tr»  -|- 
f.  Hence  I  hare  14f4- 100=960,  or  r=^,  and  — 20r»+jfe=- 
wwwttaofi      J  1225-^  _1225  — -Uj^^     44400    37. 

TOOr-f-lMS,  and  ''— ^qq  _  2q,--»  70O— aJi^    "^16800~l4 ' 

10r--»*-^     2831  -  1  151321  ._^ 

««»-g--5-«^gg-;  consequently  a: »=^jri3=-5§^|5*«4 

,,,         ,  161321 .,,  766606  .,     ^  ,1069247,, 
*lie*»mber»a»Mfollow.:(^g^|g),{^g^|g)  »Bd(^g^^. 

Let  a^-f-oxsi D I  x'-t-&B=s: a  f  and  a^-f'CZiss a .    Puta?+aa:=a 

{x—p)^esaf—Qpx-{^,  X.  ■  ~  •^!  ,  and  by  substituting  in  the  sec- 
ond a»d  third,  I  have         ^-r^ 

(5^)'+(^)=°  "•    f  +  ^+'^-n-' 

(gTV)'+(^)-°  "■  ;'+»'+"=  °  °^ 

By  sabtractioa  1  have    »^ —  «*  =  25p(* —  c)  +  «(*  -^<) 
4^|fc=»t^=P^4^(a+«-c)+i(a+^-^)^and;,===^::2^gp- 


__47        __47  47*  

y  13X  484"<;292'  ^  **"  *--(_94+ld4)  X  8892'^e2fl26 

49  49 

•»1,  fa-J,  c-4,  i»-=A>«=(i4.  i6)X  16="^*    If«  — 1. 
.       .      .,     .  aa»  389'        _,  151321  ,. 

*•=*  c=f,  then  ;»     3220'  *" 2442  X  3220~^  788824©'' 

If  a»i,  i«»f.  «-»A. ^ *«^p«,» •^jgexTio'*  W© 

Had  the  numbers  are  (ig^)*' ( j^)*' ™*  (ggi^* 


BMnUMfM  ^SSnoM  AHA  MMMOMUk  41f 

Make  fti^-^%BttaKq,  iaE'~4a;xs:a,aiid  2&(^-«*fe  a. 
To  make  o^r— oafss  a,  :z^ — '^z=a  Q,  anda? — cr=  Q. 

If  oasl,  ^a^,  c=4,  theaj-u^^^^^^^  ;  and  then  I  have 

,       ^         450241    ^        450241       _^        450241 

^'  ^  "437920*  ^"328440' "'^  ^=^26^?^' 

27.  Find  two  triangular  numbers  whoae  aum  is  a  trianguhur 

number. 
Let  X  and  y  denote  the  sides  of  the  triangle ;  then     * 

9~»  ""^^  ***  *^  numbs.    Assume  a?+aj-fV"hy  =  («» + 3?)"-|- 
w+a:,  then  a;g=r    '^  — IZ^.     Put  «t=p9n,  then  as==^i^tii- 

X(l>— 1).     Put  p— 1  =25^  J  .-.  p  +  1  =5=  2g  +  2.    Hence  x  ssb 

2ii(^l)g-f^,  y— ijjjw  1^(2^  4*  ^0  '  •*•  let  ifi  SB  1,  q  sss  1,  then 

te5,  y«3,  iia?+x)=l5,  J(y«+y)-r6,and  15+6«Sl«=J(6«+6), 
wiiich  is  a  triangular,  as  required. 

28.  To^d  two  pentagonal  numbers  whose  sum  is  a  pentago- 
lul  number. 

Let «,  y  be  the  sides  of  the  pentagons  ;   then  the  pentagons 

2^,^^x         3ir— ^ 
tie  expressed  hf  — ^  — ,  and       ^    .    Assume,  then,  3aj*— «  -f- 

V-y.=^(m+:r)«.-^>n^,  or  x:J^'^'^+^.    Puty«|H», 
then«=???<£i^Iriix(j?  — 1);  .-.put^— l=:6^,and;>+l 

06^-1-2.     Hence  xs:^\&m{Sq+l)—l\qj  and  yt=;;p9n=s7n(l-(-6g). 
Let  maslf  $sssl)  then  x=ss23,  and  y=spms=m(l-{-6g)  b=  7.     But 

?^^=:^a=782,  and?i^5^=L==70.   Hence  782  and  70  are  pen- 

-6  *  3f24*V— 94 

tagnlar  numbs.  But  7824-70=852^^  ^     r^^,  and  is  therefore 

apentagular  number. 

^.  Find  two  nthgonal  numbers  sueh  that  their  sum  may  bean 
tiftigonal  number. 

I^t  x  and  y  denote  their  sides  ;  then  the  numbers  are 
<^)^.-<«-4)»  ^^^  (»-^)|^-(2-%  .    ^^^    .^^    ^^^  ^ 

(»-3)a?—(»i^-4)x+(»-^)j»—(«— *)»**{»  —  2)  X  (a  +  «)*— 


«lff 


MWAirapiB  Mjouno&m  anb 


(p— 1).  Put  p^\zsM2{n—2)q\  aiid>f  l33fi{  l-|-(«— 2)^| ;  &eii 
a*— |2«i(»-.2)-4-(n— 2)"g}— (»f— 4)^,  &2^s=pOT=wi(2y(n— 2)+l) 
ss:iit|2g(n — ^2)-|-l|,  as  required. 

30.  Find  two  nthgonal  numbers  whose  difierence  is  an  nthgo- 
nal  number.  This  question  is  easily  answered  from  the  last  one; 
but  I  shall  proceed  with  the  solution  independent  of  it.«> 

Let  X  and  y  denote  the  sides ;  then,  as  before,  the  numbers  are 
H(-2)^-.(n^).  (.-2)y»--(»-4)y     ^e,  ^^g)^ _  (,_,„ 

—{(«  —  2)j/'—{»t—4)y|=(»—2)X(a!— »«')•— («—*)X(«—»«']i; 
then  xi 

(«— 2)m'X(p'*+l)      («— 4)(p'— 1) 


2m\nr^2) '       ^'  '" 


s=y,  then 


Put  m! 


2(nr-^2)  2{nr-2) 

2m'\  and  p'— l=a=2)»--2)f« ;  then  I  have  »=m"|(2y'(n^2)+l)' 


+1}^(»— 4)^',  and  y=j?W=2y«»"=2i»"|l-f2g'(»— 2)] 

31.  Find  two  triangular  numbers  such,  that  their  sum  ana  dif- 
ference may  be  each  triangular  numbers. 

Let  X  and  y  denote  the  sides  of  the  triansfular  ;  then  by  puttbg 
x=ssq\2m{q-^'l)q-^lL  and  y=sm(2^-|-l),  me  first  condition  is  an- 
swered, (as  appears  oy  question  27,  page  415,)  and  by  the  second 

condition,  '^+^     y'+y  ^(4g«-f8g'-4g-l);»'+(4g'+6g'-  l)m, 

,  «•+?  „,  (4g^+8g'-4g-l)>«*4.(V+6g«-l)>«  +  tf  +  g)J_ 
^__,or  -        ^  .  » 


(2-f«J»)'+(?+  *»V) 


I^ence,  it  plainly  appears  that 


**-    Vf8g'-4g-l-^    •    Let  ?=2.  then  »«=j-j^-^wi 
by  taking  ps=B — 11,  msssSS,     Hence  2^=662,  y=275  ;  then 
— i^cs  2194^,  and  ^^^^^=37950,  are  two  triangular  nunien 
which  answer  the  conditions  of  the  question,  for  their  sum  jft  s: 
li^lli?.  which  is  a  triangle,  and  their  difference  =®^:=^ 

which  is  also  a  triangular  number  ;  for  any  number  of  the  foni 
tn? — n  is  also  of  the  form  m*-j-?i.     Since  4(m' — w)-f-l=^{2m — 1)* 

assume  {2m — l)^=(2n4-l)*,  or  2m — ^2=2n  ;  .•.  n  =sm — 1,  and 

nf — 9n=n*-f-^)  as  stated  above.     Hence,  by  putting  m  =  603, 1 

have  n=m — l=d602  ;  .*.  the  difference  of  me  triangles  =s 

602'-4-602 

—    iT^  ,  and  is  therefore  a  triangle,  as  required.     Again,  kl 


fts=l,  then  m  =  W—^.    Putp=3,  then  ms=sQ  ;  .'.  27s=:y,  and 

7 — jr 

»=i37,  and  the  triangles  are  703,  378.    Also  703-J-378  = 
^.  and  70^78=a^=??±^.  •  Let  ,=  1.  .,  be. 


fore.  But  p^ — 1,  then  m= — 2  ;  .\  y= — 6,  z  i  7  ;.  or,  since 
6»— 6=a5*-f  5,  and  7*— 7=6*-}-6, 1  put  y=5,  a:  =  6,  and  the  tri- 
angles are  21  and  15,  as  required ;  for  21-f-ld= 

32.  Show  that  any  triangular  number,  when  multiplied  by  8,  and 
the  product  increased  by  1,  gives  a  D  number  ;  also,  tnat  any- 
pentagonal  number  X  by  24,  and  the  product  increased  by  1,  is 
also  a  a  number.     Let  z  denote  the  side  of  the  triangle  ;  then 

^is  the  triangle;    then  8^^^i^  +  1  =4a?  +  4a:+l-. 

^  -f- 1)'  «=  a  •    Again,  let  z  denote  the  side  q(  the  pentagoa  ; 

then  -~^,  is  the*  pentagon.    But24( — ^y^ls=a^^l2x 

-f-ls=s(6ar — Vfss  n ,  and  it  may  also  be  remarked,  that  any  hexa- 
gonal number,  when  multiplied  by  8,  and  the  product  increased  by 
1,  is  a  sGuare  number.     For  let  z  denote  the  side  of  the  ]iexagoii« 

4en  — - —  =?  the  hexagon ;  but  8( — ^ — ^-ls=sl6a:*— Sx-f-l 

a=D=(4r— 1)«. 

33.  To  show  that  any  triangular  numb^  is  also  of  the  form  of  a 

hexagonal  number  when  the  side  is  an  odd  Hnmber,   let  y  denote 

tke  side  of  the  triangular  number;  then  Ht/^-^)  is  the  triangular. 

Also,  let  z  denote  the  side  of  an  equal  hexagonal  number,  then 

4a?— 2x 

— 2 —  '^^  hexagon  ;  and  by  putting  these  values  sa  to  eadbt 

*  4a?— 2ic     t/^  I  V 

other,  I   have  — ^ —  —    o^'     Multiply  by  8,  and  add  1  to 

both  sides,  and  there  results  16a^— 4a:-|-l™(4a5 — 1)^=(2^1)*,  or 

42=^:2^^2,  and  z.  -^    =  an  integer,  if  y  is  ah  odd  number  , 

and  therefore  the  equation  — ^ —      p'T'i/  ^^j^  \^  satisfied  in 

integers  when  y  is  an  odd  number.  Gor^  Any  hexagonal  number 
is  a  triangular  number  ;  for,  by  the  equation  4a;  s=  2^-f~^,  I  have 
2^=4a; — ^2,  or  y — 2ar — 1  ;  .*.  as  a;is  an  integer,  ^  is  an  integer, 
or  y  can  be  found  in  integers  so  as  to  ^satisfy  the  equation 

• — - —  — ^^Q    >  ^^®^  ^  ^^  supposed  to  be  given,  (page  417,  ques- 
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tion  33,)  I  can  find  two. hexagonal  namben  whose  sum  and  d]ffi5^ 
ence  are  triangalar  numbers,  for  27  and  37  were  found  for  th« 
sides  of.  two  triangular  numbers  whose  sum  and  difiference  are 
triangular  numbers.     By  putting  p  and  q  for  the  sides  of  the  hex- 

agon,  I  have,  by  the  formula,  a:=^-^.     By  putting  37   for  y, 

and  27  for  a;,  p  =19,  and  by  putting  q  for  x^  and  27  for  ^,  I  have 
q=il^  ;  •'•  19  and  14  are  the  sides  of  two  hexagons,  whose  sum 
and  difference  are  triangles,  numbers   as  required. 

34.  Find  two  nthgonal  numbers  such,  that  their  sum  or  diffe^ 
ence  shall  be  »thgonal  numbers. 

Let  X  and  y  denote  the  sides   of  the  nthgonal  numbers ;  then 

Assume  {n — 2)3? — {n — 4)a:+(« — ^2)^-^(?i — ^)y={n — ^2)  {x-^f 
— »(»— 4)(a4-»»)  ;  •  , 

.^ (yi^2(y'— (yi^-4)y— (n--2)m»+  (n — A)m  ^^^^ 

thano^ 2^(^_2) •    Put  y^^ 

and  p—l  ==2(w- — 2)pt  or  jjB=l-[-2(»-^2)g  ;  then  I  have  have 
x=\2m(nr^2)+{ri^2rq)—{n-^)]q,  (1),;  y^\2q(n—2}^l\m, 
(2).     Put  «— 2==»',  ?i— 4e=«" ;  then  a:s={2»i(n'4-»"^>  —  n'% 
and  y  S3=  (25^71'  -|-  l)i»;     assume  n'{2m\n'  -|-  w'^iy}  —  n'')V  — 

n"{2«w(«'-fw'«j7)— »")|fl'-^'(2j^'  +  l)'i»\+  «"(2^n'  +  l)w» 
n'lmt — n''q)^ — n''{mt — n"q)  ;  hence  I  have 

lpX^(J  +  nfq)*-(2qn'  +  ir-f' ^^-^  ^"°^ 
q  and  t  in  (3),  m  is  found,  and  then  x  and  y  become  known  by  (1) 
and  (2).  'This  is  on  the  supposition  that  x  and  y  may  be  fii(i> 
tions.  But  in  particular  cases,  if  integers  and  positive  numbers 
are  required,  then  such  numbers  are  to  be  assumed  for  q  and  t  as 
will,  give  X  and  y  integers,  and  positive.  If  w  =  4,  then  «"=  0, 
9n=s=0.  In  this  case,  the  nthgonal  numbers  are  square  ;  and  it  is 
evident  that  no  two  square  numbers  are  by  the  process  such,  that 
their  sum  or  difference  shall  both  be  square.  Indeed,  if  :c*  +  ^ 
ssa  D ,  and  a? — ^=  D  ,  then  their  product  a* — ^V=  D  ,  which  Eu- 
ler  has  proved  to  be  impossible. 

Cor.     If  ?2=3,  then  the  Tithgonal  numbers  are   triangular,  and 

(3)  become  m  J^M^^^^^,  (4).     Also  a^\2m{q^ 

1)+1|,  and  y=m(2q+l),  (5).  If  q=2  t  =—  11,  the  triangles 
are  219253,  and  37950,  whic^  answer  the  conditions.  Also,  If 
^=1,  ^sa — 3,  then  the  triangular  703  ;  378.  which  also  answers ; 
and  if  ^  =  1,  and  ^  = —  1,  the  triangles  are  21,  and  15,  Ans. 
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35.  Find  two  ri^t-angled  triangles  with  a  common  hypothe- 
nuse  such,  that  the  difierence  hetween  the  squares  of  the  greater 
and  less  legs  of  each,  respectively,  shall  he  squares. 

Let  a  denote  the  common  hypothenuse  b  and/,  and  c  and  e  the 
two  legs  of  each  ;  then  fl^=^-(-/^=c'-|-^,  and  il^ — t^tsstP^s  q  , 
and  ^—f^sss  □  =d^.  Hence  I  have  to  make  cr — 5^  =  D ,  a^ — c^ 
=a ,  and  ^— /S=s  a .  Assume  iA=r(;>^-|-^)(r*+«^)»  b  ==  pr^qs^ 
c  =  ps  zh^r ;  then  it  remains  to  make  squares  of  the  expressions 

(p'4"(f)('^4"*^»*^^  (P^ — f)(''^ — ^)*  Assume  rfe=p»i— ^,  *=pn-|- 
^,  then  nr-{^  must  he  a  square.    Take  m=^ — ?,  ns=Qgl;  now 

=:g'-^+2gln=n={g—lv)^=  g»^2glv+Pv'; .-.  g=  t^+l, 
l=2{v  + 1),  and  mt  —  7tP  =  ^f -\- S^v  —  f{f—lf^  At{t+  v) 
(*4«l)===4«*4^«+^(4-H^^^')-H«^(t^4-l)  =  D  =  {2P+2tv 
—  uff  =  4<*  +  8<«t7  +  ^(4r»  +w)—  ^wt  +  tc^.     Hence,  I 

have  .3  +  6^*  —  t?*  =  4fl^  —  4ti,  from  which  tt>  »= -3 ass 

4 

(g'-flHp'— 3)^     Again,  4^i^(r  +  1)  =  —  4t;ft(>  +  11^.    Hence 

^=^.    J!'-L.^^°^'=— '    Therefore i^(t^-3)»+ 

16»,  and  ^^(p*— 3)»— 16t?,  and  n=»^-|-l),5=2(B^+w),  or  n=«ii, 
*=p-|-9  ;  then  if  i?=l,  r=5,  j  i  3,  g^=4,  2=5,  or  rs==5,  «t= — 3, 
p=173,  ^?== — 165 ;  consequently,  hy  substitution  in  the  given  for- 
mula, I  have  0=^1394,  ^=870  or  1360,  6=1344  or  306,  and  the 
sides,  hy  dividing  by  2,  become      (  697,    680,     153, )  . 

(697,    672,     185.  J^'^^- 

36.  .Find  four  numbers  such,  that  the  product  of  any  three,  in- 
creased by  unity,  shall  be  a  square. 

Let  a,  it  c,  and  d^  denote  the  numbers  ;  then  I  have  to  make 
obc^lssiQ,  acd-\-l=Ui  and  ai6?-)-l=D  ,  bed  -(-  1  =q  ; 
then,  from  the  first  abc  -j-  1=  D  =  (na  -[-  1)'  =  rPcf  —  2an  -f-  1. 

Hence  I  find  a  =  -^ — .     Then,  by  substitution, 

l^cdr^2bdn  .^_     ' 

-^ |-l=s  □  j  or,  »'  +  2cdn  '\'  bi?d  =s  n  =3  n*,  and 

by  subtraction    2n(bd  —  erf)  -}- bc(bd — cd)z=znp  —  1^'; 
m -{-  n  =s  2m -^^  be,  and  m  —  nssbd  —  cd  ; 

ihenfm^n-] — ^^^^ ,    I  have  n* -\-2bdn'\'l^cd^swfsss 


nr 
or,  fP  4"  ^^^  +  ^^  ==  D  =5  »^, 


189  moTBAvn^  qjommofsn  nm  mssrmitm. 

25      2       25  77      104' 

625  625  *  ^  ' 

flc4+l=  a  =3d,  and  ^c ^-4-1=  D  =4th. 

Let  a4fc=4+<^+  2^»  arid  ^c  +  1  ==  i?" ;  then,the  2d  and  3d  are 
square.     Now  hc=^ — 1  ;  ••.  b=^ — 1,  c=p—l,  ad  =  4p,  and 

a  z=J^  ;  by  substitution  in  the  first  &  third,  I  find,        ^^— 

4- 1  =D , and  (p*— 1)^+1==  D .  The  latter  is  a  a  when  ds=l\ 
Ilence  4p^  — 4p  4-  1  =  D  >  which  is  the  case  when  j»  is  1  oi  6. 
Then  fl==24,  fc»7,  e=5,  and.rfs=L 

Otherways  To  Iransfonn  into  squares  the  4  following  fonnnls; 
xyz  -j-  1,  xyv  +  1,  xzx  +  1,  and  yzv  4*  1- 

Put  2nf=b^'—(?y  x=^—^,  v=^^—^.  Then  the  first  and  2nd 
feriattlffi  are  squaresri^  (A),  fe  —  crfx=s±  1,  (B),  hg  —  c/=s±l; 
wl^nce,  by  substitution  in  the  third  and  fourth  formuls, 

by  the  theory  of  continued  fractions,  if  we  form  a  series  of  firac- 
tions,  by  adding  the  numerators  atid  denominators  of  the  succeed- 
ing fractions  to  the  preceding  ones,  we  will  satisfy  the  equations 
(A)  and  (  B)  thus  :  f,  f  f,  %,  f  V»  +f-  ^m  where  any  3 
contiguous  ones  may  be  taken  for  ft,  c,  rf,  c,  /,  and  g.  Thus,  take 

*=4.  -=4. -=4.  ;  then  ^  +  1  =  Q.  and  16^+l=a. 
c      2  e     3  ,g     o  y 

5 
Hence  3^=1,  2=<?— <^^^7,  t>==24,   a:  =  j  =5,  as  before. 

37.  Find  three  numbers  whose  sum  shall  be  a  biquadrate,  and 
the  sum  of  the  1  and  3d  a  square  cube,  and  the  sums  of  the  1st 
and  2d,  and  2d  and  3d,  squares. 

Let  4a:,  a?— 4a;,  2a:-fl ;  then  {z  +  1)"  mustl)e  the  4th  power'; 

r* — 1      ,  -      r^4-S       -  ,  , 
or-a:+l=D.  Also  6a:+l=D  ,a;=-^,a:+l==^-^,o^  6r»-f 

30c=±a .    Put  Ttel+j,  36+ia«+6A=36— la^^-Ki* ;  then&fm 

,_12.?-i:J,  if  r:^=3,5=16,  &  r=17,  a:=4S  ;    192, 2112,  &  OT. 

Let  192a:*,  121 12a^,  97aj*,  Nos.   then  289a;*  =  square  cube,  or 
n^  =  cube  j  .-.  »=17,  and  192-17*,   2112*ir,    197-17*. 
See  page  446,  for  more  diophantine  questions  and  solutions. 
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MiseellaTtetms  Questions* 

t.  What  tfffo  Bttiiibeis  are  those,  whose  sum  i^  19^  and  whose 
dififen^^e  multiplied  by^  the  greater  i$  60  ? 

Letx,  and.  19'— a;  be  the  numbers ;  .*.  2a? — 19a?=60,  and  by  case 
1,  a^^X'^(^)''=^=30-^'^fJ^=»-^,  or  as==±^+Vb=12,  or  —J. 

2.  If  the  square  of  a  certain  number  be  taken  from  40,  and  the 
square  root  of  this  difference  be  increased  by  10,  and  the  sum  mul- 
tiplied by  2,  and  the  product  divided  by  the  number  itself,  the  quo- 
tient will  be  4.     Required  the  number^  Ans.  6. 

Let  x=  the  number ;  .-.  ^hli^Z^^l^=^^  &  V(40— «») 

=535—10 ;  .-.  40— a;'^=4a:'— 402:+100,  or  a?—8x  =—  12. 

3.  There  is  a  field  in  the  form  of  a  rectangular  parallelogram, 
whose  tength  exceeds  the  breadth  by  16  yards,  and  it  contains  96Q 
sqa^re  yards.     Required  the  length  and  breadth. 

tet  Xf  and  x — 16  be  the  length  and  breadth,  a^ — 16a:t:=960,  an4 
:i£-162;-fe£=sl024,  ar--&=32,  and  0)^3=40  =  the  length  and.  the 
breadth  24  yards,  Ans. 

4.  A  person  being  asked  his  age,  answered.  If  you  add.  the. 
square  root  of  it  to  half  of  it,  and  subtract  12,  there'  will  remaia 
uothing.     Required  his  age.  Ans.  16. 

Let  X  =?  his  age  ;  then  J;y-}"V^ — iSsscO,  a: — ^2^a:-|-  Iss=.25^ 
and  ^x^hssS,  ^as=4,  and  a>=16,  Ana*, 

5.  Two  dasks  of  wine  were  bought  for  $58,  one  of  v/hkh  qon* 
tained  S  gallons  more  than  the  other,  and  the  price  per  gallon,  waai 
t2  less  than  one-third  of  the.  number  of  gallons  in  the  Teas*  Re*' 
quired  the  number  of  gallons  in  each,  and  the  price  per  gallon  ? 

Let  3^,.  ^xr{^S,  anidio: — 2  be  the  numbei:  of  gallons  in  the  less 
and  the  greater,  and  the  price  of  a  gallon.  Then,  we-  haret  **. 
(6a:-|-5)(a:— 2)=58,.and  6a;^— 7ax=68;  By  case  2,  .*.  a;*— fer-HA 
= V"h iti\;=^^iW^>  and  ar^— tV=  f  |,  and  a:  =  4,  and.  the.nuxnbecft 
are  ,12  and  17,  and  the  price  lS2  per  gallon. 

(L  From^  two  places,  at  the  distance  of  320  miles,  two  persons^. 
A  and  B^  set  outi  at  the.  same  timei  to  meet  each  other.  A  tra^wl- 
Ted  8  miles  a  day  more  thai\  B,  and  the  number  of  days  in  which, 
they  met  was  equal  to  half  the  number  of  miles  B  went  in  a  day. 
How  many  miles  did  each  trayel  per.  day^  and  how  hi  did  oad^ 
travel  T 

Let  8a?,  8a:  +  8t,  ani«  =»  the. number  B  and,  A  wenLper  day, 
and" number  of  days  ;  .-.  4ar^-f-8^*^^==320^,and  by  case  1,  a«8  ;. .% 
A  went  24  and  B  16  miles  per  day,  and'  the.  distances  travoJled 
tythem  were  128  and  192  miles. 

7i  The  difoence  between  the  hypothenuse  and  base  of  a  right 
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angled  triangle  is  =:  6,  and  the  difference  between  the  h3rpothe- 
nuse  and  the  perpendicular  is  =  3.     What  are  the  sides  ? 

Let  Xy  x-^Sy  and  x — 3  be  the  h3rpbthenuse,  base  and  perpendic- 
ular, and  x'=(x-^Y+(xS)S=^x''^l8x-{A5y  and  .-.  ar*— la^f 

45=0,  and  by  case  3,  (a;«_182;=— 45),  or  a:»— 18a;-f81  =^1  — 
45e=£:36,  and  2:ts=15,  and  12,  and  9,  the  sides,  Ans. 

8.  In  a  parcel  which  contains  25  coins  of  silver  and  copper, 
each  silver  coin  is  worth  as  many  pence  as  there  are  copper  coins, 
and  each  copper  coin  is  worth  as  many  pence  as  there  are  silver 
coins,  and  the  whole  is  worth  18  shillings.  How  many  are  there 
of  each  ?  Ans.  6  of  one,  and  18  of  the  other. 

Let  X.  and  24 — x  be  the  numbers  ;  .-.  2a:(24^-ar)  =  18X 12,  or 
a*— 24a:=— 108,  by  case  3 ;  a;  =  18  or  6. 

9.  Bought  a  number  of  books,   consisting  of  folios,  quartos, 
'and  octavos,  for  $1932.     Fourteen  folios   (which  was  the  whole 

number)  post  three  times  as  much  as  all  the  quartos  ;  and  one 
quarto  cost  as  many  dollars  as  there  were  quartos.  The  number 
of  octavos  was  32,  and  their  value  was  such,  that  4  of  them  cost 
8s  much  as  one  quarto.  Required  the  value  of  each,  and  the 
number  of  quartos.  Ans.  There  were  21  quartos,  each  folio  cost 
S94|,  each  quarto  $21,  and  each  octavo  $5  25  cti3. 

Let  X  be  the  number  of  quartos,  a^  =  their  value*,  and  Sz"  and 
Sx  =  the  value  of  the  folios  and  octavos  ;  then  by  the  question, 
4a;«-4-8^=1932,  and  a:=21. 

10.  Bought  two  flocks  of  sheep  for  £65,  13s.,  one  containing 
6  more  than  the  other.     Each   sheep  cost  as  many  shillings  as 

-  there  were  sheep  in  the  flock.    '  Required  the  numbers   in  each 
flock.  Ans.  23,  and  28. 

Let  Xy  and  x-^  be  the  numbers ;  then  a:*-|-(^"t"^)*=  1313,  or 
2a;;+10a:-|-25=1313,  and  2:=^— ^=23,  and  28,  Answers. 

11.  A  regiment  of  soldiers,  consisting  of  1066  men,  is  formed 
,   into  two  squares,  one  of  which  has  four  men  more  in  a  side  than 

the  other.  What  number  of  men  are  in  a  side  of  each  of  the 
squares  ?  Ans.  21,  and  25. 

Let  Xi  and  a:-j-4  be  the  number^ ;  then  a?-[-(^+4)^=  1066,  and 
2=21  and  25  are  the  numbers,  Ans. 

12.  What  number  is  that,  to  which  if  23  be  added,  and  the 
square  root  of  the  sum  extracted,  this  root  shall  be  less  than  the 
original  quantity  by  18  ?  Ans.  25. 

bet  a:s=,the  number  j  .-.  ^(a:-f-24)=a: — 18,  and  a* — 37a:— ^ 

300.    Hence  x=±^^^-\-^=^5y  or  12,  Ans. 

13.  After  taking  the  kings,  queens,  and  knaves  out  of  a  pack 
of  cards,  the  rest  were  divided  into  three  heaps.     The  number  of  ^ 
pips  contained  in  the  second  heap  was  found  to  be  four  times  the 
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mfOBie  of  tke  iiiuaber  in  the  first  heap  ;  and  had  /the  third  heap 
contained  5  more  pips  than  it  did,  the  number  in  it  would  have 
been  exactly  half  of  what  the  first  and  second  heap  contained. 
Required  the  number  of  pips  in  each  heap. 
Let  2,  and  42^  be- the  first  and  second  numbers,  and  the   third 

number  will  be  =  ^^^—6,  and  f  (4a:"-f  a:)— 5=220 ;  .-.  Az^+ 


a:=150,  and  4a:a-f-a:+,^B==^fJ- ;  .-.  2a:+J=y,  and  2a»=sl2,and 
21^=6,  144,  and  70  are  the  Ans. 

14.  A  regiment  of  foot  was  ordered  to  send  216  men  on  garri-' 
son  duty,  each  company  being  to  furnish  an  equal  number;  but 
before  the  detachment  marched,  3  of  the  companies  were  sent  on 
another  service,  when  it  was  found  that  each  company  that  re- 
mained was  obliged  to  furnish  12  additional  men,  in  order  to 
make  up  the  complement  216.  How  many  companies  we're  there 
in  the  regiment,  and  what  number  of  men  was  each  company  or- 
dered to  send  at  first  ? 

Let  2r  =B  the  number ;  then  the  number  each  was  to  send  was 

=  — ,  and  (a:--3)  (— +12)=216,  and  a;«— ac=;=54,  a:=  ^  + 

j=9,  and  each  was  to  send  24  men.     * 

15.  A  poulterer  bought  15  ducks  and  12  turkeys  for  five  guin- 
eas. H6  had  two  ducks  more  for  18  shillings  than  he  had  of 
•turkeys  for  20  shillings.     What  was  the  price  of  each  ? 

V       .       r     J    1    ,105— 15a:     ,35— 5a:      ,, 
Let  X  ss  the  price  of  a  duck,  ( t^ —  =) — j — =  the  price 

of  a  turkey,  and  a:  :  1  : :  18  :  the  number  of  ducks  for  IBs  equal 

— J  and  = =  the  number  of  turkeys  for  20* ;  .%  — =^ }- 

X  7 — X  ^  X  .  7 — X  * 

9        8 
2,  or  -=5 [-1 ;  .-.  63— 9a5=8a:+7a;-^,  or  a?— 24aft= -r-63, 

and  x=3  or  21,  and  the,  prices  were  3*  and  5i. 

16.  A  and  B  entered  into  a  speculation,  to  which  B  subscribed 
$15  more  than  A.  After  4  months,  C  was  admitted,  who  added 
850  to  the  stock  ;  and  at  the  end  of  twelve  months  from  C's  ad- 
mission they  found  they  had  gained  $159 ;  when  A  withdrawing, 
received  for  principal  and  gain.  $88.  What  did  he  originally  sub- 
scribe ?  Ans.  $40. 

Leta;==  the  sum ;  .*.  a:-f-15=B's  subscription,  and  16(2a;-f-15) 
+12X40  :  16a::  :159  :  88-ra:,  or  (4a;-f  105)(88— a;)=  318a;,  and 
4aJ»+71a:+(jy.)^t==9240+5f |i=iif|AJ.,  whence  2ar+V-  ==  ^» 
and  2as=80,  .*.  a?=40. 

17.  A  wall  was  built  round  a  rectangular  court  to  a  certain 
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4iei^ht,  Now  the  length  of  one  »ide  of  the  coiiit  mm  «w»  jfttiB 
less  than  eight  times  ^he  height  of  the  wall,  and  the  length  of  the 
adjacent  side  was  5  yards  less  than  6  times  the  height  of  the  wall 
and  the  number  of  square  yards  in  the  court  was  greater  than  ^e 
'number  in  the  wall  by  178.  Required  the  dimensions  of  the 
court,  and  the  height  of  the  waU. 

.   Let  a:t=the  height ;  .'.therefore  the  sides  are  8a; — ^2, and  6a! — 5, 
then  (8x  —  2)(6ar — 5)=22:(14a:— 7)+178,  and  lOa:*— 19ass=84, 

and  a:'M»^+(i*)M*-H»i=%y  >  •'•  ^«^-«=B.  and  a;«4, 
or  the  side  was  30  and  19,  and  the  height  4  yards. 

18.  A  ship  containing  74  sailors,  and  a  certain  number  of  sol- 
diers, beside  officers,  took  a  prize.  The  sailors  received  each  one- 
third  as  many  dollars  as  there  were  soldiers,  and  the  soldiers  re- 
icieved  $3  apiece  less,  and  $768  fell  to  the  share  of  the  officers. 
(Had  the  officers  however  received  nothing,  the  soldiers  and  sailors 
f might  have  received  half  as  many  dollars  per  man,  as  there  were 
soldiers.  How  many  soldiers  were  there,  and  how  nuich  did  each 
^»ceive? 

*. Inlet  3a;  ^  the  number  of  sellers ;  .*.  a^ass  what  each  sailor  re- 
Jceived,  and  74a:-f-3a?' — ^9a;4-768  =  ^e  value  of  the  prize : 

...  -^^^^=^ ;  .-.  Ba?-H92:tel636,'andbycase  1, 

4iJ«4H^:?4-(4i^)«c==JLJ^£+^^  ;  .-.  a;+^#«=i¥,.  and  2^=12. 

There  were  .36^ soldiers^;  each  soldieor  received  1^9,  .and  each  sail- 
or $12,  Ans.  ■       . 

19.  A  poulterer  going  -to  market  to  buy  tu^kep,  mfft  wUhfoar 
ikurks.  In  ^e  second  were  6  more  than  three  times  the  square 
root  of  double  the  number  in  the  first.  The  third  contained  three 
rtimes  fiS'many  as  the  first  and  second:;  and  the  dbiu^h  contained 
6  more  than  the  square  of  one-third  of  the  number  in  the  third ; 
!tnd  the  whole  number  was  J.988.  How  many  were  tkere  in  each 
flock? 

Let  X  ==  the  number  in  the  first,  then  3^^+^*  ^(^-^a/^ 
+6),  and  {x-^A/2x-^f  4-  6  be  the  number  in  the  2d,  3d,  and 

4th  ;  then  .-.  (a;+3>s/2a:+6)«+4(a;+3^a»+6)+4=1936,  and 

a;+3V2a;+6-|-2=44,  .-.  x+S'/s/Sz^m,  and  2a;4-6//2x+9  = 

172+9=81,  .-.  //2a;-f  3=9,  a/2x=6,  and  x=dS,  and  the  num- 
bcis  were  18,  24,  126,  and  1770. 

^.  A  body  of  men  are  just  sufficient  to  form  a  hollow  equilat- 
eral wedge,  three  deep ;  and  if  597  be  taken  away,  the  remainder 
will  form. a  hollow  square,  four  deep,  the  front  of  which  contains 
one  man  more  than  the  square  root  of  the  number  contained  in  a 
front  of  the  wedge.     What  is  the  number  of  men  ?     Ans.  693. 

Let  X  =  the  number  in  a  side  of  the  first  triangle ;  .*.  3(a;— 1) 


3{xr^y^,  3(a;— 6)— 0,  and  9:r--4)6,  be  the  number  in  the  first, 
in  the  2d,  in  tiie  third,  and  the  number  of  men.  Now  ^x-^lsaa 
the  number  of  men  in  the  a  side  of  the^  hollow  square, .'.  (^a:-{^l)° 
— (V^ — '^f  =  ^®  number  of  men  in  the  hollow  D ,  and  9a;  •— 

36=16a:*— 48+597  ;  .-.  9x— 16x^=585,  and  9a:— 16a:*+V- — 

58.5-p^«stifa,  ...  3a;i^|==i§,  and  3a:i  =  27  ;  .-.a;*  »  9, 
2=81,  and  &e  number  i$  9  X  77  =s  693,  Ans. 

21.  From  the  middle  of  a  town  two  streets  branched  off,  and 
crossed  a  riVer  that  ran  in  a  straight  course,  by  two  bridges,  A  and 
B.  From  their  junction  a  sewer  equally  inclined  to  both  streets, 
led  to  a  point  in  .  the  river  at  the  distance  of  6  chains  from  the 
bridge  A,  and  a  distance  from  B  less  by  11  chains  than  the  length 
of  the  sewer :  the  expense  of  making  it  amounting  to  as  many 
dollars  per  chain  as  there  were  chains  in  the  street  leading  to  A. 
The  sewer,  however,  being  insufficient  to  carry  off  the  water,  an  addi- 
tional drain  was  made  from  a  point  in  this  street,  distant  4  chains 
from  the  bridge  A,  which  entered  the  river  at  the  same  point  with 
the  sewer,  and  was  equally  inclined  to  the  river  and  sewer.  Now 
it  wafi  found  that  a  drain  down  the  middle  of  each  street,  at  the 
rate  of  $9  per  chain  would  have  cost  only  $64  more  than,  the  ex« 
pense  of  the  sewer.  Required  the  lengths  of  the  streets  and  the 
sewer ;  and  the  distance  of  its  mouth  from  the  bridge  B. 

Let  CA=^,  X  ss  the  length  of  the  sewer,  DB  s=;2;  —  ll^and 

a:y  s=  the  expense.     Also  AG  :  CB  :  :  6  : 

a>— 11 ;  .-.  CB  =  |(a>— 11),  and  AD  :  DC 

o 

:  :  AE  :  EC   or  6  :  a;  : :  4  :  y-^ ;    .•.  2x 

=3y— 12.     Also,  9y-f  J(a:— 1 1  )y=xy  4-54, 

and  xy  —152/^=108,  whence  |y«— 21y=108, 

and  3^ — 14^=72 ;  .i.  y  =  18,  and  a;  =  21, 

=CD,  then  DB=10,  and  CB=30,  Ans. 

22.  Two  plantations,  one  of  an  oblong  and  the  other  of  a  square 
form,  contain  the  same  numW  of  trees,  and  they  have  one  fence 
common  to  both,  viz.  that  which  bounds  the  end  of  the  oblong  one. 
Upon  every  pole  in  the  square  are  planted  as  many  trees  as  the^e 
are  poles  in  the  square,  and  upon  every  pole  in  the  oblong  four 
times  as  many  trees  as  there  are  poles  in  the  breadth,  .besides  144 
in'  the  hedges.  Also  the  area  of  the  oblong  wants  6  poles  to  be 
to  the  area  of  the  square' as  3  to  2.    Required  the  number  of  trees. 

Ans.  1296. 

Let  a?t=z  the  number  of  poles  in  the  square  ;  ,\  x^  =  the  num- 

3jc* 
ber  of  trees,  and  -^ 6  bs  the  area  of  the  oblong ;  hence 

36*  64 
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(fe'— 6)4e-f  144m^,  or  Sx*— 24e4-144B:a;« ;  .-.  §2^*4.144001*4. 
24x,  or  6(i*+34)»«r(2:?-{-24)  ;  .-.  2s6,  and  the  number  3=  1296. 
23.  A  and  B  undertake  to  perform  a  piece  of  work  in  four  days, 
for  which  they  are  to  receive  a  certain  number  of  dollars ;  but  af- 
ter some  time,  finding  that  they  shall  not  be  able  to  finish  it  in 
'  the  time  proposed,  they   call  in   C  to  assist  them,  and  upon  an 
equitaUe  division  of  the  money,  C  receives  a  sum   equad  to  the 
square  root  of  the  whole  number  of  dollars ;  but  had  they  been 
•obliged  to  call  in  G  to  their  assistance  H  day  sooner,  his  share 
tof  the  money  would  have  been  two  fifths  more.     How  long  did  C 
work,  and  what  did  he  receive  ? 

Let  a?  sss  the  sum  to  be  divided,  x  ==  what  G  received,  and 
iKo:^ — x)  =  what  A  received ;  4  :  1: :  J(a:'  —  x) :  their  daily  pay 
•"■^  i(^  —  ^)>  *"^d  J(a?  —  lO;)  :  ;i;  : :  1  :  the  time  G  worked  equal 

Q 

— -T.    Also  ^x  =  G's  pay  on  the  second  supposition ;    therefore 

n\,,(5{c'— 7as)  =s  A's  receipt,  and  4:1:;  — — —  :  their  daily  pay 

6a?— 7a;       -'5c? — 7x     7x    ^     ,  ^       ii.t^^i 

^tttt  ...  ,■■■'-,  and-'  '■  -■'    : -r-::l:'the time G  worked m the 2dcaae 
40  40  5 

B6  m  8      .  10  28  4,5 

or,  J        '  >'        ^    I  ^,    vDd 


5a?— 7 '    •  •  5a^— 7~ir— tI  ^  9  '      '  &x—7     x—l  ^9' 
^ihen  .-..O  X-29K(a>— l)-«4x9(5aj— 7)-f6(&— 7)(a:— 1),  or25z» 
— 13ar^    36 ;  hence  26a:«—132a^f(i^)'^==i4J|fi--:36===  and 

Sx — \ft<  ■  y- ;  .*.  5a;=s26,  .*.  he  worked  2  days,  and  recei¥edV* 

'24.  A  cask,  whose  content  is  20  gallons,  k  filled  with  brandy, 
41  certain  quantity  of  which  is  then  drawn  ofi*  into  another  cask 
of  equal  size ;  this  last  cask  is  then  filled  with  water ;  after  which 
:the  first  cask  is  filled  with  the  mixture,  and  it  appears,  fthat  if  61 
gallons  of  the  mixture  be  drawn  off  from  the  first  into  die  second 
cask,  theve  will  be  equal  quantities  of.  brandy  in  each.  iRequired 
.the  quantity  of  brandy  first  drawn  ofi*.  Ans.  10  gallons. 

Let  X  =  the  quantity ;  .*.  20 — x  the  quantity  remaining,  or  the 
jjjuantity  of  water  in  tne  second,  and  20  :  a;  : :  2:  :  quantity  of  spi- 

'Tits  returned  to  the  firsts^,  and  ar  -"^^  s;^  die  >quanitity  ai  tb 

seconfl,  and  20  :  20 — x  -:}-  Ha  *  •'»'  •  (l^ra>tti<T  <^  spirits  in  6}  gd* 

a^^«te4^400        IMte — if  ,:?>-^aOic~f  460  _  2 
loti9«e  ^       - ;    .♦.       2Q  ^  -I        -^  —  3     ^ 

'^""^"^^  »'  60a!-ajfe=a;»-^20a!4400,«t  a»— 20as=.— lOft 
mod  »  oM  10,  ins. 


tSfi.  ITheve  aie  tliree  iniiiil)ei8^  the  difief  ence  «f  whose  .iaSmm^s 
is  § ;  their  sum  is  20;  and  their  continual  product  130.  Required 
?the  numhers.  Ans.  2,  5,  and  13. 

liCt  a;^-— y,  X,  ttnd.a;4*^4^  ^^  ^^®  numhevs  ;  .*.  3j>4'^=34^  and 
25=5;  hence  (5— y)-5'(10-|-y)5=130,  or  50 — ^Sj^— ^  3»  26,  and  y 
"^i*    "wLV ;  -v  y=3,  or  —  8,  and  then  2,  6,  13        is  the  Ans, 

26.  TlttiFe  are  three  numbers,  the  difi^nce  of  whose  ^[i&r«i- 
ces  is  3 ;  thejr  sum  is  21 ;  and  the  sum  of  the  'squares  of  the 
greatest  and  least  is  137.     Required  the  numbers. 

-Let  X — y,  Xj  and  a:-l-y+3  be  the  numbers  ;  .*.  3a;  |  3  21,  and 
x=6  ;  hence  (6— y)«+(9-|-y)^^137  ;  .-.  2f'{-&y=m,  and  y  = 
St,  or  —  6'     Ans,  the  numbers  are  4,  6,  and  11. 

"27.  There  is  a  number  consisting  of  2  digits,  which,  when  di- 
vided hy  the  sum  of  its  digits  gives  a  quotient  greater  by  2  than 
:^e  first  digit.  But  if  the  digits  be  inverted,  and  then  divided  by 
a  number  greater  by  unity  than  the  sum  of  the  digits,  the  quotient 
is  ^eater  by  2  than  t)ie  preceding  quotient  ^Required  the  number. 

liet  10a:-4-«^  the  number ;  then ri-^s=a:4-2,  and  10a; +  t/ 

.       ^+y       miA-x 

»5i?-J-2a;-fa?y+2y;  .-.  Sx—^y^^iss?'^  xy ;  also       ^^  .  ,aga:+4, 

\0y  -|-3:=a:'4"^"f"^*"h^~l"^»  •*»6y  —  4a:  —  4=a 

a^-^Qcy=8x — y,  and  7y=12a:-f4,  'y  ^=±= — ^^ ;  and  8a; ^-^ 

«?^;f(12a«+4a;),  66a;— 12a;— 4==7a?4.12a*+4a;,  or  19a/»— 40a: 

=>-4,  and  i*-t*a:+(H)^iM-T%=m.  and  a^±||+f  o^^ 
«2,  and  y  ss^  4.  Ans.  24. 

%.  A  certain  sum  was  to  be  raised  on  three  estates  belonging 
to  A>  B  and  G,  at  the  ^ate  of  one  dollar  per  acre.  Now  the  nu4n- 
ber  of  acres  A  and  B  had  were  as  3  to  7 ;  and  if  the  number  of 
acses  iin  the  whole  were  divided  by  ope  third  of  the  product  of  the 
numbers  in  the  first  and  third,  the  quotient  would  be  |.  Also  the 
sum  rpaid  by  A  and  C  was  36  dollars  less  than  the  sum  of  three 
^mes  :the  money  paid  by  C,  and  two  sevenths  -of  the  money  paid 
by  B.  Of  how  many  acres  did  each  estate  consist,  and  what  was 
the  whole  sum  to  be  raised  t     ' 

liCt  3a;,  7x,  and  y  be  the  number  of  acres  A,  B,  and   C    each 

lad .;  .".  3a;-f-y";}-36=3y+2a:»  and  x  =  2t/  — ^36.    Also,  we  haye 

-iT"^'   '%72F36)=4'-y.~l8y""»'^»^-^^"' 
14y— 246^  And  ^— *-32a;ts: r:-24Q,  and  y  ==^0 tor  12,  and  jt  sx4 
«Bd  Ihe  aumbers  «re  12,  28,  addd  20,  and  like  sunt  was  $60. 

29i.  A 'butcher  hoi«ght4i  certaisi  eumher  «f  t^aSves  «nd  ih<iy, 
and  for  each  of  the  former  ^gave  as  many  dollars  as  there  were 
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sheep,  and  for  each  of  the  kttei  one  fourth  as  much.  Now  had 
he  given  $4  more  for  each  of  the  former,  and  $2  more  for  each 
of  the  latter,  he  would  have  paid  $140  more.  But  had  a  sheep 
cost  as  much  as  a  calf,  he  would  have  eiqiended  $1128.  How 
many  did  he  huy  of  each ;  and  what  were  their  prices  ? 

Let  X  and  y  be  the  number  of  calves  and  sheep  ;  then  xy-j-is^ 
4-70==ar(y4-4)+(Jy+2)y=±ay+4a:+i3r'+^^   .'.  70==2a:+y,  and 

-fc=:j(70_y).   Also  (a;+y)y=1128  or  yg-f-*^^^  =  1128;  .-. 

j^JL70y+35«=2256+1225=3481,  y=59— 35==23,  and  x==S&, 
60.  A  and  B  comparing  their  wages,  observe  that  if  A  had  re- 
ceived per  day  in  addition  to  what  he  does  receive,  a  sum  equal 
to  ^th  of  what  B  received  per  week, 'and  had  worked  as  many 
days  as  B  received  dollars  per  day,  he  would  have  received  $48; 
and  had  B  received  $2  a  day  more  than  A  did,  and  worked  for 
a  number  of  days  equal  to  half  the  number  of  dollars  he  re- 
ceived per  week,  he  would  have  received  $98.  What  were  their 
daily  wages  ?  Ans.  A's  $5,  and  B's  4. 

Let^r  and  y  be  A's  and  B's  daily  wages ;  then  by  the  question, 

...  (ic+^)j/te=48,  and  {x  -f  2)  ^98,  and  ^— 14y=140,  .-.^ 

7v 
— ^2=12,  and  if=14 ;  .•.  ys=4,  and  a:==5,  Ans. 


31.  There  are  four  towns  in  the  order  of  the  letters  A  B  G  D. 
The  diflference  between  the  distances  from  A  to  B  and  from  B  to 
0  is  greater  by  four  miles  than  the  distance  from  B  to  *D.  Also 
the  number  of  miles  between  B  and  D  is  equal  to  two  thirds  of 
the  number  between  A  and  C.  And  the  number  between  A  and 
B  is  to  the  number  between  C  and  D  as  seven  times  the  number 
between  B  and  G  :  26.     Required  the  respective  distances. 

Let  X  =  AB,  and  y  =  BG  ;  .-.  a:— y=GD-|-y-j-4,  or  QJ>=sx 
— ^2y — 4,  and  a;— y — 4==|(a:-|-y).     Also  x  :  a:— 2y — 4:  :7y  :  26; 

V         c,^  M    n,A       010        »    74    L/97X8      ^369  ,  312     7291 
hence  21y»— 74y=312,  or  y*— Jty+(fi)'=  -^  +^  =  gp  \ 

•*•  y  ~"  fi  =  f f »  ^^^  y  =  6,  .'.  a:  ==  42.miles. 

32.  A  person  bought  a  quantity  of  cloth  of  two  sorts  for  £7  18b. 
For  every  yard  of  the  better  sort  he  gave  as  many  shillings  as  he 
had  yards  in  all ;  and  for  every  yard  of  the  worse  as  many  shit 
lings  as  there  were  yards  of  the  better  sort  more  than  of  the  worse. 
And  the  whole  price  of  the  better  sort  was  to  the  whole  price  of 
the  worse  as  72  to  7.     How  many  yards  had  he  (^  each  ? 

Let  X  and  y  be  the  number  of  better  and  worse  ;  then  we  halt 
f*+ajy  :  ay-V-*  :72  :  7;  .r^a^-^zy :  (3?»+2xy— y^«)168:  .72:  1% 
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ec,  af^xif=lii;  .•.  xy — y^=14,  hence  (a:+y  = — ) — {x — y:^z 

14,     ^       144      14      ^        72     •?         72y         7 

y  X        y  a:yy*+14y 

72i/^        »         A    i.^  Ml  ,51,     2601     ^       2209 
y.^14    7,  or  ^_5 V+(-^)^  -— -98  =  -^ ;    .^  y»  = 

T*  j  I  i^  j-lj49,  aod  ys=a7,  a:=9. 

33.  A  farmer  sold  a  certain  number  of  bushels  of  barley,  and 
ten  bushels  of  wheat  for  £7  19s.  Now  each  bushel  of  wheat  cost 
within  3  shillings  as  much  as  two  bushels  of  barley.  He  after- 
wards sold  as  many  bushels  of  barley  and  four  more,  and  fifteen 
bushels  of  wheat,  and  received  two  shillings  per  bushel  more  for 
^iB-wheHt  and  barley  than  he  did  before :  when  he  found  that  if 
Jie  ^d  received  £1  4s  more,  he  should  just  have  received  twice  as 
much  as  he  did  before.  How  many  bushels  of  barley  did  he  sell 
ihe  first  time ;  and  what  were  the  prices  per  bushel  of  the  wheat 
mad,  barley  ? 

Let  X  sss  the  number  of  bushels  of  barley,  and  y  =  the  price  of 
^a^ushel;  .*.  2y — 3«s=  the  price  of  a  bushel  of  wheat,  and  xy^ 
,2fly-^30«=159,  or  a?y-f20y=189.  Now  (a:+4)(y+2)-f  15(2y— 1) 
4^4a3a8.  ilence  (i2;2^4^4>34^^»301)— (2:3^4^0^189)=^ 
'4*14^tssss(L12,  and.ji:=35&—7^,  whence  56y — ^7^-f-20y=  ljB9,  and 

r--^MH)^=^i^—^f^^=Hl ;  •••  V=H+^='^*  and  x^7. 
»34.  Jn  .d^giag'4imong  some  ruins  the  workmen  foimd  9  uarns, 
4i)giBtbor  containing '60  goM  coins ;  the  second  and  eighth  ceatain- 
JBg'S-and  4  .xespecti^vely.  Thcfy  secreted  a  certain  mu&ber  of 
these,  greater  than  the  number  they  left ;  which  being  afterwards 
lecovoved,  it  was  found  that  the  number  of  vams  secreted  was  to 
the  number  left  as  the  number  of  coins  secreted  was  to  the  number 
remaining.  Now  if  instead  of  taking  the  second  urn  they  had 
OMrried  eff'^e  eighth,  then  the  number  of  coins  ^aken  away  would 
have  been  to  the  number  remaining  as  the  isquare  of  the  number 
>of  urns  secreted  to  the  difference  between  that  square  and  20  times 
the  number  of  urns  remaining.  Required  th^  number  of  urns 
and  coins  se(?eted. 

Xet  X  =  the  number  of  coins  secreted,  60  —  x  the  number  re- 
maining, y  =  the  the  number  of  urns  secreted,;    .*.  9 — y  =  the 
nontber  remaining,  and  x  \  60 — x : :  y  :  9 — y  ;  .-.  a: :  60  : :  ^y  :  % 
and  ac=20y.     Also  x—A  :  64— a::  if  :  20(9— y)-r|/' ;  .-.  a;  — 4 
!-60: :/  .:  20(9--y) ;  then  292/*--192j/fe=>-108,  or  f— 
192    ,96.,     9216      308     6084  ^8^6  ^^ 

l^+^^^-W-^^-W'  2^=29+29=^'"^^'^==^- 

35.  Two  men,  A  and  B,  set  out  from  the  same  place  to  travel. 

A  goes  in  6  days  twice  as  many  miles  as  B  goes  in  5  days,  but 
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does  not  anriTe  at  the  end  of  his  jotumey  till  6  dap  after  B  has 
arriyed  at  the  end  of  his,  when  he  finds  that  he  has  travelled  2S^ 
miles  more  than  B.  Bat  had  B  travelled  2  miles  per  day  moie 
than  }ie  did,  and  A  stopped  6  days  sooner,  A  would  then  hafe 
gone  only  37  miles  more  than  B.  How  many  miles  did  each 
travel  per  day,  and  how  many  days  did  they  travel  ? 

Let  X,  and  -^  be  the  number  B  and  A  went  per  day ;    then  % 

and  y-\-5  will  be  the  number  of  days'  travelled  by  B  and  A ;  then 

J^x(y-{-6)—xy=lxy'^^x=Q69, 
and  ^{y—l)  —{x-{-2)y=lxy — ^x—2y==  37 


.'.  by  subtraction,  I0x-^2y=222 
andy=lll— &,  ix{lll—5x)'^x=^i59,  or  222a>-10a:* +2Sr 
=777,  and  a:«— a^a:+(^)«=&f8*A— i^J==ajjja.,  and  y=ij| 
+ij7  _  21,  and  xs=6,  Ans. 

36.  Bacchus  caught  Silenus  asleep  by  the  side  of  a  fall  cask, 
and  seized  the  opportunity  of  drinking,  which  he  'continued  for 
two  thirds  of  the  time  that  Silenus  would  hhve  taken  to  emptj 
the  whole  cask.  After  that  Silenus  awoke,  and  drank  what  «e 
chus  had  left.  Had  they  drunk  both  together,  it  would  have  bM 
emptied  two  hours  sooner,  and  Bacchus  would  have  drunk  onlf 
half  what  he  left  Silenus.  Required  the  time  in  which  tbej 
would  empty  the  cask  separately.  Ans.   Bacchus  in  6  hooBi 

Let  y  SB:  the  time  m  which  ^cchus  would  empty  the  cask,adl 
3x  Bss  the  time  in  which  Silenus  would  empty  it ;  .-.  2ar  ^fhs 
time  Bacchus  drank  and  y:l::2x  itlie  quantity  Bacchus  diankas 

2a;  22;  .  2x 

—  ;  .',  1— ^ — =3  the  quantity  Silenus  drank,  and  1  :  3x:  :1 — - 

y         ,     y  ^  s      •  Sf 

:  the  time   Silenus  was  drinking  = 

y  y  rj-^  2      y 

1     x 
the  quantity  Bacchus  would  have  had,  and  1  :  yi :- :  the  time 

of  Bacchus  drinking  that  quantity,  =^ — x ;  .*.  5x =§ — z-f^ 

Also,  I  :  Sx:  :  7:4—  :  time  of    Silenus    drinkinff  =  -rr-A — 

y     ^      3a;      3a;*        ,  ^  c      o     .  .     -       ,    252» 

-  =s^  H ,  and  6ar==^ — 5xy-;  .-.  tf — Sxy  +  ^ 


"2  2    '    y  ' ^     ™:f  ,  .  .  y  -— y  ^       4 

490:"       ,        5x     7x 

— J-,  and  y— ^=?=— -,  or  yt=:6a:,  hence  6x — x  =  3x  —  x-f-^  * 

2z&s2,  and  a;s=  1,  and  Silenus  would  empty  the  cask  in  3  hoan» 
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37.  Two  persons,  A  and  B,  comparing  the  distances  they  have 
Irayelled,  found  that  the  square  of  the  numher  of  miles  which  A 
.usually  walked  per  hour,  exceeded  the  square  of  the  numher  B 
usually  walked  by  6 ;  and  that  if  to  the  square  of  the  product  of 
.those  numbers  there  be  added  the  square  of  the  sum  of  their  fourth 
powers,  augmented  by  the  product  of  the  square  of  the  difference 
of  their  squares  into  the  square  of  the  product  of  the  numbers 
themselves,  the  aggregate  amount  would  be  10345.  How  many 
miles  did  each  walk  per  hour  ?  Let  x  and  y  be  the  numbers; 
then  a;*  —  2^= 5,  and  (z*  +  j^)2-j.2aY(a:*—  2^)M-  ^  ==  1^345, 
or  625  +  I0(h^f  +  4xy  +  ^^  =  1^345; 

^^y  and  (a?f=26) ;  hence  I  have  (ar*— y'^=5)^+4(ar'y*==36),  or 

(s^--2a^2^4^*===55)+(4a;V^144)=(a:«4y^  z,nda^+!/'= 

13.    But  sr — 1^:=5 ;  .•.  a^9,  and  x=3 ;  then  y^^=s4,  and  y=2. 

Ans.  walked  3  and  2  miles,  per  hour. 

38.  The  roof  of  a  storehouse  is  formed  of  2  squares  terminated 
iy  two  equal  and  parallel  isoceles  triangles ;  the  height  of  the 
Mis  being  equal  to  the  base  of  either  of  these  triangles.  The 
quantity  of  wood  which  the  storehouse  will  hold,  increased  by  six 
fabical  piles  each  of  the  same  length  of  the  building,  is  to  the 
ooantity  which  the  same  storehouse,  would  hold  if  its  roof  were 
flat,  in  the  proportion  of  11  :  2.     The  roof  cost   as   many  cents 

Er  square  foot  as  there  are  feet  in  its  ridge,  and  the  flooring  was 
d  at  the  same  rate.    Both  together  cost  5000  dollars  Required 
.the  dimensions  of  the  storehouse. 

Let  X  =  the  length  of  the  building,  and  2y  ='the  base  of  ei- 
ther triangle,  =  the  height  of  the  walls  ;  .*.  a/(^  —  V*)  ==  ^^^ 
peipendicular  altitude  of  the  triangle,  and  4^  =  the  area  of  the 
wall ;  .'.  4y*a:  =  the  contents  of  the  body  and  4^a;-(-xy>\/(a:' — y*) 
as  the  contents  of  the  whole  barn  ;  .•.  4y2a:-|-ajy>\/(a^"— ^)+^  * 
^x  :  :  11  :  2,  and  xys/{p^  —  f^)  +  ^^  •  ^^ :  :  9  :  2  ;  then 

yV(^-3^+6^=lS2^»  and  a?  +|V(^-2^)  =  ^  i  -  (^-^ 

+|v(^-y)  +m=^^+  i|[=S^'  ^^^  V(^-^  +^y 

=  Hy  5  •'•  V(^— y)=Sy  ;  whence  a?— ^  =  -^,   and  a:*  =s 

^Jy* ;  •••  ic==8y>  or  y=i^'  Now  one  square  foot  in  the  roof  cost 
X  cents,  and  there  are  2a:*  feet ;  therefore  the  whole  expense  is 
2afy  and  the  area  of  the  floor  =  2a:y ;  .'.-its  expense  =  23;*^,  and 
(2a:»+2ar»y=)2a;«+far^==50000 ;  .'.  8a?=  125000,  and  2a:  =50  ; 
%•  xssQ6i  and^=sl5.    Ans.  the  length  is  25  and  the  height  15  &et. 


4Ut  loicii&ASBom  vrssnMMv 

38»  If  9  geBftkmeii  ort  15  ladies  will  eat  up  16  apfjas  in  4 
hours,  end  15  gendemen  and  15  ladiea  can  eat  up  47  apples  of  a 
similar  size  in  12  hours,  the  apples  growing  uniformly,  how  many 
boys  will  eat  up  188  apples  in  60  hours,  admitting  that  112  boys 
can  eat  the  same^number  as.l8  gentlemen  and  26  ladies, 
ladies  gent  apples  .      .  ^ 

If  15  :  4::  16  )      4QX12X16_  1QX4X  16^o..^fP,^^'  ^ 

40   12         1=     15X4    == 5 =2X4X16=128 

which  40  ladies  will  eat  in  12  hours,  admitting  the  apples  do  not 
grow.  B%it  40  ladies  eat  only  47  apples  in  12  houn^;  .*.  (12*-^) 
Ba8  hours,  47  apples  by  the  growth  of  the  a{mles,  are  equiyatent 
to  128  ^ples.  Hence  128— 47s=a81  apples,  the  increase  upon  47 
apples  in  (12— 4)s=8  hours.  Now  the  real  quantity  which  16 
ladies  will  eat  in  4  hours  without  any  increase  was  17  apjries. 
Hence  the  time  of  increase  upon  188  apples  is  onlj^  (QQi-^)s6l: 
hours*  ap*'    ho.  m. 

And  if  47:    8::81)       188x81x56      4x81x56      .  ^^^  ^. 
188:56::     J—     ^x8     "^ 8 ^«=^X81X7 

f— 2268  apples,  the  increase  on  188  apples  in  56  houts.  Rbnce 
22684-18&=2456  apples,  which  is  to  support  the  required  number 
of  ladies  for  60  hours,  admitting  they  eat  nothing  but  green  appks. 
Again  15:    4::    16  )       2456x15x4      2456  X  15      2456 

60     2456$=*=    '  eoxl6    ~  15  X  16   ~  16  "^ 
153i  ladies  to  eat  the  required  npmber  of  apples.     Lastly, 
If  9  gen.  :  15  la.::  15 gen  :  25  lad.  and  25-f  15=40  lad. 

9  :  15  : :  18  :  30  ladies,  and  304^26  =  56  ladies. 
Then  if  56  :  U2  boys:  :153i  ladies  :  307  boys,  Answer. 

40.    If  12  oxen  will  eat  up  3|  or  3^  acres  of  grass  m  4  weaks^ 

and  21  oxen  will  eat  up  10  acres  in  9  weeks,  how  mimy  oxen  will 

eat  up  24.  acres  in  18  weeks,  the  grass  being  allowed  to  gnnr 

unifbraaly ?  a  _  12  oxen    c  =  4  weeks    b  =  ^m^  aem 

d  sss  21  oxen    f  sss  9-  week»    e  sss  10  acrea 

)  '  h  sssl8  weeks    g  =  18  acrea 

J  .  /•         (  :  —   ,,  ■ ,  the  result  of  this  statement  is  -=^  acres, 
•  •/  )  aXc  ac 

which  d  oxen  will  eat  in  /  we^,  admitting  the   grass   db  not 

grow.    But  d  oxen  eat  only  e  acres  in  /  weeks ;  therefore  in 

^— €  weeks,  e  acres,  by  the  growth  of  die  grass,  areequivaloDt  tr 

ifd  -  bfd  bfd^ace  ^    . 

-=-  acres.     Hence e  =  -^ acres,    me    increMB 

mc  9C  ac 

upon  e  acres  in/— *c  weeks.    Now  the  real  quanitity  wlueh  c 

oxen  will  eat  in  c  wedks,  without  any  increase^  waa^acrsk 

Hnce  tha  tiona  of  iMiaase  upon  g  aooa  in  only: 


! 
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crease  on  g  acres  m  /i^— c  weeks. 

\                ac '  aceXf-^ 

Hence  g  +^-^ w/J-     x  »  ^^  whole  quantity ; 

aceXif—c)  ' 

port  the  required  number  of  oxen  for  h  weeks. 

^  '•  "  •  •  *  acegX{f-^)+{l>f^-<^)X{h-^)Xg  . 

ac^X{f—c) 
the  result  of  this  stating  is  equal  to  the  number  of  oxen 

.  acegX{f—c)-\-Hl>f^—ace)X{h'-<)Xg\      .  , 

rule  for  all  questions  of  a  similar  nature.   This  theorem,  by  Xtion 

_  bdfgh^^fga—ecagk—bdcgf  n»^^^  a 

becomes  -^^ — ■ — ^^^ — r-~ sl=  36  or  37  -tt^z,  oxen,  Ans. 

bjkh — bceh  175 

Again:  oxen,  weeks,  acres. 

12  :   4    ::  3J  :  )  21x9x3^     7x9x3i_44i 

21    :    9     ::  J       12x4      ~    4X4     ~32 

ISfj-  acres  ;  whence  13f§ — 10  =  3f ^  increase  upon    10  acres  in 

acres,  weeks,  acres  inc.  five  weeks. 

10  :       5     ::    3ff      )       24X14X3^  _  12X14X3||_ 

24:     14    ::  i=      10x5        ""         5X5        ~ 

168X3M      20328     ^^  . ,  .  .  ,^^  ,  «,r . ,  v 
Qg       ==-oA7r"=2^TiAr  acres  increase, and  (24 acres  +25^) 

Lastly :  oxen,  weeks,  acres.  *^"'* 

12    :     4  : ;     3*         )       12x4x49^^2x4x491^^ 

18  ::  ^9^:  J  —     18x34      ="     3x3J 

4941X8  ^9528        39528      ^„113  ^     , 

=  o7-r=^  oxen,  the  Ans. 


~100x3iX3     350  X  3       1050       ^  175 

Otherwise 

12:4::3U      21x9x3i     7x9x3i     63x3^     630     ,^, 
21  •■  9         i  =  -l2x4"   =    4X4    ^"le"^^'^^^**^'- 
10:    5::(13i— 10))      2414-3J     12-14-34    525       ^, 

24:14  1=10X5""    5X5 25=^\'^'' 

12  :    4  ;:    3n      12'4x45_12'4x56-4'5120x3_  360 

18  ••:  45   I  ^  18x31  ~  2X3J  ~  3i   ~3J  X3~  10 
1^  36  oxen  ; 

41.  A  certain  widow  owned  a  farm  in  the  form  of  a  circle.    She 

had  three  daughters,  to  each  of  ,whom  she  gave  as  much  land  as 

could  be  contained  in  one  of  three   equal  circles,  to  be  described 

within  her  farm,  and  each  of  the  daughter's  farms  to  touch  on 

37  ^  55 
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another,  and  also  that  of  the  mother^s^  in  their  boundary  lines  re- 
spectively. Now  the  mother's  farm  contained  700  acres,  and  she 
wished  to  know  how  much  each  daughter  would  have,  and  how 
far  their  houses  would  he  from  hers,  if  each  was  hnilt  in  the  cen* 
tre  of  her  farm,  as  ,  the  mothers   was  ? 

Let  ACBn  be  the  given  farm,  of  which  O  is  the  centre,  of  the  cir- 
cle and  AB  the  diameter.  From  the  centre  .JN* 
A  with  radius  AG  describe  an  arc,  cut-  ^ 
ting  the  given  circle  in  the  points  C  and  D, 
join  CO  and  DO  ;  bisect  AO  in  the  point 
H,  and  from  the  centre  H  with  radius  AO 
describe  the  arc  NM^  and  from  the  centre,  a| 
N  with  the  same  radius  'describe  an  arc 
cutting  NM  in  the  point  M  ;  then  from  the 
centre  O,  with  radius  OM,  describe  the 
circle  EFG,  cutting  BO,  CO,  and  DO,  in 
the  points  G,  E,  F,  so  will  GB,  EC,  FD, 
be  the  radi  required.'  Join  EF,  FG,  GH,  and  produce  EG  &  FO 
to  K  and  L,  Now,  because  GF=?OE,  and  GD=*OC.  FD=EC, 
therefore  the  circle  DIK  is  equal  to  the  circle  CIL.  In  like  man- 
ner it  may  be  shown  that  each  of  them  is  equal  to  the  circle 
BKL,  Again  ,  because  OE  =  OF,  and  01  common  to  the  two 
triangles  £01  and  FOI,  and  they  have  their  included  angles 
equal,  the  base  EI  =  the  base  FI,  and  the  angles  £10  and  FIG 
are  right  angles ;  therefore  the  circles  EIL,  FIK  touch  the  right 
line  AO,  and  also  touch  each  other  in  the  point  I. 

In  like  manner  it  may  be  demonstrated,  that  they  touch 
the  circle  BKL  in  the  points  K  and  L.  It  is  evident  alse, 
that  they  touch  the  widow's  circle,''  or  the  given  circle  in  the 
points  B,  C,  D.  The  number  of  square  yards  in  an-  acre  being 
4840,  a  circle  being  equal  to  3.14159,  &c.  drawn  into  the   square 

4840  X  700 
of  the  radius  ;  .*.  q  i^yigong'  =  square  of  the  radius,  and  »*.  the 


31445926 


i^i::i:i:i 
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yards  =  a  =9  the  radius  of  the  widow's   farm  =  DO,  FI  =  :r, 
Ih^n  will  FO==^»^Xy  and  by  similar  triangles  FE  :  EL  ::  FO  : 

01.  ButFE=2FL,.-.FO==r20I,.-.2=:2==GI,  \htna!^{~)*-^ 

^a  —  xY;  that  is,  a;  =  2fl//3  —  3a  =  a(2V3  —  3),  =  482. 
or  a;  B  481.956  yards  =FI,  &  963.912  yards  the  distance  of  each 
daughter's  house  from  one  another,  and  556.52  yards  the  distance 
ef  each  daughter's  house  from  her  mother's  house.  Also,  i£  each 
daughter  had  as  many  dollars  as  their  farms  contained  aquait 
yards,  ^ey  would  each  have  8  729735,83  cents.»  nearly. 
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42.  There  are  two'sorts  of  metal,  each  being  a  mixture  of  goU 
and  silver,  but  in  different  proportion 6.  Two  coin^  from  th^ae 
metals  of  the  same  weight  are  to  each  other  in  value  as  U  to  17 ; 
bat  if  to  the  same  quantities  of  silver  as  before  in  each  mixtiii^ 
double  the  former  quantities  of  gold  hsui  been  added,  the  yaluea 
of  two  coins  from  them  of  equal  weights  would  have  been  to  each 
other  as  7  to  11«  Determime  the  proportion  of  gold  to  silver  in 
each  mixture,  the  values  of  equal  weights  of  gold  and  silver  being 
as  13  to  1.  Let  Isss  the  weight  of  gold  in  each  mixture,  x  as 
the  weight  of  silver  in  the  first,  and  ^  s=:  the  weight  ip  the  second, 
and  then  let  the  value  of  weight  1  of  the  first  and  value  of  the 
weight  of  1  of  the  second  be 

:         I  s^' :  i  7  :  11 ;  from  the  first,  and.  from  the  2d  we  have 

(a:+13)(y+l)  :  (y+13)(a:+l>  :  :  11  :  17,  and  (a:+26)(y  +  2)  : 
r    I  o^w    im       «      ti       J         21a:— 13     40a:— 52 
(3^+26)(a:+2)  : :  7  :  11,  and  y«°   a:4-35  '"^  a;+68    *^  ^'    " 

21a:»+1415a:.^-«S4p=40a?+1348a;— 182Q;  or  19a;«  —67a:  =936  ; 
as=s9,  and  ^s«=4.  Ans.  The  proportion  of  gold  to  silver  is  as,  1 ;  9 
in  the  first  mixture,  and  1  :  4  in  the  second  mixture. 

43.  A  mason  has  2  cubical  pieces  of  white  marble  of  exactly  the 
same  size,  and  two  cubical  equal  pieces  of  black,  larger  than  the 
other.  The  number  of  solid  yards  in  the  four  pieces  is  9  more 
than  11  times  the  number  of  yards  in  a  side  of  a  white  one,  to- 
gether with  12  times  the  number  in  a  side  of  a  black  one.  He 
afterwards  finds  another  block,  the  length  of  which  is  2  yards 
longer  than  a  side  of  one  of  the  white  pieces,  and  the  width  4 
times  the  length  of  a  side  of  the  black  one ;  and  this  when  laid 
on  its  largest  side  occupies  a  space  greater  by  3  yards  than  the 
difference  between  4  times  the  space  occupied  by  a  black,  and  3 
times  the  space  occupied  by  a  white  one.  Required  the  dimen- 
sions of  the  blocks  Ans.  The  side  of  a  white  block  is  1  yard, 
and  of  a  black  one  3  yards  ;  the  length  of  the  other  is  3  yards, 
an  the  width  12  yards.  Let  x  =  the  side  of  the  white  one,  y  ==a 
side  of  the  black  one  then 

(x  +  2)-4t/i=43^— 3ar^+3,  and  3a:*+4a:y=4y«— 8y  +  3 ;  .\  x"  + 
W+9y^=-92^— fy+l»  and  a:+§y=|y— 1 ;  .-.  a;=:|y— 1.  Also 
22r'-f2^=2/y— ll+9+12y=Hy— 2,  or  ^fy3_f3^-jl4y— 2+2y» 
==4f y— 2,  or  70/— 72y=414,  and  f—^y^{iif  =  %^+t^ 
«=4|ff ,  and  y  =  H+*l==3»  and  a:  ==  1. 

44.  A  and  B  travelled  on  the  same  road  and  at  the  same  rate 
from  Huafiiiiigdon  to  Lcmdon.  At  the  60th  milestone  Irom  Londoov 
A  overtook  a  drove  of  geese  which  were  proceeding  at  the  rate  of 
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3  miles  in  2  hours ;  and  two  hours  afterwards  met  a  stage  wagon, 
which  was  moving  at  the  rate  of  9  miles  in  4  hours.  B  overtook 
the  same  drove  of  geese  at  the  45th  milestone,  and  met  the  same 
stage  wagon  exactly  forty  minutes  before  he  came  to  the  31st 
milestone.     Where  was  fi  when  A  reached  London  ? 

Let  a:  ==  the  rate  at  which  A  or  B  travels,  the  geese  travel  at 
the  rate  of  f  per  hour,  and  the  wagon  at  the  rate  of  f .  ^  B  ap- 
proaches the  wagon  at  the  rate  of  a:  -f-  f » ^^^  1^6  overtakes  the 
geese  ^  hours  after  A.  Then  ^^ — 5  =  B's  distance  from  A, 
A  meets  the  wagon  50  —  2z  miles  from  London,  and  B  meets  it 
31  +  1^  miles  from  London  ;  .'.it  had  travelled  in  the  interim 
fa: — 19  miles,  and  .'.the  interval  =  (fa: — 19)'f.  Also,  A's  dis- 
tance from  B  =  (|a;— 19)-*-(a:+f) ;  .-.  J(fa:— 19)-(a:-|-f)  =  ^x 
_6,  and  ^2^—^x=^l  ;  ....(fa:)«~-Y(|a:)+  (V)'  =  Hi^,  and 
f a:s=  8'g& -j-y  e=y=12,  and  as=9,  .•.  the  distance  required  =  25. 

45.  The  hold  of  a  vessel  partly  full  of  water  (which  is  uni- 
formly increased  by  a  leak)  is  furnished  with  two  pumps  worked 
by  A  and  B,  of  whom  A  takes  three  strokes  to  two  of  B's ;  but 
four  of  B's  throw  out  as  much  water  as  five  of  A's.  Now  B 
works  for  the  time  in  which  A  alone  would  have  emptied  the 
hold ;  A  then  pumps'  out  the  remainder,  and  the  hold  is  cleared  ia 
13  hours  and  20  minutes.  Had  they  worked  together,  the  hold 
would  have  been  emptied  in  3  hours  and  45  minutes ;  and  A 
would  have  pumped  out  100  gallons  more  than  he  did.  Required 
the  quantity  of  water  in  the  hold  at  first,  and  the  horary  influx  at 
the  leak. 

•  Since  A  takes  6  strokes  while  B  takes  4,  but  four  of  B's  throw 
out  as  much  as  5  of  A's,  the  water  thrown  out  in  a  given  time  by 
A  is  to  that  thrown  out  by  B  :  :  6  :  5.  Let  z  =  the  number  of 
gallons  in  the  hole  at  first,  y  =  the  infiux  of  gallons  at  the  leak 
per  hour,  x  =  the  time  B  worked  ;  .•.  a:  =  the  time  in  which  A 
would  have  cleared  the  hold.  In  x  hours  the  influx  at  the  leak 
would  be  xy  gallons  ;  .*.  6  :  5  :  :  z  -{-  xy  :  quantity  thrown  out 
by  B  on  the  first  supposition  ==  |(2-j-a:y),  and  z  -f-  *fy  =  the 
whole  quantity  pumped  out  in  13h.  20'  ;  .*.  Z'\-^y — i(z'{-xy)=^ 
the  quantity  pumped  out  by  A  on  the  first  supposition  ;  now  *f — 
x=:  the  time  A  worked  ;  ,\  x  :  ^ — x  :  :  z  -\-  xy  :  the  quantity 
pumped  out  by  A  on  ,the  first  supposition  = 

(40— 3a:)  (z+ary)  (40— 3a;)  {z+xy)      z+  80y  —  5xy 

"ST^ '    •'*— 3^ = 6 '^' 

802r+80a:y--6a:z— 6ar^y==a;z-f80a:y--5ar*y,  and  &0z—7zz=:^, 

,\  gas;  .      But  had  they  worked  together,  the  hold  would 

have  been  cleared  in  -^  hours  ;  .*.  z-^-J^  would  equal  the  whofe 


quantity  pumped  out  on  this  supposition  ;  and  x  :  ^  :  :  i{z--^xy) 

:  quantity  pumped  out  by  B  ia  this  case  SfS    -^  ^  7j      > 

tod  z  :  y*  :  :  ar-j"^  •  quantity  pumped  out  by  A  in  this  case,  =» 

and  25(80  _  7z)  ss  Sz*  —  SSx,  and  Sz^-f  5x  24b  :=  2000,  and 
a'+lgg-f-(-V)W4&-j-X2,oo:=»j8t,  andgT-8j  .  .ijaclO.   Again 

^(.+:^)-100^^+^^;  .vi(z+%)-100=li^ 
whence  9z+90y—2400=42+120v, 

Srtf  lOOv 

or,  z — 6^^=480.    Now ^"^qq_7      ^  ia    =*=  ^^y,  whence 

(}0y— %)  =  4y=  480,  and  y=120,  2=1200,  Ans. 

46.  'niere  are  three  numbers  in  arithmetical  progression,  whose 
sum  is  21 ;  and  the  sum  of  the  first  and  second  is  to  the  sum  of 
the  second  and  third  as  3  to  4.     Required  the  numbers. 

Let  X — y,  z,  and  x-\-^,  be  the  numbers ;  .%  3a:  =  21,  a:  sr=  T. 
Ako,  2a: — y  :  2:r-f-y  : :  3  :  4,  and  2a:  :  y  : ;  7  :  1,  or  y  =  2. 

47.  There  are  6  towns  in  the  order  of  the  letters  A  B  C  D  E 
F,  whose  distances  from  each  other  are  in  an  increasing  arithme* 
ticarpro^ession.  The  distance  from  A  to  G  is  16  miles,  and  from 
C  to  E  is  34  miles.     Required  their  respective  liistances. 

Let  X  — '  2y,  X  —  y,  a:,  x  -^  y,  a:  +  2y,  be  the  distance  ;  then 
(2a:  — 3y  =  16)—  (2x  +  y  =  24)=% =8,  and  y =2,  a:=r:  11. 

48.  A  person  makes  a  mixture  of  51  gallons, '  consisting  of 
brandy,  riim^  and  water,  the  quantities  of  which  are  in  arithmeti- 
cal progression.  The  number  of  gallons  of  brandy  and  rum 
together  is  to  the  number  of  gallons  of  rum  and  water  together  as 
8  to  9.     Required  the  quantities  of  each.  Ans.  15,  17,  19...  - 

Let  X — y,  X,  a:-4-y  be  the  quantities  ;  .*.  3apsa  51,  and  x  =  17. 
Also,  2a: — y  :  2a:-f-y  :  :  8  :  9,  and  4a:  :  2y  : :  1^  :  1,  or  f-saec  ^ 

49.  A  number  consisting  of  three  digits  which  are  in  arith- 
metical progression,  being  divided  by  the  sum  of  its  digits,  giveft 
a  quotient  & ;  and  if  198  be  subtracted  from  it,  the  digit»  wiH 
be  inverted.     Required  the  number. 

Let  a:-f^,  a:,  x  —  y  be  the  digits  ;  then,  by  the  question  I  have 

100^)-^10^-H ^^^48,  or  111^9»y«ax4&,  j. ...  9Mr 

oX 

33ys=48a:;  and  33y  =  11a:,  and  a:  =  3y.     Also'  100(a;  4-  y)  + 
lOx-f-a:— y— 198=100(a:— y)+10ar4-a:-f-y,  or  19%  =  WS;  i^ 
1. ;  .%  asoesS,  and  the  number  is  43S. 
37* 


\ 
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50.  Dunng  a  scarcity,  a  person  wished  to  make  a  mixture  of  24 
bushels,  consistins^  of  wheat,  oats,  and  barley,  the  quantities  of 
each  forming  an  increasing  arithmetical  progression.  Not  being 
able,  however,  to  procure  any  barley,  he  mixed  additional  quanti* 
ties  of  wheat  and  oat^  in  the  proportion  of  2  to  3,  so  as  to  com- 
plete his  24  bushels,  when  he  found  the  whole  quantities  of  wheat 
and  oats  to  be  in  the  proportion  of  5  to  7.  How  many  bushels 
of  each  did  he  originally  intend  to  mix  ? 

Let  X — yy  Xf  and  2;-f-^  be  the  quantities  ;  .*.  ^x=4i4^  and  xs=6. 
Also,  8— y+f(8+y)  :  8+f(8+y)  :  :  5  :  7,  or  56— %  :  64+% 
; :  5  :  7,  or  56  —  ^  :  120:  :5  :  12,  and  56  —  %  «=  50  and, 
y  =s  f  =  2,  and  the  quantities  were  6,  8,  and  10. 

51.  The  difference  between  the  &st  and  second  of  four  numbers 
in  geometrical  progression  is  36,  and  the  difference  between  the 
thini  and  fourth  is  4.     What  are  the  numbers  ? 

Let  x^i  xi^,  xjft  and  x  be  the  numbers  ;  then,  by  the  question, 
(a^y* — 3^=)xi^{y — 1)=36,  and  {xy  —  xsss)x{y — l)s=  4,  whence 
^  ;=  9,  &  ^=3  and  2;=2,  and  the  numbers  are  54,  18,  6  and  2. 

52.  A  person  employed  three  workmen,  whose  daily  wages 
were  in  arithmetical  progression.  The  number  of  days  they 
worked  was  equal  to  the  number  of  shillings  that  the  second  re- 
ceived per  day.  The  whole  amount  of  their  wages  was  seven 
guineas,  and  the  best  workman  received  28  shillings  more  than 
3ie  worst.     What  were  their  daily  wages  ? 

Let  X — y,  X,  and  a;+y  denote  their  wages  ;  whence  3a:^=147, 
anda^  =  49;  .-.  a:=7,  and  (2;* -f '  ^) — (^  —  xy)^ss2xys=z2B; 
.*.  xy  =■  14,  or  y==2f  and  their  wages  were  5,  7,  and  9  shillings. 

53.  There  are  three  numbers  in  geometrical  progression ;  the 
sum  of  the  first. and  second  of  which  is  9,  and  the  sum  of  the  first 
and  third  is  15.     Required  the  numbers. 

Let  Xf  xy^  and  an^  be  the  numbers  :  .%  a;-|-aryB=9,  and  x--\-xi^ 

BS15  ;  whence   ij:-=j-jry.  and  y"  —  fy+H=  l+Jt=H  ? 

.*.  y  SB  f -{•  f  =  2,  and  a;  sis  3,  and  the  numbers  are  3,  6,  12. 

54.  There  are  three  numbers  in  geometrical  progression,  whose 
sum  is  14 ;  and  the  sum  of  the  first  and  second  is  to  the  sum  of 
the  second  and  third  as  1  to  2.     Required  the  numbers.  * 

X  X 

Let  -,  X,  and  xy  denote  the  numbers  ;  .•.  -  +  a::a:4-aw::l:2 
y  y  '  '    "^ 

;  or     -4-1  *  l-hv  : :  1  :  2 ;  •*.  *  :  1  : :  1  :  2,  and ys=2.  Henee 

y  y 

St  7a? 

{^-|-^4*^^~o°=^^^*  ^^^  ^^^=4,  and  the  numbers  are  2,  4, 8. 

55.  There  are  three  numbers  in  geometrical  progression,  whose 
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continaed  product  is  64,  and  the  sum  of  their  cubes  is  684.    Se* 
quired  the  numbers. 

Let  -i  Xy  xyh^  the  numbers  ;  .*.  o:^  =s  64,  and  ir=:4.    Also, 

^2f+^f.^m.  and  1+1-iv  =^=§ ;  .-.  1/"  -  f/+ 
(fl)»=ajj_i=iyy^,  and  f--H=±H ;  .-.  y" = 8  or  J,  and 

y=i  2  or|,  and  the  numbers  are  2,  4,  and  8. 

'56.  There  are  four  numbers  in  geometrical  progression,  the 
second  of  which  is  less  than  the  fourth  by  24 ;  and  the  sum  of  the 
extremes  is  to  the  sum  of  the  means  as  7  to  3.  Required  the 
numbers.  Ans.  1,  3,  9,  27. 

Let  z,  xy,  sn^,  xi^  be  the  numbers  ;  z-^zi^  :  ay-f"^  : :  7  :  3, 
and  1— y+y*  :  y  :  :  7  :  3 ;  .-.  1-}^  :  y  : :  10  :  3,  and3y*+  3 

lA.  s     ^^     I  25     25     ,16  _i_4  i_.     Q        1 

»10y;  .-.  r—^y  +■9'— "9 — ^—9" '   •'•  y=±H-l=3»  or  i, 

and  {3n^ — ^2:y)=24a:=:24,  and  25=1. 

57.  From  two  towns  which  were  168  miles  distant,  two  persons, 
A  and  B,  set  out  to  meet  each  other ;  A  went  3  miles  the  first  day, 
5  the  next,  7  the  third,  and  so  on ;  B  went  4  miles  the  first  day,  6 
the  next,  and  so  on.    In  how  many  days  did  they  meet  ? 

Let  z  =s  the  number  of  days;  .•.  {6+(a: — iy2\^=  a^ ^  2x=2 


z 
the  number  of  miles  A  went,  and  |8-}-(a:  — l)2j-=si;'+32;  assthe 

number  B  went ;  .\  22?+5a?=:168,  and  a:  =  ^/— i=ys=  8,  A. 

58.  A  traveller  set  out  from  a  certain  place,  and  went  1  mile 
the  first  day,  3  the  second,  5  the  next,  and  so  on,  going  every  day 
2  miles  more  tjian  he  had  gone  the  preceding  day.  After  he  had 
been  gone  three  days,  a  second  sets  out,  and  travels  12  miles  the 
fint  <ky,  13  the  second,  and  so  on.  In  how  many  days  will  the 
second  overtake  the  first  ?  Ans.  2  and  9  days. 

Let  z  =  the  number  of  days  the   first  travels  ;  then  I  have 

{2-^  (x — 1)2*1^=0:'=:  the  number  of  miles  be  travels,  and 

j24+(a:  —  4)-l { -~  =^'^^^^^^'^~^^=the  number  the  second 

travels  ;  .-.  2a?=ar»+17a>-60,  and  a:»_17a:+Ap=a|i-«60==i^ 
.*.  zsss±:l  I  ij     5  or  12,  and  the  number  is  2  or  9. 

59.  A  person  has  two  pieces  of  ground,  one  of  which  is  in  the 
form  of  an  equilateral  triangle,  and  the  other  of  a  rectangular 
parallelogram,  one  side  of  which  is  equal  to  a  side  of  the  triangle, 
and  the  other  side  is  8  yards  less.  These  he  plants  with  trees  at 
the  distance  of  two  yma  from  each  other,  and  finds  that  there  are 
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6  more  on  the  rectangle  than  on  the  tiumgle.  ^  What  are  die 
lengths  of  the  sides  ? 

Let  2a;  =  a  side  of  the  triangle  x,^{x-\'l)=!sx{x — 4) — 5,  or  a:*  -f" 
a:==Sa:'— Sr— 10,  and  a^—dz-^-^^  H+l^  =  -^F»  ^^  ^^=±4 
-f  |=»:10.     The  sides  of  the  2\  are  20  and  □  20  and   12  yards. 

§0.  There  are  fournounbers  in  arithmetical  progression,  whose 
sum  is  28;  and  their  continual  product  is  585,  Required  the 
numbers.  Ans.  the  numbers  are  1,  5,  9, 13. 

Let  X — 3y,  x — y,  a;4^,  2:  -|^3y,  be  the  numbers  ;  .•.  42:  =  28, 
z=7\  and  also  {al'—9f)U'-^)=5&5,  and  9y*—mf  +  2401= 

^oc  «4  >.n/..i»  .  60025  60025  ,^,^  43681  ^^^ 
586,  or  9y*~490j/* -| — ~~"9 181^= — q-^»  "d  3^ 

:,r:j-2g9,.|..2t&=12,  f=^,  and  y=2. 

61.  There  are  four  numbers  in  arithmetical  progression ;  the 
sum  of  the  squares  of  the  first  and  second  is  34,  and  the  sum  of 
the  squares  of  the  third  and  fourth  is  130.   Required  the  numb«K 

Let  X — 3y,  x — y,  a;-|-y,  and  a;-f-3y  be  the  numbers  ;  then  .•. 

36 
162:9kss96  ;  .•.  xy=sS,    Hence  ^'■\^6t^tss^l^  ani  6y*— 41y^aK— 

36,  and  y*-W+ W,'=¥oV-¥==!§i."»d  y»=:±4i+t»=l, 
and  y^=sl,  and  a:t=6,  and  the  numbers  are  3,  5,  7,  and  9. 

62:  The  sum  of  8700  was  divided  among  four  persons,  whose 
shares  were  in  geometrical  progression ;  and  the  difierence  be- 
tween the  greatest  and  least  was  to  the  difference  between  the 
means  hs  37  to  12.     What  were  their  respective  shares  ? 

Let  Xj  xy,  xt/^,  an^,  be  the  shares  ;  then  by  the  question  I  have 

ajy* — X  :  x^ — xy  :  :  37  :  12,  or  «*  -f~  y  +  ^  :  y  t :  37  :  12  ;  .*. 

^11  o#:  10  A  ;i  ^^  I  625  625  ,  49  . 
f+l:y::25:   12,  and  3^  ~  ^ +g^  «=g^g-l«g^,  od 

7    ,  25     4       3     „  ,  4     .  16     I  64      „^ 

^  ~  =*=24  +24  "^3'  ^'  4*  ""^  "^^"^  +"9"^  +27^""^^ ' ''" 

17525=27X700,  and  ar=  108,  and  .-.  their  shanss  are  108,  IH 
192,  and  $250,  Ans. 

63.  Five  persons  undertake  to  reap  a  field  of  87  acres.  The 
five  terms  of  an  arithmetical  progression,  whose  sum  is  20,  will 
express  the-  times  in  which  they  can  severallV  reap  an  acre ;  and 
they  altogether  can  finish  the  undertaking  m  60  days.  fit.  how 
many  days  can  each  separately  reap  an  acre  ? 

Let  x — 2y,  x — y ;  x,  z-|-y,  a:-|-2y,  be  the  number  of  dayy ;  .*. 

fizsBGiSO,  and:rsar4    Now ^  I — h>    ,  ■   |      i  ^  ,iiijLL 
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(^-  f){x+2y)+{:^-  V)(^  +  y)+  )_  e/^_^w^_4^.  or 
(2*—  4:f)ix  —  y)M^—  f){x—^y)      )  ~  *^^^nar-4jrj,  or 

a;(2ar'— 5y^)=f(a;*--5ar^^-j"%*)»  ^'  ^^"^6  2:^=4,  2ar* — 5yt^= 
ii^'Sxf+y*).    Hence  y*— ^2^-1-4^^=^^— ¥  =  W»  and 
^±^+V=V»  or  1»  and  y=l.     Ans.  3,  4,  6,  6  days. 

64.  Out  of  a  vessel  containing  24  gallons  of  pure  spirit,  a  vint- 
ner drew  off  at  three  successive  times  a  certain  number  of  gallons, 
which  formed  an  increasing  arithmetical  progression,  in  which  the 
difference  between  the  squares  of  the  extremes  was  equal  to  16 
times  the  mean,  and  filled  up  the  vessel  with  water  after  each 
draught,  till  he  found  what  he  last  drew  off  reduced  to  one  sixth 
of  its  original  strength.  Required  the  number  of  gallons  of  pure 
spirit  drawn  off  each  time.  Ans.  12,  8,  d|. 

Since  the  difference  of  the  squares  of  the  extremes  is  equal  to 
16  times  the  means,  if  2;  =  the  mean,  the  .extreme  will  be  a;  —  4^ 
•anda;-|-4.     Now  x — 4  being  drawn  off,  there  remains  28 — x;  .'. 
SI4  :  2B  —  a; : :  a;  :  the  spirits  drawn  off  the  second  time,  = 

X  X 

7r7&8 — x)  ;  and  there  now  remains  28 — z — rrrCSS— a:)= 
24  24 

^ ^ '  ;  and  this  by  the  supposition  =  "fi'=^>  ^-^52a: 

+  672  =  96,  or  ar*  —  52x  +  676  =  676  —  676  =  100,  and 
X  —  26  =  db  10,  and  a:  =  16  or  36,  the  latter  of  which  can- 
not answer  the  conditions  ;  y.  x  —  4  s=  12  s=s  the  quantity  first 

drawn,  and  (28  —  x)~=S  =  the   quantity   drawn  the  second 

time,  whence  4  =s  the  quantity  now  remaining,  and  24  :  4  : : 
(a:-f-4)=20  :  the  spirit  drawn  tne  third  time  =  3J. 

65.  A  number  of  persons  purchased  a  field  for  $345.  The 
youngest  contributed  a  certain  sum,  the  next  $5  more,  the  third 
t5  more  than  the  second,  and  so  on  to  tjie  oldest.  For  the  greater 
accommodation  of  the  seniors,  the  field  was  divided  into  two  parts, 
the  younger  half  taking  a  portion  proportional  to  the  sum  they 
had  subscribed  ;  and  in  order  that  each  might  have  an  equal  share 
in  this  portion,  they  agreed  to  equalize  their  contributions,  and 
each  to  pay  8^.  Required  the  number  of  persons,  and  the  sums 
paid  by  each. 

Let  X  =  the  sum  paid  by  the  youngest,  and  2y  =  the  number 
of  persons  ;  .*.  {2a:-f-(2y — l)5|y  =  the  value  of  the  field,  =345, 

and  }2a;4-(y— l)5}|=22y  ;  .-.  2a:4. 5(2^-1)  =  44,  and  2a:+5y 

=49  ;  .-.  (2:cy+52^==49y)— (2a:y+10j/^--^y^=^ 

56 
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ff  and  0^=12,  and  the  number  of  persons  was  10. 

66.  The  number  of  deaths  in  a  besieged  garrison  amounted  to 
6  dailf ;  amd  allowiog  for  this  diminution  their  stock  of  provi- 
sions was  sufficient  to  last  for  8  days.  But  on  the  eyening^  of  the 
sixth  day  100  men  were  killed  in  a  sally,  and  afterwards  tne  mor- 
tality increased  to  10  daily.  Supposing  the  stock  of  provisions 
unconsumed  at  the  end  of  the  sixth  day  to  support  6  men  for  61 
days ;  it  is  required  to  find  how  long  it  would  support  the  gam- 
son  ;  and  the  number  of  men  alive  when  the  provisions  were  ex- 
hausted. 

Let  a  sa=  each  man*s  daily  provision,  x  ss:  the  number  of  men 
at  first ;  /.  a(2x  —  42)4  =  (8a:  —  168)a  =  stock  of  provisionsi 
a(22>— ^)3=s(62;— 90)a.=:  the  stock  exhausted  at  the  end  of  the 
6th  day  ;  .*.  (2x — 78)a  =  remainder  e=  d66a  ;  ,\  xsss  222,  and 
222 — 136  s=s  86  =:  the  number  of  men  after  the  sally.  Let  n  =s 
.  the  Bumber  of  days  the  provisions  lasted  afterwards,  fl72 — {n — I) 

Mii^        o«a  ax        ^       ot^  »     ^1    j®281       8281 

10^^«=366«,  or91tt— 5^a»366;  .-.  «» — g-« -}__«a._-. 

366     961       ,  31  ,91     ^     .         ^    ^^     ^        - 

*— •    -  a^n,-^,  and  n™±--:  +t^*=^i  whence  86 — 60a=26  =  the 
o       100  10  *  10 

immbev  of  men  remaining  after  the  provisions  were  exhaosted. 

67.  A  ship  with  a  crew  of  175  men  set  sail  with  a  store 
water  sufficient  to  kst  to  the  end  of  the  voyag^.  But  in  30  days 
the  scurvy  made  its  appearance  and  carried  ofi*  three  men  every 
day,  and  at  the  same  time  a  storm  arose,  which  protracted  the 
voyage  three  weeks.  They  were,  however,  just,  enabled  to  arrive 
in  port,  without  any  diminution  in  each  roan's  daily  allowance  e£  * 
water.  Required  the  time  of  the  passage,  and  the  number  of  men 
alive  when  the  vessel  reached  harbor. 

Let  =  the  number  of  days  the  voyage  was  expected  to  last ; 
.'.  175x  s=  the  quantity  of  water  laid  in,'  supposing  each  man  te 
drink  daily  a  pint  of  water.  On  the  31st  day  the  quantity  drank 
was  172,  on  the  32d,  169  ;  and  thus  the  quantity  of  water  coo* 
sumed  daily,  after  30  days,  forms  a  decreasing  arithmetical  pro- 
gression, whose  common  difference  is  3,  and  the  number  of  t^nas 
is  X — 9  ;  .*.  the  quantity  drunk  after  30  days  = 

|344_(z— 10)3}  .^=^,  whichmust=(a>— 30).175; .-.  374r— at*- 

3366+27:r=350a:— 10500,  or  51a:— 3a*=— 7134,  and:r*— 17z+ 

289     ,^^  ,  289     9801       .         99  ,  17     ^     ,    ^  .    ^ ,  ^- 
— =2378+-j-=--T--y  and  a:=-^  -jr-g<=58;  that  is,  684^1 
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C379  days  thfi  yo3rage  lasted  ;  and  172 — {z — 10}3s=sS8^  tte  nuin- 
ber  of  men  alive  when  the  vessel  entered  the  harbor. 

68.  The  Fly  starts  10  mUes  before  the  Telegraph ;  but  the  Fly 
coachman  having  made  an  appointment  with  the  driver  of  the 
Telegraph,  walks  his  horses  so  as  to  be  overtaken  at  the  end  ^f ' 
the  second  mile.  Now  it  is  observed  that  the  number  of  revolu- 
tions made  in  a  jgiven  time  by  the  hinder  wheel  of  the  Fly,  its  fore 
wheel,  and  the  hinder  wheel  of  the  Telegraph  increase  in  arith- 
metical progression,  and  that  the  circumference  of  these  wheels, 
viz.  of  the  fore  wheel  of  the  Fly,  its  hinder  wheel,  and  the  hinder 
wheel  of  the  Telegraph,  increase  in  a  geometrical  progression, 
whose  common  ratio  is  the  same  as  the  common  difierence  of  the 
Arith'l.    Prog,     find  the  ratio  that  the  wheels  bear  to  each  other. 

Let  1  =  the  circumference  of  the  fore  wheel  of  the  Fly,  x  as 

the  common  ratio  ;  .*.  1,  a;,  7^^  are  the  proportional  lengths  of  the 

three  wheels  ;  the  distances  described  hy  the   tw/>  coaches  in  the 

same  time  are  as  12 : 2  : :  6  :  1 ;  .*.  the  number  of  revolutions  <^  a   - 

i     ,  .  distance  1,6  . 

wheel  m  a  given  time,  C30  -; t ;.*.->  1»  -s  are  the  revo- 

circumference        x       ar 

lutions  made  by  the  three  wheels  in  the  same  time  ;  x,  2^,  6,  ar^ 
also  revolutions  made  in  the  same  time,  since  they  are  equimulti- 
ples of  the  foriper  ;  but  these  revolutions  increase  in  an  arithme- 
tical progression,  whose  common  difference  is  x  ;  .•.  aA=:^-}-a;  = 
2^;,  and  2;  =  2  ;  .*.  1,  2,  4  are  the  proportional  lengths  of  the 
wheels,  and  2,  4,  and  6  the  revolutions  in  a  given  time. 

69.  A  company  of  Merchants  fitted  out  a  privateer,  each  sub- 
scribing $100.  The  captain  subscribed  nothing,  but  was  entitled 
to  a  $100  share  at  the  end  of  every  certain  number  of  months!  In 
the  course  of  25  months  he  captured  three  prizes,  which  were  in 
geometrical  progression,  the  middle  term  being  one  fourth  of  the 
cost  of  the  ^equipment,  the  common  ratio  the  number  of  months 
which  entitled  the  captain  to  his  $100  share,  and  their  sum  $1375 
more  than  the  cost  of  the  equipment.  After  deducting  $S75  for 
the  crew,  the  captain's  share  of  the  remainder  amounted  to  one 
fifth  of  that  of  the  company.  Required  the  number  of  merchants, 
and  the  captain's  pay. 

Let.  x  =  the  number  of  merchants,  and  y  =  the  number  of 
months  at  tj^  end  of  which  the  captain  was  entitled  to  a  100  dol- 

25 

lars  share  ;   .*.  ^  :  25  : :  1  :  —  c=  the  number  of  the  captain's 

dlmres,  25z  ^f=  the  middle  term,  and  y  =sr  the  common  ratio ;  .% 
-^25i+25a:3^  100;r+1375,  or  ^xy+x=Ax'\S5,  or  =—32; 
-{-2:^t=55.     Also,  100a;-j-500i=  the  sum  to  be  divided  after  de- 
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ducting  prize-money.    Now  the  captain's  share  =s:  \  company'^ 

share,  and  .*.  =  ^  whole  number  <sf  shares. 

„  100a:+600     5(K)x+2600     25  125      , 

Hence  -^ :  ^ : :  —  :  z  ;     .•.  a;  =  and 

6  o  y  '  y 

125        375  _        25     ,^  5  ,  225     225        ,^        164 

-3 =  —  70,  or  -^—15.  -  +--p-=-j 14  =  --P- 

5       15  13       ,  5     ,       ^-  _       ,  «.^    » 

=  ±  -o">  and 1  or  14  ;   .-.  y=^s5,  and  as=  25,  Ans. 


•y         2       -^2'™y 

70.  On  the  institution  of  Savings  Banks,  an  industrious  laborer, 
with  his  wife  and  children,  saved  each  a  certain  number  of  pence 
in  a  degreasiug  arithmetical  progression.  The  ^m  saved  monthly 
was  less  by  3; .  3^.  than  would  have  purchased  one  sixth  of  as 
many  bushels  of  wheat  as  the  seventh  child  saved  pence :  the 
price  of  wheat  being  such  that  the  sum  saved  by  the  eldest  and 
fifth  child  augmented  by  10;.  would  buy  two  bushels.  But  wheat 
rising  2s,  per  bushel,  and  work  being  scarce,  the  family  find  the 
sum  saved  would  not  buy  as  much  wheat  as  their  former  savings 
by  two  bushels ;  when  it  appears  that  at  this  rate  the  sum  annually 
saved  would  be  less  by  five  guineas  than  by  the  fonner.-  Now 
the  two  youngest  dying,  it  is  found  that  if  the  remaining  mem- 
bers of  the  family  saved  each  one  shilling  less  than  the  oldest  child 
had  done  before  the  rise  of  wheat,  their  monthly  account  with  the 
bank  would  not  be  affected  by  the  deaths  of  the  two  youngest ;  but 
if  they  saved  only  2d.  less  than  the  oldest  had  done,  their  monthly 
account  would  be  2;.  Id.  less  than  it  was  at  the  first  institutioD. 
Of  how  many  did  the  family  consist  ?  What  were  the  sums  saved 
by  each  ?  and  what  was  the  price  of  wheat  ? 

Let  x=ss  the  sum  saved  by  the  eldest  child,  or  third  in  the  fami- 
iy,  y  =  the  sum  saved  by  the  seventh  or   ninth   in   the   family ; 

.'.  ~=  the  number  of  bushels,  and  sum  saved  by  the   fifth  child 

^    9_7  7—3      •    x4'2y  .     ,   ,         l,4a:-f2y  ,  ,^. 

s=^---g.a:  +  g— g,y  =  --^ ;  .-.  a  bushel  cost^(     ^  ^  |  120) 

2x4-y  .  ^^        ,   ,                     , ,             ^         y  23;+y4-180 
=  — ~^-f-60,  and  the  sum  monthly  saved  ==  «  •  — —^- 

39  =^"^^-fl0y— 39.  Now,  after  the  rise,  a  bushel  cost  -^ 
+84,  and  the  number  of  bushels  =.  |y  —  2;  .-.the  sum  savedss 
?5^  14y-M:^- 168.  which  ...  is  =?f^+10,^ 

39—105,  whence  4y  -i?i^=24;  and  .-.  22t=5y— 36.     But, 


afteir  two  fiod,  the  number  in  the  fanuiy  cs 

sum  saved_t(y^--6y)+14y— t(12y>f72)— 168    ty+8s^-144. 

»— 12  Jy-^  fy---30 

.'.  ii^g^X{iSf^O)-^^+l€...^  + 

%u-04,  &  (t^4-8y)i^--360y— ^-16()J^f  288(k=(Jy*4^^ 
-.16%— ^3^— 340^+1920  r .-.  ^y»— 120st=a— 960,  and  jT—^y 
-f  I8^s=r^4— 288b=a36  ;  .-.  y— ia=it:6,  and  yb=:24,  and  «=»42i 
aad  tke  family  at  first  consisted  of  10,  and   wheat  cost  96d,=Ss. 

71.  A  Grocer  sold  80  pounds  of  tea,  and  100  pounds  of  coffee 
for  $65  i  but  he  sold  6()pounds  more  of  coflfee  for  $20,  than  be 
didi  e£  tea  for  $10,      What  was  the  price  of  a  pound  of  each  ? 

Let  X  ss  the  price  of  »  pomid  of  tea  (in  dollars),  and  y  s^ 
the  prioe  of  a  lb.  of  coffee  ;  then  a;  :  10  : :  1  :  the  number  o£ 

Its.  of  tea  for  $10  =  — .     In  the  same  way  — =  the  number  of 

X  ^  y 

lWiofe»ibefOT$SO;.*.  — ea:60H — ,  or --a 6-1— =-^31,  j   «ad 

y  *  X        y  X         X 

/.  y=    T'    .    Again,  a0a;+100yta=65,  or  16a;  +  2Qy  =  13 ;  .*. 

'  40 

16a  -f-  g— rr  SB  1%  and  96i£'4-56xa78r4- 13 ;  by  transposition, 

Ga^    oo       to       j-2     22  13  11        ^37  , 

96a?— 22as=13,  anda:^— ^•a:==^,  orx— ^  =  =|~;   audi.*. 

^E!=:|,  or  — {4,  which  last  does  not  aaswer  the  conditions ;  and  y=^* 
.*.  the  price  of  a  pound  of  tea  ia  .50  cents,  and  of  a  pound  of 
coibdf  is  25  cents.. 

73..  A  and  B  engage  to  reap  a  field  for  $90 ;  and  as  A  alone 
CQiUd  reap  it  in  9  days,^  they  promise  to  complete  it  in  5  daya. 
They  fbuncL however  tibat  they  were  oUiged  to  caU  in  C,  an  ia- 
fevior  workman,  to  assist  them  for  the  last  two  days,  in  conse^ 
quence  of  which  B  received  $3|  less  than  he  otherwise  would 
have  done.     In  what  time  could  J3  or  C,  alone  reap  the  field  ? 

Let  X  ==r  the  number  of  days  in  which  B  could  reap  the  field, 
and  y  =  the  number  in  which   C  could  reap  it ;    then  ^  -f- 

-  ;  -  :  t  90"  :  ^  number  ^  dollais  B  would  haire  seceived  s5*< 

X       X 

810        .  5^^^.    450        ,  I.     u    J.J        .  ^^ 

r-ir-,  and  -X9l»s» —  =fi=  the  number  he  did  receive  ;  ,*.  ^r-. —  — 
V'j^x  X  X  SM-a? 

a:        *     4  9+^      a;      4 

-jj-a:* ;  by  tranepoaitio^  a?--87x=  —  1080;  and  a?  =»  72»  09^  15. 

88 
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73.  Given  (a;+l)(a*4-l)X(i*f+l)  =30a;»,  to  fiad  ar  by  a  quad- 
ratic. By  performing  tne  maltiplication  and  ordering  the  terms 
of  the  equation,  I  have  a;'+^"i"^*"f"2a:'"f"^'f'^+l  =&a:*,  which, 

divided  by  a:*,  and  by  patting  a:-j — ^s=y,  becomes  y^-j-^ — 2y  =30, 

or  ys— 92/^+27y--27=(y--3f=H-(l()y«_2%--3)===— (y— ^ 

(lOy+1);  or  I  have  (y-3)«-Ky— 3)X{10y+l)=(y--3)X(y--3r 
'^{lOy-\-'l)=s=Oy  which  is  satisfied  by  putting  y — £=0,  and  ^=3. 

But  X  -I — =y  ;  .'.  x  H — =3,  or  a?— -335= — 1  :  .-.  a? — 3a:4-7=T 
*  X  ^  X  '44 

and  X  s=  J(3zfc>v/5),  as  required. 

74i  Find  the  values  of  x  in  the  equation  a:^4"1^^4"^3:=  18. 
Put  X  =  y-(-^  y  then,  by  substitution,  deducing,  and  ordering  the 
equation,  I  have  y^-|-^y^+3)*(y'+"^)+  ^(V^  "f  3)-(2yz  -f-  3)  X 
(y4"^)+2^=18.  Assume  y:?+^^>  ^^^^  y= — ^|j  and  it  becomes 
y*-|-2:'=18,  and  by  substituting  the  value  of  z,  I  have 

3* 

-3  s;  18,  or  y*^ — 182^  aas  243,  and  by  completing  the  sqnai^,  and 

.y»=27,  and  y^,4/27=3* ;  .-.  z=^  ^=  3|=^^9.  Hence 
a5«^+»=4/27— V^,  as  required.       ^  ^ 

75.  Find  three  numbers  such,  that  if  to  the  product  of  any  two 
of  them  the  remaining  number  be  added,  their  sum  shall  be  a  D  • 

Let  ar,  y,  and  z  denote  the  numbers  ;  then  ary  -j-  z  ==  «^,  and 
a»-|-y=n',  and  yz'\'X=zu=r^  ;  then  by  taking 

XZ  \  y       TT  ) 

a:y-|-a?2-l-y+z=wi*+7i* ; 
or  (y+z)  (a:-}- 1  )=(?«'*  -j-  n^),  from  whence  it  appears  that  «^-|-rf 
must  consist  of  two  factors  at  least,  and  from  the  known  nature 
of  such  factors,  each  of  them  will  be  the  sum  of  two  squares, 
wherefore,  put  y-f-zsrri^-f'^*  ^^^  a:-f"l=c*-f-<P,  or  a?=sc*-f-d? — 1| 
and  then  I  may  have  m^sac-^hd,  and  n=ad — ^^,  as  is  very  well 
known.     Again,  taking  {ary-|-yt=:»i*,  )       , 

xz-\^y=  n\  P° 


xy — xz —  (y — z)=s,{y—rz)  {x — 1  )=wi* — 7i'=(wi-}-w)  {m —  n). 
Take   y — z=m — 7i=aC'\'bd-\-bc — ad==a{c--^)'\-b{c-\^d)f  and 

then  X — l=ssm'^n^=!aC'-\'bd-\-ad — bc=a{C'\-d)''^{c — rf),  or  a;  sa 
X(crhrf) — b{c — <i)-f-l ;  therefore  I  have  a:  =0^+^ — l=a(c-f  <0 

-^(c — d)^l  ;  whence  ^= — ^ ^-—^ — 31—    Now,  in  oider 

to  have  b  an  integer,  take  c — d^ssl^  or  c:=d-\-l ;  then  x  8s=  f?-X-f 
~z=:Q^+2dp=2d(d4'l) ;  &=a(2<i4-l)— (2i?-f2(f— 1) ;  y-fz= 
fl*4-#*=s2a»(2<?+2(«  + 1) '— 2a(24  +  1  )  X  (2(P  +  2d— 1)  + 


(aP+M— !)•,  and  y-.*=a(c— €i)+4(c+rf)  =  a  +  *(2i  rf  l)xi5 
aj(2<?4-2<i-f  1)  —  (2rf  +  1)  X  (2cP-{'2d—l);  whence  I  have 

2=0^(2^2+2(^+1)— 2a(2fiP+4e?+(f)+((?+2£i)  (2(P+2£^1),  and 
a?=2(i(d^ — 1),  which  are  general  expressions  for  the  three  required 
numbers,  in  which  a,  d,  are  arbitrary,  or  may  be  taken  at  pleas- 
ure^ Let  0=0,  and  d=2  ;  then  a5=12,  ^=33,  and  2=88.  Let 
«=1,  {fc=2, .  a;s=12,  y=4,  and  2:=33.  Let  0= — 1,  d=l,  then 
a?=4,  y=9,  and  z=28  ;  the  same  numbers  which  Fermat  gives 
by  a  very  different  solution. 

76.  Find  3  squares  in  geometrical  progression  such,  that  if  each 
be  diminished  by  its  root,  the  remainders  shall  be  a  square. 

Let  ar*,  scy,  and  y"  be  the  sides  of  the  three  squares  sought,  then 
I  have  to  make  x^ — ^ar^,  or  ar^ — 1=:  D  ,  a?i^ — xy=:  Q ,  and  y^— y*,  or 
iP — l=n .     Put  p — Xy  and  q — x  for  the  sides  of  the  first  and  3d 

conditions  or  squares,  then  I  get  x  s=:  ^  ,  y —  J^  .  By  sub- 
stituting these  values  of  x  and  y  in  the  second  equation  or  square, 
and  reducing  the  whole  to  a  common  denominator,  I  have 

{f+l?X{g^+lf-^pqX{p'+l)(f  +  1)  =  D  ,  or  (^+  l)y— 
4gX(5^+l)/+2(g*+l)«Xp^-4?(f'-l)+(?«+l)^D .    By  put- 

ting  (^+1)??" — ^26!P+(Vt-i)  for  the  side  of  this  square,  I  shall 
g*X(fLL.l        Y+^  21         841  5 

841      841  5 

^"^  ^  ftln^^*  ft4?7*  ^°^  ^i^^  *^®  ^^®  ^^^^^  ^^  ^^®  three  squares. 

Let  0*,  o'ar',  and  aV  be  the  numbers  sought ;  then  a* —  a=  D  > 
if  3? — ax=  p  ,  and  «V — aa;^=,  or  aV — a=  D .  -  Let  (faf  —  a  s= 

(ox; — pf:=d^ — 2ay+y;a:r  .1  "*  ,  and  flV — 02:  =  a  ;  or,  by 
substitution,  (^^)' -^2^=  °  =•     Multiply  this:by  4p«,  and  it 

becomes  ( jp^  +  a)* —  2?>(p^  +  fl)=^^— 2p®+2ap^ — 24?+a^=  D  fas 

(p^ — p+r)*=p* — 2p^+(^+l);^ — 2rp+r2.     Here  two  of  the  first 

terms  vanish  on  each  side  of  the  equation,  and  the  third  also.     If 

I  make  2r+l=2a,  or  T=a — |,  and  I  have  a* — Stwpss^ — ^(2a — \)p 

+(a — J)^  whence  a — J==p,  it  remains  to  make  cf — a=  D  ssdl^afy 

1 
and  a=  ■      ^,  from  which  a  variety  of  sets  of  numbers  may  be 

found.    If  b=\,  then  fl==f,p=fi,  a5=^Jf  J..  Hence  the  numbers 
81   81       ,1681,  81     ,1681\      r^ ,      5    ^  49        . 

"^  25'  25  ><  (2232^'  25^(2232^)-  ^^*=7'  *^"^  ^24'  ^^^ 
;>  =  ff ,  a:  =  fjf J.     Again,  let  p*  —  2p'  +  2flp*  —  2ap+fl?  s= 


'448  wtOEtajMBovs  ifnnwtiB^ 

p  ^==U37y ;  also,  if  fl?--a==(a---g)^s==fl?— 2flS'-|-^»  g=g^^  _  ^  i 

again,  take  &=},  and  the  three  roots  will  be  VaWo^*  If ff l?»  ^^ 
HfSH  '  ^ake  ^  =  t»  and  then  the  numbers  will  be  J^V^»   * 

77.  Find  (a:-|-y-|-^)(^"|"y — ^2:)  (a: — y-j-z)=a  in  wliole  numbers. 
Let  y  =  2z-\-l,  x^Sz  —  1,  and  the  given  expression  wiB  be 
transformed  to  {6zX42  X  2(z  —  1)  X  2}  =  l62^{6z^S),  whence 
6{zr-'l)=Sz — :6  must  be  a  square.  Let  it  =  m^,  then  2:==^ffi'-f-l, 
y=lm*-\-S,  and  x=^7rt'-\-'2y  and  by  multiplying  each  of  them  by 
6, 1  have  2r=r77i^-j-6,  y==Qm^-\-l8y  and  x=r3m*-^l2  the  relation  re- 
'  quired.     Thus,  if  W2==l,  then  z=7,  y==20,  as=15,  and  if  m  =5, 

then  z=10,  y=26,  as=24,  it  is  evident  that  the  given  expression   1 
•   will  be  a  D  when  each  of  its  factors  are.     Let  x-f-y-Hrz  :=:  ^j^f^  |^ 
/>/    ■  X — y+2=(^-|-  r^  — V)^  and  —  a:  -f-  y  +  ^  ==  4p*r*,  the  sum  is 
*  J      x-^-y  4-  z  =  (^  -j-  r*  "T"  V)^*     ^7  subtracting  each  equation  from 

this  sum,  I  respectively  obtain  a;  ss-—! ^^ =-— ., 

^=   2 ,    3f=== — ^ 1 

T   .        o         Q         t           196— 16    ^^         196—36 
Let  jte=2,  n=:3,  g=l,  a:  = 5 — =90,  y  ==> 


2  ~-^—  2 
z  =1(196 — 144)=26.  The  above  question  is  a  formola  that  ex- 
the  square  of  the  area  of  a  triangle  whose  sides  are  2i;,  9y,  2z ; 
therefore,  if  a:,  y  and  z  denote  any  set  of  numbers  consfituting 
Ihe  sides  of  a  right  angle,  the  given  formula  will  be  a  square^ 
4:^=3,  y=s4,  z==5. 

78.  Find  3  square  numbers,  ( to  represent  the  sides  of  a  right 
angle  triangle.or)  in  arithmetical  progression  such  that  if  each  nmft- 
ber  be  diminished  by  its  root,  the  remainder  shall  be  a  square. 

Denoting  the  three  sides  by  ax^  bxt  ex,  then  per  question, 
aV — axss^  a ,  3V — bx-r'  a ,  and  cV — cx=  n . 

1                   1                    1 
By  division,  a^ ^a:=  D  ,  od^ — ^a?=  D  ,  ai? x=  Q .     Put  the  re- 
el                   ^                     c 

spective  coefficients  of  a:,  =  p,  g,  r,  then  0^ — pxsssu ,  x^— -gas=Q, 

ar — fiB=  D .     Make  x^ — px  =  (m  '•—  xf  =s  -wi*  — 2«ia;  -j-a:*,  and 

X  =s- .     By  subs,  in  a^ — gxs=s{-- )* — q{^ )  ^=  Q. 

2m— p        ^  n^  27ih^p       ^2m—p' 

Divide  by  the  square   (^ ^)*,  and  it  becomes  W*  —  2m%  «|-  py 

a»D.    ^n  like  mannet  the  third  expression  reduces' to  w"— ^Siwr-j- 
rp«=sU  >  theft  the  second  to  be  made  vf — 2niq-\-^  =  {s-^4n)\=f 


'^2im-\'i7if,  whence  waea:   v'.    Also,  make  »i* — drm  -j-  rp  aa 

(f — mf=f — 2tm'\'7ri?;  m^u,  ^^  J^.  Equate  these  two  values  of  m 
by  making/ — V7=^ — ^»  a^^d  2* — ^2^5=2^ — 2r,  from  which  I  get 
f — f — pq—rp,  and  s    t     q — r,  whence sss^    ^,  or  <  4- 1 

=ap,  from  this  ssa8j(^-j-p— -r),  and  as=s— ^ —    ~^^j ..     Now, 

if  a,  3,  and  c  be  the  num^rs  representing  rational  sides  of  a  rigbt  - 
.  angled  triangle,  the  problem  is  solved.     The  most  simple  num- 
bers are  a=3,  4=4,  c=^,  then  p=i,  ?=J,  rs=:|,  *=  ^^3^,  and 
^T^WfeV.    Hence  3x=t^fJi,  4;c=mH*.  and  5a^HS?H.  ^ 
which  are  answers.     Otherwise,  111 

Let   OX)  bx  and  ex  =  the   sides.      Put-=Pi -7==?» -  =  r ; 

^      «  *  c 

then  a:* — px=z  n  =((f — x)*,  and  a:      ^- ,   a?   —  ^a;  =s:  a  as 

:^  Q ,  and  these  become  <P  —  2(ip -f-p^=D ,  ^ —  2£ir-|-rp=n . 

f My 

Let  «P — 2dp-\^pq=i  D  =(^ — rf)',  and  <^  =^57 — ^--7.      Again,  let 

Hence  the  sides  are  .  ,      TV" — "v*  ^  .     "3  — :»  and 
cig'-'-pqf  4«(s— ^)  («— p)  4»(*-^)(*— p) 

,  wh^re  a,  b  and  e  are  the  sides  of  any  right  an- 


^{s  —  q)(s—p) 

gled  triangle,  and  p,  q^  and  r  the  reciprocals.     Also,  a,  ^,  and  c 
may  be  taken  any  numbers  in  arithmetical  progression,  as  a=s  31, 
6=41,  and  c=49,  and  p=^9  9=2^'  and  r=^,  and  the  squares 
31X711263fflx31  41x711263^X31      ,. 

•'^  ^46422774  X  194560596^  '  ^46422774x194560596^  ' 
,    49X7112635?X31     ,:       ,         t  i_.  1     ,.    , 
^46422774X194560596^^  "^^  *'^'  *  ^^'^^'/^'^  ^^''- 
Let  the  numbers  be  9a:* — Sx=  D ,  25a?-^  5a:  ss  q  ,  and  16a?— 

4as=:b.     Let  9a;*— 3as=(3a:— r)«=9a:*— 6ra:-f  r', 

Zjsss^ -,    And  by  substituting  in  the  other  two,  I  have 

07*— o 

^    X{4t^— 6r+3)=a,and  — ^,   X    (25f«  —  30r-f 


(6r— 3)*^'  1    /      «»      -  (6r— 3) 

15)s3a ,  the  first  factor  is  already  a  square  ys o 

Let  4r*— 6r+3=(2r— 0'^4/— 4r/+<»,  when  r=2—|;  and 
38*  57  ^~^ 


W  mib.  in  Ae  last  exnremon  becCHSies  7? ^rsX  |25^— iSk* 

+270?— 360^+225}===  D  ==[6<»+12^—15]S=:e5^+120<»:--6/«- 
860^+225,  or  270?— 120rt=120^-^f ,  or 

23       ,        ?— 3     671  r«  450241 


20'  *''*^''=°S=6'"^560'  "^  ~6;:=3^  1313760'  "^  ^^''^' 
79.  Find  two  square  numbers  such,  that  their  product,  when 
added  to  the  square  of  each,  shall  make  a  square. 

Let  3^,  and  j^,  denote  the  numbers  or  squares ;  then  a^  -j-  ^ 
=  D ,  or  y«-f a:^^a ,  (1.)  Also,  ay-|^^=:D ,  or  a*-f-y^=D ,  (2.) 
(1)  and  (2)  are  satisfied  by  making  y  i  2w»,  and  x=ssnf  —  rf; 
for  (2win)'-}-(m'-^w*)*=(7?i'-|-n*)'*,  whence  m  and  n  are  arbitrary, 
provided  that  rn^n.    Let  ?n=2,  n=ssl,  then  2win=4,  m? — n^=d ; 


80.  Required  a  general  method  or  theorem,  by  means  of  which 
any  natural  number  may  be  divided  any  number  of  ways  into  3 
national  xiUbes. 
Let  s?=saa — a^ — y*,  take  a?==p-f^,  and  ysssp^^,  then  2*=s»— 2p*— 

6p^,or^ JB^ == 3^5 = 

221. ^     ^.  (when«t=j»^%>){andwhenii=a^^)  « 

— r      '      ■    .    Assume  ar^»av{m —  ^  )  for  the  root  of 

ike  numerator ;  then  9i^sss2ao(f» — --)•     I^^  ^  >=  ^t?,  then  « as 

o 

,    gflMi  ^ad  _     6a#  _ag^_    6fl»<f  _ 

l&«P_6fl»(P      ^          l-t««+^ 
____,and7  = ^ 

(9<f .--30fly^+g^)  (3<f-f^)+36g*d' 

(9(?— 3Da»<?-ffl*)(3<P4^»)+72a*^      .        30aV— 9(P— rf* 

Ex.  1.  Let  oasS,  mnd  i&s^,  (hen  I  bwv« 
,  27475  ,, ,  ,   3529   „  ,    ,    1209  „    „  «       :,   ,   « 

%5^)'4-(2^Xae>'+(2gij^)'=2.    Let a«3. «.d  *-* 

then  I  have  («)'+(«)'+(-W)*=3- 
IVctfe.    Qf  all  the  values  of  a,  when  (i9asl,.ponti«e  values  tie 


.iBtoBiiEJttiBaai  MasnmMi*  4#1 

the  moit4imited,  as  d  must  be -greater  thaD  1  tmA  less  than  1|  ; 
therefore  the  fraotions  will  he  laige  in  this  case. 

81  Find  ihree  numbers  saeb,  that  thetr  ^odoct,  when  ^dded 
to  the  square  of  each  particular  number,  shall  be  a  square. 

Let  ar-f-y.  x — y,  and  y*,  denote  the  numbers.  Then  (a*— ^)y* 
s=  their  product,  which  will  be  a  square  when  added  to  (j^f^By^ 
gives  3^ify  which  is  a  square,  and  one  condition  is  satisfied.  But 
(^-y)j^+(^+y)'=  □  =^(x+y)\  or 

and  a;*— y^=a  j^2_.^_^^;a.     But  («*— y*)y*+  (a:  — y)^s=  D ,  or 

square  factor,.!  have  5^(0* — l)-}^!^^ —  l)*s=  q  ,  which  becomes  a 
square  by  making  yassl  and  a        J^    .    Let  TTtssS,  nss=l,  then 

lP-^==-^.  'Hence  a:-f-y  =^>  a^-^='*7-i  ^^d  ihc  nnnibets  re- 
quired are  1,  -4^,  and  4^. 

82.  Find  three  numbers  such,  that  their  poduct,  when  increased 
by  each  particular  number,  may  be  a  square.  Let  a;,  4ar  -|-  4»  and 
1,  denote  the  numbers ;  then  their  product  =«  4a?-f4a:>  a^^  4a;* + 
4c+l=(2a:+iy'.  Also,  I  have  4a:«-f4x+4a:+4  =  4(a:-f  If ;  .-. 
two  of  the  coniKtions  are  answered  by  the  assumption.  It  re- 
mains to  make  ^'{•4x'^xss=n ,  orAa^'-f-Sscsss  q  sb  its? ;  therefore 

X  =s3^| — J.    Let  as=4,  then  z  =-5n»  ^'^^^  ^®  numbers  are  ^3 

17  1  40 

— ,  and  1.    If  as=s7,  the  numbers  are  ^,  -^,  and  1. 

83.  Find  x,  y,  ar,  so  that  a:y-|-2s=a ,  and  a:z-f-y»  y^+^»  niay  all 
fcesquares.*  PtttjBa=a;-(-y+^  !  Ihen  gy-f'^'''=°^'f"^"f'y  I  wi  iiD»^ 
ii?,  (1)  %  assumption,  and  a:2:-}-y=(by  (1))  =  a;'-f-(^^^  l)a>|-a' — 
11=20  (2);  similarly  yz  +  ±s=y(« — l)y+fl* — TisaiQ  (3),  and 
(2)  and  (3)  become  squares  by  making  ass4,  and  nsss7^  ihen  (1) 

becomes  xy'\'X=& — y,  and  x=  -—pf'    ^^  9^=5!,  then  aj=4  and 

.2&?=d3,  which  numbers  answer  ithe  nuestion. 

84.  Find  x,  y,  and  z,  so  that  r+a:+^+z=a,  y'+«4-y+«^ 
^ta^ ,  j?J^  ar  I  y  J  g    ■  D .    Put  x\y  \  g.-u.T»  MRid  ase««e  ^-^r'*"* 

'^OB-HE^nr  jpii     Q    -; iHnillariyI^t<y.'    ^    ,  t^   h  ^    *  Byikd* 


ifoig  these  values  of  a;,  y,  ^nd  z,  and  putting  r  for  a;  -^  y  -^  z,  I 


4iB  umcMiLMMwqian  ^mgOMim* 

have       •*— r  t  »-^  ,  c'--r  ,  g^c(c+»4-c) 

Let  a=s2,&=d,  csa4  ;  then  rt=^,  and  ^t=4f ,  ^s^'VV''  ^'^^' 
85.  Find  3  whole  numbers  in  arithmetical  progression  such, 

that  the  sum  of  any  two  shall  be  a  square. 

Let  Xy  and  z  be  the  extremes,  and  y  the  means ;    then  by 

the  nature  of  arithmetical  proportion,  X'^z:ss:Qy.     Put  Z'\~y==ff; 


then  2ys=  a",  or  Jrf.  But  a;-f-y  =a;-f-^-=5=i^ ;  .•.  x=l^ —  ^;  also 
'put  g-{-y=;2;  I  ^     r,  then  «=c? — --.     By  adding  the  values  of 

X  and  z\  I  have  x-f-^^^'^''^^^^"!*^ — ^»  ^^  ^^-{-(AasSfl^,  or  W=2flP— 
c^x=Q.     Put  c=:a — wt,  then  2a^    c^n    g'-4-2a»i — »i^=s(a.— «)^=sfl? 

— ^2an-f-w*.     Hence  I  have  g-  -  ,      , — r,  &  fc=iA/(2fl?— c*) 
*  2(wi-j-n) 

wi? — 2m7t  —  71?       ,        w' — 2?7m — m?     .  -^ 

«  aa= — 5;^ — p-r — ,  and  c= — ^- — -— — .    Let  tns=10, 

then  ^a49,  css31,  a»41,  whence  xs=slf^'^=l660l,  y  =-  rs 


840|,  and  z&ssc" — |a\Bsl20J,  as  required. 

86.  Find  3  square  numbers  in  arithmetical  progression. 

Let  ^  be  the  first  term,  and  2xy  -{-  a?  the  common  difference; 
then  will  y",  y'+2a;y-f-a;*,  and  y'-f4a:y'4"^»  ^  ^®  three  terms  of 
the  progression,  the  two  first  of  which  are  already  squares ;  we 
have,  therefore,  only  to  make  ^  -(*  ^^  H~  "^  ^^  ^  square.    Let 

(y —  rar)*  =  y*  -i-  2rry  +  rV,  and,  by  reduction,  x=    J^o 

where  y  and  r  may  be  any  numbers  taken  at  pleasure,  provided 
that  r^  be  greater  than  2.     If  y=l,  and  rt=2,  then  2=a4,  and  the 
numbers  are  1,  25,  and  49. 
Otherwise,  let  ai?,  y',  and  a?,  be  the  numbers  required ;  then  by 

the  nature  of  arithmetical  progression,  a^-j-'S^  ss  2^ ;  or  I    "^   1 

-— —  I    ss=  y*.      We  have,  therefore,  to  find  two  squares, 

^-5—  I    and  I  — ^  I ,  such,  that  their  sum  may  be  a  square. 

This  will  be  accomplished  by  taking  |(z-f-2)  ss  2ri,  and  |(z— x) 

"  be  =:r*4-r, 


,  for  then  y  will  be  s=sr*-{-r,  as  it  plainly  appears.  Hence 

';  therefore  2rs — r*-f-'»  t*+J*,  and  2r*+r*— ^,  are  the  the  roots 
of  three  squares  in  arithmetiaBd  progression,  where  r  and  9  may 
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/ 


be  any  two  unequal  numbers  taken  at  pleasure.  If  r  8±:  2,  j  ss  1. 

-87.  Find  3  square  nmii^bers  in  karmonioal  progression. 

Let  2^,  ^,  and  z",  be  the  three  numbers  required;    then»  by 
the  nature  of  hazmonical  proportion,  a^  —  y"  :  «*  —  sfllaf  :  2^  ; 

^refore,  (snree  l!he  numerator  is  already  a  square,) 
l-^V-f-f— ^l  must  be  ti  square  ;  and  it  appears  from  dm 
last  example,  thait  this  wiH  be  the  case  when  xs=iQr9 — r*-4-  i*,  and 
:z  tss  2rj  4"^  —  ^>  *^®^  y»  ^'  *^®  '0^  ^^  j,^^  «,  will  be  equal 

—  0.0 — .     Therefore 2r« — r*+^» «  ,  « — ,  and  2rf4-^ 

—  A  will  be  the  Toots  of  three  squares  in  harmonical  proportion. 
Or,  if  each  number  be  multiplied  by  r*-}-***  we  shall  have  2fy  + 
arf— rH-f*,  .6r»«»-V-nf*,  and  2r»*4n2r/+  /•  —  «*,  for  the  three 
roots,  where  r  and  «  may  be  taken  at  pleasure.  If  r  sss  I,  and 
s=^t  then  xssssQ5,  y  =  7,  and  2  =  5;  and  the  three  numbers  are 
W,  7*,  and  6»,  or  1226,  49,  and  25.  ^ 

^.  'Find  2  numbers  in  the  proportion  as  8  is  to  16  and  suck 
that  the   sum  of  their  sqnatres  shau  be  a  square  number. 

L^t  8x  and  16a:  be  the  tiumbers  required ;  then  64a:*  +  S25af 
yasz;2&&3f  =  a  square,  which  it  evrdeiitly  is,  the  Toot  hemg  17aP'; 
therefore  z  may  be  any  number  taken  at  pleasure.  If  a»Bs72,  dten 
8xt=676,  and  16a?=s3l060,  the  Answer. 

89.  Find  2  numbers,  such  that  idieir  difference  may  be  equal  to 
the  diference  of  their  squares  and  that  the  sum  of  their  squares 
^allhe  a  square  number. 

lf€^  x  and  y  denote  the  numbers  sought ;  then,  by  the  ^ques- 
tion,  0^ — y^ssar— ^,  and  a:'-4"^=  D  •     '^^^  ^^^  equation,  divided 
by  z — y,  gives  x-(-y=l  ;  hence  a5=l — y,  and  a?-|-y^==l — ^2y-|-y* 
S3S  a  square. 
Assume  1 — Ty  for  its  side  ;  then  1 — 2y-fV  =1  —  2ry-j-ry ;' 

gr 2  '  7* 2r 

whence  ya=s-5 — s,  and  as=l — w=-« s»  where  r  may  be  takan 

at  pleasure,  provided  it  be  greater  than  2.    If  r  =  3,  then  y=^> 
and  a:s=:f,^e  Answer. 

90.  Find  2  numbers  such  that  if  their  product  be  added  to  the 
sum  of  their  squares,  it  shall  make  a  square  number. 

Let  z  and  y  be  the  two  numbers ;  then  0^  -{- xy  -\- i^  must  be' 
a  square.    Assume  its  side  as  z^r ;  then  a?4-^-f-y=^4-  2aT 


454  MBCBLLAXSOITS  QjUBsnom. 

-f-r*,  and  z  =5 1 ,  where  y  and  r  may  be  taken  at  pleasoie, 

provided  that  ^be  greater  than  r,  bnt  less  than  2r.  If  yssS,  and 
r=s^,  then  2=5.     If  ^^=5,  and  7^=3,  then  3p=16.    Otherwise; 

(r  \'      r*  r 

-y — a;  I  =-^ — 2-y2:-j-a^;  then  zy-j-y^ 

_y —  2-y2r,  or  a:-f"ys=-5-y  —  2-a: ;  and,  hy  reduction,  («*  +  2ri)« 
s3s(r* — ^)y.     Hence,  if  a:  be  taken  =  r* — ^5*,  then  y  wiD  be  taken 

s=s  «*-j"2r*,  and  a:*-}"^"}*^  =  (  ~y  —  ^  j^i=(r*-|-^*-f-^'. 

Cor.  it  is  evident  from  the  above,  that  if  ar  be  taken  =  r^ — «*, 
ysszd^-^-^rs,  and  2s=r*-|-r5-j-i* ;  then  2*  :^  ^4-3!y+2^»  t  and  «  be- 
ing any  two  unequal  numbers  whatever. 

91.  If  a'  and  ^  be  two  squares  whose  sum  is  to  be  divided  into 

^                «     •    t              ^^ — ^ — 2r^ 
two  other  squares  rrr,  n%  then  m= »  ,_  „ ,    and  n  equal 

i— .    If  a=a4,  and  ^  =  1  s  and  r  be  taken  =  4,  and 

<s=l ;  then  rrt^i^y  and  91=:^. 

92.  Find  three  numbers  such,  that  whether  their  sum  be  added 
to,  or  subtracted  from,  the  square  of  each  particular  number,  the 
numbers-  thence  arising  shall  be  all  squares. 

It  is  evident  from  the  Cor.  to  the  90th  Example,  that  if  a 
be  taken  =  r* — ^,  b=Qr^^y  and  c=r^-f^^~l"^>  ^©^  c^sa*-!-*^ 
-|-^ ;  and  from  this  it  is  easy  to  show,  that 

/    (c«  4-  ^)^  ±  4£?^<;(a  +  ^), 
{<?  +  (a  +  ^)«p  ±  4fl3c(a+^), 
are  all  squares.     For,  since  c*  =  a"  -|-  ^  4"  ^'»  w®  have  c" — W=s 
a(ii4'^))  ^    ^    ih(a-\-b)f  (? — (a-|-^)'=: — ah ;  and,  by  substitution, 
the  three  formula  become     (c*  -f-  i^f  ±  ^bc{<?  —  3*) 

the  roots  of  which  are  evidently  2^c4-c^ — i',  or  2i^c---c'-4-  ^ ;  2ae 
- -c^— flS,  or  2ac— c»+a« ;  2c(a-f*)+(^— (a4^)«,  or  2c(a-W)  — c« 
+(a+*)«.  Put  m  =  (?+b\  w=c«+a»  ^=c«-f(fl+^)",  and  y= 
4aic(a+^) ;  then  m^±:g=  u  ,  w'±  g=  n  ,  and  y±  g'  =  D  .  Or, 
if  each  be  multiplied  by  a:*,  then  m*3^±qa?=U ,  w'ar*± ^a:*=:  □, 
and^a:'±  ^ar*=a. 

Now  it  is  evident  that  all  the  conditions  of  the  question  will  be 
satisfied,  if  9720:,  nx,  and  pz,  be  the  three  numbers,  and  qa^  =1  to 
their  sum ;  that  is,  if  qa?=7nX'^-^nx-\-px,  or  x= 

--        '^;  whence  we  have.xna;  =  — («i  ^  n  -f-  jp),  fu;  ss 
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-(wr-j-w^-p),  and  px  =  -(wi+  n  -^-p),  for  the  three  numbers  re- 

f  ? 

quired.     If  r  be  taken  =  2,  and  <  =  1,  then  a  ^3,  ^=5,  c^7 

fra==c»4^^^===74,  «==W^4^«==  58,  p  =  c»  +  (a  +  3)»  =  11^ 
.  ,  ,    ,  zx     OQAA    _?45><74     518  245X58     406  . 

^^""^^^    '^'^^^^  ==96"  ^  =^36^==  96"'^ 

^=-^36r=96'^^^^'- 

If  the  values  of  m,  n,  p,  be  expressed  in  terms  of  r  an  jl  s,  we 
have        »»  =    f*4-  2r»*  +  7r«*'+  6r5»  +  2«* 

71  =  2r*4-  2r««  +    ^^'^  2r5*  +  2** 

p  =  2r*4-  6r"*  +  7r«^   +2r5'  +  ** 

9  =  4*(r<4-2r»*-V5»— 2r5')(2r»-f3A+3r5»+5»)  ; 
where  r  and  ;  may  be  *  any  numbers  taken  at  pleasure,  so  that 
from  hence  we  may  obtain  an  indefinite  number  of  answers. 

93.  Find  3  square  numbers  such,  that  the  difference  of  every 
two  of  them  shall  be  a  square  number. 

Let   a?,  «*,  and  2*,  he  the  numbers  sought.    Then  a?  —  «* 
=D,  y*— 2^0,  anda?— ^^=a; 


Or,  -5 — 1=0)  ^ — l=a,  and  -^ — p=  Q  ;   And,  by  putting 

-=-=i^,  and  ?  =-^^9  we  shall  have  -j—  1  =7-3 rrs,  and 

z     r — 1  z      t — 1  zr  (r*  — 1  1)* 

V*  41^ 

T—  1  =-rff— -*7To»  which  are  both    evidently    squares  ;    and, 

therefore  it  remains  only  to  make  -5  — ^  =  a  square. 

a?      y»_/r»+lY      /^+lY_4(r^^-l)(5^-^)_      .     . 

(,*i«_l)(^_r»)=  D ,  or  (r«j»  —  1) ( J  "0"^  °  *        " 

Now  there  are  two  obvious  cases  in  which  this  expi;ression  will 
be  a  square,  viz.  when  r  or  «  =  1,  and  when  r  =  ^,  and/f  i^p. 
In  the  first  case,  the  expression  becomes  (s* — 1)^  or  (r* — 1)*;  but 
z  being  then  =  0,  this  value  of  r  or  ^  is  inadmissible.     In  the 

second  case,  both  the  fieu^tors  (rV  —  1)  and  (  j- —  1  j  are  squares 

the  first  being  equal  to  (-*|?)',  and  .the  second  equal  to  (ff)*;  and 

therefore  {fi—\)(j—  l)  =y^^^,  =  a  square.     Now |  = 

f^+l  41       ^  y     i»+l      185  4I2       ,        185z 

?&^ -9'^^l=iS=153^^'^— ^'""^2''==Tra 

hence,  if  ir  be  taken  ss  153,  in  order  4hat  x  and  y  may  be  wliolo 


numbers,  we  shall  have  zs=s  —  697,  and  ^s=sl83 ;  and  therefore 
2^^as4d5809,  ^^s=34225,  and  z^^dSdlOS',  the  Answer. 

To  obtaia  other  Answers,  put  «=-,  and  r=l-f-tr;  then  (r*** — I), 


^^— 1 W  (f^r^  —  1)  (n«  -.  t)  =5  (1 .+  4a«t?+67iV+4;i«i?«-f«V) 
(«" — 1) ;  or,  dividing  by  {n*  —  1)*,  and  putting  to=ss-j — -,   we 

shall  have  l-f4tt?t;,-|-6«w*-f4*^*''"H^^^=  ^  •  Assume  its  root  = 
l-f-2M?t?-j-(3^ — 2u^),v^y  the  square  of  which  is  equal  to  l-)-4wt>-f- 
6wi^'^4m>{2u} — iiJt^v^-\-{3w — 24£?*)V ;  and,by  comparing  this  wim 
the  preceding  equation,  we  have  4«?i?*+^^*  ^^^  4Lw{9m  —  2u^)t?^ 
(3m^2m?')V,  or  24-»=4(.3b— &^)+»}3— SMrj^;  whence- 

'8w^— 12m;+4              4(2M^— 1)  .    .  ..        . 

«  a^.. '  — -2 —  :    and  from  tais  vmua, 

we  may  obtaia  aa  infinite  number  of  answers,  because  the  number 
n  in  the  value  of  w  may  be  taken  at  pleasure. 

94.  Find  a  qiiadxilateraL  inscribed  in  a  circle  such,  that  its  four 
sides,  and  each  of  its  diagonals  shall  be  expressed  in  whoJe  nujn- 
bers.    Let  ABCD  denote  the  trapezium,  having  z,^,  z,  and  0  for  its 

£ideBr;^and  f  for  itB-dkgonafs.    Now  xs  -^ 

by  (2),    and    there    results   {xz  -{-  yv)  X 
(^!+l*=p^,  (3).    Divide  (IJ  bj  (9),  ani 

there  results  (a;g-}-yt?)XC  J/  ^=?*'  (*^*  ^®^^®  ^  *^^^  ^  ^^  ^ 
found  by  (3)  and  (4),  by  making  xz-{-yic=zQ ,  and  ^nz"  =  O, 

rational  square.     Let  y  =sz  mx^  z  ^=  nx,  v  =  p%  then  «z-j-3tos=3 

(n4-p'w)a?=n  ;  .-.  w+y^?i==a.     Also, 

aw-4-i?z     w4-p'n             _a      /-D               *•     \    /     i^ — ^)*' 
y  1^      ZUL Qsssor.-    (By  assumption,)  J?  =^ — 


Hence  w+^'^wassTt-l-^- -5 — = 7- -stji 


sr=  D ,  or  n(n— fl*)^+(a'n— 1)  X  (n-^)«i?*  =  D .        Put «  «:  y«  ^ 
then  7^(r»-<i«)«+(a^r«— l)X(r'-fl')^'  =  D  =  |r(r^— a»)-Hn^J« 

Otherwise,  put         j=y,  taen  n  ^    ^      o » 
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Shcm'\^i  or  »iss=:(--5 — j — c*)-i-23c,  or  I  hare 


-^ 5^,  and  a:y+»2=y'( 5-)+t?z=a .     Put -r=^^ ; 

=(yH-c)^  or  y={  (-^--^)t,9_c»|  ■^23c,  (7),  and  a:  =  Vy.      Let 

tss=|,  fc=2,  c=},  t?=f,  then  05=^,  2/t=Jf,  2=6,p==^,^6=i^, 

and  X  ==2444,  j^  =611,  z  =  2492,  v  =546,  jj=2535,  ^=2538. 

95.  Find  4  whole  numbers  such,  that  their  sum  shall  be  a 
square,  and  the  sum  of  their  squares  a  biquadrate. 

Let  a:,  qz,  yz^  and  ©z,  denote  the  numbers.  Put  ^-^-^sf  4-  yV 
^V'jz^ssa*,  then  afc=a*— (^  +  3^  +  «")^  =  O  =  {(^—pz)\  or 

question),  or  («?'+2/'+^)'— ;?*+2p(i?  +  ^  +  ^)(2^+  ?*+  ^-H^)= 
t7*+2iw,»+2(^4.g«+i>y+p^)i;«+2;)(p^  4.  ^  +  2^)^,  4.  (^  +  j*)*^. 

-f-2^ct>-(-c*.     Hence  I  have 

^  2  ^'"^^       3;?-2(^+y)       ^• 

Let  y-i  3,  g= — 1,  jj= — 2,  then  »= — -^.  Hence  tha  num- 
bers are  »=193x(~)',  tJ^=104  X(^)^  y^  =  48X(^)',      and 

and  qz=l^X(^fy  or,  by  rejecting  the  square  factar,  (^^jfl)*,  the 
mimbers  are  193,  104,  48,  and  16.     Or  for  three  numbers,  let 

19  mt^  40M 


^^'^^y^'"''' — r' — 44r'-'--44r' 

yz  =     .    ,  vzt=sz  ,  or  by  rejecting  the  common  D  factor,  the 

numbers  are  409,  64,  152. 

96.  Divide  unity  into  three  such  positive  parts,  that  each,  di* 
Btinished  by  unityr  shall  have  the  remainders  cubes. 

Let  a^-fy+2«=4,  or  o^— l+*»_l-j-c8— 1=1.      Put  x:=p+^, 
vsssp^-^y  then  %^+%wg'^==4 — ^2*,  or 

39  58 
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«*= ^~~=' 3^ °-  •••2^-^-1^ 

sss  o ,  Let  a  and  3  denote  such  numbers,  that  when  they  axe 
assumed  for  p  and  z,  they  may  make  24p— Opz' — 12p^=D  ^c^; 
then  generally  p=a — mxj  and  z=h-X-mx ;  then  p^=a^ — AnNix  -f- 
ea»w^a:«— 4ai»V+wV,  and  r*  =  5'+  ^^^  +  3*«V  -f  »^a»,  and 
«2;'=:a^'-4-3i'a;ia:-f-3fl3?iV-j-«« V — mi^x  —  Wmrvj? —  ^miM — 

— mnV.     Hence  p2^-\'2p*=ab^+2a*-]'(^(m  —  mb^  —  8a'f7i)a;+ 

and  24^>--%e'— 12j?*===c»+(48a^»»+  6m*'  —  ^^an  —  24m)a  -f 
18(*»m»  —  €M  —  4fl?77i«)ar^  +  ^{^lynvr^  +  8aw»  —  aw')a:'  4- 
6(OT?i'  —  2?»*)ai*  =  c*  4-  6(8a»wi  +  tw*'  —  3*^^  —  4jn)a;  + 

^□={c4-3(^"+^^^7^^'""^"):r+r:^i>.     Hence 
18(^»--aW— 4fl»W04^(3^^+««OT'---an»)ar+  — 2«V 

6(— ^-   ).a:Xra:+t^^.    Assume  i,= 

'  2c*  * 

6(3*mnH^^'--g»^)c— 6(8a'CT4-^^--3yan^4OT)p 
then«=  c{t;»-fl2w*— 6w7i») 

Hence  a  and  *  being  known,  and  fn  and  n  arbitrary,  x  is  easilj 
found,  and  thence  the  roots  of  the  cube  become  known.  Such  is 
the  general  solution  ;  but  the  folk)wing  particular  solution  is  more 
simple.  Let  p  ={— ya:,  and  2s=^t7a:,  then  p*=i^^ — }fl9^'4' 
V— W^-fV^S  ^^TVrfHt'aJ-f  ^r^a^  +  rV,  and  pz»= 


f4-'^A(9^^2y)a:+f  t«(3i>— 2y)-(-f  t^'^f^?—  2y)  —  yt;V.     Hence 

^+2;>WW^|-T^(9(H-5%)i»?4-H(3«^~2t^+18y')^-H(t^  - 
2t;«y— 8y')a:'-f(2r— !^ V.  Hence  I  have  4;>— pz'— 2p<  =  f%  + 
T4T.(129z«y-288r)a;+|t(2py— 3i^-18^)a:»+f(8y'+2t;«y  — t')*' 
+(yt^— 23/*)a:* ;  .-.  m+T¥?(323y  —  72i,)a:  +  ^(2vy  —  3t^  - 

/12  ,  ,323y72t>,    ,    ^\^_144    ,  24^^  _.       , 

!^25+(^-5 ^^+^)  ,=  6^+125^^^  -  ^''^''  + 

y^3My-T^y^_j_^a\^  ^^^^^ 

a  =  2V(46800t?y  —  5616©*  —  10692 V>,  (1),  then!  have  z  = 
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»  "  ■  ' 

1080.0507       ,  1234807335200 

then  fl= ^;r and  a:  = 


2  5(436710708571) 

49282337539044  21587268507484  _   oi 

'^  "43167107085700  '  ^  "21583553542855*  ^'^        ' 

318049* 
and  y=l  ;  a  = g^g— ,  and  28S^72t^-36r^=  —  294642 ; 

^An      ~^AA       ^^A     t«^  247830-446 

646 —  1449=157*4=156,4  ;  xsss 


•I5(a«4-12  — 6t?»)' 


101155166401 .  12  X  247830-446 

"^  ~  36  '  •  •        5(101074589761)'  °'  ^  — 

29739653^^  , .  ,  2973965352* 

.—jg^^^^gg^^  ;  which  answers.    ^  =  5(ioi074589761)- 

^  323—721?    ,    ^,,  78604121846606- 

«*^ 5~^+^^^     5(1010745897611^'  and  i,  = 

576707885046  _      505413181012         i      r      «j- 

5(101074589761)'  ^^^  —   5(101074689761)  '  ^^««">r«H- 
666270943093850697 ,  506506070263707307 

^  "470040809835196035 '  ^^^'"^^470040809835196036' 

605413181012  *i    /       i      xa     /  xs       a  j^ 

^  °606372948865  '  <^o"«^q«^°%  (^  +  9)'^  ip-Q?  and  ^, 
these  three  cube  numbers  answer  the  question.  These  2  sola* 
lions   I  sent  to  France  and  to  London  in  183^. 

100.  Find  any  number  of  squares  whose  sum  and  product  are 
equal. 

In  order  to  make  the  solution  quite  easy,  I  shall  begin  with  find- 
ing two  squares  whose  sum  and  product  shall  be  equal  to  each 
other  ;  and  afterwards  proceed  gradually  to  finding  three,  four, 
and  five  squares,  whose  siim  and  continual  product  shall  b6  equal 
to  each  other,  till  the  way  of  extending  the  solution  to  -any  num- 
ber of  squares,  is  sufiiciently  clear  and  evident. 

1.  To  find  two  square  numbers  whose  sum  and  product  shall 
be  equal  to  other. 

Let  a!^  and  i/  denote  the  two  squares  ;    then,  by  the  question, 

sh^^=3?-\-^t  whence  a?  =  -^ — r  :^  a  square  ;    therefore  y*  —  1 

^—  1 

must  be  a  square.      Now  y*  —  1  will  evidently  be  a  square  when 

ys=z(nA4-7!?)'T'2mn  where  m  and  n  may  be  taken  at  pleasure.  For 

taen  or^  -3 7=^7 — § 5:51  y== — r— s-s — 


2/»_  1  -^(rrf-^Y  ^         4otV 
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Take  m  sbs  2  and  n  =  1,  then  a^sss  if-  and  ^=^  ff . 
98.    Find  three  rational  squares  whose  sum  shall  be  equal  to 
their  continual  product 
Let  the  squares  be  denoted  by  a?,  «*  and  z* :  Then,  by  the 

question,  sfi^a^  ■  .T*-fV"f"^i  hence  a;^= /,'       ^ ;    whence  it  ap- 
pears that  y^+z*  and  y*^;* — 1  must  be  both  squares.    Put  ^-{"^^^ 

(t/U-z — «)*,  whence  z —  ^/   ---7,  and  hence 
'  2(y — n) 

2^*  -1  — 4(5;z:;j)5 — ^.        4(^;=;i?       =  *  ^^^^'^ 

^{2ny — »*)' — 4(y — nf=aitt^ — 4»y-[-?iV--4y'-f-S»y— ^*  =  * 
square.    Assume  2ny' — n^ —  for  its  root ;  that  is,  put  4ny  — 


4»y-|-wy — 4y*-f-8ny— -4n,^=(2?iy* — ^n'y j  =4ny  — 4wy-i- 

«y — ^4-2wH — i:  whence  6nys=4w'+-5= — ^    and  y  =s 

^±i  where  n  may  be  taken  at  pleasure. 

Take  ?i=l,  then  y=^,  z  =^I=^=— 2,  a?=.^t^  = 

^      6  2(y — n)  yTT— I 

•W* :  Therefore  the  three  squares  are  -^^,  ^,  and  4. 

Take  «=a..then  y  =^.  z  =^^__^=^-,  a^  -^j^j^r. 

and  therefore  the  three  squares  in  this  case  are 

(2593)^  (65)>  (34)^ 

(1634)'' (48)^  (31)»*    ^ 

99.  Find  four  squares,  such,  that  their  sum  and  continual  pro- 
duct may  be  eaual  to  each  other. 

Let  ir,  st^t  t^  and  z"  denote   the  four  squares  :   Then,  by  the 

question,  «'jc'y^A=r'-)-^"l^~h^  5  hence  «^=(a:"-f-y*-f^)-ra^fV 
—1.  This  last  expression  will  manifestly  be  a  square  when  fl?-f- 
i^'\'2^  and  ai'y'z*— 1  are  both  squares.  Futa?-f^"f"^^^=K^~hy — ^)* 
=a:*+2«y+y* — ^2z(a:-f-y)^  '^5  whence  2=a:y-4-(ar4-y)»  and  a^Vz* 
— l==a:y-5-(a:+y)«— 1  =  |a:*y*— (a;+y)«}^{a:+y)»  =  a  square  ; 

therefore  a;V — (a;-}-y)^=«y — a^ — ^2a:y — y*  =  a  square  :  Assume 

ay — ^-3  for  the  root,  that  is,  put  sM — 3^ — ^2a:y — y^=(ay — --^)* 

'^3' .       1                                4^4-1  ^ 

sasa^y* — .ar-|-  j-i ;  whence  «= \J.   ,  where  y  may  be  taken 

at  pleasure.   ^2r  W 

Take  y  =  1,  then  a:  =  —  f,  z  =  —  f  and  »*  =»  49  ;  and 
therefore  49,  f{,  1,  and  ^  are  four  squares  that  will  answer. 


Since  3?^^  -j-  2*  and  «*y*«*  —  1  are  both  to  be  squares :  put 
*HV+^  s=s  (a;-f-y — »i)'=2r-}-2a:y+y'  —  2ot(x  +  y)"H^  •  then 

^^<^^y+^^^^y"-^^'  =  a  square  :  therefore 

y'2«(2my+2^— 7w*)»— 4(y  —  m)»  =  4te^zV*  +  4mzy{i^  —  «i»)  4- 
j^2*(«*— Tw")' — 4y"  -|-  8wiy  —  43!»*  ass  a  square.  Assume  ^mzt^X- 
zy{^ — m^) — g  for  its  root ;  that  is,  put  4»i*2^*-f4i«2y(z* — n^-f- 
^^(2^—'^)^~^t^'\-Smy — Arr^  =»  \2mzi^  -f-  zy(3^  —  nry—  g\^ss 
47nl'zy-iAmz't/^{^—Trj?)'^:^f/'(2^—f^''^-^gmzf—  2gzy{^  —  nf) 

-|-  ^'     Put  4gmzsssAi  or  gssz — ,  in  order  to  take  away  all  the- 

terms  in  which  any  power  of  y  above  the  first  is  concerned ;  and 
firom  the  equality  of  the  remaining  terms,  viz.  9my  —  4m*s=s  — 

-^zy^z--^  }^g-,  y=Q^i2gz{z:'—n^     8m  +  2(z- —  w») -5.  «r 
47^V4-1  4mV4-l 

pleasure.  Take  z  and  m  each  =»  I,  then  y  ^s^  xs=:  —  ^^  and 
t^=349  ;  therefore  49,  1,  fj^  and  '^  are  four '  squares  that  will  an- 
swer. Take  z  =  1  and  m  =s  i,  then  y  =  f ,  ^i;  =  ^,  and  t^  s= 
(305)*      u      r      ,   ^  (41)'      J    (305)«  . 

)l87?  '  ^^^^^^^^  ^'  T*  (IS)*  Tl87?'  ^^  squares  that 

will  answer. 

100.  Find  6  squares  whose  sum  and  continual  product  shallbe 
equal  to  each  other.  Let  the  squares  he  denoted  by  u\  ©*,  ai*,  y*, 
and  2*.     By  the  question  t£*t7Vy*2^=M'-}"^+35*-f-y +^  •  whence 

-2 — 1 — ^  '    -^ — -j-^ ^2 i  —s  a  square,   and    therefore 

«y«'(2my+t^+2:»— m*)«— 4(y— !»)«  ==  4»i«t7»2y+4mr^«y(«^+2« 
— 7?i*)-f-«'Vy*(p'+^ — ^T  —  ^y"  +  8^y  —  4^**  =  a  square  = 
J  2mt?2y*-|-t?2y  (tt'+z* — rr^) — g  ]  ^=4mV2  V'f'^^^^^C*'"!"^ — ^ 

-fV^y  (1^*4-^ — ^y — ^grnvzy^ — 2gvzy{if'\'Z^  —  «^  +  5*«     Put 

1 

4^im7j2i&s4,  or  g  ■■=== ,  in  order  to  take  away  alt  the  powers  of 

vtoz 

39* 


48?  joMosujMBoxn  ^ffntmoM* 

y  above  the  ftret ;  and  the  remaining  terma  of  the  expression  will 
be  8my  —  4im?  =»  —  2gvzy(if  -}•  ^ —  «n^  +  5^ »  whence  y  «* 

dm'+g* 4wP-fl-^^^^^        _ 

801  +  2gif2(v'  +  «*  —  w^)  ^8OT+{2-4-wi)(t^+2»— u^  ~ 

^_^ 4otVz'+1 4mVz'+l 

8»i»r»z*  +  2mtf'^(i^  +  2»  _  ^)  —  6wV2»+2»it?*2»(t?'4.2«)  "" 

2«i>V(3«i»  +  t^  +  ;^'  ^^^  "^  "'^  ""^  ^  "*y  *^  taken  at  plea. 

aww. 

Take  mssml,  oas2,  and  zas},  then  yi=s^,  and  j;        jlj  ;  and 

hence  «»- JHlllll      Therefore  4    1  il?)!  Il^T)^  ^nd 

/ttvutia  *^r®  fi^®  sQuares  that  will  answer.    If  the  process  and  re* 

salts  of  the  two  preceding  cases  ^  are  attentively  considered,  there 
will  be  no  difficulty  in  extending  the, solution  to  as  many  squares 
as  we  please,  without  any  further  calculation.  For  let  w^,  tf,  tf, 
fl^i  ^  and  2*  denote  six  squares  whose  continual  product  is  equal 

to  their  sum :  Ihen  we  shall  have  ys^- 


.A' also  appears  from  what  has  been  done,  that  all  the  aquarai 
excepting  three,  may  be  ietssumed  at  pleasure  :  and  the  roots  of  the 
thtee  odim?  squares  are  to  be  found  by  means  of  the  preceding 
formul®. 

101.  Find  two  fractions  such,  that  the  sum  and  sum  of  their 

auares  shall  both  be  rational  squares  ;  and  either  of  them  being 
[ded  to  th^  squall  ^  the  other  shall  make  Ae  same  squ»e. 

Let  Ae"  two  fractions-  be  denoted  by  — -—  and  — ?— ,    foir    tliv 

sum  of  these  is  obviously  It,  and  is  therefore  a  square  number. 

The  sum  of  their  squares  is      TJ\a»  ^^<^1^  will  evidently  be  a 

square  when  of  -\-  ^  is  a  square.    Again,  either  of  the  fractnms 

being  added  to  the  square  of  the  other  is    , '  fv[v-  which  wilF 

aho  ementW  be  a  square  when  of -^  xy '•\' if  is  9^  square.  TIm 
question  is  therefore  reduced  to  finding  such  rational  values  of  t 
and  y  as  will  make  ;«•  -f-  ^  and  a:*  +  ay  -f-  y*  both  souares.  PW 
^\mm  fti  ..m^  if  and  y  s=  2imnf^eaof  -}^  j^  =  («r  -^  iff  -^ 
4wV.mji;i*-f-2ifAt*-f?i^aa(CTp-t-n*)^as  a  squaflfr  Also»  a;^-4-2y4t^ 


fB^-^'2iii'n-f-2^n'---9mn''{-n^  is  to  be  a  sqvtti^.  Assume  nf'4-mn 
-fvr  for  the  root  of  tlie  preceding  square ;  then  m*-^  ^nAt-^-UTrftf 

\riieiiee  — •■■»     ,.  Wherefore  we  may  take  m 006  and  9i!dB — 1; 

but  these  values  of  m  and  n  would  manifestly  gire  the  value  of 
y  negative.  In  order  therefore  to  obtain  a  positive  value  of  y, 
take  mssaA  and  «==» — 1  ;  then  xs=mf — w^=15h^  2* — «•,  and  y  :^ 
2win=8(*— 1),  and  from  hence  2:*+2:y+y^l69+36*4-62i«— 12«» 
4-**  which  is  to  be  a  square.  Assume  13-|-6*— «*  for  its  root^that 
is,  put  169+36»+62i'--12ji*+»^a.(134-6*-^)«  a  169  -4-  166»+ 
lOi*— 12/-f»* ;  whence  5s=ff,  «=s— 1=4J,  as=m«— n'Vss  ^1^, 
ys=QmnsszXf^^  and  rejecting  the  common  denominator,  we  may 
take  arr'2415',  and  ^=1768,  and  hence  the  required  fractions  will 
-       X        2415       .     y         1768      ^  .,^ 

«4-y     4183^  ar-f-y     4183  *^  ^ 

102.  Divide  a  givea  s'quare  number  »',  into*  two  such  parts  that 
the  sum  of  the»  squares  and  the  suia  ef  their  cubes  may  both  be 
ntdonal  squares. 

Let  X  be  one  part,  theft  isf-^'^x  will  be  the  other  ^  hence  (n'<^-df)P 
-j-  2»  and  (n*  —  x)^  4-  a:*,  or  n*  —  2n»x+2a*  and  nV*— ^^^ar+Sa:*) 
must  be  squares.  Dut  it  is  eirident  that  the  hitter  would  be  a 
square  if  n* — 37i'x-f-3a*  was  a  square.  Let  n* — 3»'a;-f^3a:^=«*— 
2«V+^^  a»d  n^—'i^rfx'^23^^=m^—2v?qX'\^Qf,  then  -t37i»+  32; 

taom  I  obtam  a;  ga-  »  j~  and  a:  ==  ■  -^-  "^  ,.  therefore  put- 
ting' diese  values  of  a;  equal  to  each  other,  and  dividing  by  n^,  we 
have  TT— ~  ^  ^r — ^  In  order  to  determine  p  and  q  in  rational 
numbers,  let  us  assume  3 — ^2j?=2 — 2qy  then  3 — p^  =±=  2 — }*,  from 
die  format  equation  we  ind  pr^  "^^>  whick  jubrtitute J  ]»  die 

latter  eqttation  givea  1^*-^ «»  &—  ■T.^i-iL  j  wbenee  we  hawe 

3  14-2^        ^ 

tffls^^a»ldt]lirgive»  pr  or  ■■J' ^ftttf.      By  mbatiinting   these 

wuea  of  j^  and  g  w  the  equation  :fc=3 — ,..    ^   or  x   i*     ^ — -5^ 


^^^^ 3_^    ...^     2_^ 

I  get  X  sa=  -3-r-,  hence  n^— <iraas  a4?i".     Thus  it  appears  that  the 

P        8«*     J    15*^    -  ,rt    u  8^ 

nnmbers  sought  are  -rrg-  and  -35-.     Let  n=  10,  then  a;=  -ss" 

•iidiiP--<6==-^,  hence  (n«-«)«+a*--;^^=^^  and 


/  «      x8 1  ^      3887000000     169000000     /13000\«     . 

2,  then  ^=55  "*^  **''""^'^^'  hence  (»' — a:)*^-  a;*s=s  (  —  I  and 


(n«-<r)«4-a^=(^<^)».     Let  7i=J,  then  «=nf^  and  f^— a:  =  2\^. 
hence  (n*-^)»+afe=(3W)'  and  (w«— a;)*+a?=(AV)*-    Otherwise, 


Let---p--  and  — p^  denote  the  two  parts,  then  by  the  questbn 

,    ,    X  =/ — i — TaXC^-f^)  =  a  square  ;  therefore  **-+V  =»  a 
square.^  Again,  by  the  question    ^J^^^^  =  (^!|^)« 

sas— — -5X(^--ay4V)  =  a  square  ;  therefore  «*— ary-fV  = 

a  square.  Wherefore  the  question  is  reduced  to  the  finding  of 
such  rational  values  of  x  and  y  as  shall  make  x'-j-^  and  o?  —  tm 
-f-y"  both  rational  squares.  Put  x — r' — «*  and  yss=:Qrs,  then  a*  -f- 
grts=(r" — ^s*)*-j-4r'«^^(r'4-«')'>  which  being  a  square  there  only  re- 
mains to  make  ««-^i:y+y^=(r^+«')'— 2r*(r"-W»)==r^— 2r»*-^^ 
-f-2r«'4-**  a  sqi:tare  ;  assume  f^-r-rs  -{-  ^  {or  its  root,  that  is,  put 

•  jj*^        15j^ 
whence  rt=4«,  j — ti* — «•=  15^*,  y  =  2r*=8»*,  -r— ==-73r"  and 

— r-=-^:^  two  parts  that  will  answer.     Other  numbers  that  will 
a^-y       23  *^ 

answer  may  be  found  as  follows  ;  put  r=4» — c,  then  f*-f-i^=rB^— 

8«?+17j»,  r»— A=ap«— 8w+15$",  2r«=2»{4f— v)  ;  whence  the  ge- 

neral  expression  (r'-f-*')' — 2r*(r*  —  «*),  to  be  made  a  square,  be* 

comes  v*—14«r»-f74««t7»—17&'^+169**.    Take  t^+ffw-^ia^  for 
its  root,  that  is,  put  t?*— 14«;'+74/t?»— ITSi^c+lSQ**  =  (t^-H§*t> 

— 1&»)^=»*4-J,^«?»+^^— 26jV  — 17&«c  +  169f*  J  whence 

2993f         ^  3243«      ti^x      8083WM      ^      t/y 

V  ass-r-=:r:r»  ns:4*-— 0  =  ^  ^^^    ;    — ; —         ^^s.^^^^^   and  ^ 


1560*  ~  1660  '  X'\-y~  18201609  """  x  +  y 

101lSl60n»     .  •  ^    .   ^     .„  ^ .        . 

«s  ,,^^,^^A-,  Other  two  parts  that  will  answer*    Otherwise, 
lc»2Ulo09 

Let  X  and  y  represent  the  parts  required,  then  s'-H^  and  2^-4-9* 
must  be  squares,  or  since  a:*-f^=  (a:-f-y)(2^-fV — ^)  ='«*.(^-ri'* 
—cry),  we  have  only  to  make  i?-fV  an^  ^4-y^ — ^  iiito  squares. 
Now  a;  ssc  n'  -|-  y,  and  this  value  being  substituted  for  x  we  haTe 
a8+2/t==»*— 2«V+ V»  and  a:*+y»— ay=n*— 3wV+3y*. 

Jo  make  the  first  a  square,  assume  the  root  sas  n' y,     then 


'  / 


I 

i 


n*— -2nV+2^^=3n* n*y  -f-Tj^i  and  ^Y  reduction  (r* — Sj^^tss 

2{n  — «*)»' ;  there&>re,  to  make  w*  —  27i*y-j-^  a  square,  we  may 
take  71^=7^ — 2^j  and  y=s2rs — 2^. 
Again,  to  make  the  second  expression  a  square,  assume  the 

root  a=  91*  — 7-y,  then  by  a  similar  process/ W  =  {2et — 

2fw)n*,  therefore  n^  X  3?^  4-  3^  will  he  a  square  if  ^  =b= 

and  ysssQet-^fyff,    We  have,  therefore,  by  equating  ihe 

values  of  n*  and  y,  w{r^—2^:=e^'Sfu^  and  2rs~iU^=Qet~^ffo, 
to  find  the  relation  of  r  and  s.  'to  do  this,  suppose  sssUy  then  the 
equations  become  w(f^—^2^)=^ — ^tir^  and  2r — 2s=2e — Ssw, 

From  the  first,  c*  =a  w(r*  —  25^  +  ^f^\  aiid  from  the  second, 
4€»=4r»-f4(3M?— 2)r54-(3«;— 2)V  ;  therefore  4M?(r«— 25»)-j-12««ttJ^ 
==4r*-|-4(3to — ^2)rs+(3x^> — ^2)V  ;  and  making  4M>irf=4r",  in  order 
that  the  equation  may  be  divisible  by  «,  we  have  «e^  sacs  1 ;  whence 
— &-|-12s==4r-[-*  and  4r=s=3*  ;  therefore  we  may  take  r^=3  and 

parts  will  fulfil  all  the  conditions^  of  the  question ;  for  their  sum  is 
a=s  9^,  the  sum  of  their  squaifes  &s=  (j^tt)*  and  the  dum  of  their 

cubes  =1-^^-1  Xw^. 

10%  To  find  three  right-angled  triangles,  suchy  that  their  pe- 
rimeters may  be  equal  to  each  other,  and  their  areas  in  arithmetic 
cal  progression. 

Let  the  sides  of  the  first  triangle  be  denoted  by  2amn, 
aX(^^— ^)  and  aX(^'+«') ;  the  isides  of  the  second  by  2bpqf 
^xij^ — ^)  and  hX  (^  4"  fi^) ;  and  the  sides  of  the  third  by  2crj, 
cX(i^ — ^  and  cX(^-|-^)  •  then,  by  the  question,  the  perimeters 
of  the  triangles  being  all  equal,  there  will  be  had,  a  X  (w^  +  fnn) 
=a=&X(l^-f-M)'*=*X(^-|T^4'  ^^  is  well  known,  that  the  area  of 
any  plane  triangle  is  equal  to  that  of  a  rectangle  under  half  the 
perimeter,  and  the  radius  of  its  inscribed  circle  ;  and  the  perime- 
'  ters  of  the  three  triangles  being  equal,  their  areas  will  be  as  the 
radii  of  their  inscribed  circles ;  and  when  these  radii  are  in  arith* 
metical  progression,  their  areas  will  be  so  likewise. 

Now  the  radius  of  the  inscribed  circle  of  any  right*angled  tri- 
angle is  equal  to  half  the  difference  between  the  hypothehuse-  and 
die  sum  6f  the  two  legs;  wherefore  anX(^ — »)»  ^S'XO>— ?)»and 
eg  X  (^ — ^)  are  the  respective  radii  of  the  inscribed  circles  of  the 
three  preceding  triangles ;  and  when  these  radii  are  in  arithmeti* 
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cal  progression,  supposing  the  second  the  mean,  we  shall 
^nX[^ — »)-|-C5X(r — s)z=:QbqX.  {p  —  9)  I  and  fi;pm  this  expi 
sion,  exterminating  b  and  c,  hy  means  of  the  equation  aX  {f>^- 
B=^X(p*+P2')=^X(^+^*)>  it  will  become  anX  (^ — ^)  -f- 


{r'+rs)X{p'+pq) _^      Putting,. 

—  (r*  +  rs)  X%(p  --?)— (r*--**)  X  (/  +  p^)         •  ^ 

-7 — *— -T ;  and  the  equation 
n(in  —  n) 

comes  ;^+pgX        ^^,,^(^^)_^ -^-^,(i^^)-5 

Completing  the  square  on  the  first  side  of  the  equation, 
P.J.«.  .,i^-^y  +  rsX  a-e)-e^ 
P-tM  A  ^  j^r$  X  (l+e)  —e^ 

,  ^^^  {(1  -  2e)f^  +  Ts  X  (1  -  g)  —  e>^}'  __  ' 
'^^      4  X  {r*+  r*  X  (I  +  e)  —  ««}«      "" 


(  {(1— 2e)7^+rfX(l-«)-^|«  )      . 

^^  |-^X(r^+r^)X{r^  +  r^X(l  +  ^)— ^n   _„.  . 
y^  4|r«-fr*(l+e)— es»}»  ~'^'" 

(  [(1  —  2ey  +  r«(l  —  c)  —  efY  \ 

\  —  QeX  {^  +  r$)x\f^  +  r$X(l'h^)  —  ^\)  , 
—r^X  (1— 12<?+4c*)+2r^*X  (1— lie— Sc^+r'^^X  (1  —  12c +5fl 
— 2cr«^X(l— 5c)+A*  =  a  square.  Assume  r*X  (l4-10c)-f  reX 
(1— 5c)— c«*  for  the  root ;  that  is,  put  r*X(l— 12c-f4g')+2AX 
(l—ile—2e')'\-r^^  X{l  —  \Qe  +  d^)  —  2erf  X  (1  —  5c)-HV 
'=  |r»(l  +  10c)  +  r*  X  (1  —  5c)  —  cs'P  = 

r<  X  (1  +  20c  +  100c«)  +2f^s  X  (1  +  ^  —  50c^  +^ 
X  ( 1  —  12c  4-  5c^ )  —  2erf  X  ( 1  —  5c )  +  A*,  whence 
r*x(l— 12c+4c^)+2r'*  X  (1— lle-2c«)=r*X(l+20c+100«H 
2f^s(\  -\-  5e  —  SOc*) ;  from  whence,  after  proper  reduction, 

-=s— j-TT ;  wherefore  we  may  take  r=3c — 1,  and  i=3c-}-l ;  ^^ 
s      «ic-|- 1 

r  being  here  less  than  f,  will  obviously  make  one  side  of  the  tn- 

angle  to  which  it  belongs  negative,  it  will  therefore  be  necessaif 

to  obtain  a  value  for  s  that  shall  be  less  than  r. 

We  have  hitherto  proceeded  generally  with  the  solution,  aw 

the  problem  might,  from  what  has  been  deduced,  be  done  geiM* 

ndly  for  any  value  of  e  =-^±^:  but  acme  of  the  «.l^ 
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11^  expreamona  would  be  rather  ccMoaplez,  yet  still  quite  managea- 
{Hle.  However,  for  the  sake  of  abridging  the  labor  of  calculation, 
bre  shall,  for  the  remaining  part  of  the  solution,  proceed  in  a  man* 
iner  not  quite  so  general ;    for  which  purpose,  take  m  =  2,  and 

1^=1 ;  then  g=    ^\\ r  =  6  ;  rs=3e — 1=17,  and  «=3«4- 

^1==19  ;  and  in  order  to  obtain  a  value  for  s  that  shall  be  less  than 
r^  put  r!=B=  17,  anad  «  =  19  —  v  \  then  writing  these  values  in  the 
l)efore  found  expression,  viz.  jf^-^-pg  X 
(l_2e)r»+r.(l>^)-e^  _  2egf^X{r'+rs) 

r»^rsX(l+e)-^ r^+rs(l+e)-e^'^   '''    ^^^^"'^ 

^  I  ,,,,(6^^-313r+6960)_      12g»X(17t^l2)     n,„  ,  .  ^ 

.^-H^X  6t^-109t,-384 6t,«-103t,-384  *    ^ompletrng 

the  square     . ,  PgX(6.--313iH-6960 
the  square,  ^i-       (6tr«— 109t»-584) 

"^■^  X  4X(6t^—  109t?  —  384)' ~  4x(6t?«— 109r— 384)* 
_  48g*x(17r-^12)X(6p'— 109t?~384)  _' 

4X(6t?«— 109t?— 384)*  ~ 

(36p*— 8652t?»-f  446689^'— 724g600p+37161216) 

*X  4X(6t?'— 109»— 384)«  ~ 

a  square  ;  and  therefore  36p*— 8652t^»-f446689i?«  —  7245600p  + 
37161216  must  be  a  square.  Assume  ^—  721  i?  4-  6096  for  its 
root,  that  is,  put  S6v*—  8652c«+446689i«— 7245600r+37161216 
_:(6t,«— 721tJ-f6096)»=36r^— 8652i;^-f.592993t^  —  8790432t>  + 
37161216  ;  whence  v  =  -4Wi^=-Wr^  5  and  therefore  *  =  19 
— 1?=19 — WH^=W^»  and  ^=  17  =  ^W  ;  wherefore  we  may 
take-r  =  2159,  and  s  =  1072.  Recollecting  now  that  I  took  6^" 
_721tJ+6096  for  the  root  of  36u*— 8652i?«+446689t?«— 7246600ij 
4-  37161216,  and  taking  the  square  root  of  each  side  of  the  ex- 
*       ,  (6»*— 313^+6960)  ,    ,  ^  (6w»— 313t>+6960)« 

pression  f+pg  X    6z,«-.109t,-384  +^  ^  4-(6t.«-109t;-384)« 
(36i?^--86522?^+446689?7'— 7245600t?+37161216) 

^  "4x(6i?«— 109r— 3S4)«  "^^  ^^*" 

_  (6t?'— 313i?+6960)  _        (6i;^— 721t?+  6096) 

have  p      qX  2x(6t^''— 109i?— 384~^'^2X  {6t;«— 109t?--384) ' 

p  2042;4-432         41710356     4572    ^ 

and  hence  "  ==334:^ io9t,-6t;»  =13967^=^5^  by  wntmg 
for  V  its  value  found  above,  and  reducing  the  fraction  to  its  lowest 
terms.  Therefore  we  may  take  j9=4572  and  q  =z  1531 ;  and  we 
found  ns:2159,  and  s  =  1072 ;  also  we  took  m=i2  and  ns=sl; 
whence,  and  from  the  equality  of  the  perimeters,  viz.  aX  {ff'-{-fnn) 


8tsftX(|^+M)»=^X(r'+»)»  that  is,  eas3790S916Aa6»7S729e ; 
whence  a=46d0486d,  and  cs43.  Hence  2m«^&»:4as=16Q01944^, 
{f,f.-^^)Xa=Qa=l395U68b,  andK+n^)Xaa5a=232S24d0^, 
which  are  the  two  legs  and  hypothenuse  of  the  first  triangle ;  aii^ 
2pqb=l299M6U,  (^-^)X ^=18559223^,  imd  (f  +  f)  X  ^= 
23247145^,  which  are  the  two  legs  and  hypothenuse  of  the  second 
or  mean  triangle-  Also,  2«c=18515584i,  (r*— «»)Xc=140483S8*, 
and  (r^4-«*)Xc=2324 18603,  are  the  two  legs  and  hypothenuse  of 
the  thira  triangle.  Or,  omitting  the  common  factor  by  18601944, 
13951458,  and  23252430,  are  the  sides  of  the  first  triangle ; 
13999464,  18559223,  and  23247145,  are  the  sides  of  the  mean 
triangle  ;  and  18515584,  14048388,  and  23241860,  are  the  sides 
of  the  other  triangle.  For  it  will  appear,  that  all  these  triangles 
have  the  same  perimeter,  viz.  55805832  ;  and  the  radii  of  their 
inscribed  circles  are  4650486,  4655771,  and  4661056,  which  are 
in  arithmetical  progression.  I  shall  now  give  a  more  general 
solution  to  the  question ;  and  for  this  purpose  put  r=36 — 1  and 
s==3e-^l — v;  and  these  being  written  in  the  expression    . 

i^tWA       r«+r*(l+c)-^       ~      r«+w(l+c")— «»' 
deduced,  it  becomes 


before 


f+H  X 


ev' 


—  v(9^  —  2e-fl)  4-  4«(9c»  _  6f  -f  2) 


^  _  |,(3fi8  +  1)  —  4«(3c  —  2) 

2c/ j  v{2e  —  1)  —  6e(3c  —  1)  |  ,    .         , 

"*  *  ^  '  •    completmg    the    square, 


(fl);/+MX- 


et^  _  t?(3e^  +  1)  —  4c(3e— 2) 

gt?^  _  p(9c«  ■-  2g  +  1)  ,f  4(g(9c^  —  6e  -f  2) 

e^  —  i7(3e*  +  1)  —  4c(3c  —  2) 
^  \ei?  —  V  (9^  —  2e  -\-  I  )  +  ^  {9^  —  ^  -^  ^)\^ 

"*"  ^er^  —  v(3^  +  1)  —  4e(3c  —  2)^ 

_     g«  I  ei;«  —  g.(  9e^  —  2e  +  1  )  -f-  4e  (Oe'  —  6e  —  2 )  }' 

—  4  j  et?^  —  t;  (3c^  -f  1)  —  4^  (36  — 2)}=* 

_  2g(f  |p(3g— 1)— 6e(3g-~l)  \ ^ 

ei^_t,(3e2+l)_4e(36— 2)  ~   4|ez?''— i?(3€«+l)— 4c{3€— 2)|" 
c  £?!,*— 2eu^(21c'—6c+l)4-t?'(369c^—156c3+62€»—  12e  + 1) " 
X  I  _8go(135eJ— 126e^+93e«— 24c+2)  +  16c'(9€».—  12e4-2)" 
=  a  square,  and  therefore 

^v^—2ev\2\e'—  6e+l)  +  t?«(369c*—  156c'  +  626^  —  12c  +  1)  - 
8ct;'(135c*— 126c«+93c«— 24(?+2)+16c»(9c«— 12c+2)»,  must  be  a 
a  .  Let  cw» — v(21c^— 6c-f  l)4-4c(9c*— 12c+  2)  for  the  root  of 
the  last  expression,  that  is,  put  c^t?*— 2ct?*(21c'— 6C4-1)  +  t?(26** 
—156«'+62^—12c+l)—8ct^(  135c*— 126c'  4-  9*^—  24c4S)+ 
16tf»(9c«— 12c-j-2)«  =;  {«?«— ©{21c«— ac4.1)+4£(9c'— 12e+2)jfe 


^_2e»^(2l^_6e+l)  -f  ff(5lW—  348c»  +  94«*  —  126+ 1)— 
8«?(1896*— 30W^1236»— 24«+2)+166'(9c'  —  12e-f  2)',  whence, 
by  transposition,  «^(144«*— 192c*-j-32e*)=8ct?(54e*— 180c»4-306«), 

which  gives  v  = — ^  3 ^q^Tq  » *^°**  hence  r  =  3e — 1  s=(3e — 1) 

X  9e^-12e+2"=       9^-12H-2       '  and  *=3.+l-t.=3e  + 1 
3g(9c'— 30c+5)   -63c»— 21c+2       ,     ^' 

6^12^  =96^-12^-2-  "'^  '^'''^"''  "^^  "''y  "^^^ 

fisssS7^ — 45c^-|-18c — 2,  and  *=i53c' — 21c+2 ;  or  r  and  *  may  be 
expounded  by  any  integer  numbers,  in  the  ratio  of  276*  — 456^-1* 
iSc  —  2,  to    63c^  —  2le  -f-  2,  that  is,  we  may  put 

~= — So^ — SiT"o Again,  taking  the  square  root  of  each 

s  fitkr — Aie-\-d 

side  of  the  expres  (a),  and  recollecting  what  was  taken  for  the  root 

fo  the  irrational  part,  p+qX  g^^^  _  ^^3^  J_  ^^_  ^^^  _^^ 

ct?--^(21g»_  a?  +1)4-  4e  (9e«— 12e4-2)     ^  ^ 
=  ^  X     2{et^-.(3e^+l)- 4.(3. -2)1-""^  ^  ^"^P^*^- 

^^^'  *?•  g=4.(3e--2)+^(3J+l)-r7^  '  ^°^  '°*^^'  expression 
for  1^  writing  its  yalue  found  ^hove^E=^^^^^^^^—^ 


'\ 


3c(9e»-^0e+g)(6.«— 2g) 

9iP»— 12c«+2  ■+■     '^^ 


3c(3«^+l)(9c«— 30c+5)      9c»(9€»— 30c+5)* 


9c*— 12c+2  (9€*— 12c+2)» 

6g(9(g^  —  12e  +  2)(27e«  —  81e"  +  21g  —  1) 


—  ( 4(3e— 2)  (9c«— 12e+2)*+3(3€»+l )  (9e»-12c+2)96»-30c+7)  1 

i  _9c«(9c»— 306^+5)  J  . 

and  the  denominator  of  this  fraction  being  properly  expanded  by 
multiplication,  &c.  will  be  found  to  be  divisible  by  27c'^—  81c*  + 
21e — 1,  which  is  a  factor  of  the  numerator,  by  which  means  it  n- 
nally  reduces  to 
3e(9c*— 12c+2)    ,^  ,,    p     3c(9e^-^12e+2) 

expounded  by  any  two  numbers  in  the  ratio  of  3c(9€^ —  12e+  2) 

to  45c* — 15c+l ;  and  we  have  putc    >    )  .>  where  m  and  n. 

may  be  taken  at  pleasure*  ^  (^     ^) 

40 


4B0 


nmoKiJiAWKoro  qpMnom^ 


Example*    Take  mss2  and 


tlieu 


m{m^n) 


and 


n{7ip — n) 

from  what  has  been  deduced,  -a=s — —r-; —   '    .-■ —  =^rm  = 

8  63r — 21e4-2  2144 

2159  D 

therefore  we  may  take  rt=ss2159,  and  «=sl072.    Also  -9= 


1072'  -  q 

4^— Igg-f-l    '°'i531^    therefore  we  may  tokei?  =  4572  and 

qssB  1531.  The  preceding  values  of  the  quantities  r^sip,  9,  ob- 
tained from  the  conckisions  deduced  in  the  general  solution,  being 
precisely  the  same  as  those  obtained  in  the  particular  solutioOy 
prove  the  accuracy  of  the  various  calculations. 

104.  Find  a  right  angled  triangle,  such  that  tlie  area  inereaa* 
ed  by  a  given  number,  (5)  may  be  a  square. 

Let  (ar  +  i^)n,  (3^ —  y*)n,  2nxy  be  the  sides  of  the  triangles 
then  the  area  will  be  (af  —  ij^^n^xy,  and  {3? — ^).n*a?y==a  square ; 
to  efiect  this  take  :c=  5,  ^ba4,  then  a*  y^n  9,  and  {s^  —  ^)'M?3af 
-|'5e==20  X  97i*-f-5  =  a  square,  which  is  evidently  the  case  if  Qir 
sssl,  or  QDs^^,  hence  the  sides  of  the  triangle  are  ^^,  ^,  f. 

105.  To  find  a  right-angled  triangle  such,  that  its  perimeter 
shall  be  a  cube,  and  the  perimeter  together  with  the  area  a  square. 

Put  (ts=^he  perimeter,  and  x- — the  area  of  the  triangle ;  then,  by 
the  question,  a  must  be  a  cube,  and  a-^x  a  square  number.  Let 
the  sides  about  the  right  angle  be  denoted  by  y  and  z ;  then, 
since  the  rectangle  of  those  sides  is  equal  to  double  the  area, 

2x 

yz  is  ass  to  2^,  or  y  sas  — ,  and   the    hypothenuse    of    the    tri- 

^       2:2 
angle  is    expressed  by  a — -  jc.  But  the  square  of  the  hypo- 

thenuse  is  equal  to  the  sum  of  the  squares  of  the  two  sides ;  .*• 

I«— 2rj=5— jjp — «*,  orfl?— 2a2rss — Aax*       MqUh 

ply  by  z,  and  divide  by  2a ;  then  2* 5— «  = ' 

ri— ^^ —  I  be  added  to  both  sides  of  the  equati 

the  first  side  may  be  a  complete  square,  we  shall  have 

V*^    4a     )  ^  16^ 

equation,  that  z  will  be  a  rational  number  whea  g*-^24ali.  [-IW 
is  a  square ;  therefore  all  the  conditions  of  the  question  will  be  sat- 
isfied if  rf* — ^24a?a;4-  16a:*,  and  a  -(-  ar  be  squares,  a  being  a  cube 
number  taken  at"  pleasure.  Assume  a=64,  which  is  both  a  square 
and  a  cube  number ;  then  cf  will  be  a  square ;  and  since  a-|-2  is 


-  2z;    and    if 
on,  in  order  thai 


Now  it  is  evident  from  this 
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to  be  a  D  >  the  product,  <f  (o-f*^)  =^  a^-h^^*  aiu«t  ^so  be  a  q. 
Assume   a* — ^24a'a:-J-16a:^7w',   and  a^-\-^x=.  r?^  and  subtract 
tlie  second  equation  from  the  first  j  then  we  hare  16a?— (34a*-)-a*)a; 
3=  n? —  w*=(w-j-w)(wi  —  n)y  or  \%3^ —  88a'a:t=5()w-|-7i)  {m  t—  n). 

Resolve  the  expression  16a? — 88a'a;  into  two  factors,  44r,  and 
4 

rr ^2a?,  so  that  2fl?  or  twice  the  root  of  «*,  may  be  a  term  of 

11a:  /  4  \ 

one  of  the  factors ;    then  we   have  44a:I  jz ^2a'  j  =  (?w  -|"  ^) 

[m — »).     Equate  the  respective  factors  by  making  442:==wi4-  n, 

4 
Bad  Yx 2flA=  m —  n ;  then  taking  half  the  sum  and  half  the 

difference,  I  have  m  =:  -^^  x — a',  and  n  =  ^^  x-^K  These  va- 
lues being  substituted  for  m  and  ti,  we  have  two  equations, 
itom  either  of   which  the   value   of  d^  may  be  deduced.     Thufi, 

(240  \ 

-— r-  x-\-i^h  then,  by  reduction, 

llflla— 480)a«     39424      .        244a;        ,  8096x64 

2«J«  225-11  226X11 

AUo,  since  (^z ^  j=  j^-,;  zi8=»-J-  +  ^  «=   16  + 

39424  8096  4032  2*      4400       ,  .    ^ 

225  X64~' 225X11X4" -^5'  ^="2""  -^S  "^  **  ""y?^ 

-o^                                     ..      4032      4400      6968      „    . 
mt&use  2=  a  —  tr  —  z  s=s:  64  —  — =-=-  —  — =-  = w      If   the 

numerators  and  denominatora  of  these  fractions  be  imihi)^}ied  by 

11,  we  have  ^^^^^  W^^'  ^^^  Vi.W'>  ^or  '^s  t^'®®  sides  of  the 
triangle. 

106.  Find  two  difierent  isosceles  triangles  sach,  th&t  dicdr 
areas  and  perimeters  shall  be  both  equal. 

Let  X  be  one  of  the  equal  sides,  y  the  base,  and  z  the  perpen- 
dicular of  the'  first  triangle;  and  x'  one  of  the  equal  sides,  ^ 
the  base^  and  z'  the  perpendicular  of  the  second  triangle  ;  then 

2a;  4-  y  is   the  perimeter,  and  ^  the  area  of  the  first ;    also  2y' 

v'z'      ^ 
-|-  y'  the  perimeter,  and  ^  the  area  of  the  second ;  and,  by  the 

question,  2a;  -f-  y  =  2a;'  -j-  v'*  and  ^=^—,      Now,    in    order 

that  the  sides  of  the  triangle  may  be  expressed  by  rational  num- 
bers, put  sc=T^-\-sf^,  and  Jy  =7^ — s^ ;  then  will  zs=2rs: 

Also,  put  a;'==r*-j-p*,  and  4y'=^ — J^',  then  will  jr'=s2rp,  and 
the  perimeter  of  each  triangle  will  be  4r*. 

Mexeover>  J3fates2r/(r'— j?^,  and  |  /»'=*:  27|>(r^— I?*)  i  wtence 


472  HiscBLLJUTEcnrs  Qvisnomi. 

Qrs  (r*— /)  =  2fy  (r»  —  y),  or  *  (7*  —  j«)  =  p(r»  —  ;j^,and  f*sasr 
^  Bs^'-f-^TH':?^  ^  therefore  'H'isH^  mast  be  a  square  nam- 


ber,  which  it  will  be  when  s  is  =m^ —  n*,  and  ^  =  w*  -j-  2^71^  for 
then  r  is  ==»i?-j-  ^^  "f"  ^"  •  hence  we  have 

y  =r^— A=:2(OT*+OT7i-f  »»)«— 2(»i«— «•)* 
x'==r«+;i^^(m»4-??i«-fn«)*-f(n«+2»m)^ 
y'===r^--p»===2(w«+7»w4-?i*)»--2(?i»-|-27«n)*, 
where  m  and  n  may  be  taken  at  pleasure. 

If  9n  =  2,  and  w  =1,  then  x  is  ss=  68,  y  =80,  a:'=74,  and  y  ss 
48 ;  or,  as  these  numberi^  are  all  divisible  by  2,  we  may«take 
£=29,  y=40,  a:'=  37,  and  y'=24. 

107.  Find  any  number  of  numbeils,  ad  lUntum,  such,  that  if 
their  sum  be  either  added  to,  or  subtracted  from  the  square  of  each 
particular  number,  the  several  results  shall  all  be  rational  squares.* 

Let  a,  b,  h;  a\  h\  K\  a'\  h'\  h'\  &c.  denote  the  two  sides 
and  hypothenuse  (all  rational)   of  any  number  of  right-angled 
triangles,  having  the  same  area ;  that  is,  (ib=ui'h'=a"b"z=a'"b'*' 
&c.  then  we  shall  obviously  have  a'-|-y±2afc=;^±2a^^=  square, 
a'«-Li'2-t2a'^'=A'«±2a'*'  =:h'^±2ab  =  a  square, 
a"8-i.3"«±2a"^"=;A"*=fc2a"^"=;A"*±2fl*  =  a  square, 
a'"«4-r'*dz2a'"3'"=^'"«±2«'"3'"=A'"»±2a3  =a  square,  &c. 
and  the  same  properties  must  necessarily  still  prevail,  if  each  of 
the  quantities,  a,  ^,  A ;  a\  b\  AV  &e.  is  multiplied  -by  any  com- 
mon factor,  as  g,  that  is,  g'h^dz^g^ab  ;  ^h'^±2^ab  ;  ^h"^±:2g^ah  ; 
^h"'*-±^(^ab ;  Ax.  must  all  be  rational  squares. 

A  method  of  finding  the  sides  of  any  number  of  right-angled 
triangles,  having  the  same  area,  in  rational  numbers,  may  be  se^i 
at  page  476,  question  117  ;  and  the  hjrpothenuses  of  such  right- 
angled  triangles  mav  be  taken  for  the  quantities.  A,  h\  h'\  h"\ 
Jkc,  and  four  times  tne  areas  of  each  of  the  triangles  will  mani- 
festhr  be  equal  to  2a^. 

Kow  in  order  to  apply  what  has  been  premised  to  the  solution 
of  the  question,  let  gh,  gh\  gh!\  gh!*\  &c.  denote  the  required 
numbers,  and  take  ^db^y  for  their  sum,  that  is,  put  gh  -(-  gh'  -|- 

-  gh"  +  gh'",  &c.  =  2ahf,  whence  g  J^  +  h' +h^h"' kc. 

and  hence,  the  required  numbers  will  be 

h(h'\'k''\^h"+k"'  k^.)  ^  A^(A  +  h'  +  h"  -f  h!"  &c.) 

^^~  2ab  *S^—  2ab 

^  2ab  '^^   ~  2ab 

At  page  476, 1  have  58,  74  and   113  for  the  hypothennses  of 


JOBOBLUirBOirs  ^BM$ttam.  ITS 

dnree  rigkl-nnfM  trkiigles,  four  times  the  ana  of  \iriiidi,  or 

2a3  =  3360. 
Wheidbre  ^m  may  p»t  AtasSS,  A's=74|  and  A'^aellO;  and 
A(A^A^4>A^^)_2Q3      406  A^(-j-A4-A^-f  A^Q      259     618 

^^'"''^  2tf5         ~^ ™96"'  2^  "^l8  ™^ 

A"(A+A'+A")     791      \.  ^ 
and  — —•*■•,- =-?;7r>  which   are   three   numbers  that  "wiU 

answer.       In  the  same  page  we  have  also^218,  233  and  394  for 

the  hypothenuses  of  three  right*angled  triangles,  four  times  the 

area  of  eaeh  of  which  -w  2a^s=43680  ;  from  whence,  in  the  same 

^  „  ^  ^  2834  3029       ^  6122  ^      ^ 
manner,  we  shall  find  -^r^i  ^  ^,  and   ^    -  ua  three t>tn6r  nmn* 

bers  that  will  answer ;  that  is,  if  their  sums  be  either  added  to  or 
subtracted  from,  the  squate  of  each  particular  number,  the  sevaal 
lesails  will  all  be  rational  squares. 

Its.  To  find  four  rational  nuiabesB,  such,  tbat  if'  their  saa 
be  either  added  to,<  or,  subtracted  finom  the  square  of  each  particu- 
lar naityber,  the  sereral  results  shall  all  be  rational  squares. 

1412881 
At  page  476,  ipiestion  115, 1  have  58,  74»  113  and       7^  for 

the  hypothenuses  of  four  right-angled  triangles,  four  timet  the  area 
«f  each  of  which  is  2«^ :»:  3360,  wherefofe  we  may  put  A  ss  38^ 

1412881 
*'«t74,  *"=±113,  and  A'"«i^gi;  whence 

h^'+k^+h'"*^^^^^^  1  and  hence 

m^h'^k"'+h''')_  58        1704186  _'9884278S 

^ah  ~3360  ^     1189    ""  3995040 

lt'(h^k'+k''+h''')  _  74       1704186      126109764 

2ab  ~3360^    1189    ~  8998040 

k''{h+hf+k''+h'")  _>_  113      1704186       192973016 

2ab  "3360^^    1189     ~  3995040 

k''\h-\'h'+h''  -f  h"')  _   1412881        1704186  ^240781201966 

2ab  "3360X1189 '^    1189  4750102660 

which  four  numbers  will  answer  the  question. 

w  1     iw       2579761        .  ,.  -. 

We  may  next  take  nr  =    ^  ,  and  proceedmg  as  before, 

I  shall  ebtain  five  numbers  that  will  ansvrer,  but  k  is  manilieet 
fnm  what  has  been  done  that  they  vdll  be  rery  largv  frnrtiiipal 
numbers. 

109.  Find  any  Buml)er  effractions,  ad  libitum,  iiuch,  that  if  the 
sum  of  their  cul)es,  be  «hher  added  to^  or  «ublBacted  .firoiatbe 

40*  60 
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square  of  eaph  particitlaT  fracdon,  the  several  resalts  shaH  all  be 
rational  squares. 

Let  gh,  gh\  gh",  gh"\  kc,  denote  the  required  Motions  ;  the 
quantities  A,  h\  h'\  h"\  &c.  being  the  sapue  as  in  the  preceding 
problem.     Put^o^g^  for  the  sum  of  their  cubes ;  ,that  is,  put 
^A»4-^A'»+g%"«+^A'"»+&c.=az^g«;  whence 

"Stah 2abh 

^  — A»  -f-  A'«  +  A"»  +  A'"'+  &:c. '  •*'  ^       A'-f  A"+A"«+A'"'&c. 

^^  —  ^8-|.A''-fA"»+A'"»&:c.  '  ^'^  ~A»  + A'»  +  A"»+A'"»&c. ' 

^       ~  A«+A'»+  A"»-f-  A'"»-f  &c. ' 

-    Let  it  be  required  to  find  three*  rational  fractions,  such,  that  if 

the  sum  of  their  cubes  be  either  added  to,  or  subtracted  from  the 

square  of  each  particular  fraction,  the  several  results  shall  all  be 

rational  squares.     Take  AsSS,  A'=74,  A''=113  and  2a^=3360, 

.         ,   „,  2fl3  3360        .       58x3360 

and  we  shall  have  g  =  -— __  =^^^^,  gh  =^5^^ 

_   194880  74x3360       248640  x.._113  X  3360 


2043233 '  **         2043233       2043233'        *  2043233 

379680 
a=g  g>^.,ww>o»  which  are  three  fractions  that  will  answer  the  pro- 
2043233  ^ 

posed  "question  ;  that  is,  if  the  sum  of  their  cubes  beeither  added 

to,  or  subtracted  from  the  square  of  each  particular  fraction,  the 

several  results  shall  be  rational  squares.    If  it  were  required  to 

141^81 
find  four  fractions  of  the  kind,  we  shall  have  K"  ;    it 

'is  therefore  evident  that  the  required  fractions  would  be  very  lai^^e, 
or  consist  of  a  great  number  of  figures.  Th<3  manner  of  extend* 
ing  the  Question  to  any  assigned  numbet  of  fractions  that  will  an- 
swer, will  be  obvious  enough  from  what  has  been  done  in  the  pre- 
ceding examples. 

110.  Find  three  numbers  such  that  the  sum  of  the  first  and  sec- 
ond, and  also  the  diflference  of  the  first  and  third,  shall  be 
squares,  the  sum  of  whose  roots  shall  be  a  square  equal  to  the 
sum  of  the  three  required  numbers. 

Let  8^,  a:*,  7a?,  denote  *the  numbers,  then  the  sum  of  the  first 
and  second  s=9a:^(32;)^  and  the  difierenee  of  the  first  and  third, 
■sSz*— 7a:'=  a:*,  and  the  roots  of  these  sss4a;=  I62*,  which  is  a 
square;  whence  a?=i,  hence  -^j  fV»  iV)  ^^^  ^^  numbers  reqinied. 


111.  GivenV(^)  +  2V(rJ:::)=«'V(rjT).   to    find  th« 
values  of  x.    Multiplying  the  equation  by 


HnonxARBOOs  (tOBsnom. 
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-•.(  ^),^+2V(i)=*'.  or  14^+2V(|)==**.  or  the  square 
ropt,i8l4»>v/(-)  =Tdb^  ;  by  trans.  VH==t* — 1»  and  squaring 
both  sides.  ^=(*T1)*;  .-.  x=-  ^^^,. 

112.    Given  ^^^+^^  |  ^^"t^.  =^^.  to  find  the  vakes 
of  a;.    The  equation  by  reduction  becomes 
— -'VCo+aj)  =-^^^ — ,  and  .•.  (a-f-^)^  ^=-  *  ^  \    extracting  the 


(1)*^  root,  a  + 


and 


*x\  .*.  by  transposition,  ass  |^ 

c 


* 


—  If  •«; 


(-V-1 

113.  Given  ^2±^"  +<i±^"  =£,  to  find  the  value  of  «. 


The  equation  is  (a-j-^)"  '  ( --[^1= — »  ®'  (a  +  x)"  •-3^ 
— ,  pr  (a+*)        =-  .  a:       ;    .-.  ( — i-  j      ==-  ;  the  root, 


X        c 


;   or — 1-1=- 
X  '         c 


"+i  a      a 

\  by  trans.  — e=»- 


n 


-1; 


.•.X 


a 
e 


iH-t 


—    1. 


114.    Given  —  •  a:*      =—  •  a; • ""  ,  to  find  the  value  of  «. 
(18.  Cor  2.)    — -a;"  =-•«•  ;   .-.  —--sat — ,  or  a:  -•    ■ 


fiT 

—  ;  .'.  extracting  the  root, 


'"^Kmn) 


Find  a  quadrilateral  inscribed  in  a  circle,  such  that  its  tour 
sides  and  its  area  shall  be  all  expressed  in  whole  numbers. 

Ans.  2 ;  11 ;  18,  and  23,  area  sat  180*. 


4EVd  Mucnujtintoro  q^ssnons. 

115*  To  find  3  square  numbers,  and  also  a  number  which  being 
added  to,  or  subtracted  from  these  squares,  shall  make  the  smns 
and  remainders  all  square  numbers.  Let  a  denote  the  number, 
md  ^y  a;'?,  and  aj^"^  the  thr^  squares ;  then  «*db«>  iP^±«»  «"'±«» 
must  be  squares.     Assume  4 

a — 2m"n",     Again,  assume 

m    =sr  — «^,    n  osaSirs     ,  .•-  z  «sr*  4-^ 

«i"  =r"»— *"«,  «"=:Sr"f",  .-.  a;"=«r"'4-*"'-  Hence  we  must 
a=Jirs(f—i)  =»  4rV(r'»— O  =  4/^ V'(r"«— »"*),  or  r*(r*— .rf>ss 
t'5'(r'»— «^)«=:r"«''(r"*--/') :  or  if  r=s:r'^:=r'\  as  we  may  evident- 
ly  assume^  then  rs(f^'-^)=T9' (7* — $'^z=rs"(i^ — *"*),  hence  sj^ — 
I'falV — *",  ei^NUing  fiarst  and  second ;  or  (5  —  9*)Asx  / .— ^^'^  or 
H=s»»+w'-j-*'« ;  from  this  we  get  «=-4/±  W(4^ — 3»'*).  To 
make  ir* — 3»'*  a  square,  assume  rs=/^4~3^>  i'=^fg^  whence  ,*3a: 
— 2/ir=fc(r— 3g«),  if  ./i=2,  ^^1,  then  *  =  —  5,  or  —3 :  r^=^, 
/sS,  and  since  5  has  2  values,  we  may  assign  one  value  to  /'  in 
the  third  expression  r*"(r*— ^"*) ;  so  we  have 

rasJf,  f  \\  6;  raw?,  s'sszS;  r  =  7,  *"  =  —  3,  and  therefore 
a  =  3360,  :i;  =  74,  z'  =s  113,  z"  =58.  Or  I  have  218;  233; 
3M,  «nd  43680. 

116.  Find  3  square  numbers  suck,  that  the  difierence  between 
every  two  of  them  uid  a  3d  shall  be  a  square  number. 

Let  z^  y,  and  2,  denote  the  three  numbeis;  then,  by  the 
question,  a^-j-y* — ^9  a:'4-2^— y*,  and  y^-f-^"*""^'  *^'®  ^^  ^  squanes. 
Assume  asB:sr*-4^»  y==sr*-j-r*---^,  and  zssssr* — r* — s?;  thena:*-f-y 
~2»a=(r«— s»+2r*)»,  aDda:*-4-?»— y"==«=(^— ^— 2rsf;  so  that  two 
of  the  conditions  are  satisfied,  and  it  only  remains  to  make  the  last 
y*-f-z" — a^^  or  its  equal  r* — 4/^5*+**,  a  square.  Put  rs=  (2-f>^)i ; 
then  r*— 4r*«^+**  is  =  **(1+16^  -|-20/^-)-8l»-f  r^ ;  therefore  1+ 
16^-|~20^+8<*4"^*  "^"st  be  a  square.  Assume  the  root  «=  1  -f-8t 
4-^)  so  that  the  first,  second,  and  last  terms  may  go  out ;  then  l-f* 
16^  +  20<*  +  Se"  +  «*=(!  -J-8^-j^)«,  and,  squaring  and  reducing 
we  find  fasto— ^.  Bat  r  iis  =  (24-i^i  or  rfc= — ^ ;  the«el#re  r 
may  be  taken  =  15,  and  s= — 4  ;  then  a5=r*-f-s^==241,  y=:  r*-f- 
r*-.«'^149,  and  «=:r»—  r*  —  «»  «=  269 ;  so  that  241»,  14»^  and 
269*,  are  the  numbers. 

117.  Find  the  sides  of  three  right-angled  triangles  in  whok 
numbers,  such,  that  their  avsas  shall  all  be  equal  to  each  other. 

Let  r* — ^5*,  2r5,  and  r*  +  ^»  detiote  the  sides  of  one  of  the  txian- 
gks,  and  r"— J?*,  2rp^  and  r^-HA  the  sides  of  another  ;  then  whea 
the  areas  are  equal,  rs{f^ — ^z=srp{T^ — jp*),  or  s{r* — flf")==p(r*— jj^; 

whence  r*  ^a-^^^a^-J^jp^-p^,  w  «"+ V+iP^=*^ — Jp^*  ^""^  "^ 
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{f'\-ip)*=r^ — ip* ;  therefore  t* — }p^  must  be  a  sqaare.      Assume 
f*— ||fc=i  r pi  ;  then  r* — |p     r* ^  "f"^^*  *J^d  byre- 

ductioD,  r  =  ^ ~ — ^ ;  therefore,  if  we  take  p — Smw,  r  will 


971 


be  =  4»i'-f-3»* ;  consequently  r  — --p=Q7f — 4wi^,  and  {s  -f-  il>)' 

={3»'— 4i»»)«.  Whence  «-f  i|i«±(3««— 4»i«)»  or  «=adb(3n'  ~ 
M) — ^p=s3f^^^m^ — 4m7i,  or  4w* — Sw'— 4mn.  Let  the  latter  of 
these  values  be  denoted  by  s';  then  the  sides  of  the  3d  triangle  will 
evidently  be  denoted  by  2rs\i^ — ^j'*andr'—^),  where  mand  n  may 
betaken  at  pleasure.  If  m  be  taken  =1,  and  71=1 ;  then  i — 3 
8=— 5,  j'=l  3  1—3,  p=Smn=Sy  r  =4»i?  -[-3«S=:7,  and 
the  sides  of  the  first  triangle  =  r*  —  a*=:40,  2rs=42y  r'+a'^saSS, 
of  the  second,  r*— p^*=5l6,  2rp==112, 7^+^  :^  113;  and  of  the 
third,  r«— 5''^=:24,  2«'=70,  r^+y'tsr?^ 

118.  Find  2  whole  numbers  such,  that  if  unity  be  added  to  each 
of  them,  and  also  to  their  halves,  the  sums  in  both  cases  shall  be 
squares. 

First,  to  find  a  number  x,  such  that,  unity  being  added  to 
itand  to  its  half,  the  sums  shall  be  squares  ;  leta;-|-ls3a^,  and  \z 
-)-l=^ ;  then  from  the  first  equation  x&so^-^l,  and  from  the  sec- 
ond xsssQb^-^2 ;  whence  2b^ — Isao^.  Therefore  2^  —  1  must  be 
a  square,  which  will  evidently  be  the  case  when  3=1.  But  this 
value  gives  xs=a — I,  which  will  not  answer.  Let  h — r  |-1 ;  then, 
by  substitution,  ^ — 1  becomes  2r*-|-4r-|-l»  which  is  to  be  a  Q  • 

Assume  its  root  s=  1 r ;  then  2r'-4-4r+l=l r  +  -^r* ; 

and,  by  reduction,  r= — ,  '    ^  ,  where  n  and  s  may  be  taken  at 

fleasure.  If  nhe  taken  =  2,  and  «  =  1,  then  r  =  4,  3  =  4  -[- 
=  5,  and  x^=^2}^  —  2  =  48,  one  of  the  Answers.  Again,  if 
n  be  taken  =  3,  and  8  =  2,  then  r  =  28,  3  =  28  -j-  1  b=  29, 
and  2i==2^— 2=1680,  the  other. 

119.  Find  3  numbers  such,  that  the  sum  or  difierence  of  any 
2  of  them  shall  be  square  numbers. 

Let  Xy  y  ,  and  z ,  denote  the  three  numbers,  of  which  y  is 
the  mean  ;  then,  by  the  question,  z — ysssuf,  z — x==ff,  and  y —  x 
=s  i?  :  the  third  equation  is  evidently  =  to  the  sum  of  the  other 
two  ;  therefore  a'-j-c*  must  be  =  3*.  ,  Again,  from  the  first  equa- 
tion, z — ^*-^-y,  and  from  the  third  a;-j-c'=y  :  therefore,  by  multi- 
plication, zx^&z — €?x — €^(?=n^.  But  y'is  ^=s=xz  by  the  question; 
therefore  (fz^^xsss.  eft?;  and  if  from  this  we  subtrac^t  the  second 
equation  z — xsa^cf-^-if^ixsi  multiplied  by  c*,  and  then  by  <^,  we 


get  J      ,        ,, and **=t — ^ 5  consequently  y    i^ j.       Bnt, 

since  <^-|-c^=36*,  we  may  take  a — i* — «*,  cs=Sr«,  and  4 :^s  r*4-  *• ; 

fir  **£33 i 4  5  or,  to  have  whole  nombeis,  x  may  be  takoi 

«e  (t*-^)*X{6r**'-^i^-^).  y-4f«^{r*-nj»)«(6r«j»  —  f*—  j»),  and 
«ssesldr*«*(6rV — r^ — ^),  where  r  and  ^  may  be  any  numbers  taken 
ftt  pkasure.  If  r  ss  2,  and  f  as  1,  then  x  s=:  567,  y  ^1(K)6,  and 
z  e  1792.         N 

120.  Find  2  whole  numbers  such,  that  their  sum  shall  be  a 
square,  and  the  sum  of  their  squares  a  biquadrate. 

Let  X  and  y  denote  the  numbers ;  then  x--^^  must  be  a  square, 
and  a^'-fV  ^  biquadrate.  Put  x  j^ — ^,  and  y=:  2pg ;  then  a^-^- 
y*  will  be  ={]i^-\-^)\  and,  therefore,  to  make  i*+j^  a  biquadrate, 
^4-  g*,  mast  be  a  square.  Put  p  =»  r"  —  «*,  and  ^  =  2r* ;  Aen 
y-f  ^  wiU  he  «s  (r»  +  i«,)«,  and  a:» + y*  =  (r«-f./)*,  a  biquadrate. 
From  these  suppositions  we  have  x — ;•* — GrV-f-  «*),  and  y  =as  4r1r 
■— 4n*;  whence  »-f-yaaBr*-|-4r** — 6rV — 4n■-f-#^  which  is  to  be 
m  square.    ABflume  its  root  sas  r* — 2ri+j*,  ^ha  r*4-4r*»— 6iV— • 

tiding  by   2r%  we  have  2r— *3*a=s—- 2r  +  6»,  «r  raat 

be  119,  a  negative  value.    To  find  a  value'  that  will  answer, 

nut  r=B^s  4-  ^  *  substituting  this  value  in  the  given  formula*  we 
nave  ^s^-i^s^t-i-^^^-^-lOs^  +  **»  *^  make  into  a  square ;  and 
therefore  **+296A4408sV+160»<*+16f*  must  be  a  square.  Aa- 
Bume  its  root  sss^-^l^st—Af ;  then,  by  squaring  and  proceeding 

as  before,  we  get  7=21403=1343  >    *^®^  taking  ^  =  84,  and 

issszl^%-  we  have  rB=:}i+fe=1469,  and  consequently  as=r* — ftrV 
4-9«=4565486027761,  and  2P=4?^«  —  4r/  rss  106ied229S|^,  as 
required. 

121.  Find  the  sum  (s)  of  n  terms  df  the  series,  1,2,3,4,5,6,  &e. 
Here  ia.2+3-f44-5+64-&c 4-M=ras. 

And  Ji+C**— 1)+(^— ^)+(^— 3)  +    •'  •    +l«=s. 

Therefore,  by  addition, 
(«4^1)^(«-|.l)4.(«+l)4-(«4.1)-f.(^l)^  &c.=2s. 

n<«t-4-l) 
Whence,  n(n4-l)==^  ^^  dividing  by  2,  s  =  -p^ — 

Or  if  0  be  made  the  first  term  of  the  series,  instead  of  1,  its  sum, 


msGBUjaiBoxrs  qnsanoma.  4m 

by  putting  n — 1  for  n,  will,  in  that  case,  become  s  =  — ^--^ 

And  the  same  substitution  nuiy  be  made  in  any  other  case,  where 
0  is  taked  for  the  first  term  of  the  series,  and  n  for  the  number  of 
terais. 

}22,  To  find  the  sum  (s)  ofn  terms  of  the  series,  1,  3,  5,  7,  9, 
11,  &c.     Here  1+3+5+7+9+  &c.     .     .     .     +  (2n—l)  =  s. 

And  (g9^-.l)+(27^— 3)+  2»— 5)+  &c.  .     .     .     +1  =.6. 

Whence,  by  addition,  2n+2n+29»+29i+  dec,  taken  to  n  terms 

Consequently  2nX92^=2s ;  or  ss=n^s=  sum  required. 

123.  Required  the  sum  (s)  ofn  terms  of  the  series,  it+(a+c{)+ 
(«+.2rf)+(a+3rf)+(a+4rf)+  &c. 

Herea+(a+rf)+(H-2<^m»-}-^)  +  («  +  4d) 

-}-{»+(«^^l)^{  ==  s. 

And  \a  +  {nd—d)\  +  \a+{nd^2d)\  +  \a+(nd-'M)\  + 
jfl4-{?wi— -4^)1+ &c +a3=ss. 

Therefore,  by  addition,  {2ar\-{nd—d)\  -^  \2a  +  (nd —  d)\  + 
\2a+^(nd—d)]  +  &c.  .  .  .  .  J^{2an{'{nd—d)\  cs=2s;  and  con- 

ttqaently  }(2a+ni?-<0|  X«=2s,ors==:i2a+(?ip-l)(ij  x|«  sum 

lequired. 

*  Or  the  sum  may  be  obtained  in  a  difierent  manner,  as  follows  : 

fl+(«+rf)+(a+2<^)+(«+3^+(«-M^+**- 
_((  +  l+l  +  l  +  l  +  l  +  &c.)Xfl)_. 
—  |(  +  0  +  l  +  2  +  3  +  4  +  &c.)Xrfi— ' 
Biu»  terms  of  1+1+1+1+1+&C.  =  »,    And  n  terois  of  0+ 


1+2+3+4+  &c.  +^^^^f^.     Whence  s=na+!fc^  = 

|2a+(?» — l)d]  X  n9  which  is  the  same  answer  as  before. 

124.  To  find  the  sum  (s)  of  n  terms  of  the  series  1,  z,  a:*,  a:*,V, 
fa.    flere  l+a;4-a?*4-a:^+^4-  &c.  .  .  .  -|-a:*->=s. 

And  a:+a;'+^T"^*H"^"r  ^*  •  •  •  'T^'^*=^X' 

«"— 1 
Whence,  by  subtraction,  af— l=sa;-^s.     Or  s  = =  =  sum. 

JC  '  '  '  X 

And  if  a;  be  a  proper  fraction,  the  sum  of  the  series,  continued 
ad  infinitum,  may  be  found  in  the  same  manner.    Thus,  putting 


142+x*+2;'+a:*+a:^+  &c.  =  s. 
We  shall  have 


a?+ar+a:*  +  a^  +  a^  +  &c*  =3  sx* ;  and,  conse- 

fientty,  — lss4u?-*-« ;  or  s— sa:=l.     Whence  s  =  -= s=b  sum 

of  an  infinite  numbel*  of  terms,  as  was  to  be  found. 


4fi0 
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125.  Required  the  sum  (s)  of  the  circulating  decimal '999999... 
continued  ad  infinitum. 

—        I     ^      I     9     I       9       11- 
•  "^  Ta  "I    inn     ii  nnrt'i    lAAnn  "T  ®^" 


Here   -999999 


=  <3^ 


10 


100    *  1000  '    10000 
1 


Or,l-| 


10 


100 

j-&;c.= 


f 


1000"^  10000"^^ — 9 


-f-  &C.  j  s=  S. 


100    '  1000  '   10000 

10s      s 9s 

*9       9~T 


+ 


1 


10  '    100 
whence  s=l 


+ 


1000  ' 9  •  '"'**  •'•  ^' 

sum  of  .the  series. 

126.  Required  the  sum  (s)  of  the  series  a'4'(^+^)*+(^H~2<^)*+ 
(«-J-3ei)'-j-(a  4-4i)*-|-  ^'  continued  to  n  terms. 

Here  (fefl^ ;  (a-}-rf)^^=a«-|-2x  lad-^l(P 
(ii4.2d)^=a«+2x2«(i+4i» ;    (a-j-3rf)^==a»+2X3ai+ 9<P  ;    and 
{ar\-^dy=€?+2X'^ad+l6d!^ ;  whence 

(  Sum  of  n  terms  of  (14-1+1-1-14-  &c,)a' 
8=  ^     +  .  .  .  ditto  of  (04-1+2- -3-f-  6cc.)2ad 
I     +  .  .  .  ditto  of  (O+I4-44-9-I-  &i;.)^ 
But  n  terms  of  1+1+1+1+  &c.  =  «.     And  of  O+I+24  8  |  4 

+Scc.=^^T7^\    Also  of  0+1+4+  9  +  16  +  25  +  &c 


n( 


1.2 

1)(2 


1) 


.-.  0  !■  w<^+«(n — l)a<i4 


«(«— 1)(2«— 1) 


1.2,3 


1.2.3 

the  whole  sum  of  the  series  to  n  terms. 

127.  Required  the  sum  (s)  of  the  series  ^+(a4^)M~  (<H~^^ 
+(a4-3ef)*+(^~}"^)'~l"  ^c.  continued  to  n  terms.  Here  cf  s=z  if 
(a+  (i)«=a'+3xla'^+3X  lfl<P+  l<f 
(a--2<f)"^=fl'--3X2a»rf4-3X  4<wf+  &f 
^a--3rf)^=a'-f-3X3a»rf4-3X  9a<P+  27<f 
(a--4(Z)'=fl'+3X4ay+3Xl6a^+  64/? 
(a4-5rf)^^=<z^+3  X  5ay+3  X  25«(?+125<? 

iSum  of  n  terms  of  (1+1+1+  l+&c.)  e^ 
- ditto  of  (O+I+24-  3+&c.)3a«£2 
-  - ditto  of  (O+I4-4+  94-&c.)3<^i 
4- ditto  of  (O+I4-8+27+&C.)  £f 

But  n  terms  of  1+1+1+1 —  &c.  =  n. 
Ditto of  0+14-24-3+  &c.=J?t(7i— 1) 


Ditto 


of  0+14-4+9+  &c.  = 


n(7i,—l){2n—l) 
273 


Ditto 


. ...  of  0+1+8+27+  fe.  =  in-lY+^(n-iy^^^lf 


MucttUAifEoot  QtrBtmnb  IB| 


(^l)y^j)^+(^)^^  sum  req^red. 

128.  Required  the  sum  (s)  of  n  terms  of  the  series  14-d-f-7-^ 
154^31  -^  &c.     Here  the  terms  of  the  series  are,  evidently,  equml 

to  1,  (l-j-2),  (1+2+4),  (1+2+4+8),  &c.  or  to  the  sttceessii^ 

.sums  of  the  s^eometrical  series,  1,  2,  4,  8,  16,  &c. 
Let,  therelore,  a=l  and  rts=2,  and  we  shall  have 

a^^J^r^^r^J^ar*-\-  &c.=l+2+4+8+ 16  +  &c.     Bat  the 

successive  sums  of  1,  2,  Sf  4,  jtc  terms  of  this  series  are 

I.  f!z:f«=(r— l)X-Ar.     2.  !1^— r==^r«— IVXrA^ 
r — 1  r — 1  y — 1  r— 1 

fly  — *tt     -  •     - . .  -    fl         ^    or  -—a     .  ^     - » „ .    A 


3-  1ZT=<''-^)X;=I'  *•  i::iI^(^-i»<;ZT'  - 

Sec.  &c. 

Therefore  n-   ^     X  I     "  *^™'  ^^  r+r^+T»+r'+  &c. 
1  nerelore  s— ^_i  X  J  _^  ^^^^^  ^^  j^l  ^1  _^^j^  ^ 

But  a+r«+r'+r*+&c^(r»— 1)  X  jrZi'  *^^  l+l+l+^+l 

+I+l+&c.==^.     Whence  s=''^'^~/^  X-^  --n  X  -^^ 
I      »     '  r— 1        r — 1  r — ^1 

2(2"— 1) — w=  whole  sum  required* 

129;    Sura  n  tenna  of  Ae  serieyY+r;  |      f     ■  |    i^fsi. 

Here,  the  terms  of  the  series  are  the  successive  sums  of  the  ge- 

1      I      1      1       1 

metrical  series  r+  jr4-  t4"  s  +f5  +  ^'    ^-'6*»  therefore  a  ass  1 

1  '  2  '  4  '  8  '  16    ' 

♦  A  1  Ml^l^l^l^ie  |^|fl|fl|L^ 

and  r=3;  then  will  -+-  +j+  g+  &c.  =fl+^  +?  +;*  +  ? 
The  successire  sums  of  1,2;  3;  4,  ^c  tetms  of  this  series  are, 
(r— l)Xg     ,,     iw    ^       -l    (r^--l)Xfl_.       1.,,     a 

1-  (;c:iyxi=<"-^^  >^;^-  ^^  Cr-ixr^'^?^>^;z3- 

(r^l) X5_        1  X  ^^ .  4    (r^ll>^-  (r_L)  X-^ 
2-  (r_l)Xr— ^"^    r^^r--l  (r-l)Xr^^      W^^l* 

&c.  &c«    Therelore 

71  terms  of  r+r+r+r+  &c. 

—n  terms  of  y  F^,  f  ^  "+73.+  *^- 

But  if+r+r+r+r+r+  &c.  =  nr. 
41  '  61 


r— 1 


X 


HiscsmuTsoini  Qtrssnoifs. 


-j-  &C.  ass 


Whence 


r»   ' (r  —  l)r-»* 

g  =_j  X  l«^— 7— r);j^^— — 2^i        =  ^""^  required. 

130.  Required  the  sum  of  the  infinite  series  of  the  reciprocals 
of  the  triangular  numbers  H"i  li  iiV-hi^+^'  ^^^  11  ill 
■^^^yj"A4"^'  ^  infinitum  =  s. 


Or 


l-T^ +oV -HtF +0  ^  +  ^ = 


1.1    '  1.3    ^  2.3    '  2.5    *  ^.fi 


s. 


Then 


8 


ho?+Qr-hr^+5^  +  &= =o-    That 


1.2    '  2.3    '  3.4    '4.5    '5.6 


'•(r4)+(H)+(K)+(r-^)+^=l 


Or. 


1 

,1 

.1 

jl 

4i. 

,1 

jJ- 

1 

*2 
1 

'3 
1 

1 

+  6" 
1 

1 

1 

2 

3 

4 

6 

6 

7 

-f-  &c. 
-f-  &c. 


ss  —.      Whence  ^ 
2  2 


ss{ ;  or  8  is:  2  sum  required. 

131.  Find  the  sum  of  n  terms  of  the  same  series^  i  -(~  i  4~  i 

+  iA+Ti  +  ^-    Lets=-+5~+g-   I  .    I-I&c.  ,,to- 


10 


15 
1 


r   ^2    '  3    *4    '  5  •  n 

-  — ^s*  "Tir  +7-  f  ^  l-ogc.  to  .  ,  to  — .  And  s 1- 

12'3'4'5*  n  «* 

1         1,1.1.1..  1 


Thens— T-=;r 


|-&c.  to 


thi8  from  the  first,  we  have  j- 


n — r 

1 


Therefore,by  subti^eu^g' 


1 
to  - 
n 


Or 


n 


A  T 


«+l 


1 
"2 


'-6:+12+20  +  ^- 


fon  +  &c-  to 


n4-l      1    '3    ^  6 
t-rVf&cto 


6  '  10  '  15  *  «(w+  1)     w-l-1 

series,  as  was  required. 

132.  Of  the  infinite  series  ^  ^^ -f 


2    '6    '  12  '20    '  «(»+) 

^    f^&c.to^^j.   Orl+^  + 

2^1 

=  sum  of  n  terms  of  the 


+ 


+ 


1.2.3  '  2.3.4  »  3.4.5 
required  the  sum. 

Let  8  =s  ■H-J-t"i+J+H~i+^'  *^  infinitum. 
Then  s— |  =  J+i+i-H-+"&c.  hy  transposition. 
1     .1.1     .1 


4.5.6 


f  te. 


Andl 


-f-  ^.  by  subtraction. 


^  ^  -4=2.3    '  3^4   '  4.6   '  6.6  + '^'^  transpositioa. 
^"'''="  W  =TO  +2I1 +3M6  +  **"  '•y  3ubtn«:tioa. 

2"  "^1.2.3  "*"2:51  "•'aXB  "*"0:6  "*" 

^  1^  1  1^        I        1       J L    J-     ^       J-      ^  Ar 

^"S'^^'    •••  1:2:3 +2.3.4  "^345  U.5.6 +5:6:7    *^ 

ad  infinitum  s=  4,  which  is  the  sum  required. 

133.  And  if  it  were  required  to  find  the  sum  of  n  terms  of  the 

«une  series  ^4-2:1:443^5+4^6  &c. 


1.2    '   2.3    '   3.4   '  n(«-fl) 


2      2.3    '    3.4    '  4.5    '  n(«  -(- 1) 

A  4         1_L  1  1,1,1,1.1,1 


2  <  (n.^l)(jt4.2)     2.3  '  3.4    '  4.6    '  6.6    '  6.7   '  7,8 

te.  continued  to  -. — r-rr—, — r-sr  terms.    Therefore 

(«-j-l)(n  +  2) 

2~(«+l)(n  +  2)=1.2.3="2.3.4  '3.46  +*«•*»«  *«">"'  ^ 
subtraction.        Whence     J___l_^=j^4.g^  + 

;r— X  -{-  &c.  to  n  terms,  by  division.    And,  consequently,    .  ^  a 

2:0  +311  +  **•  *^°°*^'"^"'*  *"  "  •*""  °i-2(n+lK»  +  2) 
=s  sum  required. 

134.  Required  the  sum  (s)  of  the  series  j^ — J4"  i  —  tV+  ^« 
continued  ad  infinitum.  Let  ar  =  J  ;  in  which  case  ssssx — a^-^ 
of — x^  -|-  &c.     Then,  if  this  be  muUipKed  by  1-j-a;,  we  shall  have 

s(l-f-a:)=(l-f"«)X(a? — ^a:*+^~^*4'^ — *^-)»  where,  by  perform- 
ing the  operation  on  the  right  hand  member,  there  will  arise 
8(l+a:)==z.     Therefore,  v=x—i?'\-Qf—x^'\-:jf—hc^^ 

_    X         n^  1  ^  J_l       ^  Jil «r  *        1 

— I+i*     "'  2  ~4'*'8~i6"*'32'""^'^l+i™3    " 
required. 


mSCBBLJulSOUB   IfvSVTIOm* 

13&  Beqnuped  the  ^um  (s)  of  the  series  i  +  l4'f4^^  4* 
A-  4-  &c.  continued  ad  in&iituia.  Let  x  =i  ;  in  which  case 
8  =  ar -f-;  22:*  +  3aj»  +  4i^  +  &c . 

Then,  if  this  he  multiplied  by  (1 — «)',  we  diaJl  have 
8(1— z)'^(l^r)«X  (x+^+  a^  +  4a:*  -f-  &c.)    Where,  by  per- 
forming the  operation  at  len^,  on  die  right  hand  member,  as  be- 
fore, there  will  arise  s(l — xf==z.    Therefore,  also,  x4-23?  -j-  ^ 
4-te*-f&r'+  &c. 

(lip-    ^'  2 +4+8    '  16  'a2l"^;=^aH[?"'^'^" 

136.  Required  the  sum  (s)  of  the  series  J+t"T"^+ii  + 
-Mr  4-  &c.  continued  ad  infinitum. "  Let  x  =  I;  in  which  case 
s  =  a:  f4a^+9a*  j-16aJ*  +  &c. 

Then,  if  this  be  multiplied  by  (1 — x)\  we  shall  have  s(l  —  xf 
^{l--^yX(x+^+93^+lM'\-lcc.)==z-i-afy  as  wiU  be  found  by 
performing  the  operation. 

Therefores(l-<r)^=H-^.  or  *=^|j=^yj,. 

137.  Required  the  sum  (s)  of  the  infinite-  series 


Let  37:9— ;  in  which  case  s  =  — \~^z  4—1- — ^  +   &c. 


Then,  if  this  be  multiplied  by  (1 — a?)",  we  shall  have  s(l  —  z)*- 

-(l^)^l+2+^«dtf?«»+i+^a^  +  &C.Y     Of,by 

V^       ^  ^  ^     a      a—d^ 

«Bt¥ityy  performing  the  q>eration,  s(l-^a;)^aa»-  — x  ;  nnd,  by 

a^ia—d^x  mm 

by  division,  S  :^    ■  ,, rr— 

-^  i»(i — xf 

Whence,  restoring  the  value  of  z,  we  shall  have,  by  substita- 

«— (c— <?)—       ^_     _. 
tf on  and  reduction,  8g=s       — = -^ — nr^--    And,con- 

r 

sequently,  —  -J — ' — ^  A — U^A-kc^.  a=5^~  )  -1; iX!:  ( 

^        ^  m  ^    mr     '     mr     *     «»r^  '  m\     (r — 1)*     { 

ip«:  8iiia  of  the  series,  as  required. 

138.  Required  the  sum  of  n  terms  of  the  series 

*•     I       ^       I        ^       I        >• 

«»(m-j-r)  ^(«-|-r)(»i+2r)  ~(m+2r)(«-)-3r)  ~(m-\^){m-^) 


-f-&;c.     Here,  leaving  out  die  numerators,  and  the  last  factor  of 
each  denominator,  let  there  be  assumed 

1.1,1,.  ,1  1 

.^X;     ^J.Or-  +^_L.Q^    ^'  to  ^  terms  + —r— ;«=»---•. 
Whence,  by  subtraction  and  substitution, 

y"t — iTf — nr\  +/     i^o  x/* '  •  oT  "*   *^*  *<^  **  terms 


m{m-^r)   *  (7w-j-r)(w-}~^^)      (w-}^2r)(m-t-3r) 

= n —  =  sum  required.     Also  — ; — ; — r-f- 

+  occ.  to  «  terms  =  —  — 


i -5.     Where,  if  the  number*  of  terms   («)  be  increased 

mr  -|-  nt^  »    1 

without  limit,  ,  ■■■  ^  will  vanish,  and  the  sum  of  the  semes 

1         wr  -|-  «!* 

will  be  — • 

mr 

Or,  which  is  the  same,  3=  the  reciprocal  of  the  product  of  the 

two  quantities  m  and  r.    In  which  case,  if  m  and  r  be  each  takea 

1111 
»  1,  we  shall  have  — 4-^+— +_  +  &c.  to  n  terma 


l-{-n      l-|-n* 

And  by,  taking  m  and  r  of  different  values,  Ae  sum  of  n  terms 
of  a  variety  of  other  series  may  be  found. 
199.  Required  the  sum  of  the  infinite  series 

2r  2r , 

»»(wi+r)(?w+2r)   '  (m+r)(wi+2r)(^-|-3r)  "^ 

r-^TTT — r-s-r; n-r  +  &©•      Here,  leaving  out  th6  nume- 

(f»-f-2r)(;»+3r)(w-f  4r)    '  »  © 

rators,  and  the  last  factor  x>f  each  denominator,  as  before,  let  there 
be  assumed  ^ 

11  1 

m(m+r)  '  (m+r)(m+2r)   '  (mr]-2r){m+3r)  I  *^-  ==  *•    '^^^ 

1  ,  1 , 1^ 

{m+r)  {m+-2r)  "'"(Tiz-f  2r)(wt  -f  3r)  "^(w-|-3r)  (wi+4r)  ""  *     ' 

— . T — -.    Whence,  by  subtraction, 

m(m  {-r)(m'}-2r)  '^{m+r)(m+2r)(m+Br)  '  wi(«  +r)' 

41* 


4H  xnoBtiLAiiKoim  i^nnmon* 

1  1 

^^  «(m-fr)(»i+27)  '  («»+r)(»i+2r)(i7i-f3r)  '  *^ 

r; .    ^  ■.    la  which  case,  the  sum  of  n  teims  of  the  series, 

2rm  {m  +  2r) 

determined  as  in  the  139th  will  be  = 

1  1        * 

—————  — : ; — 7 r-= — r.    So  that  if  n  and  r  be 

2rm(»i+r)     2r(»i-|-nr)  { m4-(n+l)r  f 

each  taken  s=  1,  we  shall  hiKve  t-ct  "^g?4  ^  3  45  "^  ^*  *^  ^*^' 

And  by  taking  m  and  r  of  different  values, 


•WM^ 


2{n+l)(n+2y 

ihm  suniB  of  various  other  series  of  this  kind  may  be  found,  as  in 
the  preceding  example.  Questions  without  Solutions. 

liO.  Sum  100  terms  of  the  series  2,  fi,  8,  11,  14,  dec.  and  M 
terms  of  the  series  l+2"-|-3»+4'+ff4-&c. 

Answers,  15050,  and  42925. 

141.  Sequieed  the  sum  of  the  infinite  series  l-f-3jt;-|-^4~  ^^ 
<4^1§!i^4"^*  when  X  is  less  than  1. 

14!?.  Required  the  sum  of  the  infinite  series  l-f4;ic'4~^^+^^ 
-f-S&E^-f"^^^*  ^^on  X  is  less  than  1. 

143.  Sum  the  infinite  series  j^  +^  +^  +j^  4-^^.  + 
u  A  1  1  ,    5  1 

*^-  ^^'-(i^iip'  {i:::^*'""^i5'^'8'" 

144.  Sum  40  terms  of  the  aeries  (1x2)  +  (2X3)  +  (3x4)  4- 
(4X5)  -fr  &».  Ans.  22960. 

145.  Sum  n  terms  of  the  senes  — g- 1    ■  ^ 1 — ^; }- 

n  tenaa  of  the  series  l-f8a;+27a?-|-64a:'4-126a^,  -f  &c. 

.  /2z— «\       1  .  144n+a« 

Answers,  »(-^)i  l§>  ~«»r-^=^- 

140.  Sum  n  term  of  the  series 
1,2,3,4,5,6,.        A  ^  I  iW+r-^n, 

r    *  f*  *  r*  *  r^  *  f^  *  f*  *  (r — 1)»     f"*  (r — 1)*  * 

147.  Required  the  sum  of  n  terms  of  ^e  series 
1.1.1,1.,         1 


Tr"^''5T"^3.6  ''T7**"U(S^ii) 


M**Ai*itfa 


3  +  3«  '  12-f-6n  '27+9n 
J48L  Reqviff&d  the  8«m  of  the  eeries  g-^  "hrg  "1  it  ia  +*c.  ; . 

*^2«»(4  +  2»)*  Ans.  -r«r  j^,  b  —  32+48»+16n»  * 

The  symbol  S,  in  this  and  the  following  series,  denotes  the  sum 
of  an  infinite  number  of  terms,  and  s  the  sum  of  n  term^i. 

149.  Required  sum  of  the  eeries -^ +g^ -f^^  4-^ 


44-4«)  12"         ia-|-ia» 

150.  Required  the  sum  of  the  series  -^  \-^  .„-!   .^        -\- 

161.  Required   sum  of  the  series  ^—±.+J--^^ 

+**'-'-(2+2n)(6+2;i)'    ^"^  ^'=^'*"l6-fl6«     3^24i 
IfiS.  Stam  the  series  818+1^  +  12.24   '  U^  '  ^+ 

(<H.a»).(16+3«)'     •    "'        80'  *  ^24(84- 2«)  ■+"30(10 -fa«)' 

153.  Sum  the  aeries^.    ^^  |  ^\p.  ■  ^^^^^  |  ^^^^     &c. 

,'        1  .  1       w n 

•  •  ^^4^  2n)'  24'  '  "^2(3  +  6«)     4(6-f6»)* 

1«4.  Sumnterm.  of  the  series  jJ^+glg^g:!^  4-1^ 
.     ,  1  »  *  *•  * 


•  t 


«(l+w)-(34-«)*  3(l+«)      12(2+n)      18(34.  n>* 

2        3        4         6 
156.  Reqi^ired  sum  of  the  series,  ^  +^  — ^    ■  a  .^  |  &c. 

1+n  _1     '       l' ^1 

•(I+3»).(3+2n)'  ^"**     ~l2*  •  '*l2  ""1(3  +  4^)  * 

1».  Sum  the  series  ^(Ig)  +1(^)  -fl(±)  +^(4) 


IBB '  wikMUjamovu  ^fnmrwM. 

168.  Required,  sum  of  the  series  j|^+^+-J^+^ 
,    .      I  4-fn  3        3        2  1 

167.  Given  ?i+^«:3A— -^^T^,  to  find  the  values  of 

2«  — V«  2x-fV«  Ans.  35=4. 

2  by  a  simple  equation. 

168.  Find  the  cube  root  of  4a/H^-  ^^^'     t^  ' 

^^r.   /^.        4a?— 34     268— 6a:     69— «       .  ^  ,        ,       ^ 

169.  Given  — j^ = —  = — 5 — ;  to  find  the  value  of  x 

i«n    n-         o         ^  — g     23;  +1   1      7  — 8g      .    -=^ 

160.  Given  2ar ts— = i = —  ;  -4n8.z  =s  7. 

13  6  7 

161.  Let  fl*V+(14-(?)Mys/<^-f.cyaflss|Wys/c+(a^+c)(l-fc)|«. 

to  find  the  values  of  x. 

By  tr.  ^(«H-c)«*— l*'<'Vc+(«H-c)(l-H)l«"  — (l+c)WVC' 

Let  X  =yv^^  ^);  «■— f^Wc+(«H-«)(i-f«)l^=-*'^(«H- 

c)(l-f-c)i^c.  Let  m  =:  Vif^c^  and  n  ==  (a^-(-c)(14-«)»  then  will 
g^(«i"-f"«)^  I  g*»»  by  art.  70,  case  4, 1  have  2=>^|^(m*-— Smui 
-f-w")|±l(^+») ;  ^'(ai^*c)a:,  or  2ss=m,  or  «  ; 

162.  A  merchant  having^  mixed  a  certain  number  of  gallons  of 
brandy  and  water,  found,  uat  if  he  had  mixed  6  gallons  more  dT 
each,  there  would  have  been  7  gallons  of  brandy  to  every  6  gal- 
lons of  water ;  but  if  he  had  mixed  6  gallons  less  Qf  each,  there 
would  have  been  6  gallons  of  brandy  to  every  6  gallons  of  water: 
how  many  of  each  did  he  mix  ? 

Let  7a; — 6,  and  62; — 6  denote  the  number  of  gallons  of  brandy 
and  water  respectively ;  which  assumption  fulfils  the  first  condition 
of  the  question.  By  the  second  condition  we  have  7a>— 12  :  6a: — 
12:  :6  :  6,  or  a:  :  6a:— 12::  1  :  6,  whence  625=6a^— 12,  or  2:=12; 
and  7ar    6      78  gallons  of  brandy,  6a: — 6  =  66  gallons  of  water. 

163.  Find  two  numbers,  such,  that  their  sum,  product,  and  dif- 
ference of  their  squares,  shall  be  all  equal. 

The  sum  of  tWo  numbers  difiering  by  unity,  is  equal  to  the  dif- 
ference of  their  squares.  Let,  then,  a:-|»l  and  x  denote  the  num- 
bers :  then  their  sum  must  be  equal  to  their  product  ;  that  is, 
2a:-f  IsBSC'+a:,  or  a?— as=l  by  ca«e  2;  4a:»— 4c-f-l  =5=4.j-l»r6f 
extracting  tne  root,  2a: — laa-ty^d,  .«.  as=j^±|^6 ;  and  Xr\-\am 
iAkfsf^^  the  two  numbers  required. 
^  164*  Find  two  numbers,  such,  that  their  product  may  be  equal 


to  the  diflferenoe  «f  their  tqaares,  md  the  sum  af  their  squares 
aqnal  to  the  difference  of  their  cubes.  If  we  assume  ax  and 
(«4-l)a;  for  the  numbers,  a  being  as  |-f^/^^  we  shall  fulfil  the 
fiist  condition  -of  the  question.  (See  Quest  163.)  By  the  second 
eondition,  we  most  have  (2a'-|*^M~^)^^'^^=^(^'4^4*^)^  • 

^fl'+^g     Ta+4_^4iA/5      ,  ^^5(3^/5+7)  . 


6a+4       6a-f4     7+3^5      "         3^/5+7 
and  (a  +  l)a:  =  a«a:  =  oa:  X  a  =WMh  +W5)=4(H-a/5)  : 
that  is,  the  numbers  are  ^^5,  and  KS-f-/^'^)* 
MS.  Oiven  T.V(6a;4.8)  — i(5a:+3)=J(27  — 4i:)  — J(ac+9), 

m0.ven.:+-4 ±,  ^^--f. -f^  ,  to  find 

the  value  of  x.  Answers,  a;  s=s  6,  and  2=5=5^ 

167.  Given  — rr — |    ^  *     =  3ar 5 — ,  to  find  z.    x^sat^. 

11  iv  ^ 


Ua  Given  \(5x-~  1)—  -VK^a^—  2)=6|-^2;  to  find  z.     x  s  a 

m  Gavea  ^_^^^—^-  ^ ^____|__ 

XVC'H^)^'  to  find  the  values  of  x,  t 

'V^vltH^).    Letm^y:?^;  .nd*.»^-^#.  th«.  will 
^  3 — a'  3^' 

6cdmA/cA/(a4-b)  Sam  , 

(9t  -|-  mcdA/c)z  =a  —  cdmn^c.     By  case  4,  art.   70,    I  shafl 
have  \z — {{n-\'mcd/yc)\* ^=i{n-\-mcd^cY — cdmuA/c;  or 
\z^i^ir{^ncd^e)  \^xssj^'--^fnncd^o^{{mV€pc) ;   root  an*  jr  — 

4(«-f-w'C£?i^^)==fcJ('* — m^dA/c).     Hence  I  have 

5<t(14-2tf*) 
2Hi(7^+^wc^Vc)±i(w— mciVc);g^^3^.a:,  or  z  a=  7i,or 

mcdjs/c,  .-.  ar=   ^  ^y^~  ;    or     ^ ^J^        ;  tence 
(3-a»)V(^&)  .         3^'c^Vc    ^^3^^ 

*  IfQ.  Find  the  cube  toot  of  264-15^3.  Am.  24*^3* 


/ 
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17.1.  Two  mixtures  are  made  of  brandy  an^  ^^'^T*  ^^  quanti- 
ties of  l»aady  in  each  being  as  4  to  3  ;  and  the  difierence  of  the 
quantities  of  sherry  being  greater  by  twenty-five  gallons  than  the 
difierence  of  the  quantities  of  brandy.    Also,  if  three  times  the 

Quantity  of  brandy  had  been  put  into  the  first  mixture,  and  twice 
le  quantity  into  the  second,  the  quantities  of  brandy  would  have 
been  proportional  to  the  quantities  of  sherry.  '  But  if  the  sherry  in 
the  second  mixure  had  been  mixed  with  the  brandy  in  the  first, 
and  the  sherry  in  the  first  with  the  brandy  in  the  second,  the 
whole  mixtures  would  then  have  been  in  the  ratio  of  5  to  6.  Re- 
quired the  quantities  of  brandy  and  sherry  in  each  mixture. 

Let  ^x  and  3a;  be  the  quantities  of  brandy,  .*.  (ISsr :  62;:  :)2:  1, 
the  ratio  of  the  quantities  of  sherry.  Let  .*.  %  and  y  be  the 
quantity  of  sherry,  .*.  ys=s2:-f-25.  Also,  4a:-}-y  :  3a;-f-2^:  :5  :  6, 
and  24a:-f 6y=16x-flO^, .-.  9zft=s=4j/fe=4ar+100,  and  x — ^t^— 20, 
therefore  the  quantities  of  brandy  are  80  and  60,  and  that  of  sher- 
ry 90  and  45,  Ans. 

172.  During  a  winter,  when  fuel  was  scarce,  2  men,  A  and  B, 
went  in  quest  of  coals  and  turf,  which  they  agreed  to  use  in  com- 
mon. A  met  with  three  bushels  of  coals,  and  B  two,  at  the  same 
price  per  bushel,  and  also  seven  baskets  of  turf.  A  stipulated  that 
Ae  should  consume  twice  as  many  coals  as  B.  B  assented,  bat 
demanded  of  him  2f .  lOef.  Wheii  this  stock  was  exhausted,  B 
purchased  one  bushel  of  coals,  and  A  five,  together  with  six  bas- 
kets of  turf,  at  the  same  rates  respectively  as  before  ;  but  now  B 
consumed  three  times  as  many  coals  as  A,  and  paid  him  18t.  6^ 
What  was  the  price  of  a  bushel  of  coals,  and  of  a  basket  of  turf ; 
equal  quantities  of  turf  having  been  consumed  by  each  person  ? 
Let  X  =  the  value  of  a  bushel  of  coab  in  pence,  and  y  s=  the 
value  of  a  basket  of  turf.  Now  in  the  first  case  A  consumes  }  of 
,  coals  ;  .*.  {•5j;sssthe   value  of   coals  consumed  by  him,  and 

7t/  10        7 

-^  =  the  value  of  turf  consumed  by  him  .•.  zr^x  -|-5-y=3a?-|-34 

In  the  second  case  B  consumed  }  of  coals,  .*.  1*6:?=:  the   Talne 

of  coals  consumed  by  him,  and  }*6a: -f-^«'5+222,  .*.  7ar-^|-6yss 

444.     Hence  (7a;+6ys=444)— (7x  +1|?^714)  =  —^  =  270, 

and  ^  ssar  4  and  a:=s  60.  Ans.  The  price  of  a  bushel  of  coal  was 
&s,  and  of  a  basket  of  turf  U. 

173.  Two  Spanish  muleteers,  A  and  B,  were  seated  under  a  tree 
in  order  to  dine  ;  and  on  examining,  found  their  stock  of  provi- 
sions to  consist  of  five  small  loaves  of  bread,  three  of  which  were 
A^  property,'  and  a  bottle  of  wine,  which  waa  B's.     A  atranger* 


who  happened  to  come  ap  at  the  time,  was  inrited  to  pajrtake  of 

their  fare,  which  was  just  safiicient  for  three  persons  ;  and  at 

parting,  being  pleased  with  their  behavior,  he  gave  them  what 

Spanish  money  he  had  about  him,  which  amounted  to  6s»  6^^.,  to 

be  equitably  shared  between  them.     Now  as  many  shillings  as  a 

Joaf  cost  pence   would,  with  four  pence  more,  at  the  next  town 

hay^  bought  six  such  loaves  and  four  bottles  of  the  same  wine  ; 

and  when  the  money  was  divided,  B  received  Is.  lO^d.  more  than 

A.     What  was-  the  price  of  each  loaf,  and  a  bottle  of  wine  ? 

Ans.     A  loaf  cost  7  pence,  and  a  bottle  of  wine  11|  pencor 

Let  X  sas  the  price  of  a  loaf  in  pence,  and  y  s=  the  price  of  a 

bottle  of  wine,  .*.  Sx  s=  the  price  of  A's  loaves,  and  2z  s=s  the 

price  of  B's,  and  12a;-f-4==6a:-f4y,  .'.  y  = — 3--,    they    all    eat 

equal  portions  ;  .*.  each  eat  |  of  6  loaves.  A,  .*.  eat  f  and  gave 
I  to  the  stranger ;  and  B,  having  2  loaves,  gave  \  to  the  stranger. 
But  B  had  a  bottle  of  wine,  (  of  which  he  gave  to  the  stranger. 

Hence  — ^-^  is  the  price  of  the  provisions  A  furnished  to  the 

stranger,  and  J(a;  -f-  2y)  =  the  price  of  what  B  furnished.  Now 
A  receives  ^  pence,  and  B  50  pence,  .•.  |(4a: — y)  :  J(x-j-2y)  :: 
^  :  50,  or4a:— y  :  2:-f2y::ll  :  20,  .-.  ^r-3z  :  x+2y::9  :  20, 
or  y — X  :  X'\'2y:  :3  :  20,  .-.  20y— 20a:=5ar+6y,  and  14j/s=2ar, 

.'.  ^sss-r-T    Hence  -rrr  =  ^T  ^  «^^  ^^  =  42x  -I-  28,  and  thpre- 
^       14    ,  14  2  ' 

fore  X  =y  ==  7D,  therefore  y  =  IIJD. 

174.  Find  numbers,  which  are  in  the  proportion  of  8  to  5, 
and  v/hose  product  is  equal  to  360.  Ans.  db^4,  and  zh^^. 

.    Let  5x.  and  8a;  be  the  numbers,  .*.  402:^=360,  ar^  =  9,  or  z=s:3. 

175.  There  are  2  numbers,  whose  sum  is  to  their  difference  as 
8  to  1,  and  the  difference  of  whose  squares  is  128.  What  are  the 
numbers  ?  ,  Ans.  ±  18,  and  ±  14. 

Let  8a;  =  their  sum  ;  ,\  x  =  their  difference,  whence  fa:  = 
the  greater,  and  ^x  =  the  less,  .-.  \{8la^—A9a^):=i'^3^z=Sx^=z 
128,  and  a:*=16,  .*.  as=±4,  and  the  numbers  are  ±18  and  ±14. 

176.  In  a  court  there  are  2  square  grass-plots  ;  a  side  of  one  of 
which  is  ten  yards  longer  than  the  side  of  the  other  ;  and  their 
ares  are  as  25  to  9.     What  are  the  lengths  of  the  sides  ? 

Let  a:  =  a  side  of  the  one,  .*.  a;  -f-  1^  =  a  side  of  the  other, 
and  {x  +  10)*  :  a;'::25  :  9,  .-.  a: +10  :  x::6  :  3,  anda;«=16, 
and  the  sides  are  15  and  25,  Ans. 

177.  A  person  bought  2  pieces  of  linen,  which  together  meas- 
ured 26  yards.  Each  of  them  cost  as  many  shillings  per  yard  aa 
here  were  yards  in  the  piece  ;  and  their  whole  prices  were  in  the 
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propottian  of  4  to  1.    Whu*  were  die  leogtli*  of  tke  pieces? 

Let  x^  attd  36> — x  be  the  lengths,  .-v  x'  :  (36— <b)':  :4  :  1»  and 
XBB^,  and  the  lengths  are  24  and  12,  Ans. 

178.  There  are  2  nisnUkers,  whose  sum  is  to  the  less  as  5  to  2: 
and  whose  difference,  multiplied  «l)y  the  diflfereaee  of  their  squares, 
is  135.     Required  the  numbers*  Ans.  9,  and  6. 

Let  2^  =S5  the  less,  and  3^  ^s  the  greater,  and  xX^^z^^s^l^rU^ 
c^a^T,  and  ja=s3,  .-.  the  numbers  are  9  and  6,  Ans. 

179.  There  are  two  numbers,  which  are  in  the  proportion  of  3 
to  2  ,'  the  (fiflerence  of  whose  foarth  powers  is  to  the  sum  of  their 
cubes  as  26  to  7.     fiequired  the  numbers.  Ans.  ^  and  4 

Let  3af  and  2a:  be  the  numbers,  .%  8Lt*— 16a;*  :  27a?-|-aac'  ::  26 
:  7,  or  65ar  :  d5rr 26  :  7,  or  6a:  :  6  : :  2  :  1,  and  x==Sty  .-.  the 
numbers  are  6  and  4. 

180.  There  is  a  field  in  the  form  of  a  rectangular  paielleldgrunv 
whose  length  is  to  its  bfeadth  in  the  proportion  of  6  to  5.  A  pad 
ol  thk^  equal  to  one*sixth  of  the  whole,  being  planted,  there  re- 
main for  ploughing  625  square  yards.  What  are  the  dimensions 
of  the  field  ?*  Ans.  The  sides  are  30,  and  25y8aris^ 

Let  6a:  and  5a;  &=  the  sides,  .-.  the  area  =s  30a;?,  and  253;*  ^ 
625„  .'.  5ass=25,  a;=^,  and  the  sides  are  30  and  25. 

181.  Som'e  gentlemen  made  an  excursion  ;  and  erery  one  took 
tbe>  same  sum.  Each  gentleman  had  as  many  servants  attending 
him  as  there  were  gentlemen ,  and  the  number  of  dollars  which 
each  had  was  double  the  number  of  all  the  servants ;  and-  the 
whole  sum  of  money  taken  out  was  S3456.  Uow  many  gentle- 
men were  there  ?  Ans.  12. 

Let  x  =  the  number,  a^  and  2a^  be  the  number  of  servants,  and 
of  dolfars  each  took,  .•.  2a:*==3456,  and  a:'=sl728, .-.  xs=ilt%  Aosl 

182.  Divide  the  number  49  into  two  such  parts,  that  the  quo- 
tient ^of  the  greater  divided  by  the  less  may  be  to  the  quotient  of 
the  less  divided  b}r  the  greater  as  f  to  |.  Ans.  28,  and  21. 

Let  a;,  and  49 — 'x  be  the  numbers,  then  by  the  question  we  have 
X         49— a:     4     3 


•  • 


r,  anda;*  :  (49— ar)':;16  :  9, 


49— a:  •      a:     ••3  •  4' 

or  X  :  49 — ^a:::4  :  3.     Hence  x  :  49;  r4  :  7,  and  a:=  28,  Ans. 

183.  A  detachment  of  soldiers  from  a  regiment  being  ordered  to 
march  on  a  particular  service,  each  company  furnished  four  times 
as  many  men  as  there  were  companies  in  the  regiment ;  but  there 
hsiog  found  to  be-  insufficient,  each  company  furnished  three  more 
men  ;  when  their  number  was  found  lo  be  increased  in  the  ratio 
o£  17  to  16.r    How  many  companies  were  there  in  the  regixaaott 

Lata;  ss  the  number,^  .*.  4a^  =3  the  nuitiber  first  finished,  and 
^  :  3x;;16  i  1,  and  2:. 3:: 4  i  1,  anda;!=sl2,  Ans. 


M8 


2644  A  eharhablejpeawondiBtniMtod'a  ^rtainsimiasiien 
poor  men  aad  women,  the  inimbers  of  whom  were  in  the  propop» 
tkwa  «f  4  to  5.  Each  man  received  oae*diiTd  of  as  many  shillingt 
as  ^ere  were  persons  relieved  ;  and  each  woman  received  twice 
OS  many  skilHngs  as  tli«re  were  women  more  than  men.  Now 
ikkB  men  received  all  together  18s.  more  than  the  women* 
How  many  were  there  of  each?      Ans.  12  men,  and  15  women. 

Let  4kz,  and  5z  be  the  nnmber  of  men  and  women,  and  3a;,  and 
2x  =s  the  sum  each  man  and  woman  received,  then  12x^  sss  IQ  ^ 
Mis',  aftd  Ssc^aestS,  aiS=:9,  and  x=Q.     Ans.  12  and  15  women. 

185.  A  gentleman  who  had  a  certain  number  of  horses,  kept 
part  of  them  at  livery  stables,  for  which  he  paid  £4  \0s.  per 
week.  The  rest  he  kept  at  home,  and  their  number  was  to  the 
number  kept  at  the  livery  stables  as  7  to  3.  He  found  that  the 
expense  of  keeping  5  at  home  was  just  equal  to  that  of  keeping  4 
at  the  stables  ;  and  the  number  of  shillings  that  one  horse  cost 
likn  at  borne  was  to  the  number  of  horses  kept  at  home  as  6  to  7. 
Bow  many  horses  had  he  ?  » 

Let  dx  and  7x  be  the  number  at  the  stable  and  at  home^  and  0x 
=  the  number  of  shillings  one  at  home  cost,  .*.  ^x  =  the  price 
Bf  otie  at  the  staUes,  and  SxX^^^<e=QO,  Adai^vs:^  180,  «"ss4,  and 
zsss  2,     Ans.  6  at  the  livery  stables,  and  14  at  home. 

186.  A  city  barge,  with  chairs  for  the  company  and  benckes  for 
the  rowers,  went  a  summer  excarsien,  with  two  bargemen  on  ev- 
ery bench.  The  number  of  gentknien  on  board  was  equal  to  the 
cquare  of  the  number  of  basemen,  and  the  number  of  ladies  was 
nqual  to  the  number  of  gentlemen,  twice  the  number  of  bargemen, 
and  one  over^  Among  other  proTisions,  there  were  a  number  of 
timles  equal  to  the  square  toot  of  the  number  of  ladies  ;  and  a 
number  of  bottles  of  wine  lets  than  the  cube  of  the  number  of  tat- 
tles by  361.  The  turtles  in  dressing  consumed  a  great  quantity 
txf  wine,  and  the  party  having  staid  out  till  the  turtles  were  au 
'eaten,  and  the  wine  all  gone,  it  was  computed,  that  supposing 
^m  all  to  have  consumed  an  equal  quantity,  (viz.  gentlemen,  la- 
dies, bargemen,  and  turtles,)  each  individual  would  have  consumed 
^  many  bottles  as  there  were  benches  in  the  barge.  ,  Required  the 
^Bumber  of  ttxr^ee. 

•  Let  a:,  «»,  (a>j-i)*»  ^^^-l,  and  (a+l)*  —  361  =  the  noidaer  ^ 
^gemen,  gentlemen,  ladies,  turtles,  and  bottles  of  wine  reispect- 

ively,  and  ^""X^^ri)?^  =|  o^  ^+3a:«+3a:+l=^+2i:»  +  x^ 

961,  and  a^+^ar-^-liiiiSBl,  .\  ar-f-l:=l^,^h6  number  required. 

187.  Frotn  two  towns,  "C  and  D,  two  travellers,  A  and  B,  set 
<>tu  to  me6t  each  other  )  and  it  nppear^d  when  tShey  met,  B  liftd 
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fone  35  miks  more  than  thiee^fifths  of  the  distance  that  A  had 
traveUed  ;  but  from  their  rate  of  travelling,  A  expected  to  reach 
C  in  20  hours  and  60  minutes  ;  and  B  to  reach  D  in  30  hours. 
Required  the  distance  of  C  from  D.  Ans.  275  miles. 

Let  5Xf  and  3x-^35  be  the  number  of  miles  A  and  B  each  trar- 
els,  and  3a;-4-35  :  5z:  :20f  :  the  number  of  hours  A  hasitravelled 

=  ;r77i — r-ir^  5  and  in  the  same  way,  the  number  B  has  travelled 
6{3x  -(-  35)  '' 

=  W^;    ...«^=«l%L±i5.  and  625^  =  36(3. 

X  6(3a;-j-35)  x  ^ 

+35)»,  .-.  25a:  =  6(3a:-f35)  and  7x=  6X35  and  a:  =  30,      * 

188.  A  Farmer  bought  two  flocks  of  sheep,  the  first  of  which 
contained  18  fewer  than  the  second.  If  he  had  given  for  the  first 
flock  as  many  pounds  as  there  were  sheep  in  the  second,  and  for 
the  second  as  many  pounds  as  there  were  sheep  in  the  first, '  then 
the  price  of  six  sheep  of  the  first  flock  would  have  been  to  the 
price  of  7  sheep  of  the  second  in  the  proportion  of  7  to  6.  Be- 
qdired  the  numbers  in  each  flock.  ,  Ans.  108,  and  126. 

Let  X  and  a; -j- 18 be  the  numbers,  then  x  :  x  '■\~  18  :i  6  :  the 

price  of  six  of  the  first  flock         *" — -,  and  the  price  of  7  of  the  2d 

and  6(a;+18)  =  7a:,  and  x  =  108,  the  numbers  are  108,  126. 

189.  A  Poulterer  bought  a  number  of  ducks  and  tu)*keys,  the 
number  of  ducks  exceeding  the  number  of  turkeys  by  8.  For 
each  duck  he  gave  half  as  many  shillings  as  there  yrere  turke3rs, 
and  for  each  turkey  half  as  many  shillings  as  there  were  ducks. 
He  afterwards  bought  another  small  flock  of  turkeys  containing  4 
fewer  than  the  number  of  turkeys  he  bought  before  ;  and  having 
given  for  each  of  them  as  many  shillings  as  there  were  turkeys  in 
the  flock,  he  found,  that  if  his  former  purchase  had  cost  16  shil- 
lings more,  it  would  hav^  cost  exactly  four  times  as  much  as  the 
present  one.      How  many  ducks  and  turkeys  did  he  buy  at  first  ? 

Let  a:,  and  a;  -|-  8  be  the  number  of  turkeys  and  ducks,  and 
4a:(a;-}-8)  =  the  prices  of  each  set,  .*.  2^-]-8x-\'lQ=A{x — 4)*,  and 
a:-(-45==2(a: — 4),  and  a;t=12,  and  the  numbers  were  12  and  20.  % 

190.  Two  men,  A  and  B,  entered  into  partnership  with  stocks, 
which  are  in  the  proportion  of  9  to  8 ;  and  after  trading  one  yeafj 
A  found  his  share  of  their  gain  to  amount  to  one-third  of  his 
stock.  They  continued  to  trade  for  as  many  years  as  are  equal 
to  three-fourths  of  the  number  of  dollars  which  B  contributed  to 
the  stock,  and  found  their  whole  gain  amount  to  $1666.  What 
did  each  contribute  to  the  stock ;  and  how  many  years  did.  they 
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tmde?  Ana.  A  contribttted  $63,  B  966. 

Let  9Xi  and  Sx  be  A's  and  B's  stock,  .*.  3a;  sss  A's  gain,  and 
%xsss  the  number  of  years.  Also  9x  :  Sxl  iSz  :  B's  gain  as  fa?, 
.-.  6a:(3a:+|a;)=1666,  or  34a:^^1666,  and  a:*^a=49,  «  =  7,  A  con- 
tributed  $63,  B  56,  and  the  number  of  years  is  42. 

191.  A  person  wishing  to  ascertain  the  area -of  a  certain  quadri- 
lateral field,  found  that  he  could  determine  it  the  most  readily  by 
dividing  it  into  two  portions,  one  of  which  was  of  the  form  of  a 
rectangular  parallelogram,  the  shorter  side  of  which  rneasured  60 
yards.  The  other  was  of  the  form  of  a  right-angled  triangle, 
whose  shortest  side  was  equal  to  the  shorter  side  of  the  parellelo- 
gram,  and  the  other  side,  containing  the  right  angle,  was  equal  to 
the  diagonal  of  the  parallelogram ;  and  the  area  of  the  triangle 
was  to  the  area  of  the  paraUelogram  as  5  to  8.  What  was  the 
area  of  the  field  ?  Ans.  7800  square  yards. 

Let  a:t=the  longer  side  of  the  parallelogram,  ,\  2?:  /^(ar-f-3600) 
s=  diagonal,  and  60^;  =  the  area  of  the  parallelogram,  and 
Wa/{3^-{'3600)  =the  area  of  the  triangle,  .-.  60a:  :  30V(a:*  + 
3600):  :8  :  5,  or  a:  :  ^{a^+S&)OyrA  :  5,  .-.  2?  :  3600  ;:  16  : 
9, .-.  X  :  60:  :4  :  3,  and  x  :  20:  :4  :  1,  .'.  as=80,  and  the  area 
=:60x80+30V(64004-3600)=7800. 

192.  A  Merchant  laid  out  a  certain  sum  upon  a  speculation,  a^d 
found  at  the  end  of  a  year  that  he  had  gained  S69.  This  he  ad- 
ded to  his  stock,  and  at  the  end  of  another  year  found  that  he  had 
gained  exactly  as  much  per  cent,  as  in  the  year  preceding.  Pro- 
ceeding in  the  same  manner,  and  each  year  adding  to  his  stock 
the  gain  of  the  year  preceding,  he  found  at  the  beginning  of  the 
fifth  j^ar  that  his  stock  was  to  the  original  stock  as  81  to  16. 
What  y/ias  the  sum  he  first  laid  out  ?  Ans.  $138. 

Let  X  =sz  the  sum,  .*.  a;-|-69  =  the  stock  at  the  beginning  of 
the  second  year,  and  x  :  69:  :a;  -j-  69  :  the  gain  the  2d  year  = 
69(a;+69)^  ^,  ^^^  ^^^  ^^^  ^^^^^  ^^^  _  (^.^gj  ^  5?^^  ^  gg^ 

.  (a:+69)«      .69^(a:+69)^        .         .     .      .'  „ 

«  — ' ^,and  —  X' — ' =  tbe  gam  the  third  year.  Hence 

*k     *^         1,    if   •     •     ^r*i.    «f.v               (2:+69/     (a:+69)* 
the  stock  at  the  begmmngof  the  fifth  year  =i — ^-j — ^,.'.-i — ! i- 

:  «  : :  81  :  16,  and  2;  -f  69  :  x:  :3  :  2,  .-.  69  :  z:  :1  :  2,  and 
a:  «=  138. 

193.  There  is  a  number  consisting  of  two  digits,  which  being 
multiplied  by  the  digit  on  the  left  hand,  the  product  is* 46 ;  but  if 
the  sum  of  the  digits  be  multiplied  by  the  same  digit,  the  product 
is  only  10.     Required  the  number.  Ans.  23. 

Let  10a:-|-^  be  the  number,  (10a:*-|^rys==46)— (a^+a:ys==10)===9ai* 
a:36,  and  arrtf— ^,  and  2ys=sQ  and  y=s3t  the  number  is  23. 


194.  Vtdm  two  towns,  C  and  D,  which  were  at  the^distanee  of 
396  miles,  two  persons,  A  and  B,  set  out  at  the  same  time,  and 
meet  each  other,  after  travelling  as  many  days  as  are  equal  to  the 
difference  of  the  number  of  miles  they  travelled  per  day  ;  when  it 
appears  that  A  has  travelled  216  miles.  How  many  miles  (iid 
each  travel  per  day  ?  Ans.  A  went  36,  and  B  30. 

Let  X  and  y  be  the  number  A  and  B  each  went,  then  by  the 
.question  (2^—xy=Ql6)—{xy-y  =«  180)  »  a:*— 2xy-|-^^=a36,  or 
X'^'^yss^i  and  a:!s=36,  and  ^asSO. 

195.  There  are  two  numbers,  whose^  sum  is  to  die  greater  as  40 
is  to  the  less,  and  whose  sum  is  to  the  less  as  90  is  to  the  greater. 
What  are  the  numbers  ?  Ans.  36,  and  24. 

Let  X  and  y  be  the  ntimbers,  .*.  x-]^  :  40:  :x  :    y, 

and  y  ;  x-\^::x  ;  90, 

.-.  ex.  8equali    y  :  40:;a;'  :  :  90y,  and4z^=: 

40.2?      5x 
9i^y  .\  QxBssQyj  and  x^lx=s-^ — or-^7<s=360,  and  x=36j  yrr-a4. 

^X  u 

196.  It,  is  required  to  find  2  numbers  such,  that  the  product  of 
the  greater  and  the  cube  of  the  less  may  be  to  the  product  of  the 
less  and  the  cube  of  the  greater  aa  4  ta  9 ;  and  the  sum  of  the 
cubes  of  the  numbers  may  be  35.       ^  Ans.  3,  and  2. 

Let  X  and  y  s=s  the  numbers,  /.  a:y'  ;  ya:* : :  4  :*  9,  or  y*  :  a?:: 
4  5  9,  and  y=^lx.  Also  a;'-|Y=a5,  or  a:"-f^afe35, .%  aSaf^ 
27X35,  and  ar^=s::27,  or  x==3,  and  y=2. 

197.  The  paving  of  two  square  court-yards  cost  £255 ;  a  yard 
of  each  costing  one-fourth  of  as*  many  shillings  as  there  weie 
yards  in  a  side  of  the  other.  And  a  side  of  the  greater  and  less 
together  measure  41  yards.  Required  the  length  of  a  side  of 
each.      ^  Ans.  25,  and  16  yards. 

Let  X  and  y  =  the  lengths,  .-.  j^y^osi^  =  2P5  X  20  X  4,  and 
a;-f-yi=41,  .-.  41a:yi=16400,  and  a:y=400.  Hence  (ar— -y=s=9)db 
(z-fy=il)^ssax=50,  or  x^^QS,  and  2ys=32,  and  y:=16. 

198.  A  person  bought  a  number  of  apples  and  pears,  amounting 
together  to  80.  Now  the  apples  cost  twice  as  much  as  the  pears ; 
but  had  he  bought  as  many  apples  as  he  did  pears,  and  as  many 
pears*  as  he  did  apples,  his  apples  would  have  cost  10d,<,  and  his 
|»ears  3s.  9d.    How  many  did  he  buy  of  each  ? 

Let  X  and  y  be  the  number  of  apples  and  pears,  then  I  have 

I  2  •  ,  and  a^=9y*,  ,\  xsas^y,  whence  (3y-f-y)=90,  and 

y  a: 

yt,  ,^^\    ffO,  and  a:=:60.  Ans.  60  apples,  and  20  pears. 

199.  A  person  exchanged  a  quantity  of  brandy  for  a  quantity  of 
ram  and  £}1.5;. ;  the  brandy  and  rum  being  each  valued  at  as 
many  ahiUioga  per  gallon  as  4here  were  gallons  of  that  liqiur* 


Now  had  the  ram  been>  worth  as  many  shillings  per  gallon  as  the 
brandy  was,  the  whole  value  of  the  rum  and  hrandy  would  have 
been  £66  5s,     How  many  gallons  were  there  of  each  ? 

Let  X  and  y  be  the  number  of  gallons  of  brandy  and  rum,  then 
sf  and  ^  will  equal  the  prices  of  the  brandy  and  rum,  .*.  af  —  y* 
=225,  and  a!^+xy=zll25,  hence  x=25,  and  y==QO. 

200.  There  are  two  rectangular  vats,  the  greater  of  which  con- 
tains 20  solid  feet  more  than  the  other.  Their  capacities  are  in 
the  ratio  of  4  to  5;  and  their  bases  are  squares,  a  side  of  each 
of  which  is  equal  to  the  depth  of  the  other.  What  are  the 
depths  ? 

Let  X,  and  y  denote  the  depths,  .*.  a^y  —  2^s=:20,  and  a^  : 
xf  :  I  5  :  4,  orx  :  y  : :  6  :  4,  .•.  y=^x.  Hence  ^af  —  H^fssA 
20,  or  ^a:'=20,  .•.  0^=6,  and  ^^=4. 

201.  Bought  two  square  carpets  for  £62  1^.,  for  each  of  which  I 
paid  as  many  shillings  per  yard  as  there  were  yards  in  its  side# 
Now  had  each  of  them  cost  as  many  shillings  per  3rard  as  there 
were  yards  in  a  side  of  the  other,  1  should  have  paid  17#.  less. 
What  was  the  size  of  each  ? 

Let  X  and  j^  be  the  lengths  of  the  sides,  then  ^-\-i^=i\2^\^  and 

Af-^-Tip^^  1224  ;  adding  3  times  the  second  equation  to  the  first, 

a'+Sa^y  +  3a:y*  +y*  =  4913,  and  .-.  jc  -f  y  =  17,  and  xy  =s 

1224 
■        72,  whence  af — Say  |  y*     1,  and  x — ya=»±l,  but  ar-f"^^ 

17,  and  ac=9  or  8,  and  ys=8  or  9. 

202.  The  number  of  men  in  both  fronts  of  two  columns  of  troops, 
A  and  B,  when  each  consisted  of  as  many  ranks  as  it  had  men  in 
front,  was  84 ;  but  when  ^he  columns  changed  ground,  and  A 
was  drawn  up  with  the  front  B  had,  and  B  with  the  front  A  had, 
the  number  of  ranks  in  both  coluipns  was  91..  Required  the 
number  of  men  in  each  column.  Ans.  2304,  and  1296. 

Let  3?  and  y*  =  the  numbers,  a:-|-ys=84,  — 1-^=91  ;   whence 

|a:»+  f)z=Q\xy,  but  a:"+y'+3a:y(a;-fy)=  84M  .-.  91a:y+3(84w) 
=84^  or  343ay==84',  and  xy  =  12^=  1728,  and  since  a;-fy=St, 
.•.  X — ^&=±12,  and  «=48  or  36,  yt=36  or  48,  Ans. 

203.  A  field  in  the  form  of  a  rectangular  parallelogram  w:as 
planted  with  trees  placed  at  such  distances  as  to  have  four  on  ev^ 
ery  square  yard.  The  expense  of  planting  was  such,  that  every 
40  trees  cost  one-third  of  as  many  shillings  as  there  wete  yaidi 
in  the  diagonal  of  the  parallelogram.  But  had  they  been  planted 
at  such  a  price  as  that  every  hundred  should  have  cost  as  many 
shillings  as  there  were  yards  in  the  shorter  side  of  the  parallelo- 
gram, the  expense  would  have  been  less  by  £224.  Now  a  squaji;i9 
described  upon  the  diagonal  of  the  parallelogram  would  be  equal 
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to  f  of  the  square  described  on  the  less  side,  together  with  the 
sqaare  described  on  a  line  which  is  equal  to  the  difference  of  the 
sides.     Required  the  dimensions  of  the  parallelogram. 

Let  X,  y,  and  4ay  denote  the   less  and  greater  sides,  and  the 
number  of  trees.    As  40  :  JV(a:*  -f"  ^)  •  2  ^  '  the  price  of 

plammg  ^^%±^.  ..  ^^^^^^^  44^.  and 

&y  V(^4V)-^y=l^X4480,  but  a:»4V  =  |a:»+(y_a:)'^=:a* 
f^^—2xy,  .'.  2xyx=:iA  and  y—far.     .-.  ^?a?  X  !«  —6a?  X 
•|a:=l50X4480,  .-.  2ac»=9X  150X4480,  and  :e»=9X  150x160 
saSI6000, .-.  x=sddO  and  y==80,  Ans. 

Questions  for  practice  without  their  solutions.  App.  p.  576 

804.  Given  — j g —  a«  6i -^ — to  find  z,  xaxi 

..Air   «.        ar+l      402..-ar_^     471— 6a:         .  ^ 

aOff.  Given  — ^—— — — — ==±9 5 .       An8.2t=s72. 

^^    ^.        7aj+9     3ar+l     9sp— 13     249— Oar     . 

a06*  Given  -^ ^  = — ^ jj — .    Ans.  x=0. 

207.  Given  5 X — ^2^+a:-^X_; 

^   ^.        7a>— 43  ,  ,^-        5-f42:_-_     3a:— 12     &4.29 

208.  Given  — jg — [-13^  —  V^  =056 g X_ 

— ->123;i  lo  find  the  value  of  x.  Ans.  2=19. 

to  find  die  value  of  x,  Ada,  zs=15. 

Given  3^4-42:     3a:+47     3^19,^^,  ,  16-lOa:     5a: +20 

to  find  the  value  of  a;.  Ans.  a;s=17. 

911.  Given  '-^-L 6  sss—  to  find  a:,  Ans.  a?  ==    ■  ~  ■ 

XX  4 

212.  Given  ^x  *  o^  44^  *^  }ca;  as  |ac  -f- 2a6 -<- 6tfx  to  find  «. 

€rx      d^  €x 

213.  Given  -r — ^  - — Uh^z=sr^  -r-h  -{-  (rf+ i)a:,  to  find  x, 

be       a  J 

OtX        ^*^        C37 

SM.  Giwa  y-f*  -J  ^T"  -^  =«=  *»  -to  fi«^  ^  value  of  z, 

Ah- 70fl^-3fle .  ^       (cy-a^)5c     ,  (rilitt 

^"•'  *  320c       '  '"'^n^f^^^QbcB-^^^ahcd  '    "^      Tdf+bcf-}-^ 

nS'    Qiven  t rfc  =  *a:— ac,  Ans.  Ts=e-V ,1   ,    .  -^ 

O'^^C  or  -"^  tr  -f-  6c 


10a:+17      1235  4-2     5a;  — 4  . 

«,„   «.        lac— 19  ,  11a; +21     9z+16 
219.  Given  —^-  -f-g^ ^  • 

m  Given  "iM  =.  0^+?.  «=-*• 

bx  ^    b  C 

coc^  dx^  od — ce 

221.  Given  — r~r^^~rT*  ^^^^z-    u* 

222.  Giyen  ^  -f:^  +4"  +r-=^»  ^^  ^*  *®  ^^**^  ^^  *• 

bx  ^  dz  *  fx  ^  hx 

1     A-. a4^>H-fe/M-^«M+64r^ 

Ai».*«.— 3pj 

223.  Given  (fl+a:).(^+ar)-Hi.(*+c)  =«=  y-j^-  «==y  • 
2Sii.  GKven  —3-   :  — =~  ::  14  :  6,  »=4 

O  7 

82S.  Given  i^=^  :  ^y.  2z;;5  :  4. 

226.  Given  16a;+6  :  ^gj  ::  36ap-|-10  :  1,  to  find  the 
of  z.  Ans. 

227.  Given  ^^^  •  1  •  •  ^+19  •  8»— 19.  »*=& 

228.  Given  5x  +  ^^=9+-^^-^^,  to  find  x. 

229.  Given  >^(10a;+55)— 1=4,  to  find  «. 

230.  Given  4/(9a:—4)-[-8=8,  to  find  x. 

231.  Given  V(a^+16)==2+>i/(a:),  to  find  x.  as=:9. 

232.  Given  V(a:— 32)^=16— V(^)»  *o  ^^^  «?•         Ans.  xs=8l. 

233.  Given  V(4a:+21)»*2A/(a?)+l»  to  find  x.  XTa25. 

234.  Given  a^(bx—c)==d.4/{ex+fx—g)  to  find  a:. 

285.  Given  ^i^+^)=^(2:^^J)\^  ^^*  *^^  ^^l'*®  ^^' 
Answers,  «=^^^=^^,  a«a  «=^^^^  _i. 
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237.  Given  fl-f^  •  ;/(a:-f^rf)3=c,  to  find  the  value  of  a:. 

Answers  x  i  ,  and  a;a«/— — V  — 4, 

238.  Given  ^^^^^l^t^  \  Ans.  :^ 

239.  Given  ^^^)+^^(^)  =^.  Ans  :^  Y^HY  • 

240.  Given  ^L  (_i_o=w  a      i  a  I »  *<>  ^^^^^  ^-  ^'=^' 

241.  Given     ^,,  ,  ,  o^ ^=        o —  ( »to  find  z.        x=5. 

^(5x)'f'3  2         ) 

242.  Given  V|l+W(«"+12)|=l+a;,  to  find  x.  35=2. 

243.  Given  ^V{^^+^)  +  ^^=^'    Ans.       ^'^-^'^ 


2a&ce 

244.  Given  ja^+ary-j-y*}— r— sasr,  and  {a* — ^'i't^] =  «i 

af-j-y  a;— y 

to  find  a;  and  y. 

(«»-r')*+(H-r)*       (^_r*)*+(,_^)5 


•    (H-^)'+(*'-r')*+(*-r)*          (,4^)*-f(^_r»)*4.(»-r)* 
-_    _.        7a>-21   ,  3y— g  ^  ,  3a;— 19^ 
046.  Giren  — g 1%    =*  | s"" 

n    I         ft      n     o    I  ft      /lie      ' » '<'  fi^**  X  and  f. 

"*~2 8~*'"T 16"   j 

Ans.  a:=9,  and  aisai 

246..  Given  ^+^  =  3.-1^-^.  and  3.+ 

11         '         3  06  o 

4  :  2y — 3  : :  5  :  3,  to  find  x  and  y.  Ans.  a?=7,  and  y=9. 

247.  Giv^n  ^l — =o — i~">  *"^  aa:+2^=c,   [  ,  to  find  a:  and  jr. 

^•+-  y     Jflw-a?  ) 

Answers.  a:= = — =—  ;  andy  = o, 

248.  Given  5^  _%::^I^+7.-J3H-_l .  ^^^ 

2     '  o  o 

J.  I  7       3i/— R 

-^-  :  -~^ — |-4a:  : :  4  :  21,  to  find  x  and  y. .  Ans.  x==6  ;  ysi 

249.  Given  ^g±^     ^^+^-^,,^1^ ;  and 

10  lo  o 

»yfg-8-^-:^^7d:g,tofind«andy.     Ans.*-?},-*. 
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fifiO      Oi«-     13«  -1-  4y-17+x     15 -3a;     lgy+ 11 

'12  4  3 

12jj4.7y4-2B        .  9:e4.18      19  -f  5y  —  6a?     ISx^th/^-^S 

6  '^''^4  5  8 

*    Tg  — » ^®  ^'^^  ^  ^'^^^  y*  -^^^^  aj=2,  and y^ll. 

lo 

,251.  GivMi  3a:«j-5y  ^ — ~ — ;  &a'a:-*-5---^,+(H~H"^)*^ 

as^-|.(a-|4^)a3,  to  find  x  and  y. 

.  db  .  ah 

Ab8.  a:  s=«  '  ,  1 ;  and  y«= j  • 

a-^b  *^     a— ^ 

a«»   ^.        2a:4-y  ,  7y+6a:+ll__^,  5ar— 17      .  5a;4-3y+2  ' 
252.  Given  —^+        18  ^' — g— .and    -^^^ 

;    ^'  ;;1  :  3,  to  find  x  and  y.  Ans.  a?=a=7  ;  and  y=ss^. 

l\ :  49.*.^24:;3| :  3^^,  to  find  a:  and  f^.    Axis. flas7 ;  and  jfis^ 

254.  Given  ^x+a/(z—9)  =  -^r — ^rr,  to  find  «•        mi^. 

255.  Given  2;-l-15^t=53, )    to  find  the  values  of  9  and  y. 

and  y-}~  5«=27,  J  Ans.  x=^ ;,  and  yasiiA. 

S56.  Given  4a:-}-  9^t=351^ )    to  find  the  values  of  x  and  y, 

and  8a: — 13^tses  9,  (  Ans.  a»E36  ;  and  yaepQ, 

257.  Given  |  +|=*6 ;  and  j  +|«=^|,  to  find  a;  and  y. 

Ans.  a:=12 ;  and  ^t=16.- 

858,  Given  |+8^s=194 ;  and  |+8a:  =131,  to  find  x  and  y. 

Ans.  a»=s;16,  and  ^^==24, 

259.  Given  ?^^+3y— 4*=15  ;   and  ?^+2a>-S=7|,  to 
find  X  and  y.  Ans.  a::=7  ;  and  y=5, 

260.  Given  9a:  +  ^mi^O  ;  and  7y-J|^=44.     as=6 ;  y»10. 


261.  Giv^n \— i — ' .  ^    i.3y — 5;  and -^^ 1 — ^ — s=s  18 

''--5xy  to  find  X  and  y.  Ans,  a:!=3f  and  y=&, 

268.    Givea^l3±^=7_^;andy-^-5^y 


fiUO  MISCBLLAIVSOIJS  QUESTIONS. 


237.  Given  a-|-3  •  X/(x-\^'==Cj  to  find  the  value  of  x. 

Answers  g-r-    ^    ,  and  a;=f  — rj—  1-  — * 

a/ (a:)  +  2      a/ Or)  4-  40  ) 


239.  Given  ^;^)+^(^>  =?.  Ans  x=b  '(^\ . 

240.  Given  ^^  (_lo=j   /  a      i_a  (»  to  find  a:.  a?=6. 

241.  Given  -^^=^-1=  V(^bf  j  ,  to  find  x.        x^. 

242.  Given  V|l+W(«'+12)}=l+a:,  to  find  x.  »=2. 

243.  Given  -j-*si/(^^-{-^)  +  -T-s=sex.     Ans. 


2a^ce 

244.  Given  {a?-f-a^+^}--TT«=»*i  and  {«• — ^-f-^} =  «» 

to  find  X  and  y. 


* ,  to  find  X  and  ff. 


6        »      3  '2 

«id  ^+y     9a:-7     3y+9     4a;+5y 
2  8  4  16  " 

Ans.  2;=9,  and  ^sai 

846.,  Given  "^  +^  ==  3x-l^  -^,  and  &  + 

11  o  do 

4  :  2y — 3  : :  5  :  3,  to  find  x  and  y.  Ans.  a;s=:7,  and  y=9. 

247.  Giv^n  7-; —  ssa^r — j^,  and  ax-^^by  =c,   [ ,  to  find  x  and  y. 

Answers,  x  = = —     »  *^°^d  y  = ^.       • 

248.  Given  ^  _^tz3£=:!=9+''-^i .  and 

2  u  o 

-^^  :    ^^  -j-4a;  : :  4  :  21,  to  find  x  and  y. .  Ans.  x==5 ;  y»4. 

249.  Given  ^^JW     2^+7-^,^,^y=g  .  ^„, 

10  lo  o 

-?lij5 ^4^=  ^r-»  to  find  «  and  y.     Ans.  a!sa«7  j  y-afi. 


flfiD       Gi«-     ia«  4-  4y-17+»     IS-Oe     lgy+11 

12x4-7^4-28        .9ar+18      18+5y  — Bar     15aj~3y~6 
6  '  4  5  8 

»    .fr^ — ,  to  find  z  and  y.  Ans.  a:s=2,  and  ^=11. 

.251.  Given  3ai-j-5y  ^ — j^ — ;&a*a:— -t — Ta+(<H-H"^)*^ 

■r  1^4,  I  {ar\^)ahy  to  find  2;  and  y. 

Ans.  a;  c»  ■  ^  j, ;  and  y=— -7  • 

o«>    /^-        2a:4-y  ,  7y+6a:+U_^,  5ar— 17        5a:-f3y+2  * 
2^.  Given  — ^  -f  ^ ■  ■  ^^  ' — ^=9J • — g — ,and    ■  ^  ^^-^ 

;     ^-  ;;1  :  3,  to  find  x  and  y.  Ans.  a^acs?  ;  and  yssA, 

253.  Givett  ^^     ^r-^^^4J44;  aad  ^-U  + 

1| :  4jg...g  .24:;3| :  3j^,  to  find  a;  and  y,    Aos,  jBasB? ;  and  y^aal 

251.  Given  ^x+a/(X'-9)  =  -77—57,  to  find  ».        a:M25. 

255.  Given  a;4-15y=53, )    to  find  the  values  of  z  and  y, 

and  y-f-  5»=27, )  Ans.  a?=6 ;,  and  yuA 

256.  Given  4a:-{-  9^^=51^ )    to  find  the  values  of  x  and  y. 

and  8a; — 13y=Bx  9,  >  Ans.  xassfi  ;  and  yk>^. 

257.  Given  |  +|=*6 ;  and  ^  -fl^SI,  to  find  a:  and  y. 

Ans.  x=l2  ;  and  y=16.- 
858,  Given  |-f8y=194 ;  and  |-f-ac  =131,  to  find  x  and  y. 

Ans,  a:t=;16,  and  y==2L 

259.  Given  --^^+3y  ■■  4^=15;   and    ^-  4"^ — ^=^'^i>  to 
find  a;  and  y.  Ans.  a::=7  ;  and  y=S. 

260.  Given  9a:  +  ^!«s70  ;  and7y— H^=44.     as==6;  y»10. 

261.  GW,n^^^^=Ci^-6;  and  ^+^==18 
-'-Sa;,  to  find  x  and  y>  Ans,  a;^=3,^  and  y=&, 

262.  Given  H-l3±i?=7-^ ;  and  y-3_^y 

'  7  /  14  s 


V 


and  y.  Ans.  .t  t  JLi* 

2re.  Given  a?y-}-y*=ll^  J    ^^^  ^+y  £=:=  14»  to  find  x  and  ^. 

Ans.  2=sc5,  or  %\^(f ) ;  and  ^=^)  or  10. 

293.  Given  '4/^  -f"  A^y  =*  6 ;   and  a;+y=72,  to  find  x  and  y. 

Ans.  z=64,  or  8 ;  and  y=S,  or  64. 

294.  Given  4r*  +5*=-  +  %  ;  and  a?  +  3y  s=s=  66,  t6  find 
ar  and  ^.  Ans*  2»^^  ;  attd  yesilO. 

'^  a-4-i 

values  of  x.  Ans.  a: — ± — - — • 

a 

297.  Given  ^^{y)—/^{a—x)  =  js/{y  —  a:) ;  and  j^{y — x)  + 
^(a — x)  :  >^(a — x)t  :5  :  2,  to  find  x  and  ^. 

Ans.  xi=z^  ;  and  $^=i^ 


298.  Given  a?*-f  ^^=20;  and  a;*4- y    •=*=  6,  to  find  jfc  and  y. 


399.  Given  a*+2ar*i:^+y*  ===  1296  —  ^y'{2^  +  ary  -f^)  ;  and 
IP-— ytsc4,  to  find  a;  and  y.  Ana.  a^=5,  or  1  ;  yst^lt  or  5. 

300.  Given  ^ ^—^ ;=«,  to  find  a:.     Ans.  a?=- 


301. 


.  Given  -^^= — -^- ^=4;  andjy/^  ^  h/y***Jy  •  ^>  to 


find  a?  and  y.  Ans.  x=^  ;  and  yssSS 

111 

302.  Given 2s»-r ;  and  a;*«— a:y^^=16,  to  find  x  and  y. 

y      a:      4 

Ans.  a:s=±4,  or  — 2  ;  y=2,  or 
303-  Given  ^|^Jj±^^.  to  find ..         '         Ans.       . 

804  Oiven  42±^+|.U.      Ans.  .^a-^^^ 
a-f-a? — ,^<2fla:-f-ar)  2/^S 

SQ^  Given  «V — ^a:'y*==216  ;  and  ii?y — a;y^^=6,  to  find  x  and  y. 

Ans.  a:2=3,  or  — 2  ;  and  y=2,  or  — 3- 

306.  Given  ifi^x^pf)r=!^2m;  4b  f-^j^p^^WSS,  to  find 
X  and  ,y.  Ans.  a5=db:8  ;  and  y — ±27. 

307.  Given  a:^  +  a;y.+y^=1009  ;  and  «»'+ a:y+y»  = 


€82193,  to  find  x  and  y.       Ans.  x==Sl,  or  16 ;  and  ^=16,  or  81. 

308.  OWon  ^'i^+zy.{x+y)=^  ;  and  a^^-j-y^— 3«fe=13+33^ 
to  find  z  and  y,  Ans.  xss^4i,  or  2  ;  and  y=Q,  or  4. 

309.  QiYm  «y.(a:-fy)==84  ;  and  a?2^.(««  +f)  =  3600,  to  find 
a;  and  y.  Ans.  2:!=4,  or  3  ;  and  ^^=3,  or  4. 

310.  Oiyen  ^±^  =  7;  and  ^Z^dV  ^  9,    to   find 

x-j-y  X — y 

X  and  y>   *  Ans.  x — C,  and  ysaxS* 

311.  Given  g*  [  Ir     140,  to  find  the  values  of  x. 

312.  Given  a?— 6a:+8b=80,  to  find  x. 

Ans.  2;=3lO,  or  — 14,  and  «=12,  or  ^-6. 

313.  Given  a:*— 10a:+17=l,  to  find  x.  Ans.  as=8,  or  2. 

314.  Given  a:* — x — 40=170  to  find  x.       Ans,  as=cl5,  or  —14. 

315.  Given  3a:'— 9a: — 4s=:80,  to  find  x.         Ans.  a:=7,  or  —4. 

316.  Given  7a:»— 2  la:+ 13=393,  to  find  x.    Ans.  x=^  or  —6. 

ffU         A/ft 

317.  Given  f.  1^—19=161,  to  find  a^    Ans,  afe=:9,  or  — V-- 

2r*  :r 

318.  Given    ^    I  3^  =:  5+®*  ^  find  a:.        Ans.  a»=6,  or — f. 

3i9.  Given  a:-f4  -| -=13,  to  find  x.    Ans.  aj=4,  or  —2. 

36—^ 

aSO.  Given  4a: 2~,  to  find  z  Ans.  a:assl2,  or  — j. 

0 

:c-4-3      16— 2;c 
821,  Given  -5-  +2^ ^i'^^^*.  Ans«  a:=s5,  or  — tt. 

2  2a:  —  0       ' 

3«.  Given  14-f-4a:— ^^3a:+?i^.        Ans,  as=d9,  or  2a 

,  323.  Given  ^  —Zllf  =*f±7_L  Ans.  »=21,  or  6. 

3  a: — 3         9 

^A    n-         1^— «      12— 3a:     -,       23a: +60  ^       ,^, 

324.  G^ven  — ^ ;.=:7a: r; .      x=^  or  fff 

4         4a:  —  o  7 

3gg,  Given  ii:Ji  -f.?::^=^.  Ans.  x=8,  or  =J 


^.^    ^.        2a:+9  ,  4a:— 3     „  ,  Or— 16 

326.  Given  -X_  +  __=3+.__^         ;^,  pr   -^ 

32a  Given  ^^^— ^  +     .  :=^t.  Ans.  «=7,  or  — V» 

.*       '    x-j-5        ' 

329.  Given  — r-5 — 6=5-.  .  Ans.  xsslQ,  ojr . — §. 
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330.  Given  j-g  +^^<=13,  Ans.  aas=9,  or  jf. 

381.  Given   -9—  +^^^12=^ 1^-'        »=12,orttl. 

332.  Given  — j-f.-^ac=8J.  Ans.  as=6,  or  fj. 

^-  ^''^'^  S=2^    ^*-  ^'-  ^^^=®'  ^'  ^^• 

334.  Given  1^^-^=?^.      Ans.  «2,  or  -^. 

335.  Given  a.+18-^^=27-i^|l.  :r^,  or  5. 

a?+20 
a;  •= — - 

336.  Given  -Ar  +5-^  = |±L.         -.^^  or 


or 

* — Hf* 


a:4-9  '  2ar4-18 

337.  Given  1-  +_^=^.  Ans.  ap=8,  or  -|. 

33a  Given  ^,+1^=?^. 

339.  Given  J^  +^^=^3 
9-f-6a:  '  2  +  4a:     224-12 

m  .Given  glL_|_l.=^.  Ans.  «=2,  or  «. 

^^'  ®^^«"  6^  +^-^-  ^'  »  «• 

342.  Given  --^  4_^-j_=^.  a*-3.  or  -fj. 

343.  Given  ^^^^=sE'+x-|-a  *=4,  or-^i 

344.  Given  ^^t '"iXi2~^*  ^^'  *=^"<"  ~~*^' 

346.  Given  V(*«+5)Xa/(7«+1)=30:  x»5,  or  — y^ 

346.  Given  a/^9^V9^  ^^  ^^^^^  ^^ 

347.  Given  ^+^:^=f.    ;^  or  1.  or  "^ ^(-7) . 

x—a/x         4  2 

o>iQ   n-         a:— A/(a;+l)       5 
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3-50.  Given  V^ T-  =  3a:,  to  find  z;        a:==4,  or  -^  5|'. 

351.  Given  a:*  +  7a:*=44. 


352.  Given  4a;^  +  a;*=x39. 

353.  Given  3a:*+42a:'=3321. 

354.  Given  ^2==H. 

355.  Given  x^ -\^—^=^^+x^. 

356.  GivenvW>^-=2=^^. 

4z" 

357.  Given  3a:"4/a:"— -1^=4. 

358.  Given  adx — aca?==bcx — bd» 


Ans.  X  =  dbS,  OT  ±— lip. 

Ans.  »=729,  or  :^|'. 
as=3,  or  —/i/U. 

Ans.  2::=s4,  or  ^J. 


±s=4,or-^^. 


or 


■¥• 


359.  Given 


+ 


0. 


If        c 
360.  Given  9a*iV--6aWas=tf». 


^»^==8r ",  or  — M 


d        b 

x=ss~f  or  • 

c  a 

b  ^b^A/^-^ 
a  c 


361.  Given  {a+b).3?=zcx'\- 


a+b 


c±V(^+4m) 
2.(a+b) 


362.  Given  S^(nS'-Sx)=l9+^{3x+7).       as=6,  or  ViW^- 
Given  js/{ix+7)+^(3x-'18)^^(7x+l).        a:s=9,or— i^. 

364.  Girea7V(^— 5)  —  A/(|-H6)=lV(10a:  +  66). 

Ans.  as=20,  or  Wfi^i^. 

365.  Given  1^=^^=^]?^+ ^-^+11 


4-f  V«      '  (8  —  3Va:).(4  +  a/x) 

Ans.  z=93,  or  7. 
7a*— 3a:-l-4 


8  — 3V« 
to  find  X. 

JDO.  uiven  -^2a/x~    6+V^     ^(:c+2V^)  '  (6  +  V«) 
to  find  a:.  a:=5,  or      fg. 


367.  Given  x+V^  :  x—s^x:  :3Va:+6  :  2^^:.     3c=9,  or  4. 

368.  Given  a:»+ll+V(a:'+ll)=42.  a;=db5,  or  ±^38. 


ii 


i 


369.  Given  a;— 5|'— 3-a:  —  5^  =40.  a:=:9,  or  — 5|'+5. 

370.  Given  ar+V(^-t-6)=2-f3A/(«+6).  «=10,  or  —2. 

371.  Given  (a;^+5)«— 4a*=:160.  ar=db3,  or  ±a/{—15.) 

372.  Given  a;*— 7a:+ V{^-^7ar+18)=24,  to  find  x. 

Ans.'a;=9,  or  —2,  or  i{7±Vl'73). 


873.  Given  9x—4a?'}-^(i3?—9x+ll)=5,  to  find  x. 

Aas.  a;s=:2,  or  i,  or  |{9±V(— 31)|. 
374.  Given  a:»+V(5a:+a:*)=!=42— &,  to  find  x. 

2  Ans.  Qcsss^,  or  — ^9,  or  i( — 5±^^/221.) 

X  4  21. 

370.  Given  — r-r  -j — .,    ,  ■,,  = — l  to  find  x, 
x-fA  '  v(a:-j-4)       x 

Ans.  a5=:12,  or  —3,  or  J(49±V3185). 

,,^    ^.        3a:+5     3a:— 5      135  -        ^  ,» 

^' ^^^^^  3i5-"ir4:5=176-  ^'^.or-H. 

378.  Given  x+^x+  2  ==^±|=i.  x=4,  or'l. 

3W.  Given  -^,4.^=^.  x=±^,  or  ±V«. 


380.  Given  /a:-}^'\+as=42— ;  as=4,  or  2,  or  i(— 7±VW)- 

381.  Given  a4-4,  —  2v(^)  =^  »•  ax=±5,  or  ±^17. 

882.  Given  a^-  (l  +^Y— (3a*+a:)==:70,  to  find  a:. 

Ans.  x=Q,  or  — y^,  or  4{— 1±a/(— 251)l» 

383.  Given  ar — j-15=-^g-  —31  to  find  x  • 

Ans.  3c=4,  or  —8,  or  J{— 2±W(— ''I)!* 


Ans.  a:=db5,  or  ±J(V15661). 

385.  Given  3{(a>-l)»— a:}«+2a?=341-|-2-(x— 1)^  to  find  x. 

A             <           o       W3±V{— 109) 
Ans.  afc=5,  or  — 2 ;  or  -^^^^ q^o ^ 

386.  Given  a;*-fJ^a:— 39a:=81,  to  find  x. 

Ans.  as=di3,or4{— 13±V(— 155)}.  * 
'  387.  Given  4a;*+ia?=4af»-f33,  to  find  x. 

Ans.  a?=2,  or  —  J ;  or  J  |  l=fcV{— 43) }. 

388.  Given  (a;— 2)'— 6ar^.(a:— 2)=24— 14a:4-15a;*,  to  find  x. 

Ans.  a?=16,  or  1  ;  or  i{i3V(— H)— 1}. 

389.  Given  (4a:4.1)«+4a:*  (4a:+l)  =  1912  —  (10a:+3ar^),  to 
find  X,  Ans.  a:=9,  or  ^ ;  or  J]— 90=FV(— 181)}. 

390.  Given  8ar»— 13=J(3a:)+V(6ar^+52a:^)'  ^^  ^^^  ^• 

Ans.  a:=:2,  or  — ^ ;  or  ^(2^:^/33X1). 
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391.  Given  4a;*4-21«-f8ar*V(73?--^)==207— |ar. 

Ans.  a:=3,  or  ^f ,  or  ^{— 129±3>v/(— 25B7)J 

392.  Given  a:-["%=14>  *^d  y'*-|"^''^*^=2y  +  H,  to  find  x  and  y. 

Ans.  aj=» — 46,  or  2,  ^=15,  or  3. 

393.  Given  22:-|-3y=118,  and  52^— 72^4%3«  to  find  x  andy. 

Ans.  a:;s35,  or  —  4f^»  and  y=l6,  or  ^^. 

Ans.  a?=5,  or  — Jf ,  and  y==4,  or  f|^. 
396.  Given  ^Jtl^-l^^H- 3^2     18-.   ^  3^ 

5:c  5  3  7 

^3^— ^_^  2.  x  =  6,  or  — yf^,   and  y  =3.  or  Jiff. 


396.  Given  a^— /=fl^  and  (a:-fy+*)«+Xa>-y+*)'^=2c*. 

Ans.  a:=J|— ^V(2a'-^+2/)};  and  »t=±V(i{«"— a^T 
A/l2a»-^-f2c»)j). 

397.  Given  a;«-j-y :  a:"— y:  :9  :  7,  and  1+a?  :  y+4:  :5y-f-7  :  3y, 
to  find  X  and  y,  a:=±4,  or  d=4^(-— tV)»  o'^  y=2,  or  — 14- 

398.  Given  a:*4-2a:V=441— ^y*,  and  «y=  3+ar,  to  find  x  and 
y.     Ans.  a?==3,  or  —  7,  or  — 2  ±  ^( — 17,)  and  y  =  2,  or  f  ,  or 

399.  Given  2;'-f4y^=256— 4[ry,  and  3y*— 2^3=39. 

Ans.  a:=sdb6>  or  ±102>  and  y     JL5,  or  -h59. 

400.  Given  (a:-f-y)*— 3y=28+3a;,  and  2a:y+ae=35. 

Ans.  2;  =  5,  or  |,  or  |$ — 5HbA/(— ^^)(f  and  yksaS,  or  j-,  or 
4{_11=FV(-?55)|.    ^ 

401.  Given  a:«+10ar-f-ys=ill9— 2>v/yX(a:+5),  and  ar+2y=13. 
Ans.  X  ==  5,  or  -i^,  or  j;( — 69^=^241),  and  yss=sa4,  or  f»  or 

J{121±V24ir. 

402.  Given  ^  +~  =  9^^,  and  a:»+y*=65.     Ans.  as=s±4,  or 
±1V(=65);  o,  JV{-4^30V3410|.  ^^ ^^.  ^^ _^  . 

or  +(15±>/3410). 

403.  Givren  a;-f-y4-V(a:+y)=6,  and  a^-fytslO. 

Ans.  a:=3,  or  1  i  or  J  9  ±  //( —  61)L  and  y=l,  or  3  ;  or 

404.  Given  a:*+4V(3:'+3y+5)=55— 3y,  and  6sr— 7y=16. 
Ans.  a:  =  5,  or  |(— 61)  ;  or  |(— 9±iv/3895),  and  y  =2,  or 

—V- ;  <^r  A(— 70±>v/3895.) 

405.  Given  a:*4-3a:+ys=73— 2a^,  and  y«-}-3y4-af=44. 
'  or  16 ;  or  — 12qF  a/ 58,  and  «s=a5,  or  —  7  ;  or  —l±^5S. 
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Ans.  ZBs6,  or  3,  or  ^\9=F3a/{.—119)\,  and  y s=:2,  ot  —  1,  or 
il(-3dV(-119)|. 

407.  Given  y^-y*a«sl6— ar,  and  28— yc=a:-f4a:*.   , 

Ans.  x=a4,  or  ff |',  and  ys=16,  or  }f|. 

408.  Given  ^-{^  =  97,  and  x-^-ysss5.    Ans.  a;  =3,  or  2  ;  or 
i\5±A/{-r-151)],tiniy=^,OT2;  or  J{5TV(— 161)|. 

409.  Given  V(^^)+ V(3^)==2.  and  2»-18==z  •  (4y 

—9).        ^  Ans.  j; — 6,  or  3,  arid  y=3,  or  }. 

410.  Giyen  a:-f4>\/a:-f4y==21-{-8Vy-f-^'v/^»  ^^^  \/^  +vy 
sEa6,  to  find  X,  and  y.  x=4i5r  or  ^,  and  ysE=l,  or  ^^. 

41 L  Given  a+j^,  and  (a*-f-y»)  X  (a:'-|-2(')==455.     Ans.  xsaOy 
or  2;  or  J±J  V(— ^)»  and  y=2,  or  3 ;  or  H=W(— ^0  * 

412.  Given  z  +  y— ^(^)=   ^    ,  and  a;»-+y=41. 

•        «<     1/*       s»«=rh5,  or  ±3V^,  ye=dh:4,  or  zk^/^jh 

413.  Given  -^  -f^=136i— 2a:y,  and  a;+4;=:14— y.    te=  6,  or 

,  4;  or.5dbW(*Hf)t  and  yBs4,  or  5 ;  or  6q=5V{— ff )• 

414.  Given  ^.^^^d^ni^^)^^^  /       ^ 

*=aft8,  or  y  *  or  ^,  or  fj,  and  y=2,  or  — 4^ ;  or  ^,  or — ViS 

415.  Given  ^(6^ar-(-6>^y)-4-J V^*^'^^ — J V^y»  *"*!  * — yassli 

Alls.  i=16,  or  J^V'^,  and  y==4,  or  ^^y^ 

416.  Given  9^—432^122^',  and  r^l2-\-2xy.      x=^ ;  j^. 

417.  Given  i+^===M^JJ^,  and  4j^~ 

Ans.  g— 2,  or  — *^S  and  y=l,  or  — f. 

418.  Given  >/j(l+a)*+y*}  +  p/\(1  ~  a:)«  +  j^j  =  4,  and 
(4r— «*)?^18±4y',  to  find  z  and  y. 

Ans.  a!=dbl>  or  ±^/l^>  and  ya=±f  i  or  it3^(-— |). 

|a;,  to  find  a;  and  y.      Ans.  a:!=9,  or  J^,  or  ^f^,  or  16,  and  y  1 4, 
or  =i^f  or  — -V-,  or  f » 

10  s 

Ans.  a:  =±=  dc  6,  or  =*=T73 '  *'**  ^r*  =•=*'  wX^g- 
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421.  Given  ^y-Y^^ ^^    ' —^     36,  and  ^  +  3-  » 

$/(^  +^)-|.     Ans.  »=12,  or  — \^  ;  or  2V(25±a/'41569)  ;  or 

i(45±V3849),  and  yte=:2,  or  —if ;  or  Ti^(25  ±  a/41569)  ;  or 
J(135=t3V3849). 

422.  Given  V(-.^)+   >/ L.  l=r  V(lfr-0  and 
^;,_^(:,-y-l)=y+^'  ^«=4,  or  i ;  or  41  l=F3V(-7)  | ; 
and  2/6=2,  or  —1  ;  or  i  j--7±V(— "O }. 

423.  Given  ^^;i^=^.(a:+y),  and  (^)'+^, 

«aa«:.{i:'+y)-f  506.    Ans.  as=5,  or— ^  ;  OT  i\  1±V(— 1209)}, 
and  y  =  3.  or    —  |f  ;  or  aVJ3  ±  3V(  —  1209)}. 

484.  Given  ?  V-+5.  V--4^^;  and  — -^=4 
»=4,  or  V.  or  W.  «>'  HI  an<l  y=6*.  «>'  **^.  <»  WP.  or  =?Pr- 

485.  Given  V^ + V!  =-&+!.  wd  >y  ( A)+;C'(  A)=^. 

y         X     V(*y)  „        .      ,  «  ==  16,  or  81 ;  or 
Ads.  aPB81,  or  16 ;  or  —  W±'"v47,  and       5X»=f3^47 

^x-^\.    2;  =  f,or  — ||,andy  =  ±2,ordb\/{— ff  +  ^Pj 

427.  Given  a^-Y==3»  &  (ar*+3^)'+a:«2^.(a:«---y«)«4-A-.j^C:3 
Ans.  a:=±2,  or  dbV(— 1)»  or  db>s/(  J{3±  W(— 13)|),  and 

y  «=  ±1,  or±W(-l),  or  ±V(il— 3=F2V(--13)l). 

428.  Giten  ??^^^+V(4^— 16V^)=^»  and  V«  + 

^{8*(y  — ^y^z) — 4|=  y+l,  to  find  the  value  of  x  and  y. 

;•         4         4             4-T-1A  /    ^'^       788d=24V644       . 
as=  4,  or  |, or  ^;  or  — -qFl6v— g-J  or —^ and 

— o        5        "^             1       1  ^  o  #     13        37± V644 
y  =3,  or,  ^;  or  ^;  or  —  1,  or  1  ±  2^—- g-;  or ^^^-^ 

429.  A  person  being  asked  what  o'clock  it  was,  answered,  that 
U  was  bet,ween  8  and  9,  and  that  the  hour  and  minute  hands  weve 
exactly  together.    W^at  was  the  time  ? 

Let  X  denote  the  number  of  minutes  past  8  o'clock  ;  then,  since 
the  minute  hand  was  at  12,  when  the  hour  hand  was  at  8,  the 
hoiaff  hand  was  40'  before  the  minute  hand  ;  therefore  x  -^0  will 
be  the  distance  moved  by  the  hour  hand  in  <c  minutes,  and  12  :  1 
tix  :  a>--40  ;  hence  a»»12z^-^490,  er  xmt  W  "»  ^S^dg^'A,  the 
time  past  8. 
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490.  What  two  numbers  are  those,  whose  difference  is  12,  and 
their  squares  equal  to  each  other  ? 

Let  X  and  y  denote  the  nuQibers  sought ;  then,  by  the  question, 
z — y=l2,  and  a:*  =s  y*.  Hence  as=  12-|-y,  and  a:*t=144-f-24y4- 
2y*  ;  therefore  144-|-24y-|-y'=^»  or  144rf-24y  =  0  ;  hence  y= 
— y^=s— 6,  and  a:=12— 6=6. 

431.  There  is  a  certain  number,  consisting  of  two  places  which 
is  equal  to  the  difference  of  the  squares  of  its  digits  ;  and  if  36  be 
added  to  it,  the  digits  will  be  inverted  :  qusre  the  number. 

Let  X  and  y  be  the  digits  in  the  units'  and  tens'  place,  respect- 
ively ;  then,  by  the  question,  lOy  |  x  3? — y*,  and  10y-|-^-{-36^ 
lOar-f-y.  From  the  ktter  equation  y=x — 4  ;  and  this  being  sub- 
stituted for  y  in  the  first  equation,  it  becomes  \\x  — 40=8a: — 16, 
from  whence  2is=:}(40 — 16)aB:8,  and  ys=8 — 4s=4 ;  therefore  48  is 
the  number  required. 

432.  Given  a^'-j-y^ss^l,  and  i^-^-of^sill ,  to  find  x  and  y. 

Put  0=31,  ana  ^  =  17  ;  then,  fi'om  the  second  equation,  x  =s 
f^(h  —  y'),  and  this  value  of  x  substituted  in  the  first  equation, 

gives  (h  — y'j^-j-y^ssa,  or  (i— y')';=(a — y*)' ;  whence,  by  involu- 
ti6n  and  transposing,  y": — 3iy*-fV-f'^^y' — ^^it  =  ^'  —  »  ;  or,  in 
numbers,  y*— 61/-fy-f«67y'— 62y^^=3952 ;  where,  by  a  few  tri- 
als, we  find  ybsa2,  and  then  x=^(b — y')=3. 

433.  Given  y*— a:ys=666,  and  a:*4-a:y=406. 

Put  a  =ss  666,  and  b  s=  406  ;  then,  from  the  2d  equation,  y  ss 

■■■         ;  and  this  value  of  y  being  substituted  in  the  first  equation, 

y-_3iV4-33a:' 2^ 

gives ^    ■ 1  \  JL^    a  ;  and  multiplpng  by  a:*,  and 

transposing,  I  have  a*  ~  {fib  +  l)a:*+(33»-f  ^+a*)a:'=  ^ ;  or,  in 
numbers,  a:«— 1219a:'+937470a:*=4065 ;  from  whence,  by  the  res- 
olution of  a  cubic  equation,  I  have  2^^=343  ;  .-.2sbs7,  and 
_J  —  ^  _^406-~343  _63^^ 

^         X  7  7 

434.  Given  the  sum  of  three  numbers,  in  harmonical  proportion, 
c=26,  and  their  continued  product  =576,  to  find  the  numbers. 

Let  X,  y,  and  z,  be  the  numbers  ;  then,  by  the  question,  a  +  f 
'■^zsssQQy  X — y  ;  y — z:  :x:z,  and  xy2s=sS76.  From  the  2d  equa- 
tion zx — zys^xy-^xzj  or  xzs=z^y{X'^z) ;  and,  from  the  first  equt- 
tion,  a>^z=26— y  ;  hence  X2:=jy(26---y),  and  a:y25=Jy^(26  —  y) 
s=s  576,  or  26y'  —  y®  =  1152.  by  resolving  this  equation,  I  findi 
y=a=8 ;  then  ar+2s=26— 8=  18,  and  xz  =  f  Xl8  =«  72  ;  hea^ 
(«-f-ar)'—4a:2=(«—z)'t=:18"— 288=36,  and  :r— 2:  =6  ;  .-.  x  tss 
^(1&4-6)=12,  and  m((18-^)ss6,  and  the  numbers  are  12,8^11 
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48&  What  two  nnmbeTs  n«  those,  whose  diffirenoey  sam^  and 
poroduct,  are  to  each  other  as  the  numbers  2, 3,  and  5,  lespectirely  ? 

Let  X  and-y  denote  the  numbers  ;  then,  by  the  question,  2(:r-f^) 
tsQix — y),  or  2z-|-2yt=s^32; — 3y  ;  hence  x^=5yy  x-\-y  ■=:  6y,  and 
xy  was  5^  ;  therefore,  by  the  question,  6y  :  ^  : :  3  :  5 ;  hence 
3y^=s=6y,  or  y=2,  and  x=s6yessl0. 

436.  To  find  that  number  whose  cube  being  subtracted  from  its 
square,  shall  leave  the  greatest  remainder  possible. 

Let  X  be  the  number  ;  then,  by  the  question,  a^ — of  is  to  be  the 
greatest  possible.  Suppose  that  x  is  increased  by  a  small  quanti- 
ty, c,  then  3^—3^=  (a:-fe)*  —  (ar+e)'  =  a^  —  2*'\-(2x  —  32f)e  + 
(1  —  3x)^  —  ^.  Let  a?  —  a^  be  taken  from  both  sides  of  the 
equation,  and  let  the  remainder  be  divided  by  e,  then  we  shall 
have  2*— 3a:'4"(l — 3a?)c — c^=  0  ;  and,  if  v/e  leave  out  the  terms 
effected  with  e,  on  account  of  their  smaUness,  then  22; — 32^=0^  or 
xssBs^j  the  Answer. 

437.  It  is  required  to  find  the  least  3  whole  numbers,  so  that 

I  of  the  first,  ^  of  the  second,  and  ^  of  the  third,  shall  be  all 

equal  to  each  other. 

21a 
Let  z  be  the  first  number  ;  then  will  {a;  X  V  =  oa  >  ^  ^® 

second  ;  and  ga?  Xy  =«-jj»  ^^  *"^*     Hence  g,  g^,  and  jj, 

mvst  be  whole  numbers,  or  x  must  be  divisible  by-  8,  20,  and  14 ; 
bat  since  the  product  of  20  and  14  is  divisible  by  8,  it  is  necessa- 

X  X 

tj  only  that  z  be  divisible  by  20  and  14 ;  that  is,  ^  and  T^must 

,be  whole  numbers,  which  they  evidently  will  be  when  a:trsl4X20 

21iB  15a: 

sd280 ;  and  then  ^  m  g94,  -tj=ss300,  and  the  three  numbers  are 

880,  294,  and  300. 

438.  Given  za:'4-a;2^=290,  and  a^-4-a^s=d641,  to  find  x  and  z. 
Put  a — 290,  and  b  =  641 ;  then  tne  first  equation,  divided  by 

xZf  becomes  of-^s^sss —  ;  and  if  from  the  square  of  this  equation 


'wm  subtract  the  second  equation,  we  have  fb^T^  \  n  j^^  b,  or 
^x*  -f-  h?7?^s^€f.  This  quadratic  resolved  gives  ^:?  =  100,  or 
a»i=10  ;  hence  a:«+2^=^^=29,  a?-f-2»-f2arz— (a?-f.;?)«  =  29+20 
sa49,  and  a;»+2*— 2a;2s=(a;— «)*=29— 20=9 ;  whence  a:+T  =7, 


7-L3  7 3 

and  X — ^2=3  ;  consequently  x — T^rsag,  and  z —    ^       2 

85 
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.  239.  Giyen  the  sum  of  3  nombeis  in  contmued  geometrical  pro- 
gression ^  39,  and  the  sum  of  their  squares  sm  819,  to  find  the 
numbers. 

Put  a=s39,  and  fe=619  ;  then,  by  the  question,  a:  4- y  + 
a?'\^'-\-z^=bt  and  xzs=i^.  From  the  first  equation  x- 
and,  if  from  the  square  of  this,  the  second  equation  be  subtracted, 
there  will  remain  2xz — y*  =:fl?  —  2ay4*y' — ^  5  ^^^  since  xz  =^, 
2a;z— y"  is  =^  ;  .•.  y^ssa* — 2ay^\^  —  3,  or  2ay  =  0^  —  bf  and 

flS — I,      1521 — 819 
y  =-5 — = =g — ^=9.     Hence  x-\'r=a — 9=30,  xz  ^  81, 

and  x'-\-z^=:^—Slt==:728;  therefore  (a:— z)«=a:^+2«— 2a:jr=738 
— 162±=576,  and  x—z=2^;  whence  x  =  ^(304-24)  =:s27,  and 
zsss3 ;  and  the  three  numbers  are  27,  9,  and  3. 

440.  Required  the  least  number  of  weights,  and  the  weight  of 
each,  that  will  weigh  from  1  pound  to  2900  weight. 

Let  1,  a,  ^^  c,  ^,  e,  &c.  be  the  weights ;  then  it  is  evident,  that 
with  the  weights  1  and  a,  we  can  weigh  1,  a — 1,  a,  a-f-l  pounds  ; 
and  since  the  least  number  of  weights  are  to  be  employed,  a  -*—  1 
must  be  =  2,  or  a  sss  3  ;  hence  with  the  weights  1  and  3  we  can 
weigh  1, 2,  3,  &  4  lbs.  Again,  with  the  weights  1,  a,  &  ^,  we  can 
weigh,  besides  the  weights  already  enumerated,  i— (a  -f-l),  i— «i 
^— (a— 1),  h—1,  h,  ^1,  ^(a— 1),  i+fl,  and  W-(a-f-l)>  the  least 
of  which,  or  b — (a-}-l),  must  be  =  a+21  or  6;  nence  b  =2a-|-3 
zssQa — 9  ;  and  with  the  weights  1,  3,  and  9,  we  can  weigh  firom  1 
pound  to  13.  Again,  with  the  weights  1,  a,  6,  and  c,  we  can 
weigh,  exclusive  of  the  weights  from  1  to  13,  c — (W^-f-1),  0 — (I 
+a),  c — {Jh\-a — 1),  &c.  to  c-l-W-fl-f-l ;  and  c — {b-i^  +  1)  must 
be  =:&-f  (a-f  2)=:14»  or  cs=2^-2a4-3=s:^a=27. 

By  reasoning  in  the  same  manner,  we  shall  find  d  =  2c-f-234- 
20+3=270=81,  c=2rf+2c4-2H-2fl+3=81a=^43,  /=  2e  + 
2(2-f  2c-f  2&-|-2a-|-3=  24da  :=  729,  &c.  &;c.,  so  that  the  weights 
form  the  geometrical  progression  1,  3,  9,  27  81,  243;  729,  2187 
&c. ;  and  as  many  of  these  weights  must  be  used  as  will  make  up 
the  given  weight,  or  3248  lbs.  Now  the  sum  of  8  terms  of  the 
above  series  is  3280,  therefore  8  is  the  number  of  weights  that 
must  be  used. 

441.  Required  two  numbers  such,  that  their  sum  shall  be  equal 
both  to  their  product  and  the  difierence  of  their  squares. 

Ans.  2;618034,  and  1.618034 

442.  Find  the  least  4  afiSrmative  integer^  such,  that  the  squaie 
of  the  greatest  may  be  equal  to  the  sum  of  the  squares  of  the  oth* 
er  three. 

Let  a,  by  X,  y,  be  four  numbers,  such,  that  a*  -f-  ^  4-  a*  ssa|^. 
Assume  yzssx-j-l;  then  fl?+y-f-afe=2:*+2a:-f-l.  or  a*4-^==22:+^ ; 
hence  xss  |(£i^-|-^— 1),  where  a  and  &  may  be  taken  at  pleasorei 


/ 
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provided  the  one  be  an  even  and  the  other  an  odd  number. 

If  a^s2,  and  ^=3,  then  2x=6,  feind  ^=7  ;  hence  2,  3,  6,  and  7, 
are  the  least  whole  numbers  that  will  satisfy  the  conditions  of  the 
question.  If  as=s3,  and  h=Ay  then  x  =  12,  and  ^i=s:13,  the  num- 
bers in  the  book. 

443.  If  money  be  lent  at  three  per  cent. 

To  those  who  choose  to  borrow, 
In  what  time  shall  I  be  worth  a  pound, 
If  I  lend  a  crown  to-morrow  ? 
Put !?==&,  r  =  1-03,  the  amount  of  £\  for  1  year;  then,  by 
die  nature  of  compound  interest,  pr  is  the  amount  at  the  end  of 
1.  year,  ^r^  the  amount  at  the  end  of  2  years,  pr^  the  amount  at 
the  end  of  3  years,  and  pr*  the  amount  at  the  end  of  x  years ; 
whence  we  have  ^r*=4p,  or  r'=4  ;  therefore  arXlog.  rs=  log.  4, 

or  ^^{giii^^^Qg    =  46.89963 ;  to  which,  if  one  day  be 
log.  r     .0128372  '  »  j 

added,  we  have  46.90236  years  for  the  time  required. 

444.  There  are  three  numbers  in  fifeometricsd  proportion  such, 
that,  if  the  mean  be  subtracted  from  the 'sum  pf  the  two  extremes, 
the  remainder  multiplied  by  the  sum  of  the  said  two  extremes  will 
be  9^  ;  but,  if  that  remainder  be  multiplied  by  the  sum  of  all  the 
three  numbers,  the  product  will  be  133.  It  is  required  to  find  the 
three  numbers  by  a  simple  equation. 

Put  a  s=  91,  and  h  s=  133,  and  let  a;,  y,  and  z  denote  the  three 
numbers.  Put  x  -]-  z  =  s,  and  y  =s  m  ;  then,  by  the  question, 
(* — ns)g  c=  a,  and  {s  —  «*)(*-{"  ^)=^.    From  the  first  we  have 

J*  =»= ,  and  from  the  second,  «*  == 5  j  hence  -z =;: a 

1 — r  1  —  nr  I — n     1— »r 

or  a{l — »')=sft(l — n) ;  and,  dividing  by  1 — n,  we  have  a-\-ansssbi 

3— «     42      6        ,  //   «   \         10     tj 

or  «= =ST  =Toi  and  «=  v  I  t — "  )  =  13.     Hence  xA-z 

a  '      91      13  \l-^7i/  * 

ssl3,  and  y=s6;  therefore  a:2:=y^^=36,  and  {z — x)^  =  {a:-|-2)*— 

4aa=169— 144=25,  or  z—x=5  ;  hence  x=:  4(13—5)  =  4,  and 

(134-5)=9. 

o  determine  two  numbers  whose  sum  shall  be  a  cube,  but 

their  product  and  quotients  squares. 

Let  of  and  ^  be  the  numbers  ;  then,  by  the  question,  a^-^^zsz 

^  cube,  a?^  =  a  square,  and  -^=D .     Now  it  is  evident  that  the 


two  last  will  be  squares,  whatever  values  be  assigned  to  x  and  y ; 

we  have,  therefore,  only  to  make  a:'-f-y*  =  a  cu^.     Put  x :»  rz, 

and  yssssz ;  then  a^-^^ipssf^z^-^s^sss  a  cube.    Assume  its  side  as 

2  3^  z 

— ;  then  r^^^-^-fa?  =  -|,  or  r*+*^==  -§»  a^d  ft=sc"(r*+'^»  Hence 


x=srt^{f**]^,  and  ya=«j"(Af-«^,  where  r,  #,  aad  v  may  be  taken 
at  pleasure. 

If  «fe3sl,  rtssl,  and  jsel,  then  atrttg,  and  ^  ssa  2  ;  and  jthe  nxoBf 
hers  are  4  and  14.  If  f&=l,  rss  2,  and  #  :^  1,  then  x  =:=  10,  and 
y=6,  and  the  numb(srs  are  100  and  26. 

446.  Required  that  arithmetical  progression  whose  number  of 
terms  is  10,  sum  of  the  terms  185,  and  the  sum  of  the  cubes  of 
the  terms  10452^     < 

Put  0=185-5-10,  &=sl04525;  and  let  a— 9z,«— 7iz:,fl^-3z,  a— &, 
a— 2,  Z'\-z,  ii-f-3jBr,  a-^z,  Or^iz,  and  a-^dz^he  the  ten  terms  of 
the  progression ;  then  their  sum  is  esr  to  10a,  or  185.  Also  the 
sum  of  the  cubes  of  the  extremes  s^  2c?^6  X  9^*02:' ;  of  the  sec* 
ond  and  9th  terms  a=  2a^-f6x7^.a2;'  ;  of  the  third  and  8th,  m^Stf 
-^X^-^  ;  of  the  4th  and  7th,  =  2a»  +  6  X3*.iw* ;  of  the  6th 
and  6th,  c=2a'-(-6Xl'.a2';  and  of  ell  the  terms  =  lOa^-4- 6<w*(y 

4.7«+6»H-y+l)=3,  whence  z»  =  ^^y    .    y,    .   ^    .  y  .  ^^ 
412081     9       .       3     „  A        195     27     ^   ^    ^_ 

term  ;  and  by  continually  adding  2;r,  or  3,  we  ha^re  6,  8,  11,  14^ 
17,  20,  23,  26,  29,  and  32,  for  the  numbers. 

447.  To  divide  a  given  number  (N)  into  4  such  parts  that  if  any 
other  number  (n)  be  added  to  the  first  part,  deducted  from  the  24, 
multiplied  by  the  third,  and  the  4th  part  divided  by  it,  the  sum, 
difference,  product  and  quotient,  shall  be  all  equal  to  each  otiier. 

Let  a>--a,  x-|-n,  -,  and  nxy  denote  the  numbers ;    then  z    n  \ 

X  X 

«-^-  »4"--f-«a;e=:N,  or  2a;-j — |-«cfia=  N ;  and,.muha^ying  by  % 

nN  nN 

2nar+^-f  7i»a«iN ;  whence  a^^jqnijp^  ^^^-^(l+li)*  =  «» 

jiN       .       :r  N  .  ««N 

z^n  CK  — -| — rj  -p  w,  -  : —   ■   ■    -^,  and 


44a  Given  a?y'\^z=512500,  and  ^s^y—fx  =6500,  to  fimd  % 
and  y.  • 

Put  a!;=s612600,  and  h  =  2500.  Then,  from  the  first  equation 
multiplied  by  xy,  take  the  square  of  the  second,  and  there  will  re- 
main 2a!ft^ss=:axy — ^  ;  whence,  by  the  resolution  of  «  cubic  efoi^ 
tibn,  we  get  a;ys==500.     But,  from  the  second  equation,  z  —  y  =s 

JL:mJ~€:xS;  hence  (iB--y)M-4ayas(»+y)«t==64.^ 
wd  4D+yB=45  ;  therefore  x--  -^g    rr  g5,  and ^ 5s=— g— bs=30. 


449.  GivBA  x-^-^-^-zsss^^  xy-\^Z'\-ffitss=slli  and  xyxss:^;  to  fis4 
2;^^,  and  z. 

From  the  second  ^uation  multiplied  by  z,  let  the  third  equatioa 
be  subtracted,  and  there  will  ren^ain  a:2*  4"  ^^  =  ^^^  —  ^»  ** 
(a?-|-3f)jA=5llz— 6.  But,  from  the  first  equation,  a:-j-y=s6  —  z; 
hence,  by  substitution,  (6 — z)z^:sssllz — 6,  or  ^i* — 6^'-|-  llz  as=  fi. 
This  cubic  eqi^ation  resolved  gives  zs=:2  ;  whence  a?-j-yg=a6  a?  i 
4*  and  xtf^j-^Q,  therefore  (a: — y)^=(a:+y)' — 4zys=s=16— 12fc=4,  or 
z^-y=^ ;  hence  x=^i{4^2y^  and  y=J(4--2)=l. 

450,  To  find  two  numbers  in  the  ratio  of  6  to  7,  which,  being 
respectively  divided  by  9  and  13,  shall  leave  3  and  8. 

Let '5^  and  7a;  be  the  numbers  ;  then  J(5a;  — 3)  and  iV(7aj— 8) 
laust  be  whole  numbers.  First»  ^(5^' — 3)X2==J(10a:-J3)  =  x-^^ 
^{x — 6)=wA.  or  ^{x — 6)  =  wh,  =  p,  and  x  =  9p  ^  6.  Hence 
^(7*--6)5=^(63p+34)=4H-24-A(np+S)=wA.  orTrV(lJp+ 
8>s=M?A- ;  therefore  ^{Up+S)XQ  :=  ^(BOp  +  48)  5=r  6p^{^ 
iVdH^^)*"*^  or  ■i^(jp-(-9)a=irA.«sr,  and  p  as  ISr  —  9 ;  hence 
jE&Bsll7r— 75,  where  r  may  be  taken  at  pleasure. 

If  r=l,  then  a:=117— 75=42,  5:c=210,  and  7ate294. 

4951.  A,  B,  and  C  are  to  share  $100,000  between  them,  itt  the 
proportion  of  (,  |,  an<|[  -^,  respectively  ;  but  C's  part  bein^  lost  bj 
4eaXh)  itia  required  to  divide  the  Jftlynk  sum  properly  between  the 
other  two. 

Since  the  shares  of  A  and  B  are  in  proportion  as'|  to  4,  if  |« 
be  put  for  the  share  of  A,  then  will  ^x  be  the  share  of  B,  and,  by 
the  question,  Ja>f  j2a=$10(K)00 ;  whence  ^^7x  =100000,  or  ar  =» 
11200000=1714^;  therefore  ix  =  571^,  and  i«=43857^^. 

452.  To  find  four  numbers,  x,  y,  z,  and  w,  haying  the  product 
of  every  three  given,  viz.  ay>aes231,  jyiq-m420,  yzwa^l&^f  and 

Put  a=331,  3=420,  c  =  1540,  and  <^  =  660  ;  then  ayz  =s  a, 
xyw=by  yztpssssCf  xzvs=s=d,  by  the  question.  By  multiplying  these 
equations  together,  and  extracting  the  cube  root,  we  have  xyzw  ^ks 
^(aAeiQ=  e  =s^620  ;  and  if  this  equation  be  divided  by  each  of 

€  €  B 

the  given  ones,  we  shall  have  tr&=-=20,  z=:r^=;ll,  x^sr-  ;=?3, 

€L  O  t 

and  y:s=>^s:^. 

453.  To  fini  3  numbers,  x,  f^,  and  z,  when  the  product  of  each 
by  the  sum  of  the  other  two  are  given  ;  viz.  2  X  (y  -{-  z)  ^^  4S^ 

fix  (a:+^)«=39.  and  zX  (a:+y>=^. 

By  subtracting  the  second  equation  from  the  first,  we  get  xz  <•»» 
Wjg^std ;  and,  if  this  be  added  to  the  third  equation,  we  have  ^faf — 
72  ;  hence  X2=36,  a;y=4S— 36=12,  and  j^z  =  63  —  36  =  27. 

44 
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The  three  kst  eqaati(ms  being  maltiplied  together,  and  the  square 
root  extracted,  there  results  xyz=^{26X^^X^)=^l^  ;  and,  if 
this  equation  be  divided  by  each  of  thos&  above,  we  have  y  t— >jy 
=3,  2=>J,yb=:9,  and  XMz^j»f=A. 

454.  What  number  is  that  virhich,  being  any  how  divided,  the 
square  of  one  part,  when  added  to  the  other  part,  shall  always  be 
a  square  number  ? 

Let  X  be  the  numbers,  and  y  one  of  the  parts  ;  then  x — y  will 
be  the  other  part ;  and,  by  the  question,  ^+2  —  y  must  be  a  a  > 
and  y,  at  the  same  time,  indeterminate.  Now  it  is  evident  that 
this  can  only  be  the  case  when  a;  is  =  J,  for  then  y^-j-x —  y  is  as 
^ — y-{-i=i(y — i)'s=(i — y)*.     Hence  J  is  the  number. 

455.  Given  f+z=:l27,  y*+as=135,  and  a:^-{V+2«=1133,  to 
find  X,  y,  and  z. 

By  subtracting  the  1st  equation  from  the  2d,  we  get  x — jg 8,  or 

X — S^z  ;  and,  by  the  first  equation,  ^^=127 — z  ;   whence  a:*-+y 
4-«'t=(8-(-^)'4-127— z+2«=1133,  or  22*  +  242«+191;r  =  494; 
and,  by  resolving  this  equation,  we  find  z—2 ;  hence  a?=:8  [^ 
10,  and  ^=4/ 125=5.' ' 

456.  Given  a:*+a:yt=108,  y»-4-yzssa:69,  and  «*— 2r2s=580,  to  find 
rr,  ^,  and  z,  • 

Put  a==108,  b — 69,  and  c=3580  ;  then,  by  the  question,  a^-^-xy 
=a,  ^-\-yz=by  and  ^-\-xz=c.  Put  my  =  x,  and  ny  =rz  ;  then 
we  have  ^(m'-|-w)==a,  y*(l-|-n)=3,  and  y*(w*-j-n'/w)  =  c ;  hence 

^  =  ^8    r   ^=iu-^=^a  j!^^>  ®'  a(l+7t)=;J(77i«-}-OT),  and 
m   ~\-  m      L-f-n     n  tJ-  nm 

an(n-f-7?i)==c(7w*-|-7w).     From  the  first  of  these  equations  we  have 
n  -B3-i — m — i ;  and  this  value  of  n  being  substituted  in  the 


second  equation,  it  becomes  ■ ■ ■ as 

a  ' 

'  e(ni?-\-fn)  ;  or,  by  reduction,  iW4-(a^+2^*)«w'+(^^ — ai— ac)«i^— 
a(a-f-2i-}"^)w'-f-fl*==0.     Or,  in  numbers,  m*  +  ao^' ZiyftF**' 

89208  11664        ^  -  ,  v       r      .  •  i  ^  j 
ZtST"^  —  A7fii    ^'^    '          whence,  by  a  few  trials,  we  find 


^  ;  then  n=^— X =^,  y  ^^{^—~J  ;    hence 


s9,  and  25=20. 

457.  Find  two  mean  proportiohals  between  any  two  giyen  ntun* 
bers  a  and  b. 

Let  2  be  die  ratio  of  the  terms  ;  then  a  :  axl  loaf  :  b,  or  0af 


==i  ;  whence  x=/l/-y  ax  s=zaI/-=A/c?by  exiA,(u^=a4/zi  = 

^  a  a     ^  ^  cr 

458.  Given  2:-f-y2=384,  y-^-xz  =  237,  and  z-^^xy  =  192  ;  to 
find  Xy  y,  and  z. 

Put  0=384,  ^=237,  and  c=192 ;  then  by  the  second  equation, 


: -t  and,  by  the  third,  z  =c — ocy;  hence =  c  — xy,  or 


car 


^ — yssscz — ca^,  and  y=-^ — t  ;  therefore  z  ssss  c  —  xy  =sz  cr- 

xicx — h)        ,          c(cx — b)      x(cx — bf      ^,  .        ,     .     -        ,    . 
Va_i  >and  yr=-^--y' ^Z^p"'     ^^^"^  ^^^'^^  ^^  2^^  ^"^ 

substituted  in  the  first  equation,  a;  -j-  yz  =  a,  it  becomes  x  -j- 

^^?- f     fftrt}^  5  »''  (x-a)(a*-l)»+c(c*-6)(a?-l)~ 

a:(ca: — ^)^=0  ;  from  whence,  by  multiplication,  we  get  sf —  oj^ — 

ftx?-\'{2ar\-cb)3^ — C^'+c* — \)x=a — cb  ;  or,  in  numbers,  of —  384 

_2a:3-j-46272a:»—43032a:=— 45120  ;   where,  by  a  few  trials,  x  is 

cx^^^b 
found  =  10  ;  then  y — j,^  .===17,  and  z==c — ^a^=22. 

459.  To  find  three  numbers  such,  that  the  sum  or  difference  of 
any  two  of  them  shall  be  square  numbers. 

rut  a:,  y,  and  z,  to  denote  the  numbers,  and  assume  a:-j-y=«?> 
a:-j-z=^',  and  y'\-z=(^ ;  then,  by  subtraction,  x — zsam^ — c^=  Q , 
z — y==3' — 0*=  D  ,and  y — z  =zcf  —  b*  =  u  ,  and  we  have  x  = 

'     ,  y        ^ ,  and  z — :  "*     ;  therefore  all  the 

conditions  of  the  question  will  be  satisfied  if  we  find  three  squares, 
€?i  ^,  and  (?,  such,  that  the  difllerence  of  each  two  may  be  a  Q . 
Now  I  have  found  three  such  squares  in  the  solution  to  the  27th 
question  in  the  Diopbantine  Problems,  viz.  0*^=^485809,  ^^^=34225, 
and  <?  =  23409 ;  and,  taking  these  numbers,  I  find  x  3= 
1(^2  I  ^— c«)=248312J  ;  y=4{a«-K— ^»2)  =  237496i  ;  and  z  == 
J(^^4'^' — a')= — ^2 14087 J  ;  or,  multiplying  by  4,  in  order  to  have 
whole  numbers,  I  get  a;s=:993250,  y  =  949986,  and  z  =  856350, 
three  numbers  that  will  answer  the  conditions  of  the  question. 

By  assigning  dififerent  values  to  n  in  the  solution  to  the  27th 
question,  I  find  as  many  values  of  a,  b,  and  c,  as  1  please,  and 
from  thence  deduce  an  indefinite  number  of  answers.  When  a  is 
s2165,  b=sQ0e7,  and  c=2040, 1  find  a:=2399057,  2^«S288168, 
and  zi=sl873432,  the  numbers. 

460.  Find  two  square  numbers  such,  that  their  sum  may  be  a 


square,  and  their  diflference  a  cube,  and  the  side  of  the  saidsqwoe 
and  cube  equal  to  each  other. 

Let  2rsx  and  {t*  —  ^)x  be  the  roots  of  the  two  squares ;  then 
(2na:)'4-<r* — ^j')'afes(r*-4-i*)'«W  a  square  ;  and,  by  the  question, 
{2rga^)—(r^—ffz':=(f^+sl')^a? ;  or,  dividing  by  ««,  (2r«)*  —  (r«— 

r)^s=(r"-t-r)':c,  and  z  =ps' «_7.^\8 »  where  r  ana  s  may  be 

taken  at  pleasure. 

4"— L  3*       7  28 

If  *^— ^  and  1=5=1,  then  aag   ^^^  =j^g^,  2''**=i25'  "^  ^'^ 

^         21      ^  28»        784         ,    21«        441 

-^  =1S6  ^  ^«°^  l2^="i5625'  ^^*  12^="1562S ' 

462.  Given  the  rates  a  and  b  of  two  ingredients,  and  the  rate  c 
of  the  compound  m,  to  find  what  portions  x  and  y  of  each  must  be 
iaken  to  compose  the  mixture. 

Here  oor-f-^  sss  mc,  and  z-{-ysssm.*  From  the  second  equation 
multiplied  by  a,  let  the  first  equation  be  subtracted,  and  there  will 
remain  ay— ^&^=(a — c)m  ;  hence 

_m(a--c)  ^     n,^,,      ,„/i  _±Z£\  __»»(^— c) 

y  ,    ,  ana  a5s=wi— 4^5=  »i|  1——-  1 


463.  Given  a»+a^-f3/^=1087,  and  ai^+a^y'-H^  4577295. 

Put  02=2:1087,  and  &  =  4577295  ;  then,  from  the  first  equation» 
a^  I  y^  g  xy ;  and,  by  squaring  this  equation,  and  transposing, 
we  have  a:*-}-^*^=a* — 2axy — sf^.  But,  from  the  second  equation» 
jt*-|-y*=35 — 2y  ;  whence  cf — 2axy — o^'f^ssb — o?rf  ;  or,  by  trans- 
posing, 0^7^ — A^ — 2a3cy — 2axy=h — c?^  and  by  the  resolution  of  a 
cabic  equation,  we  find  xy  =  357.  Now  let  xy  be  added  to  the 
first  equation  ;  then  we  have  («-f-y)^=l^^"t-357aE=1444,  or  a;  -f- 
y  aes  38  ;  and,  if  2xy  be  subtracted  from  the  first  equation,  then 
(a— y)V=1087— 107 1=16,  and  x— ys=4.  Hence  ar  =  J  (38 + 4) 
«51,  and  ys=J(38— 4)=17. 

4M,  Given  a;+y-f-2:==78,  ai'+^+^  ^==  ^^^^  ^^^  ^ — ^"^ — V^ 
«es527,  to  find  x,  y,  and  z. 

To  tbe  second  equation  add  twice  the  tbird  ;  then  a:*-f-y"-f-2*4- 
^xy — 2xt — ^22^as3600,  the  square  root  of  which  is  x-\-y — 2=B0 ; 
and  this  being  subtracted  from  the  first  equation,  -there  remains 
22=78—60=18;  hence  2=9,  a;+v±=60+9  =  69,  and  xz-j-yz 
«=9X69=621.  This  last  being  added  to  the  third  equation,  gives 
«y=627-f  621=1 148;  hence  (2:+y)'— ley  =  (a>—5r)»=  4761— 
4592  ^  169,  and  a>— y  =  13  ;  therefore  2s=:J(69+13)=V^=41, 
and  y=J  (69— 13)=^=28. 

466.  Given  a5-f-y=152,  and  (a>-y)'x(«— y)*«8lW,  to  find 
X  and  y* 


First,  {x  —  yyx{x  —  y)^={x—y)^z=^l92;  hence  (a:— y)* 
=';^8192=2,  and  (a:— 2/)=2«=:64  ;  but  2:4-^=152  ;  hence  a:== 
J(152+64)=108,  and2/=J(152— 64)=44, 

466.  Let  the  number  of  cards  in  a  pack  {p)  be  distributed  into 
any  number  of  heaps  {»),  by  laying  as  many  cards  upon  the  bpt- 
tom  heap  as  are  sufficient  to  make  up  its  number  q  ;  then,  by  ha- 
ying the  number  of  cards  remaining  in  the  dealer's  hand  (r),  and 
the  number  of  heaps  (n)  given»  it  is  required  to  find  the  sum  of 
all  the  bottom  cards. 

Let  a,  b,  Cj  dt  &c.  be  the  number  of  the  bottom  card  in  the  sev- 
eral heaps,  and  x  =  a-f-i-|-c,  &c.  Then  it  is  evident  that  q — (a 
-j-1)  will  be  the  number  of  cards  in  the  first  heap,  q — {b  -j-1)  the 
number  in  the  second  heap,  q  —  (c  +  1)  the  number  in  tne  third 
heap,  and  so  on  ;  therefore  the  number  of  cards  in  then  heaps 
will  be  nq — n — x.  But  these,  with  the  cards  that  remain  in  the 
dealer's  hand,  must  make  up  the  whole  pack  ;  hence  nq  —  Ttr^-z 
-^r=p,  or  xsssz(q — l)w-|-r — ;p,  the  sum. 

467.  Find  3  numbers  such,  that  if  each  be  subtracted  from  the 
cube  of  their  sum,  the  remainder  shall  be  cubel! 

Put  (r*— o'ja:',  (r* — b^)3i^,  and  (r* — c^)2^,  for  the  three  numbers, 
and  r^x  for  their  sum  ;  then,  if  each  number  be  taken  from  the 
cube  of  ^the  sum,  there  will  remain  the  three  cubes  cfa^f  ^V,  and 
4^2? ;  and  all  the  conditions  of  the  question  will  be  satisfied  if  the 
sum  of  the  three  numbers  be  equal  to  the  assumed  sum  r^x,  that 

is,  if  \{f—a^+{7^—^^)+if—<^)\^  ^  equal  to  r'x,  oy  {{^  —  (f) 
4t(^ — ^')+(^ — c^)  |a:*  =  r* ;  and  it  is  evident  that  x  wili'be  a  ra- 
tional number  when  the  coefficient  of  a:*  is  a  square.  Now,  since 
r  may  be  assumed  at  pleasure,  we  have  only  to  find  3  cubes  such, 
that  each  of  them  being  taken  from  the  given  squared  cube  r*, 
the  sum  of  the  three  remainders  may  be  a  square.  This  problem 
admits  of  an  indefinite  number  of  answers  ;  but,  to  obtain  the 
numbers  in  the  book,  let  r  be  taken  =  3,  and  then  r'  is  =  729 
s=  9^,  and  such  values  of  a,  3,  and  c  must  bd  found  as  will  make 
the  expression  3X9^ — ^ — b^ — c'  a  square.  This  will  evidently  be 
accomplished  by  taking  0=2,  fc=3,  and  c=6;  for  then  3  X9'—- 
23_y-.6'=1936=44^  and  we  have  44V=r^  =  9,  or  a;  =  ^  ; 
whence  \r^—a')7?=12lXi,fiY=m%i  \  (r^'-b^)^  =  702X(A)' 
=HHi  I  {r^—c')2^=5l3X(Ay=imh  In  this  example,  the 
roots  a,  3,  and  c,  being  small  whole  numbers,  were  easily  found 
by  inspection  ;  but,  as  there  are  few  cases  in  which  this  will  be  ^ 
practicable,  we  shall  show  how  they  may  be  determined  generally 
for  any  value  of  r.  Let  the  two  cube  numbers,  m' and  n',  be 
found,  such,  that  if  each  of  them  be  subtracted  from  the  given 
equared  cube  /,  the  sum  of  the  remainders  ma^  be  a  Q  (/) ;  and 
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Ivt  m-f-2r,  1^-— {T,  and  n,  be  assumed  for  the  roots  of  the  three  cubes 
o^,  l^,  and  (?,  Then,  if  the  cube  of  each  number  be  subtracted 
from  r",  and  the  remainders  added  together,  we  have  (r* —  o^  4- 

3(9»-j-r*)2:'-j-3(/* — wi*)2s=s  a  square.     Assume  its  root  =  *  -|-  w  ; 

liien,  by  reduction,  we  find  z  =a-^--— — p-^--  ;  where  v  maybe 

take9  at  pleasure,  provided  2sv  be  less  than  S{r* — wF).  From  this 
yalue  of  z  an  indefinite  number  of  answers  may  be  deduced  ;  but 
it  will  be  necessary,  in  the  first  place,  to  show  how  the  two  cubes 
m^  and  n^  may  be  found  for  any  given  value  of  r.  Let  n  be  as- 
sumed equal  to  r^  — •  9n^  then,  if  the  cubes  of  m  and  n  be  taken 
iroOL  r*,  there  will  remain  i^(r*-{-&j^m^^m^)i  which  is  to  be  a  Q, 
MXkA  •*«  r^-4-3r^ffi — 3^7^  must  be  a  Q .     Assume  its  root  ssr^-f-em, 

then,  by  reduction,  we  obtain  7n=7* — oX^'  ^^^  «=r* — m  =i^ 

-*•  ^y_^^  where  e  may  be  any  number  less  than  -.      To  illus- 

trate  what  has  been  done  by  an  example,  suppose  r  ass  1,  and  let  t 
•be  also  taken  =a:l  ;  then  m  is  =s|,  and  n=| ;  hence  r^-— ^  =  1 

-niV=^*.^— «^l--fi=^H»«^H+»I«=W— «.   and«=f, 

and  u  V  be  taken  s=s  ^,  we  have  2:  ss  ^-^^  asae 


.\' 


<»4-«)==ii»  ^=^— «==ll»  c=«*=i=  H,  a«d  «+r2s=^,  (he 
toot  of  the  coefficient  of  ar,  when  as=:ff f ,  and  (A--a')afc= 
193223  X  8     1545784      ..       ,3.  ,_  202825x8      1622600 

185*       "§351625'    ^  ^    *^       185»      "^6331625  ' 

/^     -..^      151552X8      1212416      ,.       ,  .  ^       ^ 

t^-^^="      185^      "=^331625'     ^^  ^  +  ^» '^-^^  and  «,te 

Sit  to  the  roots  instead  <^  m  ^  sr,  t^  *^  2:,  and  it^  we  have  2  ^ss 
r'^^—Qsv     ,., .       .  ,  ,    .     ,21— 40p 

•  ■  ^/  ■    uv       (taking  the  same  numbers  as  before) .^  ,  .  ^,  = 
i>*+3(7i+r*)      ^         ^  'l6«»4-84 

A.    Hence  etef  J.  fc=f  J,  c=:J=i|,  and  j+«tt5==f+T^^:==f^, 
"flie  root  of  the  coefficient  of  a:*;  hence  x — jjf,  and  (t>* — i^3^,^s 
380709     2^.  8g       11045672         e_^8x>^         ^969  ^SxSff 
88»    ^  221»  ^10793861 '  <«-^^*^  *=      88P    '^  .221»  ^ 
183752       ,.    ^,^    «70824      ex^      5366592 


10793861'  ^"^-^         88»     '^    22P       10793861 

468.  Find  3  cube  numbers  such,  that  their  sum  shall  he  both  a 
«][uare  and  a  cube  number  ;  and  if  that  sum  be  squared  it  shaD 
Jba  a,  cube,  and  if  it  be  cubedr  it  shall  be  a  square. 
..  XietVaf,  ^0?,  and  ;z^4»V  be  ibejiumbars,;  ihen  their  .auinia^ 


iifr^^^  af}€f ;  iMdd  It  m  evident  tkftt  dll  ihe  eondkieofl  ^  tfe 
question  will  be  answered  if  the  sum  of  the .  cubes  je',  y^,  z*,  be 
both  a  eqxuupe  and  a  cube  number.  .  But  it  a^^pears  from  the  solu- 
lion  to  the  63d  quoetaoo,  following,  that  '^,  ^,  and  j^,  are  three 
cubes  ^haviaf  that  proper^.  Hence  ia\  -^^  and  ^|</,  aie  the 
ttuiBbecSf  whese  a  may  be  taken  at  pleasuxe. 

4        i 

469.  Given  xyz'^=s  z^'sslOO,  to  find  a:  and  y. 

Let  X  denote  tbe  log.  of  x,  Z  the  log.  of  z,  and  I  that  of  100; 
then  z'xXscsx'x^zi^i  V  ^^^  q^iestitm  and  the  nature  of  logaf- 
ithms  ;  whence  jg  -i  ^     Assume  xss=^7,5,  then  x    s=  13.115,  and 

X 

±^!i5^==52a=d^  the  log.  of  1-4216  =  z,  according  to  this 

asBumpUon ;  but  1*4215^  X  X  is  «:  1*9986  s  log.  of  99.69, 
which  is  too  little  by  0.31.  If  j;  be  taken  =  47*6  for  a  second 
assumption^  then  z  comes  out  s=  1*42,  and  the  second  error  is  as 
0*16  ;  whence  0-5:  01::  0*16  :  0*106,  which,  added  to  the  last 
•assumed  value  of  a;,  gives  47.706  for  its  true  value  nearly,  and 
then  z  is  found  =s  1  *43,  &c. 

470.  Given  «»•— 21r^+147a:'=316,  to  find  x. 

Put  2^=s!y,  then  y* — 211^-^1^71^=:  316  ;  and,  by  resolving  this 
^nation,  we  find  ysssi ;  hence  :r^3s4,  and  ar*-r2. 

471.  Given  440002^-1-1==  2^,  to  find  x  and  z  in  whole  numbers. 
First,  let  J^  be  substituted  in  the  proposed  equation,  44002:'-|- 

iasKs",  instead  of  x  ;  then  will  110y*-f-l  be  =  2f.  Now,  z  being 
l^eater  than  lOy,  assume  jr=10y4~^>  and  we  shall,  by  substitution 
and  reduction,  have  lO^-— 20^y!=s3' — 1.      In  this  last  equation  y 

S*  I  jrreater  than  2b  ;  let,  therefore,  y  =  2^  -|"^»  ^"^  we  shall  have 
I— 20cfe=10c*-)-l,  from  whence  fa=10c+>v/(110c»-f  1).  Sup- 
pose  now  that  c  is  =^0,  then  we  shall  have  ^s=l,  y  =  2,  z  =21, 
and  X  s=i^  ;  which  last  not  being  an  integer,  we  must  seek  far- 
ther. To  that  end,  take  c  =  2,  (the  value  of  y  iust  founds  then 
will  w^{110c'-(-l)  be  =  21,  (the  above-mentioned  value  of  2,)  and 
2b=841,  ^==64,  2=3681,  and  x=  ^^;  which  not  being  an  integer, 
we  muet  proceed  farther,  by  taking  c  s  84,  the  last  value  of  y  ; 
Am  will  n/{  110c>  -{-  1  )  be  ss  681,  (the  last  Talue  of  z),  and  b 
will  be  =1721,  y=3526,  2=  36981,  and  x  =  ajJA  ;  which  not 
jkeing  an  iaiegeic^  we  must  prxneed  jet  farther,  hf  ^ing  c=352B, 
dec.  At  length,  by  proceeding  in  that  manner,  we  find  x  as 
4»IBB0B12»178l,  and  JSs^49f»I7«114S0DL 

4£3.  f^M'thveewli^  juMibers  aaei^  ibat  iheescees  ^  Qm 
gieatest  above  the  middle  number  shall  be  to  ^the  excess  of  the 


9H  mmtmtLi3XM0O9  qmutmm. 

middle  number  above  the  least,  as  3  to  1 ;  and  also  that  the  emii 
of  every  two  of  these  shall  be  squares. 

Let  ia^-\-2y,  ^o:*-— y,  and  ^a?  —  2y,  be  the  numbers  ;  then  the 
excess  of  the  greatest  above  the  middle  number  is  to  the  excess  of 
the  middle  number  above  the  least,  as  3' to  1 ;  also  the  sum  of  the 
first  and  third  is  a  square  :  we  have,  therefore,  only  to  make  the 
sum  of  the  first  and  second,  ot  a^-^y;  and  the  sum  of  the  second 
and  third,  or  a:* —  3y,  into  squares.  Let  ai-\-rhe  the  side  of  the 
first,  and  x — rs  the  side  of  the  second,  of  these  squares  ;  then  we 
shall  have  ar*-|-yi=a:*-|^SaT-f-^,  and  3^ — 9y=a? — 2a;r*-|-rV.  From 
the  first  equation  y=iQxr-\-7^9  and  from  the  second,  y  =i  \{2rsx — 

rji*) ;  hence  2aT-}-r^=i(2r*aj — rV),  and  x —  o/^g-y  where  r  & 

s  may  be  any  numbers  taken  at  pleasure,  provided  that  s  be  greats 
erthan'3. 

If  f  be  taken  =  4,  and  nr=4,  then  2=38,  and  y  =  320  ;  hence 
Ja:«+2y=1362,  Ja?— y=402,  and  Ja:*— 2y  =  82  ;  .-.  1362,  402, 
and  82,  are  three  numbers  that  will  satisfy  the  conditions  of  the 
question  ;  that  is  to  say,  the  sum  of  every  two  of  them  is  a  a; 
and  as  this  will  also  be  the  case  when  they  are  multiplied  by  any 
square  number  whatever,  we  may  take  4'*X  1362,  4"  X  402,  and 
4''X  82,  for  the  three  numbers,  4"  being  always  a  square  number. 

473.  Given  ar-f-y  ^  fl(2),  and  a;*-}-  y*  ■»  h,  to  find  x  and  y  by 
quadratics. 

Let  x-^^yssss,  and  xy=szp  ;  then  the  sum  of  the  nth  powers  of  z 
and  yis  «*— n«»--*!?H-^-i(«-^)-5^/--4 

•J (71 — 6)J(w — lysT^p,  &c.  (see  page  281) ;  .-,  when  n  =  9,  we 
have  «•— 9/p-}-27sy— 305'/-+-95y=a*+j^  =±=  32,  and,  by  taking 
fc=2,  we  get  3p*— 40;?^+144;?^— 192p+80  =  0  ;  which  being  di- 
vided by  ^ — 4p-}-4,  gives  2p — ^28p-|-20=0  ;  whence  p=J(14  — 
2^34) ;  therefore  (a:*— y)^  =  (a:  -j-  vT  —  4p=4 — 4p,  or  x — ^*= 
2V(1— P)»  and  a:t=i{2+2V(l— ^)  }=1+V(1-^)=1-4697175, 
and  ys=J  2— 2V(1— P)  1=1— a/(1—p)— 5302824. 

474.  Given  :r«'=5000,  and  y«=i3000,  to  find  x  and  y. 

Let  a;»'=5000,  and  y*==3000 ;  or,  yXlog.a:=log.5000,  and  xX 
log.y=3000.  Now,  by  a  few  trials,  x  is  found  to  be  greater  than 
4,  and  less  than  5,  but  rather  nearer  to  the  latter ;    let,  therefore, 

.•.,,.,  ^      ,       ^         1^  Jog-  5000 

4*7  be  taken  for  the  assumed  value  of  x ;  then  y=  ^- 


log.4'7 
3-698970     -.gQ3gi7^  ^^^  y«=ccXlog.yt=4-7Xlog.5-603617=4'7 


•673097 

X*7406483==3-481047«=d6g.3027-24 ;  hence  3027-24  —  9000  ^ 

27-24  BBS  1st  error  too  great.      Again,  let  4-69  be  assum^  for  a 


mooad  value  of  z ;  then  y  =  ,       ^^n=.^it>^c>o  ==«  5-5M2, 

^         log.  4-69      •6711728 

and  2^  =  «Xlog.jr  =  4^9Xlog.5-5il2  =  4*^X  7412462  s= 

3-4764446=2995-33 ;  hence  3000— 2995-33=4-67,  the  2d  error 

mu      r       4-67  X- 01       -0467  ^^,,^ 

too  httle.     Therefore  g^^-«g_«  -00146,  and  a:  - 

4*69146 ;  and  hence  y  sst  5*510^,  the  two  values  extremely  near. 
If  the  numbers  be  taken  500  and  300,  then,  by  proceeding  exactly 
as  above,  we  shall  find  a:  =:  3*624,  and  y  s=  4*8265« 

47$.  Given  xy  X  (x -f  zf  =  300,  xz  X  (y+^)'  =  1296,  and 
feX  {a!y^y)^sss432j  to  find  x,  ~f ,  and  z. 

Fin  a=300,  &=:1296,  csa432,  r=4»  *  ==^^  wa:  =  y,and«ai: 

DC 

;  then,  by  the  question,  na:"X«*(l+WE)^^=aa  ;  ma?  X^(^-H®)' 

;  »wia;*Xa:*{l+w)^=c.      Hence  a;*=--p-| r8=— 7 — r ^ 

'  w(l  4-  ^)       ^(^  +  ^) 


aes  — '   ,      g ;  or,  «»r(f«4-wi)%=afefm(l  -j-  ^)*9  a^d  im»i(l-j-») 

«si(l-J-in)^.  From  the  first  of  these  equations  we  have  r(«  -\- «»)' 
ss  7i(l  -}-  7i)';  or,  by  extracting  the  root,  and  transposing, 
«t£K(l<^7i)^r7i — n.  Again,  from  the  second  equation,  sm{l'-\-m)* 
==<(i-|-7»)^  or,  by  extracting  the  root,  (l-}-»)^««=l-|-«»J  and  if 
in  tins  eqoatiwi  we  -substitute  ibr  m,  its  value  found  above,  we 

shall  have  (l+»)Vl*(l"f*^)>s/^^* — «i}=l-f-«iv^»'^*— «-j-l ;  from 
whence,'  by  a  few  trials,  we  easily  find  9i=3 ;  then  97t=l-|-a^m 


=s9,  X  =xy (  -m — :  i==b1,  y=mx     3,  and  j    wa:ias!9^ 

\tt(l-}-a»)/ 

476.  Giren  i(;'4-H-y+^*^==^7,  w+ar4-y+zs=d2763,  wy+aj-fy* 
J  ^'  1  1353,  and  «?-}-a:-j-y+2^'=i53,  to  find  a:,  y,  2:,  and  «?. 

£y  subtracting  the  1st  equation  from  the  4th>  we  have  s? — z  sss 
i^G-^-^iT^^-^.  Now,  as  lu  must  be  less  than  4  by  the  first  equation, 
and  z  less  tban  6  by  the  4th,  by  a  few  trials  we  find  10  s=  3,  and 
zssssd.  Again,  by  subtracting  the  first  from  the  second,  we  have 
:r»^.-<c=:i27064^i;^--«c===:2706+27— 3=2710,  whence  a:s=  14,  and 
ihen  yl=1353— a:— 2r— w=1331,  or  y=lh 

477.  Given  x+y=:l750,  a:z-f^=22708,  xv+yz=  12292,  and 
zzv^vzysssl  59262,  to  find  x,  y,  z,  and  v. 

Put  0=1750,  fc=22708,  c=  12292,  and  <fc=159252 ;  then,  if 
^e  second  and  tbird  equations  be  added  together,  we  shall  have 
a»+y^4"^"hy^'  or  (ar-|-y)«4-(ar-J-y)©  =  3  -f-  c  ;  whence  z+t?  = 

y^  =8  "^  "-fiO.     Also,  from  the  fourth  equation,  2»<«;4-v}aB=^, 

or  «»  =  -4-  — ---X.D1 ;  hence  <*— t»)^z+ir)*— 4«ites400^-«l4 
a;-f-y     a 


iB6  WWCKLMUBWa  4^SSf I0fV9. 


8836,  and  «— 00^ ;  theiiefore  2x=i  (2(4-6)  =  13,  and  o  =  |(20 
.-^)3s=:7.  Hence  the  third  equation  becomes  Tz-f-ld^ssac,  and  the 
first  equation  Ix^lys^tla ;  whence,  by  subtraction,  6y  =  c — 7a, 
or  y==i(c — 7a)zs=:7  ;  therefore  x=l743, 

478.  Find  a  square  number  such,  that  the  sum  of  all  its  all* 
quot  parts  shall  be  a  square  number. 

Let  X*  be  the  number  required  ;  then  its  aliquot  parts  are  1,  2, 
2P,  and  a^ ;  and  their  sum,  l-f-a:-|-a:'4~^»  "^^st  be  a  square.  Now 
l-\'X-\-3!^'\-3^=  (l-\~x)(l  4-  sr) ;  and  to  find  when  this  expression 
becomes  a  square,  let  r^(l4-a:)  ==  «*(!  -f-  a:*)  ;  ^hen  we  have  ^ — 

— ar  — ,  and  if  I  -^3-  I  be  added  to  both  sides  of  the  equa- 

tion, then  ^—  ^a:  +  £5  =  -^+  ^.  or  (^  — ^*= 

^^    .  . ;  therefore  r*  -f-  4rV  —  4i*  must  be  a  square.    Put 

r=»4-p,  then  the  above  expression  will  become  «*4~^2«"p-f-10nW 
-f-4«r-f-»*,  which  must  be  a  square.  Assume  its  side  =r  -|-  6f9 
—-1?^,  then  the  square  s=  **-4-12«'ty4-  34sV  —  Vix^  +  r*,  and  we 
have  10A7»4-4«j'=34«'r^— i2«?',  or  &+2r=17*— 6t? ;  hence  tea: 
-yL«=s^ ;  where  s  may  be  taken  at  pleasure. 

If  f  be  taken  =  2,  then  v  ==  3,  and  r  =  f  -f-  v  ^  5r 


7*     25  r*-f4r*j{^— 4^*     961  26_      961 

gp=^,and  -J  g^  ;  .-.  a:       8~'^^64^~8 


2t=7,  and  a:*=2401,  the  numbers  required. 

479.  Find  two  square  numbers  such,  that  either  of  them,  when 
added  to  its  aliquot  parts,  shall  make  the  same  sum. 

Let  \3^  and  121^  be  the  numbers  required  ;  then  the  aliquot 
parts  of  the  first  are  4r*,  2a?,  a?,  4a:,  2a:,  a:,  4,  2,  and  1,  and  their 
sum  =  7a;*  -[-  7a:  --|-  7.  Also,  the  aliquot  parts  of  the  second  are 
121/+lV4y+121y+lly-|-y4-121+ll+l,  and  their  sum  = 
13V+133y-fl33 ;  whence,  by  the  question,  7/+7a:+7=  133^^ 
-fl33y+133,  or  :i^'\'X  =  19Tr+19y-t-18 ;  and  adding  \  to  both 
sides  of  the  equation,  we  have  (a:^-^)'  =  19^-f-19y-f-J'j^  ;  there- 
fore 19^+19y-pj3.  must  be  a  square,  or  76y*-}-76y  +  '''^  =  O- 
Put  y=l-[-i?,  then  the  above  expression  becomes  225  -j-  228iJ  -f" 
76t?^=n .  Assume  its  side,=15 — rr  ;  then  we  have  225-}-228o 
+76tfe=225--30nj+r't^,  or  228p+76i?«  =  —  30rt4V©» ;  from 

'  whence  we  have  tw= — ~^^-  ,  where  r  may  be  taken  at  pleasure, 

r — 7o 

provided  its  square  be  greater  than  76. 

Take  r=^ ;  then  we  have  p— ag^T  v.36,  and  y  =  37 ;  hence 
a:+i=>s/(19r4-l%+¥)  =  163^,  or  a:  =  163 ;  whence  4a*  « 
106276,  and  121^=165649,  the  numbers  required. 


■BOIUlllSOVB  QOBSnONS*  SKI 

480.  Find  four  wliole  numbers  such,  that  the  diflbrence  of  eve* 
ly  two  shall  be  a  square  number. 

Let  t0,  ar,  y,  'and  z^  be  the  numbers* ;  then,  by  the  question, 
tp — x^  10—  y,  v> — 2,  X — y,  a>— z,  and  y — z,  are  to  be  squares  ;  and 
if  we  suppose  tossz-j-y-f-^r,  then  the  three  first  become  y-^z^  x-^z, 
and  X  -{-  y  ',  so  that  we  have  to  find  three  numbers,  a;,  y,'  and  z, 
such,  that  the  sum  and  difference  of  every  two  of  them  may  be  a 
square.  But  we  have  already  found  three  such  numbers  in  the 
solution  to  the  459th  question,  viz.  1873432, 2288168,  and  2399057; 
and  therefore,  if  to  be  taken  =  to  the  sum  of  these  three  numbers, 
=6560657,  we  shall  have  four  numbers  that  will  answer  the  con- 
ditions of  the  question. 

481.  Find  three  numbers  such,  that  if  their  sum  be  multiplied 
by  the  first,  it  shall  be  a  triangular  number,  by  the  second  a  square, 
and  by  the  third  a  cube. 

Let  a^,  y",  and  2*,  be  the  numbers,  and  let  a:"+y'-|-2:'  =  e*,  or 

«M-.^==«* — «"•     Assume  y=sr^r — a:,  and  z  =  «*-— r ;  then  «•-+•«** 
^  v-r-      ^  J  3g»r»— r«.-Ki^4-t>»==o'-^;  or  v^—sfr  =  (if— 
bV)  XSa:**  and  r  —  ^  ^^     x3t?*a:^=  ,  ,    , ,  where  v  and  x  may  be 

^Btny  numbers  taken  at  pleasure. 

If  x=^  and  t?=l,  then  rs=J,  y=\,  «=|,  and.the  thrfee  cubes 
are  J,  ^,  and  Jf|.     If  a:=l,  and  «  =2,^  then  r=^,y^si  ^, 
i  as5=s^,  and  the  numbers  are  1,  (^Y,  and  (W)'. 

482.  Find  three  biquadrate  numbers,  the  sum  of  which  shall  be 
a  square. 

Let   -,  ^,  and  — ,  be  the  numbers,  where  x  denotes  a  tiian£fu« 

lar  number.     Then  it  is  evident  that  all  the  conditions  of  the ' 

X     tf     3^       • 
question  will  be  satisfied  if  — |-^  |         v,  or  a;-|-y*+^2:^=^  5  fw 

V        V         V 

X     fx     t/^     ^j'X     X  1/' 

then  -  Xl  — h^H —  |=-X»=  ^y  a  triangfular  number  ;  —     V 

!)  =£x»  =  y»  a  square  ;  and  ^  X]^ +ff^  = 
'^  Xpi— >z°>  a  cube.     To  find  when  ar-j-y^-j-  :?  will  be  a  square,  as* 

V 

sume  its  side  ==»y-(-r  ;  then  a^^-y*-}-^  =  y'+2yr-f-r'  =  (i?*),  and 

y  — J-  "^^ ,  where  a;,  z,  and  r  may  be  taken  at  pleasure,  provi* 

ded  that  a;  be  a  triangular  number,  and  r^  less  than  a;  -f-  21*.    If 


anS,  fsB^  sad  ftal,  then  9fiea|(3-|-&— l>>a^  and  y>»\^v=:&^\ 

s=6 ;  hence  f ,  V,  and  f ,  are  the  niimhers. 

463.  Find  a  nght^angled  triangle  auch^  that  its 'perimeter  riuJl 

be  m  cube,  and  the  perimeter  togeth^  with  the  area  a  square. 

It  appean  from  the  solution  to  the  261st  example  of  the  Di<^haa* 

(f» ^) 

tine  Problems,  that  r* —  /,  2rSf  and  2r<    ^  .   .    are   the  roots  of 


r*+j» 


three  biqaadratics  whose^som  is  a  square  ;  and  if  we  multiply  each 
of  them  bjr  r«+/,  we  shall  hare  (r*— «*)(r*+5*)=r'— **,  2ry(r»-f.j«) 
and  2rj(r — ^  for  the  foots  required ;  where  r  and  *  may  be  any 
two  unequal  numbers  taken  at  pleasure.  If  rsssQ,  and  s=l,  then 
r*--j*=a:15,  2r«(r^4-j')=20,  and  2r5(r«  — «»)  ==  12;  therefore  20*, 
15^  and  12*,  are  the  numbers. 

484.  Determine  the  number  of  fifteens  that  can  be  ihade  out  of 
a  common  pack  of  52  cards. 


Cardt. 

CombinatioTU. 

Cards. 

Combinatiom. 

KM* 

16.4 

64 

\  7A2,2,1 

4.4.6.4 

394 

10,4,1 

16.4.4 

256 

7A2,1,1,1 

4.4.4.4 

256 

10,3,2 

16.4.4 

256 

r,2,2,2,2 

4 

10,3,14 

16.4.6 

384 

7,2,2,2,1,1 

4.4.6 

96 

10A2,1 

16.6.4 

384 

7^2,1,1,1,1 

4.6 

24 

IOAI.1,1 

16.4.4 

256 

6,6,3- 

6.4 

24 

9fi 

4.4 

16 

6.6A1 

6.44 

96 

9A,1 

4.4.4 

64 

6,6.1.1,1 

6.4 

24 

9.4,2 

4.4.4 

64 

6,6,4 

4.4.4 

«4 

9,4,1,1 

4.4.6 

96 

6,6,3,1 

4.4.4.4 

ses 

W,» 

4.6 

24 

6,6,2,2 

4.4.6 

96 

9,3A1 

4.4.4.4 

256 

«,5A1,1 

4.4.4.6 

384 

9A1.1.1 

4.4.4 

64* 

6,5,1,1,1,1  • 

4.4 

16 

9^2,2 

4.4 

16 

6,4,4,1 

4.6.4 

96 

»;2,2,1,1, 

4.6.6 

144 

6A345 

4.4.4.4 

256 

9A1,1,1,1 

4.4 

16 

9,4,3,1,1 

4.4.4.6 

384 

8,7 

4.4 

16 

6,4,2^1 

4.4.6.4 

38* 

8,6,1 

4.4.4 

64 

6,4,2,1,1,1 

44.4.4 

256 

8^645 

4.4.4 

64 

8,3,3,3 

44 

1« 

8,6,1,1 

4.4.6 

96 

6,3A2,1 

46.44 

384 

8AA 

4.4.4 

64 

6,33,1,1,1 

46.4 

9« 

8,4,2,1 

4.4.4.4 

256 

6,3,2^2 

4.4.4 

64 

8,4,1,1,1 

4.4.4 

64 

6A2,2,1,1 

4.46.6 

576 

8,3,3,1 

4.6.4 

96 

6,3AM,1,1 

44.4 

64 

8,3,2,2 

4.4.6 

96 

6.2,2,2^1 

44 

16 

8,3^1,1 

4.4.4.6 

384 

6;3,2A1,1-1 

444 

64 

8,3,1,1,1,1 

4.4 

16 

6,6,6 

4 

8.2,2^1 

4.4.4 

64 

6A4,1 

6.44 

96 

HKIUAiaOOS  (IDSnWMI. 


«» 


Cards. 

.  Comtina^^Ml 

8^^,1,1,1 

4.6.4 

96 

7,7,1 

6.4 

24 

7,6^ 

4.4.4 

64 

7,6,1,1 

4.4.6- 

96 

7,5,3 

4.4.4 

64 

7,5^1 

4.44.4 

256 

7,5,1,1,1 

4.4.4 

64 

7,4,4 

4.6 

24 

7.4,3,1 

4.4.4.4 

256 

7,4,2,2 

4.4.6 

96 

7,4Al.l  . 

4.4.46 

384 

7,4,1,1,1,1 

44 

16 

7A3,2       • 

46.4 

96 

7,3,3,1,1 

46.6 

444 

6,3A2,1.1 

46.46 

576 

6A3,1,1,1,1 

46 

24 

6,3,2,2^1 

4444 

256 

6,3,2^1,1,1 

446.4 

384 

6,2^2,2,1,1 

46 

24 

6,2,2,2,1,1,1,1 

44 

^16 

4,4,4,3 

44 

16 

4,4,4,2,1 

44.4 

64 

4,4,4,1,1,1 

44 

16 

4,4,3.1^1 

6.6.4 

144 

4,4,3,2,2 

6.46 

144 

4,4,3^1.1 

6.446 

576 

4,4A1,1,J,1 

6.4 

24 

4,4,2,2,2,1 

6.44 

96 

4,4,2^1,1,1 

6.6.4 

144 

4,3,3,3,2 

4.4.4 

64 

4,3,3^1,1 

4.46 

96 

Cardt^ 

CofnHnatums. 

6,6,3,2 

6.4.4 

96 

5,6,3,1,1 

6.4.6 

441 

6,5,2,2,1 

6.6.4 

144 

6,6,2,1,1,1 

6.4.4 

96 

6,4,4,2 

4.6.4 

96 

6,4,41,1 

4.6.6 

144 

5,4,3,3 

4.4.6 

96 

5,4,3^1 

4.4.4.4.4 

1024 

6,4A1,1.1 

4.4.4.4 

.  256 

5,4,2,2,2 

4.4.4 

64 

5,4,2,2,1,1 

4.4.6.6 

576 

6,4,2,1,1,1,1 

4.4.4 

64 

5,3,3,3,1 

4.4.4 

64 

5,3,3,2,2 

4.6.6 

144 

4A3^,2,1 

4.6.6.4 

576 

4A3,2,1,1,1 

4.6.4.4 

384 

4,3,2,2,2,2 

4.4 

16 

4,3,2,2,2,1,1 

4.4.4.6 

384 

4,3,2,2,1,1,1,1 

4.4.6 

96 

4  2,2,2,2,1,1,1 

4.4 

16 

3,3,3,3,2,1 

4.4 

16 

3,3,3,3,1,1,1 

4 

3,3,3,2,2,2 

4.4 

16 

3,3,3,2,2,1,1 

4.6.6 

144 

3,3,3,2,1,1,1,1 

4.4 

16 

3,3,2,2,2,2,1 

6.4 

24 

3,3,2,2,2,1,1,1 

6.4.4 

96 

3,2,2,2,2,1,1,1,1 

4 

The  number  sought  17264. 


lf{l+xyx{^+^'X{l+3?)\9)X{l+x'Y  ^  actually  involved 
the  coefficient  of  that  power  of  x  whose  exponent  is  15  will  be  the 
No.  sought,  to  find  the  coefficient  with  facility,  observe  that  the  above 
expression  is=x(l+a:)*- (l+a^)*X (1+a^VX (l+a:«)*X (l+^^^X (1 

>)*  X  (1  +^+^+2f^rx(i+2^rx(ifx^^^^^ 

Now  (l+ar+a:»+«»...,:c«)*  being  ==(ii^         (1— 4a:«'4- ^a* 

4  5       4.5.6 
&c.)  X  ( 1+^ ■1"i^^"f"r<rQ^»  *^^-)  **  appears,  that  in  the  value  of 

(l-(-a:-|*«*  +a;^.  ••.a:")*,  the  terms  wherein  the  exponents  of  the 
powers  of  x  are  not  greater  than  15,  arc  'l'\Axr^ 
is  €7 


«90 


xitoBiLAHEovs  <|Uiwn<Mn« 


B'+m''  0" 


16.17.18  lg,16.17  14.16.16^ 


•  •  • 


1.2^.3   "     •      1.2.3    "^     '      1.2.3 
4r-}-l.     It  plainly  appears,  also,  by  involutioh,   that  in  tlie 

value  of  (l-j-a:»+a:«+a*Vx(l+^)*X(l+a:')*X(l+a:'rX(l+2'r 
the  terms,  wherein  the  exponents  of  the  powers  of  ar  are  not  great- 
er than  15,  are  l+4z'+4a:*+10a:'+4ar'4- 16^  +  242*  +  38a:*' + 
40x"+63a:"^+128ar*'+102a:»*+212a:«.     It  is  obvious .-.  that  the  co- 

«:  •     .         k.-        ,..16.17.18  ,  ^^^13.14.15  ,  .^11.12.13  . 
efficient  sought  IS  =1X     ^^3      |  IX     ^  ^^3      |  IX  -j^  + 

10  X     j[g3    ;  &c.  (13)=816+1820+1144+2200+660+1920 

+20164^2128+1400+1260+1280-1-408+212  =  17204,  as  be- 
fore, or  33528  holes  in  the  cards  or  spots. 

485.  Two  trees  standing  on  an  horizontal  plane  are  1352  feet  a* 
sunder  ;  the  height  of  the  higher  tree  =  185  feet,  and  that  of  the 
lower  153.  Find  that  point  in  the  plane  which  is  equally  distant 
from  the  top  of  each  tree.     See  Index. 

Let  CD  be  the  higher,  and  AB  the 
lower  of  the  2  trees.  Join  AC,  and 
bisect  it  in  Q,  Draw  QP  perpendicu- 
lar  to  AC,  meeting  the  plane  in  P, 
n  which  is  the  point  required.  For  since 
AQssQC  and  QP  is  common,  also 
the  angle  AQP=angle  CQP, .«.  base 
AP  =  base  CP.  (Prop.  4,  Euclid.)[ 
Suppose  BD=a,  BA=  &,  DC  =  e, 

and  BP = x.    Then  AP=  { y+aJ"}* 

and  CP  =  }(«  —  «)'+  c*}".     Now  by  the  nature  of  the  ques- 


i_ 


tion  AP=  CP,  .-.  ji'+x'}*  =  j  (a—x)*-\-(?  ] '.    Or  l^+3f=nf 


I* 


■^2aa:+a;'+c»  ;  .-.  2aa:=a»+c'--*» ; 


^+c* — h 
2^ 


=BP,  which 


determines  the  point  P  to  be  680  feet  from  B.  and  PD  =  672  feet 
Rule.  Divide  the  difierence  of  the  squares  of  the  pillars  by  twice 
the  line  of  distance  ;  to  the  quotient  add  \  the  line  of  distance, 
which  will  give  the  distance  from  the  lesser  pillar  or  tree,  to  where 
the  ladder  is  to  be  fixed  ;  then  (by  £u.  b.  47,)  the  length  of  the 
ladder  is  found.  Let  a  =  1352 ;  b  s=s  185 ;  c  =  153 ;  then 
185'=34225,  and  153'=:23409,  1352x2^=2704,  Divisor. 

y— c'       ,  ISffl— 153'  _34225— 23409  _  10816  _  ^       1352 

^'"2^  2X1352  ~        2704         ~2704         '•''T" 

±  4  =  680,  or  672  and  680'  =  46^400,  672^  =  451584,  and 
V(451584+34225)=V485809=697=rV(462400  +  23409>s 
^485809=697,  the  length  of  the  ladder,  Ans. 


mtCBLLANKOVS  QUBSTIOXt*  .iBl 

486.  A  man  buys  some  ells  of  cloth  for  70  dollars^  and  finds, 

that  if  he  had  four  ells  more,  he  had  then  bought  every  ell  2 

dollars  cheaper.     How  many  ells  did  he  buy  ?  Ans.  10. 

70  '     70 
Let  z  denote  the  number  of  ells  ;  then  —     i    ,  ^  -j-  2,  and  by 

retiuction  2(2:^  4-  42;)  +  70a:  =  70a;  +  280,  or  a:»  +  4a;  =  140, 
by  art.  70,  easel,  I  have  a;  =  12  ±  2  =  10,  Ans. 

487.  To  divide  the  number  21  into  two  parts,  so  that  if  the  great- 
er be  divided  by  the  lesser,  and  again  the  lesser  by  ,the  greater, 
and  then  the  first  quotient  being  multiplied  by  4,  and  the  latter  by 
25,, the  numbers  produced  may  be  equal. 

Let  X  denote  one  of  the  numbers  ;  then  21  —  a;,  will  be  the 

X         21— :c 
other  part,  and  ^ —   : : :  25  :  4  ;  by  the    question,  .*. 


4a: 


_25(21    x)^  ^^  ^,  _  25>^(21— a;)«,  or  2as=5(21— a;) 


21  — a:  z 

lQ6—5x,  and  x=si\5,  and  21— 15a6,  Ans. 

488.  Two  country-women,  A  and  B,  carry  100  eggs  together  to 
market,  and  in  the  sale  of  them,  one  took  as  much  money  as  the 
other  ;  but  A  (who  had  the  largest,  and  consequently  the  best 
eggs,)  says  to  B,  had  I  carried  as  many  eggs  as  you,  1  should  have 
had  18  cents  for  them  ;  B  replies,  if  1  had  brought  as  many  eggs 
as  you,  I  should  have  had  but  8  cents  for  them.  How  many  egg^ 
had  each  ?  ^ 

Let  z  and  y  denote  the  number  A  and  B  each  had  ;  then 

18  8 

—  s  the  price  of  one  egg  of  A's  in  cento,  and  -  s=s  the  price  of 

y  Iftr        Qj.  z 

one  of  B's  ;  .%  ^ =— ,  and  9a?=4^;  .•.  3a:=±2y  the  nega- 

tive  value  of  which  will  not  answer  the  conditions  of  the  question. 
(ar+y)=sa;-f-fa5=100  ; .-.  (2a;+3a;)=5a:=200,  and  x  =40,y=60. 

489.  Two  merchants  have  a  parcel  of  silk,  the  first  40  ells,  the 
second  90.  The  first  sells  for  a  dollar  ^  of  an  ell  more  than  the 
second.  When  the  sale  was  over,  they  had  taken  between  them 
42  dollars.     How  many  ells  did  each  of  them  sell  for  a  dollar  ? 

Let  z,  a^-|-^,  denote  the  number  B  and  A  each  sold  for  a  dollar, 
and  z  :  90r:l  :  the  price  of  90  ells,  and  a;  -f-  ^  :  40  : :  1  :  the 

price  of  40  ells.     .*.  42  = l-^r — pr  ;  or  7  = 1 — j. — y— r 

'^  a;    '  3a;-f-l  a;    *    3a: -f-  1 

whence  ,  21a;*  +  7a:==45a::f-15+20a: ;  .-.  by  21a:*—  68a;  =  15. 

By  art.  70,  case  3,  a;=±f  t+lx^^*  ®'  — A*  >  whence  B  sold 
3  ells,  and  A  3^,  for  a  dollar. 

490.  A  post  sets  out  from  A  towards  B,  who  travels  8  miles  a 
day.    After  he  had  gone  27  miles,  another  sets  out  from  B  to  meet 


At  mmtaajuMMvoB  qvbstkhis. 


i,  who  goes  every  day  ^  of  the  whole  journey  <Hr  distance  of 
the  places  A  and  B,  and  meets  the  first  post  aAer  so  many  days  as 
is  n\r  of  the  said  distance.     Required  the  distance  of  A  and  B. 

Let  z  denote  the  distance,  then  ^x  =  the  number  of  miles  B 
travelled  per  day,  and  also  s=  the  number  of  days  he  travelled  be- 

fore  he  met  A ; .-.  -^^27+- =«.  or  -^  — ^ Z7,  or  -^ 

~  -^-).36=36— 27=9,  or  J—  6==±  3,  ^=9,  or  3,  and  a= 

180  or  60  miles.     Both  of  these  values  answer  the  conditions  o( 
the  problem ;  the  distance,  therefore,  was  180,  or  60  miles. 

491.  A  man  buys  120  pounds  of  pepper,  and  as  many  of  ginger, 
and  received  for  a  dollar  one  pound  of  ginger  more  than  of  pep- 
per, so  that  the  whole  price  of  the  pepper  came  to  6  dollars  more 
than  the  pric^  of  the  ginger.     How  many  pounds  of  each  di\  he . 
buy  for  a  dollar  ? 

Let  X  denote  the  number  of  pounds  of  pepper  which  he  has^r 

a  dollar,  and  the  number  of  pounds  of  ginger  will  be  equal  — 

120          120       120  ^ 

dollars,  and  that  of  the  ginger  —7-7=- ;  .•. -r-y  =6;  or  a:^{- 

3? '  I"  X  X  X  r'  X 

62;s=sl20sr-|- 120— 120a;,  and  Qf'\'X:ss20,  a;s=4.5=k^=4,  and  5 
pounds  of  ginger. 

492.  A  certain  linen-draper  bays  two  sorts  of  linen  for  30  doUais, 
one  finer,  the  other  coarser.  An  ell  of  the  finest  cost  as  many 
doUars  as  he  had  ells  :  And  also  28  ells  of  the  coarsest  at  (which 
was  the  whole  quantity  )  were  at  such  price,  that  8  ells  cost  as 
many  dollars  as  one  ell  of  the  finest.  How  many  ells  of  the  finest 
linen  did  he  buy,  and  what  price  did  he  give  for  them  both? 

Let  X  denote  the  number  of  ells  of  the  finer ;  .\  a^  sss  the  price 
of  the  finer  in  dollars,  and  8  :  28:  la;  :  the  price  of  the  cqarser^ 
Jar, .-.  a:*-Has?=:30 ;  by  art.  70,  case  1, 1  have  a^^^-Jar-Hf  =zs90+ 
ll  s  ^,  or  a:  =s  ifc  ^ —  ^=4,  or  —  -y,  and  .-.  the  price  of  the 
finer  =  $16,  and   of  the  coarser,  $14. 

493.  A  man  buys  18  ells  of  cloth  of  different  sorts  and  colors, 
suppose  red  and  black;  what  he  bought  of  each  cost  40' dollars  ; 
and  he  pays  for  every  ell  of  red  cloth  one  dollar  more  than  for  the 
black.     How  many  ells  of  each  did  he  buy  ? 

Let  X  and  18 —  x  denote  the  number  of  black  and  red  respeo- 

40            40 
lively;  then  by  the  question  I  have  —  =  -r^ —  1;  therefore 

X  XO  ^^^  X 

2»  4.  622  =720,  and  ar  =  d:  41  —  31ss  10  yards  of  black,  and 
18^^  a;  s=  8  8SS  the  red,  Ans.  - 

494.  A  certain  traveller  goes  9  nules  a  day,  three  days  after  ano* 


MIBCBLLHIBOUS   QUESTIONS.  408 

ther  follows  him,  who  the  first  day  travels  4  miles,  the  second  6, 
the  third  6,  and  so  on,  gaining  a  mile  every  day.  In  what  time 
will  he  overtake  the  former  ? 

Put  as=  9,  the  distance  travelled  by  A  or  the  first  per  day» 
d==s27,  the  distance  gone  by  A  before  d  set  out,  css4,  the  miles 
travelled  by  B  in  the  first  day,  and  d  ^bsI  mile,  the  common  dif- 
ference or  excess,  and  z:s=the  number  of  days  required ;  then^t  is 
evident  that  the  distance  travelled  by  B  in  the  last  day  will  be 
c-f-(ar — l)d,  and  that  {2c-}- (ar — l)^|y  will  express  the  whole  dis- 
tance travelled  by  B  in  x  days.  But  the  distance  travelled  by  A 
in  X  days  being  ax,  the  whole  distance  travelled  by  A  will  there- 
fore he  ax-\'b,  which  being  equal  to  that  of  B,  I  have  i2c-f> 

(x — l)d[|j=ar-(-^,  0T2cx-\'d2? — dx=SlaX'\-2h^  ora;"-] x 

2b                2c~2a-^  .  J2h  ,  n»\       n 

^^,   or  put 5 =  „,.thena:=V(-5.+^j-g- 

14.6877  days;   or,  a:»-|-ll«u==  54;   .-.  x=(J^+6.^\i^ 

9.17877985+5.5=:  14.6877  &c.  days,  Ans. 

495.  Again  :  Two  travellers  set  out  at  the  same  time  frotn  two 
cities,  the  one  from  A,  and  the  other  from  B,  which  are  120  miles 
distant  from  one  another  ;  the  first  goes  5  miles  a  day,  and  the 
other  3  miles  less  than  the  number  of  days  in  which  they  meet. 
When  will  they  meet  ? 

Let  2,  and  120 — x,  denote  the  number  of  miles  A  and  B  each 
went,  and  they  met  at  the  end  of  \x  days,  (for  A  went  5  miles  a 
day.  Then  fi  went  \x  —  3  miles  a  day,  and  .*.  B  went  in  all 
|:p(^x— 3)  miles ;  .-.  120— arsssV^^— fa:,  or  a:*+10a:=as3000,  and 
:i:=s55— 5=:50=:A's,  and  120--50=70=  B  travelled,  Ans. 

496.  A  and  B  set  out  from  Boston  at  the  same  time  to  go  round 
the  world,  23661  miles,  one  east,  the  other  west.  A  goes  1  mile 
the  first  day,  2  the  second,  and  so  on.  B  goes, 20  miles  in  a  day. 
In  h6w  many  days  will  they  meet ;  and  how  many  miles  will  be 
travelled  by  each  ? 

Let  X  =  the  number  of  days ;  then  (a;-|-l)4^  as  the  number  of 
miles  A  goes,  and  20a:  =  the  number  of  miles  B  goes  ;  .*.  ((a^'-f-a;) 
4-20a:=23661,  or  a?4-41as=47322,  by  art.  70,  case  1,  a:  s=  ±Ajx 
—  iy-  =  198,  or  —  239..  Hence  they  travel  198  days.  A  goes 
19701.  and  B  3960  miles. 

497.  Two  men,  A  and  B,  set  out  at  the  same  time  ;  A  travels  8 
miles  a  day,  and  B  travels  the  first  day  1  mile,  the  second  day  2 
miles,  the  third  day  3  miles,  &c.  In  how  many  days  will  B  over- 
take A? 

If  a:  be  the  number  of  days  required,  then  A  will  tiarel  Sr 
45* 


mileflw  Also,  the  sam  of  an'  arithmetieal  progression  whose  fint 
term  is  1,  common  difference  1,  and  number  of  terms  Xy  is  ||(a;-|- 
1)  Xa;  j==J(a:»4-a:).  Therefore  B  will  travel  J(a:*-(-ar)  miles.  But 
|(a:'-f-ar)=s6a;  by  question  ;  therefore  J(ar+l)s==8 ;  and  x=15. 

496.  Two  post-boys^  A  and  B,  set  out  at  the  same  time  from  two 
cities,  which  are  360  miles  asunder,  in  or^er  to  meet  each  other ; 
A  rides  40  miles  the  first  day,  38  the  second,  36  the  third,,  and  so 
on,  decreasing  2  miles  every  day  ;  but  B  goes  20  miles  the  first 
day,  22  the  second,  24  the  third,  &c.  increasing  two  miles  every 
day.     In  what  number  of  days  will  they  meet  ?    See  Index. 

If  X  =  the  time  of  their  meeting ;  then  x  terms  of  (404>38-{- 
36,  &c.)=40a:— |(a:»— <c)X2,  and  a;  terms  6f  (204-22-1-24,  &c.) 
=Q0zJ^i{3^—x)X2.  Now  40a:  —  a:»-t-a:+20a;-f  a:*  —  a;  =  360. 
That  is  (40a:  -f-  20a:)  ==  60a:  =  360 ;  a;  =  6,  days  Ans. 

499.  Two  travellers,  A  and  B,  set  out  together  from  the  sams 
place.  A  goes  8  miles  the  first  day,  12  the  second,  16  the  third, 
and  so  on^  increasing  4  miles  every  day  ;  but  B  goes  one  mile  the 
jSrst  day,  4  the  second,  9  the  third,  and  so  on,  according  to  the 
squares  of  the  number  of  days.  How  many  days  must  they  trav- 
el before  B  overtakes'  A  ? 

Suppose  B  will  overtake  A  in  a:  days  ;  then  x  terms  of  8  4~  1-^ 
-f-16,  «c.  s=8a;-|-J|a:X(a: — 1)14 ;  and  x  terms  of  1  -|-  4-f-  9,  &c. 

1X2X3  '        ^  1X2X3 

+  £X^)X4.    Or.bydi.i3ian.M:l^f±i)-^ 
{x^l)§.     Or  2a:«+3a:-f.l=484.12a^l2 ;  then  ««— |as=^i;  but 


a?_|a:4.(|)«  »  (!!+¥)  —W  i  therefore  a?— f  =  J^,  and  x  = 
(ii^i)  =  7  days  Ans.  ^  See  Index. 

500.  There  are  two  places  462  miles  asunder,  from  which  two 
persons,  A  and  B,  set  out  at  the  same  time  to  meet  each  other. 
A  goes  1  mile  the  first  day,  and  increases  each  succeeding  day's 
journey  by  1  mile  ;  and  B  travels  each  day  the  cube  of  the  miles 
that  A  travels.     In  what  time  will  they  meet  ? 

Suppose  X  =sas  the  time  of  their  meeting ;  then  x  terms  of  l-f-2 
+3+4,  &c.  =  Jl(a:+l)Xa:},  and  x  terms  of  1+8+27+64,  &c. 

"^      .2X2      '     ^""^  ^^  question,  — ^^ 1 = 

462 ;  and  (putting  i{(a:+l)Xa?}==J^) ;  y»+y*=462 ;  but  y^+y+i 
s=(462+l)==i^;  therefore  y+J=V^;  and yt=:(i^i^)=:21 :  bat 
y=as4{(a:+l)Xa:}=l(a:*+:r)==21;  tbereforea^+ar=42;  bata+ 
a?a.J==:(424.J)==tJt|Ji;  thena:  +  i=»4^;    andx=(j4ra)_t 

501.  The  discounting  of  two  notes,  whose  Value  taken  hither 
Was  9308|,  cost,  8|  one  of  them  was  due  at  tfae^end  of  6,  die  other 


I 

ftt  the  end  of  8  months  ;  and  the  interest  of  the  two  sums  of  mo- 
ney (each  for  its  respective  time)  is  ^  moie  than  the  discount ; 
the  value  of  each  note  is  required  ? 

Let  X  s=9  value  of  the  note  due  at  six  months  end,  and  r  =  the 
interest  of  $1  for  1  year.     Then  ^^  — x  =s  value  of  the  note 

due  at  8  month's  end,   ii[rx)  =  interest  of  the  first  for  6  month's, 

I  X  i(  925r)  —  §(  ra:)  s=s  interest  of  the  2d  for  8  months,  their 
sum  i(1850r)  — ^(rz)  =  sum  of  interests  :  consequenly  I  have, 

(iqrp^^g^-^^^^^^"*^^  l8t,)and(  IX^—?^)  ;  or 

i'lS50r—2rx      ,.  r  «j       ,_  .  3700r  —  3ra:+1850r* 

_____«discountof2d.     their  sum -g^^^g^^g^^ 

rnB^sss  sum  of  discounts.     Then. ■ — ^ =  x, 

.,       1850r      rx     25,17       ^,     14800r— 617 

Also,  —^ 6"^  3"  +^  •     ^^-  12 ~  ^'    ^^^ 

3625r+  1800r»— 160     14800r  —  617  o_7_ 17^ 

3r  ~         12r         '  72^^      7200' 


/14800XA— ^17\_ 


14800—12340     2460      ^^    , 
—12 =l2-=^-^- 

502.  A  man  lent  186  dollars  for  x  months,  and  gained  therelnr  31 
dollars,  and  at  the  same  rate  of  interest  lending  360  dollars  M>r  y 
months,  he  gained  90  dollars.  Required  the  values  of  x  and  y, 
when  a;-|-y=20.  Solution:  Let  r  =  the  inWest  of  1  dollar  for 
1  year ;  then  186r  and  360r  will  represent  the  interest  for  1  year 

of  each  sum,  (viz.  186  and  360.)     Then  ^rx  =  interest  for  186 

dollars  for  x  months,  and  ^^ry=i  interest  for  360  for  y  months ; 

186  ^,  ,  31  1         .  960  ^  _.^  T 

...  3^ra:  =  31;  or  Ar=  i8g;  =  6i;  and  .^^=^0;  or  ^ 

Will  ^  ^  1.  .  OA         . 

=;r'   ft"  =  :r'  or4y  =  6a:;  hut  a:+y==:20,  then 


260y      Ay      6x      4y 
x=220—y,  whence  4y  =  6(20-^)  ==  1^  —  6^,  or  10^^120, 
then  yrss  12.  and  x^=sS  Ans.     * 

503.  A  and  B  hired  a  pasture,  into  which  A  put  4  horses,  and  B 
as  many  as  cost  him  18  dollars  a  week ;  afterwards  put  in  2  addi- 
tional horses,  and  found  that  he  must  pay  20  dollars  a  week.  At 
what  rate  was  the  pasture  hired  ? 

18     72        72 
Let  z  denote  the  numher  of  B's  horses  at  first,  — ;  —  and  — 

XX  X 
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-f- 18  be  =s  the  pay  of  each  per  week  in  dollars  =s  ^hat  A  paid  sb 
the  price  of  the  pastum  respectively,  and  a;  -f-  6  =s  the  whole  num- 
ber of  horses  in  the  second  case  j  then-  .•.  a?-j-6  :  a:-f-2  :  "^f  |  18 

:  20::  72+ 18a:  :20a;;   or  20a:«+ 120af=iar»-f- 108a:-fl44; 
or2a:»-fl23;=rl44,  ora;«  +  6a:=72,  anda;=r6or  — 12;   .-.  B 

72 

had  6  horses  in  the  pasture  at  first,  and 1- 18=30  dollars  per 

week,  was  the  price  of  the  pasture. 

4.  A  and  B  set  out  from  2  towns  which  were  at  the  distance  of 
247  miles,  and  travelled  the  direct  road  .till  they  met.  A  went  9 
miles  a  day ;  and  the  number  of  days  at  the  end  of  which  they 
met,  was  greater  by  3  than  the  number  of  miles  which  B  went  in 
a  day.     How  many  miles  did  each  go  ? 

Let  X  =s=  the  number  of  days  they  travelled ;  .*.  9a;  =  the  iium* 

her  of  miles  A  went,  and  247 — 92  =  the  number  B  went,  and  the 

^     „                  ,             247—92?         247— 9a: 
number  B  went  per  day  was ;  .•. :s:a; — 3;  .•. 

a*  —  3a:  =  247  —  9ar,  or  a*  -f-  6a;  ;=  247.  By  Art.  70,  Case  1, 
ar3=s±16 — 3s=13,  or — 19,  and  therefore  A  went  117,  and  B 
130  miles,  Ans. 

505.  A  and  B  set  out  to  meet  each  other,  A  leaving  the  town  C 
at  the  time  that  B  left  D,  and  on  meeting  it  appeared  that  A  had 
travelled  18  miles  more  than  B,  and  that  A  could  have  gone  B's 
distance  in  15}  days,  but  B  would  have  been  28  days  in  going  A's 
distance.     Required  the  distance  between  C  and  D. 

Let  Xy  and  x — 18,  denote  the  number  of  miles  A  and  B  each 
travelled,  then  a:-^18  :  a: : :  15|  :  the  number  of  days  A  travelled, 

also  X  :  X — 18 : :  28  :  the  n.umber  of  days  B  travelled ;  .-. 

X  ^^ 

HB  A's,  and  gg  =  B's  daily  progress  respectively;   .\  x  Z  x — 18 

X — 18       X        28(x — 18)  63a: 

4(a:— 18)  =  di3a:,  and  a;=72,  or  lO^f ;  whence  A  travelled  72 
miles  apd  B  54  miles,  and  .*.  the  whole  distance  C  D=  126  miles. 

6.  A  and  B  lay  otit  some  money  on  speculation.  A  disposes  of  his 
bargain  for  11  dollars,  and  gains  as  much  per  cent,  as  he  lays  out 
B's  gain  i^  36  dollars ;  and  it  appears  that  A  gains  4  times  as 
much  per  cent,  as  B.     Find  ^e  capital  of  each. 

Let  4a:  =  B's  capital,  and  .*.  A's  gain  per  cent.;  then  x  s=B's 
gain  per  cent.,  and  100  :  4a; : :  a; :  36,  .*.  4a;'=:3600,.  and  a^^s 
9X  100;  .-.  a;=zfc30,  and  .-.  B's  capital  =  120,  and  220  :  10 :: 

11 :  A's  capital  SB  -——-^5» 
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507.  A  coach  set  out  from  Taunton  to  Boston  with  a  certain 
number  of  passengers,  4  more  being  on  the  outside  than  within ; 
7  outside  passengers  could  travel  at  $2  less  expense  than  4  inside. 
The  fares  of  the  whole  amounted  to  8180 ;  but  at  the  end  of  half 
the  journey,  it  took  up  3  more  outside  and  1  more  inside  passen- 
gers, in  consequence  of  which  the  fare  of  the  whole  became  in- 
creased in  the  proportion  of  17  to  15.  Required  the  number  of 
passengers,  and  the  fare  of  the  inside  and  outside. 

Let  X  and  x-^  denote  the  number  of  inside  an4  outside  passen- 
gers, and  ysssz  the  fare  of  an  outside  passenger;  .*.  \(7y^2)ess 
fare  of  an  inside  passenger,  and  \(xy'j-2x)'^y{x-^A)s=s$lQ0, 
Also,  iy'-{^('^y^2)^=ihe  fare  of  the  passengers*  taken  up  half  way 
=J(19y+2) ;  .-.  i(10y+2)  ;  180  : :  2  :  15,  or  i(l%+2)  :  12  :  : 
2:1;  .-.  ^(l%4-2)s=24,  and  1%-f  2=192,  or  y=J^sa=  10 ; 
and  from  the  first  equa.  ^(70a;4-2a;)-f-10(:i:-|>4)s=180,  or  262^: 
140,  and  2^=35 ;  .*.  there  were  5  inside  and  9  out/side  passengers, 
and  the  fares  were  18  and  10  dollars  respectively. 

8.  On  a  horizontal  plane  is  a  garden  which  was  surrounded  by  a 
very  high  wall ;  but  the  owner,  thinking  the  wall  too  high,  had  its 
top  cut  off,  by  a  plane  oblique  to  the  horizon,  so  as  to  leave  the 
Eighest  point  16,  a^nd  the  lowest  only  8  feet  high :  now  the  hori- 
zontal distance  of  these  two  parts  is  20  yards ;  and  if  the  foot  of  a 
ladder,  of  a  certain  length,  be  placed  in  a  certain  point  in  the  ^- 
den,  its  top  will  just  reach  the  top  of  the  wall  all  around.  Ke- 
quired  the  length  of  the  ladder,  and  the  area  of  the  garden^ 

Draw  the  horizontal  line  BE  sas  60  feet,  and  ±  to  it  draw  BA 
c=s  8,  and  EG  =  16 ;  join  A,  G,  and  draw  AF  ||  BE ;  bisect  AO 
in  H,  and  draw  HC  JL  BE,  and  HD  X  AG;  and  ^ 

lastly,  join  D,  A,  and  D,  G.     Then  will  D  be  the  *'     ^^^ 

point  where  the  foot  of  the  ladder  is  to  be  placed,^ 
and  DA  =  DG  the  length  of  it ;  moreover,  the 
form  of  the  garden  is  an  ellipse,  whose  conjugate 


axe  is  ssb  AF,  and  its  transverse  axe  AG  :  all—  B h  jy     j 

which  is  too  evident  to  need  any  demonstration. 

Calculation.  Because  H  bisects  AG,  and  HC  is  ||  EG,  also  CI 
s=  BA  =  EF,  therefore  HC  =  JBA  -f  JEG  =  12*;  and  by  sim. 
AS,  AP  :  FG  : :  HC  :  CD  =  12  X8 -^  60=  1-6 ;  hence  ED  = 
4BE  —  CD  =  28.4,  and  then  (by  47,  Euc.  1)  DG  =  V(I>E"  + 
EG*)  =  32-597  feet,  the  length  of  the  ladder ;  also  AG  =  a/(AP 
4-  FG«)  =  60-531  feet ;  whence  -7854  AF  X  AG  =  2852-462 
square  fe&t  =s=  316-94  square  yards,  the  area  of  the  garden. 

509.  The  sum  of  $27  was  to  be  raised  by  subscription  by  A,  B, 
and  C ;  the  sums  to  be  subscribed  by  them  respectively  forming  an 
arithmetical  progression.  But  G  dying  before  the  money  was  paid, 
the  whole  fell  to  A  and  B ;  and  C's  share  was  raised  between  them 
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in  the  proportion  of  3  :  2,  when  it  appeared  that  the  wh<de  sum 
tfubscribed  by  A  was  to  the  whole  sum  subscribed  by  B  : :  4  :'6. 
Find  the  original  subscription  of  A,  B,  and  C. 

Let  X — y,  z,  ^4~y>  ^  ^^^  respective  subscriptions  of  A,  B,  and 
G  ;  then  ^ix=$27,  and  x=s9.  Now  6  :  2  : :  (G's  share)=:d-|-^  : 
the  part  paid  by  B=s  ^(9-f-y)*  and  5:3::  O-fl^ :  the  part  paid  fey 
A  =sf  (9  +y)»  and  .-.A  paid  upon  the  whole  9  —  y  -f-  f  (9-|-y)= 
J  (72  —  2y) ;  also  B  paid  upon  (he  whole  9  +  f(^-f-y)  equal  to 
^(63+2y) ;  72— 2y  :  63+2y  : :  4  :  6,  or  135  :  63-f.2y  : :  9  :  5, 
or  15  :  63  +  2y  : :  1  :  5,  or  63+22/^=75,  or  2y=i2  and  ^=6; 
.*.  the  sums  to  be  subscribed  originally  were  83",  $9,  and  $15. 
510.  Divide  the  number  a'into  2  such  parts,  that  one  may  be  to 
the  other  as  m  to  n. 

Let  X  and  a— <c  denote  the  two  parts ;  and  x  :  a — x  iimln; 

or  nxsssanp-'-mx,  or,  by  transposition,  {in'{^x=am.     Dividing  by 

,     .  am  am  an 

(m+») ;  X  =a=  — J—  s=  one  part ;  ••.  a  —a; =a 


=ss  the  other  part. 

511.  Divide  the  number  a  into  2  such  parts,  that  the  sam  of  the 
quotients,  which  it  contains,  when  one  part  is  divided  by  m,  and 
the  other  by  n,  may  hesssb. 

Let  X  and  a-— 2;  denote  the  parts,  and  — I =^^;  multinhr 

■  '^  m  *      n  ^^ 

by  mUf  Tix-^-^m — mxs^bmn,  or,  by  trans.,  (n — m)x — m(bn — a),' or 

dividing  by  n — m ;  one  part"  will  be  2?=— i -,  and  .*.  Or-  -asas 

mtbn—a)      n(a~hm)     ,        ,  '*'— ^ 

a ^ s= .  the  other  part. 

512.  The  sum  of  two  numbers  is  a,  and  their  difference  h ;  what 
are  those  two  nuitibers  ? 

Let  X  and  y  denote  the  numbers  ;  then  x-^-ysssa^  and  a— yts:}; 
subtract  the  one  from  the  other,  2y=a — ^,  or  yss=i\(a — b)y  andx 
saa — y^=sia — \(a — i)==J(a-f-3). 

513.  What  2  numbers  are  those,  whose  sum  is  28,  and  the  sum 
of  their  squares  400? 

Here  put  a =28,  and  i=400;  then  x,  and  a — a:,  will  denote 
the  two  numbers  ;  and  per  question  q^-\-c? — 2ax-\-Q^=d>j  or  22:*— 
2axs=:ib — €^j  or  :^ — ax^\{Jb — a^),  by  art.  70,  case  3;  x^=^\a±, 
iV(2*— a')=16,  and  fl^—as=28— 16=12,  the  less  number. 

Otherwise,  let  14-f-a;,  and  14 — Zy  denote  the  two  numbers;  their 
sum  is  evidently  28. 

(14-j-a;)'  =  196  -j-  28a;  -f-  ^»  the  square  oT  the  greater. 
(14~a;f=196  —  28a; -f^  the  square  of  the  less. 


Sum  of  squares,  392      ^    +2a;*=:400,  per  question ;  by 
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position  and  division  I  have  &r^ — 8,  or  2^4,  and  zssQ;  therefore 
44-a:=14-{-2b=:16,  and  14~-2&=1'4— 2=12,  as  before. 
514.  Required  two  numbers  which  are  to  each  other  as  m  to  n, 
and  the  sum  of  their  squares  =s  b. 

Let  X  and  y  denote  the  numberi^ ;  then  I  have  x  I  y  lim  I  n 
and  a?-\^=»iy  per  question,  from  the  first  equation,  my  =  nx^  or 

fix  ?l  3; 

y=— ,  by  substituting  this  in  the  2d  equation,  I  have  a:*-:|--^a= 

4,  or  nf^jfA-vfofsssbv^^  or  a^ —  ^   , — s-;  or  x s=s ■    ..    ^  , — -=-;    and 
'  f«*  +  '^  a/(^  + « ) 

y=»— = — T.-TT — 5x=°  //  7  I — Fv-    The   preceding   equa- 

tion  may  be  solved  much  shorter,  as  follows  ;  but  the  shortest  pro- 
cess may  not  always  be  the  best  model  or  pattern  for  a  learner. 
Let  mx  and  nx  denote  the  numbers ;  .*.  m'li'-l-nV  sss  3  ;  divid- 

Therefore  mx  =  — ^,  Y , — sr,  and  nx=si        ^ 


515.  A  son  asks  his  father  how  old  he  was  ?  His  father  replies 
thus :  If  you  take  4  from  my  age,  the  remainder  will  be  three  times 
the  number  of  your  years.  But  if  you  take  1  from  your  age,  half 
the  remainder  will  be  the  square  root  of  my  age.  Required  the 
age  of  the  father  and  son. 

Let  X  and  y  denote  the  father's  and  son's  age ;  then  x — 4=3y,  (1) 
and  y — l==2^a:,  (2) ;  by  (1),  as=s3y4"^i  ^^^  ^Y  squaring  (2)  I 
have  y* — 2y+l=4a; ;  .•.  by  substitution  4(3y+4)=  12y+16,  and 
y* — 14y  =  15,  .-.  y  =  15=  son's  age,  and  49=  the  father's  age. 

516.,  Three  towns.  A,  B,  C,  are  obliged  to  furnish  a  given  num- 
ber (a)  of  soldiers.     The  number  which  A  must  provide   :  the 
number  which  B  must  provide  : :  mln;  and  the  number  of  men 
which  B  must  provide  :  the  number  which  G  must  provide  Up  I 
q.    Required  the  number  from  each  town. 
Let  X  denote  A's  part ;   then  the  2d  or  B's  part  ismln^i  xi 

— ,  and  v\Q\X  —  \  -^  =  the  third  or  C's  part;  .'.  x-\ 1- 

m  m     mp  '^  *    m   * 

ngx                        ,           I  dfnp  . 

--^  =  a ;  or  mpx  +  TSLpx  +  nqx  =  ampy  or  a:= ; — ~ —  =  A. 

Now  —  =  —7 \ — ^i r  =  — r— ^S —  *=  B  s  share.  2d  part 

m       m(mp-f-np-f-nq)       mp-f-np^nq 

.    ,  nqx  nq(amp)  anp 

And  -^ = — - — ^7 — ^. r  = : — ~— r-  =  C's  part. 

mp       mpimp^np^nq)       mp-f-np^nq 

617.  Divide  a  into  3  such  parts  that  the  first  may  be  to  the  sec- 
end  as  m  to  9t,  and  the  second  to  the  third  as  p  to  g. 


010  ifnGSU.Ajnioi»  qvbstioiib. 

A's  number         B's  number         C's  number 
amp  anp  ang 


mp  -j-  ftp  -}-  nq  mp  -|-  np  -^  nq  tnp  -j-  np  -f-  np 

518.  Four  places  are  situated  in  the  order  of  the  letters  A,  B, 
C,  D.  The  distance  from  A  to  D  is  34  miles.  The  distance  from 
A  to  B  is  to  the  distance  from  C  to  D  as  2  to  3.  And  |  of  the 
distance  from  A  to  B,  added  to  half  the  distance  from  C  to  D,  is , 
three  times  the  distance  from  B  to  G.  What  are  the  respective 
distances  ? 

Let  2  =  the  distance  from  A  to  B,  and  Sx  =  the  distance  from 
C  to  D,  and  ( Jaf+|ar)  =  2a;  =  3.BC,  .\  BC=:|a;,  and  (2a;-f3a!4- 
|ar)=Jfa:=34,  .-.  ia;=2,  and  a:  =  6. 

Ans.  From  A  to  B  =  12 ;  from  B  to  C  =  4 ;  from  C  to  D=ia 

519.  Divide  10,000  in  2  such  parts,  that  when  each  is  divided 
by  the  other,  the  sum  of  both  quotients  will  make  5. 

Let  X  and  y  denote  the  two  numbers,  s  their  sum,  and  q  the  sum 

X       y 
of  their  alternate  quotients ;    then  x  -{-  y  ^=^Sy  and  — |-  -  =s  ^. 

y      X 

Hence  a:*  -j"  ^ = Q^^  *"^  ^  "f"  ^^  +  y* = «*>  or,  by  substitution, 

4a 

qxy  +  2zy  «=  ** ;  .'.  4a:y  =  —jjk ;  arid  by  subtraction  a?  —  2zy-|* 

*"'-  w^"^  X  '^ "  '-'"='»'(^'  ■■■  ^=»*^- 

520.  Out  of  annujty  of  $1000  per  annum,  for  10  years,  the  ^ifi 
payment  being  due  1  year  hence,  the  owner  desires  to  know  how 
much  he  may  spend  a  year,  so  that  his  annual  savings,  with  the 
simple  interest  arising  therefrom,  at  7  per  cent,  per  annum,  may 
at  the  expiration  of  this  annuity,  amount  to  a  sum  whose  interest, 
at  7  per  cent,  per  annum,  shall  be  equal  to  the  yearly  expenditure. 

Put  a  =  the  annuity  =  $1000,  tts=.  the^  time  of  continuance  = 
10  years,  r  =  the  interest  of  $1  for  a  year  =  .07,  and  a  —  a:  =s 
the  expenditures  required ;  then,  by  the  question, 

(f^l)r-j-2  2a  =  $2000  -,«>nftaw 
2 ^  tTx=a-^,  and  x^  (^_i)^^^2,^^2=>520,6&77, 

and  a  —  x=:  479.3023  dollars,  the  annual  expenditure  sought. 

521.  Borrowed  $5000,  at  7  per  cent,  per  annum,  but  I  am,  in- 
cluding the  interest,  to  pay  the  lender  annually  8  per  cent,  on  the 
original  sum.     When  will  such  payments  discharge  this  debt  ? 

Put  a  =  5000.P  X  .08  =  400=a,  r  =  07,  andx  =  time  lo- 
quired ;  then,  from  the  question,  r  =i  the  rate '  of  interest,  a  s= 
annuity,  and  p  a*  its  present  worth,  aire  given  to  find  the  time  of 


CM 

continuance  a:  =: —^^7 ,  ^'  ^^  JSliass  30.734  years,  the  time. 

522.  Tbe  principal,  time,  and  rate  of  interest  being  giren,  to  find 
the  amount,  Of  money  due  at  the  end  of  that  time,  at  simple 
interest;  Let  p  =  principal,  t  s£=  time,  r  ass  rate  of  $1  ifor  k  certain 
time,  asf  a  year,  &c.  $  =s  sum  of  all  the  arrears. 

men  1  :  r  : :  p  :  fp,  the  interest  of  p  for  one  year ; 
I  I  rp  :i  1 1 prtf  the  interest  for  the  time  t. 
and  p  -4-  prt  =  the  whole,  arrear  at  the  end  of  the  time  ^,  and  p  -)- 
prtv^Sr  the  antear  sought.     See  pages  316-17,  or  215-16. 

Cor.  1.   Hence  j?=  "tt-t  ;  when  5,  r,  and  t  are  given. 


Cor.  2.   t= — =- ;  where  s,  p,  and  r  are  given. 

pr  ^       I 

Cor.  3. .  r sss  -^;  when  s,  ;>,  and  ^  are  given. 

pt 

fSS.  The  annuity,  time,  and  rate  of  interest  being  given,  to  find 

thd  arrear,  at  the  end  of  that  time,  at  simple  interest. 

Put  a  =  annuity  dr  yearly  rent ;  t = time  of  forbearance ;  r  :^ 

ititerest  of  81  for  a  yeax ;  and  s  =  the  whole  arrear ;  {0  s^  intef- 

est  due  at  one  year's  end ;  ra=  interest  at  2  years'  end ;  2ra  ss= 

interest  at  3  years'  end ;  Sra  as  interest  for  4  years ;  (^-^I)ra  as 

interest  for  t  years};  ta  =s  rents  due  at  the  end  of  t  years s=  (0  -|- 

l-f-2-|^3  r^^.toi— -IX  itito  ra-\-tas=*s).     By  Arith.  Progression, 

0+1-1-2  +  3....  r— I  =  i|^(^— l)|,and^-^^ra  +  teBs 

(^_l)r+2^  2s  . 

Lor r^-^^=^«^A^=-j(,_l),+2|X^>  and 

^4.  Find  the  present  worth  of  an  ■  annuity,  to  continue  a  given 
timev  ftt  a-  given  rate  of  aknfde  interest. 
Let  p  s=:  present  worth,  a  =  annuity,  t  =s  time,  r  =  interest  of 

•1 ;    thljn  p  +  prf  ^sr  g,  and  -^ — ^.  '—ta  as=r  *  s=  ^  +  |>r^,  c/t 

(t—l)r+2'      l{t—l)r+l^         ^  rt4-l  p 

''  =■     2rf-f2         -         rf-fT^^  J(^l)r+1  ^'  f* 

625.   The  priticipal,'time,  and  rftte  of  interest  being  given,  to  find 
the  amount  at  theendl  of  that  time,  at  compound  interest. 

46 


Let  pssB  principal,  t  sss  time,  r  =»  int^est  of  $1 ;  R  ss  1  -(-  r, 

the  amount  of  SI  and  its  interest,  g  ss  sum  of  money  due  at  tbe 

end  of  that  time ;  then  1  -f-  y*  or  R  3=  money  due  at  1  year's  end ; 

then,  as  before  treated,  pages  316-17,  or  215-16, 1  have 

^  :  R  : :  R  :  R'  as:  money  due  at  2  years'  end ; 

1 :  R  : :  R^ :  R'  =  money  due  at  3  years'  end,  and  R'ss  money 

due  at  t  year's  end ;  I  iti* lip  I pR* s=x  the  amount  of  p  for  the 

s  s 

time  ^,  and  jpR'=s j ;  then  I  have,  cor.  1, 2,  and  3,  p  =^  ;  R'  =  -, 

^^^Log,-Log.y    ^  s  ^^         g^Log. s-Log.p 

Log.  R  P  t 

526.  The  annuity,  time,  and  rate  of  interest  being  given,  to  find 
the  arrears  due  at  the  end  of  that  time,  at  compound  interest. 

Let  a  as  annuity  or  year^  rent,  t  =  time  of  forbearance,  r  =s 
interest  for  1  dollar  for  a  year,  &c.,  R  ass  1  -|-  r,  x  sas  sum  of  all  the 
arrears,  a  ^  money  due  at  one  year's  end.  2a  -^ rasssa-^-Has^ 
.  arrears  at  2y ears'  end,  a-{-aR4-fl^R'=  arrear  in  3  years ;  a-f-oR 
-[-  aR'-{-aIr=  arrears  for  4  years,  and  a-^-oR-^-aW-^aW.  ••  • 
to  a.R*"'  =5  arrears  for  t  years  ;  then,  by  pages  192-3,  Geometrical 

ftogrension,  1 + R  +  R»+  R*. . .  -to  B^»  »*  ?(^!ri)_?!ld. 
and  — ;— a  =  money  due  at  the  end  of  t  years ;  a  :^  x  ; 

«=  ^;  .-.  R.  =  !?+l.or*«=5f2flii±i) ,  and  cor.a 
R' — 1  a  '  Log.  R 

S  S   '  €1 

-R  — R'  aa: ,  where  R  may  be  found,  and  then  r. 

a  a  -^ 

527.  Find  the  present  worth  of  an  annuity,  to  continue  a  given 
time,  at  a  given  rate  of  compound  interest. 

Let  p  =  present  worth,  «  =  the  annuity,  t  =s  the  time,  r  as 
interest  of  1  dollar ;   R  =:  1  -j-  r,  and  I  have  found  pR'  •=:  1, 

— — fl  =  *;  pR'  ss  -7~«»  and  p  =  -^:gr«  =  —^^'* 

Cor,L« ^.    2.  R-=-^,or^=^^g'%^^g'<^'-^>, 

1_^  a— .pr  Log.  R 

Cor.  3.  R'  +  -R'  —  R^* =?,.-.  R  and  r  will  be  found. 

p  p 

528.  To  find  the  value  of  an  annuity  to  continue  forever,  at  a 
given  rate  of  compound  interest. 

Let  p  a=  present  worth,  a  =  annuity,  r  as  interest  for  1  doUar, 

andR=14-r;  thenpa=--j|^-^,  or;>=(^,a^===^,orr 
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and  A:^pr;  but  in  the  first  Talue  of  p.  where  t  is  infinite,  R'  ia 

infinitely  greater  than  1,  where  R'  —  1  sac  R',  and  p  as  as  before. 

609.  At  what  rate  of  interest  will  $100  amount  to  t200  in  9} 

years,  at  compound  interest  ? 

Put  r  as  rate  of  SI ;  R  ss  1  +  r,  f  a9f ;  then  by  626, 1  have 
^  39  ia. 

lOOR  *^  =  200  per  question ;  .-.  R^= 2,  or  R"=  16,  and  R  = 
^16  =  1.0737  by  logarithms;  R  —  1  =  r  =s:  .0737,  and  then 
100  X  .0737  =  7.37  =  the  rate  per  cent. 

530.  If  a  principal,  rr,  be  put  out  at  compound  interest,  for  x 
years,  at  x  per  cent.,  to  find  the  time,  x,  in  wnich  it  will  gain  x,  I 

X  X 

have  found  pR'  =  «,  and  p=ix,rs=z  _,  R  =  1  ^  — ,  t  ss=x, 

mis=2x,.'.xx(l  +i|oy=^^'  °'  0  +  l5o)'  =  ^'  ^^y 
Log. ;)  xx(l  +j^^M=s. 30 10300,  and  by  page  301-4, 1  have 

/  X  J"  3^     \  _  .3010300        y 

*  ^  VlOO       20000  '^  3000000/'       '  ~    .  M      '  •''  100 

.^£ L.  ^^^ ,  ^c.  =  ,693147.  and  X  ss  a49824  vears. 

20000  ^  3000000  i^''^*** ,  uuu  ^^  ~  o.-«ra««  yww», 

531.  Given  the  rate  per  cent,  for  1  year  $5,  to  find  what  the 
amount  of  any  sum,  SlOO,  will  be  kt  the  year's  end,  at  compound 
interest,  supposing  iLto  arise  from  the  principal  and  interest  due 
every  day,  &c. 

Let  r  sss  interest  of  $  for  a  year,  n  s:^65,  the  parts  of  a  year, 

T  T 

-s=  interest  for  one  day;  1  -^-=3  money  due  at  one  day's  end ; 
and  (  1  -f*  -  j  =ss  money  due  at  the  year's  end,  (by  Log's,  p.  901 ;) 
n  X  log.  n  -f  -  ]=s  log.  amount  for  a  years=s  .0215694,  and  1.0509 

ss  amount  for  a  year ;  105.09  =ss  amount  of  SlOO ;  (  1  +  *-  )  s=b 

,   ,       ,  nin — 1)  .  ,  nin — 1)(» — ^2)  -  ,       ,    •      *       ^ 

1  +  r  -| — ^  o  V-f-  -^ — 9^% ^^»  "^'^  *"®  amount  for  a  year. 

If  the  interest  is  supposed  to  gain  interest  eveir  moment,  by 
becoming  part  of  the  principal,  then  n  is  infinite,  ana    * 

(]+iy=l  +  r+^  +  ^3  +  ^,  &c.,  the  amount  at  the 

Sear's  end ;  but  this  seriA  is  the  number  belonging  to  the  hyper- 
olic  logarithm  r,  whence   the   number  belonging  to  the   1(^. 
.43429448r9s  amount  of  81  for  a  years  1.0513;  and  from  100 
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wet  106,19  to  gmin  interest  continually.  If  the  intefest  for -«  day  be 
veqttired,  so  that  it  may  amount  to  1  -f-  r  at  the  year's  end,  at  com- 
pound interest ;  then  the  amount  at  1  day's  end  will  be  /{^(l-|-r) ; 

which  ia  something  lese  than  1-4"* 

Bd2.  A  man  puts  out  a  sum  of  money,  at  6  per  cent.,  to  continue 

forty  years,  ana  then  both  principal  and  interest  is  to  sink ;  what  ie 

that  per  cent  to  continue  forever  ?     Or,  if  8100  be  paid  for  annuity 

of  $6  a  year  for  forty  years,  what  is  that  per  cent.  ? 

Put  a ss 6, p Bs  100,  rs=40,rs3:rateof  $l,Rs=l  ^r;  then 

Log,  ffl— Log,  (a— pr) .  ,  ^„  «        Log,  a  —  Log^.  (a^— pr) 

'^ L^irR •  ^«'  ^"^ 1 "^ 

Log.6— Log.(6— lOOr)   r  Suppose  R=:1.05  ;  then  r  =  .05,  and 
40  *  (  Log.  r=  .019454;  whence  Rs=  1.046, 

which  is  too  little.     Let  R  =b  1.053 ;  then  r  =  .053,  and  Log.  R 
cm  .023324,  and  Rsr=  1.055,  too  large ;  then,  by  p.  272,  art.  111» 
I  find  R  sss  1.052,  and  the  rate  ^=5  5.2  per  cent. 
533.  If  $200  be  due  3  years  hence ;  S80, 5  years  hence ;  in  wh^ 
time  must  both  be  paid  together,  at  5  per  cent.  ? 

Let  e » die  time ;  then  ~^+  p^."  (l^^*  +  «8-«^ 

OB  $885.44  Bss  the  whole  present  worth  of  both  suim^ ;  and  thai 

^      l.og.  280— Log.  235.44*     ^  ^^^  . 

X  w=  -7^ — J- — .  ^j. "  =^5  3.5527  ywrs,  Ans, 

534'  What  must  I  pay  for  an  annuity  of  $70,  to  begin  6  j^ears 
hence,  and  then  to  continue  21  years,  at  5  per  cent.  ? 

LetarssTO,  f=:21,  Rrsl.OS^arse;  ihen^=-^5-a:= 
•gt I  I 1  •  R         rW 

'"tih^  ^  ^^  $669.704 ;  -« — .wz ;»  the  present  worth  of  the  annui^ 

7  years  hence  =  s,  and  the  present  worth  of  *,  7  years  hence,  = 
669.704,  the  present  worth  of  the  annuity  in  reversion. 

535.  The  discount  of  a  bill  came  to  l>112.  Had  the  rate  per 
cent,  been  $1  more,  it  would  have  cost  $126,  and  if  the  rate  par 
cent,  had  been  $)  less,  only  $96.  Required  the  yalue  of  the  bill, 
time  when  due,  and  the  rate  of  interest. 

Let  p  ==  principal,  n  =  time,  and  r  =  interest  of  $100  in  one 
yeiur»  1 3^  rate  of  interest,  and  a  s=s  112,  ^  «=»  126,  and  c  ^=  96  ; 

.  rtp  IQOa+art       ,       (r+l)tp  , 

^then  ,K/.  , —  s=za;  p  = ! — ^,  and  ,^^  .' — ttt:  ==  *»  •'• 

100 -|-r^                            rt  100+ (r+1)^ 

1003-f  3g(r+l)  ^    _(r-^tp ,     _  100c4.c<(r— 1) 

^"^  .      (r+l)f  ~    '  i004-(r— 1K"^'*''^~      (r—i)Xt      * 
.      lOOa+art       100d+i?(r+l)  (r+l)100tf— lOOAr 

^"^        r    2S^ >+i -^'^      \b^)rX{r+l)     ^ 
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11    100H"g*^_  ^^  c-K^X  jr—l)      ^_  IWkr—ir-^l )  X  l(H>g. 

AJsO      '  '  *  '    ss  •  .  •  or  tin      '-'       v'  .         »>     t 

T  r—i  (fl— c)XrX(r— 1)  ' 

<r4-l)100a— lOOir      lOOcr— (r— l)XlOOa 

then  r=5^  By ques. ^ — ; — ,  ^,       — ; ^^ — -- — ; 

^^        (^-«)XrX(r-fl)  («--c)rX(r— 1) 

W  reduction,  (i-|-c)«r — 25rc  c=s  (b — c)a,  or  r  :«s  — ^^ — — ^ — — -  sss 

(126— •96)112  _ 39X1 12=3360      3360  _ 

(126+96)112— (2X112X96)      24864  —  24192^  672 

536.  If  I  lend  $150  on  condition  that  $12  per  annum  be  ^paid 
until  the  principal  and  its  interest,  at  5  per  cent,,  be  satisfied ;  and 
diat  at  every  payment  the  interest  then  due  shall  be  discharged, 
and  the  remainder,  by  which  such  payment  exceeds  that  interest, 
applied  to  reduce  the  principal,  how  many  years  musi  the  said 
payment  continue  ?     See  Index. 

Let  p  =s  $150,  B  =  12,  r  =s  .05,  and  n  a=  time  required ;  then 
p  -(-  jw  =  the  sum  due  before  first  payment,  p  —  a  -["  pr  =  the 
sum  due  after  first  payment,  and  (p— a)r-{-pr':s:  interest  due  at 
second  payment,  {2p — fl)r+pr's=ssum  due  after  second  payment/ 
Also,  (p  —  2a)r-(-  (2p — a)r-f"pr"=  the  interest  due  at  m  pay^ 
ment ;  p — 3  -|-  (^ —  3a)r-j-(3p — a)T^-^pr^  =  the  sum  due  after 
third  payment.  Again,  (p — 3a)r-|-(3p— 3a)r'-f-(3p — a)r'-j-pr* 
BB  the  interest  due  at  the  fourth  payment,  p — 4a-|-  (4p  —  6a)r4- 
(6p — 4a)r*-|-  {4p — a)r* -]- pr^ sss  sum  due  after  fourth  payment; 

then  I  shall  have  p -f-  wpr-j — -  ~    pr*-^  -^ — 12*1        pr^jkc. 


n(f^l)_     n(7t-l)(n-2)^^.  n(n~l)(7>-2)(n^-3)^^ 
^na^——^ar j^ at* j^^^ Of*, 

-  &c,  will  be  the  sum  due  after  the  nth  payment ;  which,  by  the 
question,  is  nothing.    Then  p  X  1  •-f"^^"h      i  o — ^>'^«  = 

aXn  +  ^V  +  "<"'^,^^<3""^'V,  &C.,  orp(l+r)>  = 

X  (1+r)-,  or  1  =^  X  i\+r)%  then ^-^  =  (1  +  r)-,  and 

A— Log,  (g— pr)_^ 

Log.  (1 4-7  )     "^ 

537.  The  duties  of  certain  goods  amounted  to  $2460,  oat  of 
which  a  discount  of  2^  per  cent,  was  allowed,  in  consideration  of 
prompt  payment  on  the  sum  actually  paid.  What  did  the  discount 
amount  to? 

40*  .  69 


Mf  neotiXAnoift  <iowmomk 

Pat82460B9>fo^ar^=sr;  lar,aBdi2s=:di80oiint  Then 
9—d^p,Ands—d=srr-r—;  then  (*— j-p—as  r-T--=i= 

38.  A  person  has  now  dae  to  him  8320,  and  at  the  end  of  5  yeais 
$96  more  will  be  due  from  the  same  debtor ;  they  agree,  that  the 
whole  shall  be  discharged  at  one  payment,  at  that  time  when  the 
simple  interest  of  the  $320  shall  be  equal  to  the  discouat  of  the 
$86,^both  being  calculated  at  5  per  cent,  per  annum.  The  time 
of  payment  is  required. 

Let  320  =S3  p,  ^  3=  6,  806  =s  «,  ^^  a  ji,,  as  r,  and  «  —  xw 

tme ;  then  (t '—  x)  X  pr  =  interest  of  p  for  t — a?,  and  t— ; —  = 

l-f-xr 

tke  discount  of  n  for  a;;  then  (*— a?)|w  =  tpr  -*-3yr— -^  , — ,  or 

to  —  a;ii  =s  r-s — ,  or  or  + x  =  —  ==  - ;  by  art.  70,  case 

^  l-f-arr  *         pr  pr      r     '' 

«v—  4  =ss  1,  the  time  reqiiired  is  one  year,  or,  expressed  in  numberSy 

^  =  4,  as  before. 

So.  Bought  as  many  books,  at  4f.  and  6t.  apiece,  to  pay  m  9 
and  6  months  respectively,  as  cost  £33  2s  ,'but  in  consideration  of 
prompt  payment  am  allowed  the  just  discount,  which  is  £1  2lu 
and  which  is  9^(2.  less  than  the  interest  of  the  price  of  the  said 
two  parcels,  each  being  calculated  for  its  respectire  lime.  Sequind 
the  nn.mher  of  each  sdh  of  bo9k$,  and  the-  rate  of  interest. 

Let  X  BB  the  number  at  4  shillings,  z  s=  the  number  at  6  shil- 
lings, and  r  =b  the  rate  of  intereat ;  then  4^;  -f-  Oir  as  662  shillings; 

then  5Q  +  ^  =  22fi*.  ==  sum  of  the  interest,  and  ^gx^  + 

l&rz         * 
^r^j^t^   =s  22f .  s:  sum  of  the  discount.     By  the  first  equation, 

331— 3z 

z  ess ^ — ,  which  substituted  for  it  in  the  other  two,  we  bavs 

i» 

_^_^22H.  and -ggg:p-+ ^gg;j^=2Jr;  aniftpm 

•                                                     4565-^69r 
^fl  fix^i  q£  tb^e  two  wq  Ijave  z;  ^999 «- ;  ^icb  aubeti- 

tated  for  it  in  the  other,  and  reduced,  it  is  24r* — 27^aK  —  7M^ 
from  which  r  ss  5,  then  jbb83,  and  xaesil.    CMierwiae, 


Let  xsssihe  price  of  that  pareel  at  4  skillinge  afdece,  and  r^ss 

tbe  intete^t  of  ooe  pound  for  a  year ;  then  ^rx  s=s  interest  of  the 
price  of  that  parcel  at  4g,  apiece,  and  }r  X  (W""^^)  ^=**  ^^  ^^^te- 
rest  of  the  price  of  that  parcel  at  6f .  apiece ;  the  sum  of  both  is 
993r       rx      993r— ICVra:      ,       irar  rx 

♦K    fi    *  1       J  3^     x^W— a?      933  — 30a:  ^  .. 

the  Sial  parcel,  and  jXrX-^pp-T^^ 

-   ^^  ,  ,      .   .  .    993—301;,         ,     rx 

count  of  the  second  parcel ;  their  sum  is    .^  ,  ^^     X  ^  +  in— 

40-(-30r  *   2-j-r 

:=;  22f .  =s  £^  by  the  question»  which  equation  reduced,  we  have 

240r»4-469r— 22       .     .     ^     ^            .       933— lOa:^ 
afa=  '       .     Again,  by  the  question, — X  f 

=  £1  2f.'f-9X(2.  =  £Hii  and  this  equation  reduced,  we  htLve  x 
19860r— 911  ,   240r»+469r— 22      19860r  — 911 

200r~'^"^'"^""^*^y- 1? = 200^—^ 

.-.  »^  — Wt-=  — yfiv;  bTart.70,  r=2\y»liencearaBsAft^ssB:JE8 
4i.,  fmd  4|^  -f-  i(4s.)  «s  41  =&=  the  number  of  books  at  it,  apiece ; 
whence  will  be  found  83  =  the  number  at  6s.  apiece. 

540.  Let  as  before,  art.  137,  &c.  Put  P  ss  principal  or  present 
worth,  a  =  the  annuity,  r  s=s  rate  of  interest  of  one  dollar  for  one 
yeai^i  n  =  number  of  years  or  times,,  m  s=  the  amount ;  then  if  j^, 
r^  and  n  are  given,  to  nnd  m.    Now  the  amount  of  one  dollar  in 

one  year  will  equal  1  +  ^»  -'-P  =P(1  "f"  ^)>  ^^^  P(^  "f"  ^)  '''^il^ 
MSOttitt  to  p(l+r)*  in  2  years,  and  so  on ;  i>{14-r)'  will  =rp(14-r)* 
in  3d  year ;  and  in  general  p(l  -f-  ry*"*  will  amount  p<l  4-  r)"  sm 
the  anxonnt  of  {p)  at  the  end  of  (n)  years  or  times ;  tneiefore 
^(1+  rY  =  m.     In  logarithms,  P  -f-  wL(l  -j-  r)  s=s  M,  and  cor.  I, 

nsss  -  ^,  ■ — • ,  when  o,  r^  and  in  are  given ;  cor.  2,  when  p,  n^ and 

L(l-j-r)            "^                             M  — P 
«•  are  giveui.  ta  find  r,,  thfin  L(l  +  r)  a;^ ;  and  wh^n  r^^n^ 

and  m  are  given,  to  find  jp,  then  FsssM — nL(l-|-^)* 
54]u  Given  the  annuity  a,  rate  per  cent,  r,  and  number  of 

year?  ov  tifnes  sa±  n,  to  find  m  =  the  amoant. 
Then  I  have  a+a(l+r)-f  a{l-f-r«J4-a(l+f*),  te.,  to«(l-fr)«-*; 

bijf  art,  3>  pag4i  ISO*,  will  become  due  in  the  times  1^^  2»  9^  4, 

and  so  on;^  the  sum  oi  the- scries  is  — ^^ s=  m.    In  Loga- 
rithms: Let?iXL.(14-r)»B;  then  A4-L(*— 1)  — R*=Mr,^ 
Coi;  Si     When^  m^  r,  and  ft,  are  |^ve»  t»  find  «.    See  ImiejL 


Cor.  2  when  a,  m,  and  r,  are  given  to  find  n, 
a(l+r)-=«r+«.-.  (l+r)"-  l^.andn- ^^^^bl^. 

1.  When  a,  n,  and  m  are  given,  4o  find  r,  hy  arts.  86  to  92i 

?J1±!;51=:;?=  III,  or  fl(l^^^ 

-m(l  +  r)4-(m-a)  =  0.     Let  D  — -j-— ^  ;  e  == -3- 

also  F  =  -2-^ ■    g  '  .  >  ^^en  r=/— c, 

,  542.  If  an  annuity  of  350  forborne  18  years  amount  to  $1342.75 
cts.,  what  rate  of  interest  was  allowed  ?    Answer  is  4|  per  cent. 
Here  a  =  50,  n  =  18,  and  1342.75  =  m,  and  8.5  =  ^(n— 1)  ; 

0.31579  =  -4-T  »=  «.  and  ' 

n-|-l 

Ms  3.12800  D  =  0.02044 

A  »  1.69897  d  =  1.04819 

N:g=  1.25527  £  =  1.49940 

8.5)0. 17375(0.02044=  D  1,61508  ==  L.  { 2(rf— 1)  +  e\ 

then  2X0.04819=0.09638,  ^^rTTIift" 

c  =  0.31579  ^ji,iift4g, 

then  2((i— 1)  +  tf  =  0.41217 ;  r.55724  =  P ; 

then/=  0.36078  —  0.31579  =  0.04499  =  0.045  =  r  =  4) 
Given  a,  r,  and  n,  to  find  p^    In  annuities. at  compound  interest 

Theaj^+^.  +  ^..&c....^.;  therefo«  d« 

|(l+r)'_l|a  -    _ 

present  value  or  sum  sss^ — '     .^      -:^j>.    In  Loganuuns: 

LetnXL(l+r)  =  B;.-.A  +  L.(4— 1)  — R  — B  =  P. 

543.  ~  When  p,  r,  and  n  are  given,  to  find  a. 

544.  When  a,  jp,  and  r  are  given,  to  find  n. 


(l+r)-X«==pr(l+r)-+a;  (l+r)«=^;  ...«==i-i;|^) 
646.  Given  a,  n,  and  p,  to  find  r.  *-^  I'(l-t-»') 

P)a  +  r)-  +  «  =  0.    LetG  =  ^i^-^;A  =  -5-; 

Kbs— ^ i~ — <ii_l — ;thenrs=A  —  k.    See  Index. 

-   645|.  In  annuities,  compated  by  Comp.  Interest, <!,;>,  and  ran 
given,  to  find  m.    By  my  udez,  and  also  at  pages  316,  V,  7,  that 


(14^)-=— 1-,  and  (1+0-=-;  then -«=-—;  and  ma: 

iw         ^  ma        ^  {m — p)a       ,  mpr 

-^ — .     Cor.  j[>  wm  <-] .    43or.  r  ar=  -i i-i-,  and  a  =s  — =-— . 

« — pr  a*f-«»r   gp  «ip  wi — p 

646.  In  computing  annuities  by  Compound  Interest,  /?,  iti,  and 

n  are  given,  to   find  a. 

if  M  -  P  =  B.  and  MlzZ=c  j  A  =  ^<^-^+^'  <^d  eor. 

n  L.(^ — 1) 

{m^-^)a      ct  *^/^  M  — P       „     _   , 

fm^i =-~  ;     See  question  540.   n  =  — •     See  Index. 

Cor.  1.  When  p,  n,  and  a  are  given,  to  find  m,  first  find  r  by 
545,  and  then  m  by  question  545.  Cor.  2.  Where  m,  n,  and  a 
are  given,  to  find  ^,  first  find  r,  by  545,  and  then  'p  as  above. 

546|.  Annuities  in  reversion  by  Comp.  Interest.  Let  a  ssannu* 
ity,  p  ^=s  the  present  worth  thereof,  t  =  time  of  its  duration,  x  sat 
time  before  it  .commences,  and  r  s=s  the  interest  of  SI  in  1  year. 

Caae  1.   When  a,  %  a;,  axe  r,  giv^n  to  find  p. 
then,  as  before,  the  present  worth  of  atox-i^totx  yean  to 

if  ^  X  L(14-r)=^B;  then  A  +  L(^— 1)  — R— (ar+O  X  L(l+r) 
=  P.    When  p,  ^,  a;  and  r  are  given,  to  find  a,  then  A  =  P  -f-  K 
4-  (a:-f-0  X  LCl-f-^")  —  L.(A — 1).     And  abo  when  p,  a,  *  and  r 
^   .         ,      A4-L(3— ly— R  — P— B  .    . 

are  given,  to  find  x;  then  — ■ — ^^ — Ln4-r^  '^^' 

when  ^,  a,  a:  and  r  are  given,  to  find  t;  itP-|-R4"*X  L(IH^) 
ss  C,  t=sz —  ; — —*-•  Cor.  1.  When  p,  a  a;  and  t  are  given  to 
find  r.  S  Index.  Let  i(ar  +  n  +  l)  =  A;  t*=^rri5     ^      ' 

aeV;  z  =  tt-r2(t>— 1);  then  J(Z—U)  =  E,  and  w  —  e  =  r. 

M7..  The  amount  of  an  annuity  in  arrear,  computed  at  simple 
interest,  was  $215;  now  if  the  annuity  had  continued  unpaid  one 
year  longer,  it  would  have  amounted  to  $275,  but  if  one  year  less, 
to  no  more  than  $157  50  cts.     The  annuity,  time,  and  rate. 

Put  a  BBS  annuity ;  n  =  the  time ;  and  r  =  the  interest  of  $1 ; 
also  $215  =  b,  $275  =  c,  and  $157  50  =  rf ;  then,  by  the  ques- 

.      Ti.        J       /       ,x     1  (n— 1)(»— 2)       ^           ,  n{n—l) 
tion,  I  have  rfa=s  (»— l)ffl  +  ^ f^ ^^^i  *»=na-] jy^*^* 


MP  mmemjuknwom  ogaiufntm. 

^    *          '        1.2  n(n — 1)  (n+l)^ 

(i_(,^^l)flX)2 .  ^^_  2(b—an)  _2\c  —  (n+l)a\ , 

=  '*'■'      («— l)(n— 2)        *'^'         %«(n^l  —        (n+l)n       ' 

(n+l)(b'^n  —  l)c  _         .      .     2(^  — g»)  _  {d^(n-^l)a)2 

.-.  jj-p  _«.     Again,   ^(^^ij  —  (w— l)(7i^^)' 

tJ— (to— 2)3  («4-l)(3_TO— l)c       nrf_«— 2* 

then  a  =  ;  now  ■         — p- = ; 

n                               7i4~  1  ** 

,_     'c--d 2^ ^    ,         c  — d        __     _ 

•'•  ^       ^-{-c  — 23^~       ^f-fc— 23^  •'•2<^  +  2c— 43       ^"^ 

/(c— ^)«— 43(2rf+2c— 43)    (c— rf)^^(c— ^)«— 43(2<^+2c— 43) 

'^  (2<i+2c-^43p"         '  2rf+2c— 43  * 

s=n  =  4. 

648.  Gfven  a==  annuity,  r=  the  rate  of  interest,  n^  the  num* 
ber  of  times,  and  m  =  the  sum  due  at  the  end  of  n  times.     By 

pp.  313, 314, 1  have  a,  a-^-ar,  a-\-2ar,  a+3ar,  &c a^{n — l)flr, 

which  will  represent  the  several  times  they  become  due  in  the  1st, 

2d,  3d,  4th,  &c.  to  the  «th  time ;  then  their  sum  na-j —     ^     or 

asm;  and  if  a,  n,  and  m  be  giyen,  to  find  r,  or  {m,  n,  and  r,)  or 

(a,r,andm)be  given,to  findr,  or  a,or  «,Ihave^^<^^ 

m  —  aUiTsss  ^ — ; —— ;  or  2na +n(n —  l)ars=i2m ;  theref<»e 

n,(n — l)a  ' 

jr--; — ; — -  =  d ;  or  ,^  ,  ■ 1-—: =  a ;  2dly,  I  have  2an 

2n+n(n  —  l)r  (2+(?i— l)r)X  ^ 

-f-  %(« —  l)ar  s=  2ot,  or  2an  +  a^  —  ^nr  =  2to,  or  ar«'  -f" 

(2— r)a«  =ss2m;  .•.  n' -I «  =  — .     By  art.  70,  case  1, «'  + 

*      r  ar  • 

2_r     ,  /2  — rV        2m    .    /2  — rV     ,       ^^        ,    2— r 

.^!^+(^)'!-«=vr^+(^)"!-^- 

549.  A's  incotpe  of  F  D.j»  paid  in  equal  portions  at  the  end  d 
3,  6,  9,  and  12  months  ;  and  his  expenses,  which  are  as  the  nam" 
bers  1,  2,  3,  4,  are  paid  at  the  same  time  :  Now,  if  the  remainiog 
sums  are  lent  out  at  rate  r  simple  interest,  during  the  terms  9 
months,  6  months;  and  3  months,  respectively,  (the  last  quarter's 
salary  bearing  no  interest),  and  amount  to  qD.;  what  will  be  tbe 
amount  of  A's  annual  expenditure  ?     See  Index. 

2(4+r)  log.  «.— log.|> -^ 


650.  }f  a  sum  (p)  in  {n)  yean  amounts  to  ift»  in  what  time  wil^ 
the  same  amount  to  M 1 
Here  m  ssjpB^ ;  assume  M  =pR',  where  x  is  the*  time  required. 

Now  R"  =  — ;  .-.  n  log.  R  =  log.  m  —  log.  p,  and  similarly 

P 
X  log.  R  s=  log.  M  —  log.  p ;  therefore 

X      Log.  M  —  Log.  p  .  /Log.  M  —  Log.  p\ 

-a=^-2 ^  ;  consequently  a:  =s  »( =-^ ^  ^h 

n      Log.  m  —  Log.  p  ^         "^  \Log.  m  —  Log.  p/ 

51.  HerelOP=M  =  PR»=P.(14^)";  .-.  10=(J*)»;  there- 
fore  n(log.  21  —  log.  20)  =  log.  10  =  1.  Now,  log.  21  s 
log.  -4^  -=  log.  105  —  log.  (-yt)  =  log.  106  —  1  4-  log.  2,  and 
log.  20  =  log.  10  +  log.  2  =  1  -f-  log.  2 ;  .-.  log.  21  —  log.  20 
=  log.  105  —  2  =  2.0211893  —  2  =  .0211893  ;  consequently 
a  =  1  -7-  .0211893  =  47  years  70.7  days.    See  Index. 

52.  Here  M  =  P.R",  (where  M  =  the  amount  of  P  dollars  for  n 
pais,  R  being  the  amount  of  $1  at  the  end  of  one  year.)  See  pp. 
315— -317.  Here  the  amount  must  be  s=  2  X  the  principal,  or 
P.R- = 200,  or  lOOR"  =  200,  or  R"  =  2.  Now  R  =  ( l+J^)  = 
$}^,  allowing  5  per  cent.    (^)"  =s2 ;  .*.  n.log.  J  j  sss  log.  ^  ss  14 

_        L.2 .30103 30108  _ 

years  +,  orn  _  l.21_L20  ~  1.32222—1.30103  ~  2119  ~ 
14  yrs.  80|f  f  f  7  ds.  Hence  it  appears  that  any  principal  will  double 
itself,  at  5  per  cent,  compound  interest,  in  14  years  SOij-f-^  days, 
n  may  be  found  very  nearly  without  logarithms,  thus :  since  2  =ss 

R-  =  (1+A)-  =  1  +  ^  +  ^^^^-    Neglect  the  terms  after  the 

third,  and  find  n  from  art.  70,  page  141,  and  art.  142. 

53.  HerePR»==M;  .•.R=1+2V=J*;  andif  P=1,M=100; 
then  (f  >)"a=100,  therefore  n(log.  21  —  log.  20)  =  log.  100  ss  2, 

^  =  L.2i1l20>  •••^=M893  =  ^^  ^'"^  ^^^'^  ^"^^^ 

54.  Here  R  =  fl-j —  j,r  being  the  rate  per  cent,  due  every 

year,  and  m  =  the  number  of  moments  in  a  year,s=  31557600^  mo* 

ment8ss3B,97i^;  .•.  M  =  PR'*^=(  1-j — j   ,  when  logarithms  may 

be  used  for  expediting  the  calculations.     See  Index. 

666.  A  person  borrowed  P$  at  interest.  To  discharge  this,  he 
invested  2$  at  the  end  of  the  first  year,  4t  at  the  end  of  the  sec- 
ond, and  8$  at  the  end  of  the  third,  and  so  on.  How  many  years 
will  elapse  before  this  fund  be  large  enough  to  discharge  the  debt, 
compound  interest  being  allowed  on  both  sides  at  a  given  rate  ? 

.       „     ,        .  log.  jP-(2— R)+2}— log.R       , 

Ans.  Number  of  years  sa    ^   <   ^ — ^jj — ^ — ? — ,  wb^ie 


RsBsihe  smoant  of  one  doUtf  tot  mie  year  at  the  givett  tau; 

Let  n  ==  the  number  of  years  required;  then  2R"~*axdie 
amount  of  the  first  myestment  up  to  that  time;  4R"~^s3r2d,  &c.; 
2*  =  Tith ;  and  PR"  =  the  amount  of  the  sum  lent ;  therefore 

PR»=2R»"*4-4R"-»  +  ....+2"  =  — ^— ^.since  it  is  in  a 

2 

geometrieal  series  whos»  comrnon  ratio  a=  -^ ;  and  the  numbes  of 

terms  is  ss  n;  hence  (P.{2  —  R>4- 2)Bfac:2?^*;  consequently 
1^.  (P.(2— R)  4;  2)  -f.  n  log.  R  =  («-f- 1>  log.  2  =  »Jog.  2 -f 
log.  2;  .'.  «(log.  2— log.  R)=l(^.  (P.(2 — R)+2)— 1<^.  2;  /. 

_  log.  (P.(2^  R)  +  2)  —  ^^-  2 
log.  2  — log.  R 

656.  The  amount  M  of  an  annuity  A,  for  n  years,  at  (^ompotmd 

R"  — ^  1 

infeerest,  =&  -^ =-A ;  where  R  as  the  amount  of  one  dollar  te 

one  year,  (art.  144 ;)  hence  if  S  =  the  sum  required,  then  S  :s 

(ji)  —  !-^*^— 21— 20  ^20»  4  4         * 

2$  cent. 

557.  First  -1^=  S35,  the  sum  paid  at  the  end  of  the  first  q^oai- 
tei[ ;  also  the  rate  per  dollar  for  a  quarter  =  i-|o  X  ^  ==  go  »  •'• 
J>  3s  the  interest  for  the  first  quarter,  and  2  X  35  =  principal  at 
that  rate.     See  pages  315 — 320.     Hence  the  whole  interest  = 

X  I g  =  HV-^  =^  S28.874  ;  therefore  the  amount  required  will  be 

(35  X  12)  4-  28.871  =  448.87,5,  Ans. 

R*— 1 
6ia  Her®  A.s=a  -= — r-.P;  (see  Index;)  .•-  AR — As±sPR*— 

K — 1 

P;  ...  R-=:*i?=^H:I;  .Mtlog.  R=log.(A.(R— IJ-f-P) 

•>— '  log.  P ;  consc^enthr  tfae  namber  of  y«ar3  nquired  is  ==■»  = 

log.  { A.tB  —  1)  4-  PJ  —  log.  P     „    ^ 

' ""'p'  '^  "        — ■•    "  the  rate  per-  eent.  wen- *, 

E  would  =  i'and  «  =  log- (A.+20F^)^log.^-^l«^.  F 
20*  log.  21  —  log.  20 

559.  By  axt.  IS^^  page  314,  the  present  worth  of  any  sum^,  dae 
afier  a  certain  time,  is  a  sum  such  that,  being  put  out  to  interest, 
it  would  amount  to  the  given  sum  in  that  time.  Ther  discount  of 
aay  sun  due  after  a.  certain  time  iJs  equal  to  the  diffiurencebetw^ien 
Uiat  sum.  and  ita  present  worthy  or  it  is  equal  to  the  interest 
of  its  present  wovm  for  thai  time;  hence  if  P  be  the  present 
-mmikof  9tmmA  due  tthctn  jtaa,  m^  kam  tBP^mt^Ay  tbeie- 


xnciuuifBous  qustfTunif .  _  iSO 

fore  P=pi;  >  R  =  the  amount  of  1  dollar  in  1  year ;  hence  the  dis- 

A       A 

eount  D  =  -^  —  5«=* R^^-"*"""  ^^ '  ^^^^  A  =;»,  «  =  IJ  =  J; 

nearly.  *  We  may  obtain  D  siifficiently  accurate  for  practical 
purposes  as  above.  i 

660.  The  present  worth  of  an  annuity  A  = 5!  X  A. 

Here  ifA=100;  R=1+tSo  =  1  +  A-=  fi;  «=20; 
P=^        gr;  ^  100  =  (1  — (f^^n  X  1250  =  983. 16 J  cents. 

A 

661.  The  present  value  of  a  perpetuity  P  =  = — =-,  where  R  is 

the  amount  of  1  dollar  for  1  year,  and  A  the  annuity.     See  Inddft. 
Now  in  this  case  R  must  =  the  amount  of  one  dollar  in  6  years, 

and  A  the  sum  paid' every  6  years ;  then  P  =  .^g    "    =  sp =s 

HiiHi^  =  72.39  cents,  nearly.  20«  ~ 

662.  HereD  =  $jyV;  A=100;  »=lj=i=rfj  .-.4^=100— 

100  100       ,^^      15       185         -,f       200       40     ,       . 

— ;  '•••^  =  100— 2-  =  -2-;  .vR   =185  =  37;  therefore 

i  log.  R  =  k)^.  40  —  log.  37, .-.  log.  R  =  |(log.  40  —  log.  37) ; 
hence  R,  ot  ( 1+ j^  )  =  1.05335 ;  r  =  5.335.  Otherwise,  allow- 
ing -simple  interest,  if  P  "be  the  present  worth  of  A  due  after  n' 
years    lOOr  per  cent,  simple   interest  being  allowed,  we  Jiave 

P  +  nrF=A;  .-.  P  =  ^;  hence  D  =  A  -  j-^,  or  ^ 
100         ,^        200      ,^      „^        400       ^      , 

=io^-i+|;=i^-q:3-r'  ^^=^-2Trr'  ^^^^'^"^ 

185(24-3r)  =  400,  or  655r  =  400  —  370  =  30  ;  .-.  r  =  ^  = 
•gfy  and  ^  Pjy ^  =  ^^=  $5,406,  the  lat^  per  <5ent. 


1—1 


1-1- B"  "■ — ^R"+' 

663.  Let  P  =  -K— %"  X  A.    Question  630.  P  =  -^ — =-  X  A ; 

K —  1  ft  — 1 

hence  if  the  annuity  were  to  continue  (n  + 1)  years,  I  have  page 

316.    Now  it  is  evident  the  present  vdue  required  is  equal  to  the 

^  70 


0RI  mesiiiAiiBo(T0  niwittoiii. 

difierence  between  that  for  (n4-^)  years  and  tbat  forn ;  th^eefoie 
itis  — iuMfvA— il^y:  A*=—  ^  (  — —\ 

564.  Let  A  be  the  annual  rent  of  the  estate ;  then  its  present 

A  A 

value  ™«  = — =>  act.  144,  «=  -— r — ; =•  ==  25A  j  .*.  the  estate  is 

&r^\  *  +  A — •*^ 

25  years'  purchase. 

565.  As  the  time  is  less  than  a  year,  (see  137,)  simple  interest 

t       11        1         -TV        *           A  .^^  400 

must  be  allowed ;.  .*.  D  ==  A  —  -r—. s=r  400  —  v  ,  «^  ,^  .  = 

y^  D  =  $13.76  cents,  nearly. 

Discount  (a^.  138)  is  an  altowance  made  on  a  bill,  or  any 
other  debt  not  yet  become  due,  in  consideration  of  present  pay- 
ment. Hence  it  is  evident  that  the  discount  on  any  sum  mast  be 
equal  to  the  difference  between  that  sum  and  its  present  worth. 
Let  A  be  the  sum  discounted,  n  satz  number  of  years  after  ^«4iich 
i^becomes  due,  r  =  the  interest  of  $1  for  1  year,  R  &=  the  amount 
of  1  dollar  for  a  year,  D  =  discount ;  then  (simple  interest  being 

allowed)  D  =s  A  —  Y~r — (*)  •   ^^^  ^  "4"  ^'T  =  ^^  (^  being  the 
present  value  of  A) :  r  must  amount  in  the  given  time  to  A;  .-, 

Pt=  — r —  ;  also  (t^omponnd  interest  being  altowed)  D  s=6  A  - — 
A      1-j-nr  A 

~(b);  for  PK-=.A, .-.  P=^,.    If  A  =  l{)0,«^i;  rx=r^-j 
.^      ^       ,-^«  100  ,^      8000      ^100     «r  „     -. 

-*^'"°='"'-i+i(;v)  =  '''— 8r=«8r-  ^•»-  ^« 

time  being  less  than  a  year,  only  simple  interest  can  be  allowed. 

567.  Let  P  be  the  present  worth ;  then  it  must  be  such  that  it 
will  amount  in  5  years  to  SlOO ;  PR^ss  100,  R  being  the  amouAt 

of  1  dollar  for  1  year ;  P  =:  r=^  ;  and  if  the  rate  per  cent,  werfe  S^ 

a^Mh.       ^^  nnH  P^  100 Xgy^ 320000000 
HmoM  be  =  g5  and  P=^       g^,       "^ ~i08410r  =  ^'^ 

e^its.  j^ 

568.  First,  (allowing  simple  interest,)  D  =as  A  — VT —  «=260 

1  -f-  nr 

260  •*—    ■  " '  ■ '- '  ■  ■     d=:  ■        B3B  ■$1^>44.     SectMid, 


1+1(78?)  427.  427 

A                       966 
(at  conmound  interesg  D«=:A  — s-s=3260 -«:asa 


*^     =  260  —  ^    (by  logarithms)  =  260  —  243.37| 


{lM5)i      "^^      l-^^5 
=  $16.92J  cents. 

S69.   The  present  value  la  evidently  =;  titat  of  $20  to  continue 
forever,  —  that  of  S20  a  year  to  continue  for  2  years ;  it  is  = 

A  ^"~F"    ,  A  A  20  20* 

X  A=^ 


R^i    iRzrr  ^      R"(R- 1)    {unu  —  1)  ~  2p ~ 

i^fi!^=  362.80. 

570.  The  first  double  line  by  simple  interest,- the  second  by 
compound  interest. 

P  ==  -— 1 =  ,   ,   ,  ,,  T-  =  — ^~  =  $70,60 ;  and  second, 

\J^nr       1+^X2^0  17 

P=  ^  =      ^^       =  75  X  (15 V  =  $70.5^  either  by  taking 

3  terms  of  the  expression  of  (1  -|-  2*0)*,  or  by  logarithms. 

670.  The  present  worth  of  a  sum,  due  after  a  certain  time,  is 
such  a  sum  as  would  amount  in  that  time  to  the  given  sum  exactly. 
Hence  if  P  be  the  present  worth  of  the  sum  A,  due  after  n  yean, 

A 

'We  have  P  +  nrPss?  A ;  P  aB»  --t ,  snnple  interest ;  Hl*=  A; 

'  \-\-nr        '^ 

A  '  3  "^' 

APs«l^,,ateai]ipouBd  ktese^Jk;  if  As430^  f^sc^j;  ^ss 


9  ^      .         430 


P  = 


— 55;= — r=i4lo.96  nearly. 


200'  ••      -1+(|XjS.o)-      827 
The  time  being  less  than  a  year,  compound  interest  cansiot  fe 
allowed. 


-i?H_.    .  p^F  4.  F'_-J?2_4..-i?l..  therefore  r« 
12+(£r'  ••■^^^  +^    —  12  +  ^r  +  12+1;- '  tneretoie. r 

12(^4^)     ,    144       144(a+c)    ,    \2(ad-\-bc)  - 

-I i — ! — -T  A = ^^ — - — -  -+-  — - — ;=: — r\  confieaupmtTy 

^       bd        ^  bd  .  bd?      ^       bd¥        '  ^""^^H?*^'"^ 

,     12M+3c-^-^)        144(a+c.-P).   . d_  ( 

-f(c  — l)*±V{(a  — l)<i+(c  — l)i}»  +  4WP(a+c— P).[by 

art.  70.  ' 

572.  A  sum,  P,  is  due  at- the  end  of  m  years;  find  the  difference 
between-  its  amount  of  {m  +  n).  years,  and  the  amount  of  its;  pres- 
et value  aH  the  end  of  {rnr^-n)  years,,  at  simple  interest. 

573.  The  presei^t  value  of  an  annuity  to  continue  for  a  term  of 


•H  MfiMBCLlirBOirfl  4|lfStTIOili. 

years  at  a  giyen  rate  of  compound  interest,  =»!»  times  the  present 
▼alue  of  the  same  annuity  to  be  paid  only  during  the  latter*  half 
of  the  same  term  ;  required  to  find  when  the  annuity  will  cease. 

574.  The  amount  of  (P)  at  the  end  of  (m-|-7i)  years,  and  since  it 

is  not  due  until  the  end  of  {m)  years,  is  (P-|-»rP).     Again  the  pres- 

p 
ent  value  of  P,  due  at  the  end  of  m  years,  is  P  —  r-j ,  whose 

amount  for  (m  +  n)  years  is  (  P  —  7-; I  +  (  P — r^ — ^  I  X 

mrF  V  1  +  rmJ       \        l+mrf 

(OT  +  »)r  =  =-j X  (l-4-('»+»)0;  •••  the  difference  required 

„  P  +  „rP  _  __  X  (1  +  »«r  +  «r)  ==  P  X  — ^p:p^^r- • 

576.  The  present  value  of  a  freehold  estate  of  $100  per  annum, 
subject  to  the  payment  of  a  certain  sum  A.  at  the  end  of  every  2 
yrs.  is  81000,  allowing  5. per  cent.  comp.  interest.  Find  the  sum  A. 

The  present  value   of  an  estate  of  $100  a  year,  not  subject 

to  the  payment  of  A  as  stated  in  the  above. 

100  A 

--r — r  sss  $2000,  art.  140,  = — r ;  hence  it  appears  that  the  prefr- 

Jo — 1  1* — 1 

ent  value  of  the  sum  (A),  paid  every  2  years,  =  $1000.     Now 

the  amount  of  one  dollar  in  one  year,  R'  is  its  amount  in  2  yean, 
and  the  form  = — ?  for  the  present  value  of  a  perpetuity,  becomes 
^ — =.  When  the  payments  become  due  every  2  years,  instead 
of  every  1  year,  I  have  ^37,=  1000; .-.  A  =  1000(R«  —  1)  tax 
(}J)»X  1000  — 1000= Ai^^ojk— 1000=1 102J—1000=102|. 

576.  HereD  =  A-:p^  =  $125Jt--,^^^^^3    ;  now 

126J         50200       ^,,}+'^^    i  1+3X700 

j-p^  =  ^jgj^=  $110.58  nearly. 

577.  Let  n  be  the  whole  number  of  years,  after  which  the  annu- 
ity  will  cease,  (R)  the  amount  of  one  dollar  in  1  year  at  the  given 
rate,  and  A  the  annuity ;  then  the  present  value  of  A  for  the 
whole  term=  the  first  expression,  and  also  the  present  value  of 
the  first  half  of  n  years  will  be  the  second  expression,  and  there* 
fore  the  present  value  of  the  latter  half  will  then  follow  : 


1 


^"^A  ^A^/1  .1\  ,  1  /I  1\ 

mt^— X  Rzn X  (^--j>  •••  i-F-^HFr «=> 

.%  R"  =  ;7fcR*' — ^-f"l;  .•.  R"  — ireR*=I —  wi,  and  by  art.  70; 
.-.  R-«=  — ± — _=— 771 — 1^  or  1,  .-.  2  log.  K  =  fog.  (m  — 1>, 

or  log.  1(=0) ;  .\  «=2-~^ — ^-^,  or  0,  the  Humbet  o£  years- 
log.  K 

jzffti    xj^    T,       A  A  -^^        100       ,^     2000 

^  =x=  $4.76.     Again,  the  interest  of  $4fttt,  at  5  per  cent.,  for  one 
year,  =  :^^  X  s^Jo  =  *  A  =  0-23,8  mills  Am, 
678.  A  gives  p%.  to  B  on  condition  that  he  receives  an  annuity 
for  (w)  years  :  what  must  be  the  annuity,  reckoning  compound  in- 
terest at  a  given  uate  ?     See  Index. 

Ans.       _^  \r  —  w  ,  where  r  «=  amount  of  81  for^  a  jem: 

580.  Required  the  present  worthy  of  an  annuity  of  $p  for  n 
years,  payaMe  every  instant  in  equal  portions,  interest  also  being 
converted  into  principal  as  fast  as  it  becomes  due.     See  Index. 


Ans.  Present  wQrth  =  •'  ^  ]  1  -^  — =r  \ »    where    m   == 


the 


number  of  instants  in  one  year,  and  r  =  amount  of  $1  for  one 
instant^  / 

581.   If  the  annuity  be  a  dollars,  the  sum  due  every  instant  will 

(365^)  X  24X oO  X  60       m 

ss:p  31557600.     Let  R  be  the  a^iount  of  81  for  one  instant;,  thoa 

1  :  R  : :  A  :  RA  =  the  amount  at  the  end  of  the  2d  instant ;  .•. 

A  •+  RA  s=r  (1  -^  R)A  s=  sum  due  at  the  end  o#  the  2d  instaq^. 

In  tne  same  manner  I  have  R(l+  R).  A  =  amount  at  the  e»jd  of 

the  3d  instant,  and  (1+R4-R*)  A  :=  sum  due  at  the  end  of  the  3d 

instant.     Similarly,  ( 1  +  R  +  R*  +  R^  +  . . .. .  R'-')  A  =  the  sum . 

JRp 1 

due  at  the  end  of  (p)  instant  =  -^ — p  X  A.     Now  the  number 

of  instants  in  n  years  =  nm ;  let  therefore  P  be  the  present  vahie 
lequired ;  then  .\  B"*s=the  amount  of  $1  in  a  year ;  the  amQUi^t  of 

Pinwyears^tsaP.R-^;  .-.  p.R^a— ___A;  .•.?«—-— A^ 
fiS2.  ■  Let  r  be  the  interest  of  one  doUar  fox  one  year ;  tKen  R  s;? 

T 

I  -| — ,  {m  being  the  number  of  instants  in  a  year;)  then,  by  ap- 
47* 


froximate,  conacquendy  R^sssfl-j — j  ssl-|-r4-  -5 — **+ 

^^^^3,^"  ^^^'=^'^^+2'^  g^+. >, ^nearly, whengiis 

▼ery  large  =s  ^,  {e  being  the  base  of  hjrperbolic  logarithms ;)  con- 

r  1  — ^ 

sequently  R  =  ««  ;  hence  P  =  — ; A  nearly. 

e^ — 1 

583.  If  $52500  can  be  sunk,  by  equal  annual  instalments, 
in  14  years,  when  interest  is  allowed  on  the  yearly  balances,  what 
is  the  yearly  payment  ? 

1.  This  question  does  not  appear  to  be  clearly  stated.  It  is  evi- 
dently to  find  an  annuity  for  14  years,  which  shall  be  worth  52500 
dollars ;  but  whether  this  is  to  be  considered  as  the  ultimate  value, 
or  the  present  worth,  does  not  clearly  appear.  In  this  latter  case, 
the  solution  will  be  thus  :  Let  R  denote  1.05,  the  amount  o(  $1 
for  one  payment,  71  =  14,  A  =s  52500  the  amount,  and  a  the  an- 

R  — 1 
©uity  required ;    then,  by  4,  a  =  5733  X  AR"  =  $5303.76, 

the  annual  payment  in  that  case.     But  on  the  former  suppo- 

R— 1 

iition  it  witt  be  ■^^r:Zi  X  A  =  $2657.41|  for  the  annual  pay- 
ment. 

2.  Put  52500  s  a,  14  years  =  t,  the  amount  of  $1  for  1  year  =s 
r,  and  x  the  annual  payment.  Then  a  —  2:  is  the  first  year's  bal- 
ance, the  interest  of  which  is  ar  —  xr,  and  the  second  year's  bal- 
ance =  ar  —  xr  —  a:,  its  interest  is  ar"  —  xr^'^XTj  and  so  on  to 
the  time  t      •  •  •  ar' — xr^\  . .  •  — xr — a;  =  0,  and  x-j-xr  -^xt* 

+  XT'. .  •  •ar'  :=s ar* ;  hence  the  sum  of  this  series  =  - — -  X  art 

=  5303.7584,  taking  r  =r  1.05. 

3.  Put  X  for  the  part  taken  from  the  principal  of  the  first  year,  and 
a  for  the  amount  of  $1  annuity  forborne  14  years  at  5  per  cent 
compound  interest ;  then  as  1  :  a  : :  2; :  52500^  which  gives  ^678i 
76,  and  52500  X  .05  =  2625 ;  this  added  to  the  former  gives 
$^03.76,  the  yearly  payment. 

4.  Let  p=  52500,  n  =14,  a  =:  1.05,  x  =  the  yearly  payment 
Then  the  principal  remaining  after  1  year  =  op — x;  after  2  years 
=s o^  —  ax  —  a:;  after  3  years  s=e^p  —  a?ar  —  oar  —  x'^  after  « 
years  =  a^'p  —  a"^^x  —  a*"**a:  —  a"'^x  •  •  • .  —  ax  — r  a:.  This  prin- 
cipal consists  of  two  parts,  the  one  being  a^pr,  and  the  other  inverted 
too  geometrical  series  a;  -f-  oar  -|-  o^a;  -f-  o'x . » •  •  -^  tf^x,  the  sum 

*                                              a"  — 1 
of  which  geometrical  progression  is r-  X  ^  which  must,  by 


the  question,  be  =  c^'p  \  hence  then  x  x==  -^ Xiwj"  =  $6303. 

76,  the  annual  payment. 

584.  If  100  dollars  be  due  1  year  hence,  200  dollars  2  years 
hence,  300  dollars  3  years  hence,  and  400  dollars  4  years  hence, 
at  what  time  must  all  be  paid  together,  without  loss  to  debtor  or 
creditor,  allowing  five  per  cent,  compound  interest  ?  ' 

THe  present  worth  of  the  4  sums  is  i^  +  ^  +  ^+^ 

« 864.876.    Andbyi»t.l44,cor.l.the(i2Sll022z:l2|^«i^ 

log.  1.05 
=  2.9754  years,  the  time  in  which  864,87J  will  amount  to  1000, 
which  therefore  is  the  true  equated  time. 

585.  To  find  the  amount  when  the  principal  is  increased  not 
only  by  the  interest,  but  also  by  some  other  sum  at  the  same  time. 
The  amount  of  the  original  principal  pmn  years  is  pR",  and  if 
A  be  the  sum  that  is  continually  added,  the  first  A  will  be  at  inte- 
rest n  —  1  years,  the  second  will  be  at  interest  n  —  2  years,  dec., 
and  therefore  the  sum  of  their  amounts  is  AR"~'-|- AR"^-f~  •  ••  • 
AR'^",  or  A(R"-'  +  R""*  -j-  . . .  ,1).  Now  the  terms  within  the 
parenthesis  form  a  geometrical  progression,  whose  first  term  is 

R"— —  1 
R*^,  and  ratio  R,  consequently  the  sum  will  be  A  X  -5 — r  >   .*• 

i_       VI                  .      «•  I    aR*— 1               p(R"+*— 1)     ,       . 
the  whole  amount  is  »K*+ A ,  or  a  s=i- i,  when  A 

s=  p.    If,  however,  A  is  not  added  to  the  nth  year,  then  we  have 

^,  ,  AR{R'-»— 1)          ,                            pR(R"— 1)      , 
a  =  jpR"  -| ^ ^,  or  when  a^ssxp\  a  si  ^-— i -. 

T  T 

Cor.  1.    If  instead  of  ji  =s  A,  we  have  |i  =s:  0,  then  a  ss 

AfR"  — 1^ 

— ^ ;  which  expresses  the  amount  of  an  annuity  A,  at  com- 
pound interest,  left  unpaid  for  n  years.  Cor.  2.  If  P  be  the  pres- 
ex^t  value  of  the  annuity  A  for  n  years,  P  must  be  such  that  if  it 
were  put  out  at  compound  interest  for  n  years,  it  would  amount  to 
the  same  sum  as  the  annuity ;  that  is,  we  must  have 

PE-  =  ^IZJH;  consequently  V^^^. 

1  A 

he  infinite,  then  ^  will  vanish,  and  therefore  P  =s  — . 

586.  An  old  gentleman  bequeathed  100,000  dollars  to  his  four 
sons,  in  such  proportion,  that  every  son,  at  the  time  of  their  suc- 
cessively coming  of  age,  will  possess  the  same  sum  as  his  fortune  ; 


Cor.  a  If  n 


what  legacy  did  the  father  give  to  each,  sapposing  their  ages  were 
12, 13, 14,  i5  yearSt-aBd  allowing  compound  interest  at  5  per  cent, 
per  annum  ? 

1.  Put  rsss  1.0$  the  amount  of  1  dollar  tor  one  year,  9ns=  100^000 
dollais ;  and  let  the  four  shares  be  denoted  hy  x^  rx,  r^z,  t^x  ;  thea 

a?  -|"  ^*  ~H ^*  H"  ^^•s***  ^>  hence  x  sssm^i-  {l^r  —  r*-}*^)  = 
23201.18  dolls.,  the  first  share;*  then  the  other  three  shares  aie 
^361.242,  and  25579.304,  and  26858.27.  For,  by  table  3,  the 
amount  of  each  o{  these  sums  will  be  35992.65  dollars. 

a.  Put  p  =  100000,  and  r  =s  1.05 ;  then  will  the  ratios  of  the 
shewes  be  denoted  by  1,  r,  r*,  r*,  the  sum  of  which  is  4.3101^5  =si». 
Then  as  a  :  7^  : :  p  :  26858.27  dollars,  the  eldest  son's  share. 
a:r^::  p:  25579.30      "       the  second   "         « 
air  ::p  :  24361.24      •'       the  third      "         " 
all  ::  p:  23201.18      «       the  fourth    « 

5.  The  present  worths  of  1  dollar,  forborne  during  their  respective 
minorities,  ai:e  .74622,  and  .71068,  and  .67684,  and  .64462  dolls., 
the  sum  of  which  is  2.77836 ;  consequently  2.77836  :  100000  : : 
.74622  :  26858.27  dolls.,  the  sum  left  to  the  eldest  son.  In  like 
manner  the  sums  bequeathed  to  the  others  are  found  to  be  25579.90, 
and  24361.24,  and  2^201.18  doltars,  Ans.  as  before. 

587.  A  sum  of  money,  p,  is  to  be  divided  among  A,  B,  C,  in  such 
a  manner,  that  at  the  ead  of  %  &,  c  years,  when  they  respective^ 
come  of  age,  they  are  to  possess  equal  sums  :   required  the  share 
«f  eafih,  allowing  compound  interest  at  a  gi^en  rate. 
Ans.  A's  share  \       B's  share  zs=       ^  and  C*s  share  ass 

588.  A  lends  B  1000  dollars,  for  which  B  repays  him  as  fol- 
lows, viz.  .at  the  end  of  three  months  180  dollars,  of  5  months  150 
dollars,  of  six  months  140  dollars,  of  eight  mondis  100  dollars,  of 
nine  months  90  dollars,  of  ten  months  120  dollars,  and  at  the 
year's  end  250  dollars.     The*  rate  of  interest  is  reqaited. 

Let  3^^  =s  rate  per  annum ;  then  x  (according^  tx)  art.  }3i7)  will 
be  the  rate  for.  one  month,  a:^  for  two  months^  &c.,  whence  the  pre- 
sent value  of  180  dolls,  to  be-  received'  at>  the  end  of  3^  months  w81 

,     180   ,  180    ,    150    ,   140  ,    100  ,  90  ,   120'  ,  250 

PQ  — -=-»  occ. ;  .'.  — 5-  H jr  +  -^-g-  H r  H — o  +  — rs-  H »  ^ 

a^'  3^^3f*^2^^a^^a^*^x^~x^ 

1000  (per  quiest.) ;  and  therefore  a;"—  .18a:»—  .\5x''  —  .14ai*  —  .Ix* 

—  Ma^  —  .1^  =»  .25):    Soltved,  x  r±=:  1.0Q385d;    and  :»«  «b 

1.0l472;16 ;  and  consequently  4.72  the  rate  per  cent,  required*. 

589'.  ,A  gentleman  Dought  an  estate  in  houses  for  loSoO  donarSy 

which,  being  let,  brought  nim-  in  120  dollars  per  annum,  clear  of 

aU'  expenses  and  deductions.     At  the  end  of  lU  years,  (most  of  the 


MBCBUiAllEOlfB  QVBSTIOllt.  '     Ml 

houses  being'  out  of  repair,  and  he  not  choosing  to  be  at  the  ex- 
pense of  fitting  them  up,)  he  sold*  the  whole  estate  again  for  800 
dollars^  The  question  is,  to  find  what  interest  he  made  of  his 
money. 

Let  a  zsz  1500  dollars,  h  ss  800  dollars,  c  =:  120  dc^lars,  and  z 
the  required  rate  of  interest ;  Then  will  ax  =ss  principal  and  inte- 
rest, and  ax  —  cis  amount  after  the  first  payment  is  deducted. 
And  in  the  same  manner  we  have  aa^^  —  cof  —  C3?  —  a^  —  c^ — 
C2^  —  cx^  —  C7?  —  CQ^  —  ex  —  tr  =  i  (per  question),  or  ae*®  — 
c(a:^"^l)-^(a:  — 1)  =  -J;  there(ore  oa:"  —  (a  —  c)a:'"  —  te -f  i + 
c  =  0.  Solved,  X  =  1.04142,  &c.,  and  the  rate  of  interest  required 
$4.14  per  cent.     See  Index. 

590i^  How  long  must  a  capital  a,  $3600,  remain  at  the  interest 
pi  5,  to  become  as  much  as  a  capital  a\  $5000,  at  the  interest  p' 
=  4,  for  n,  12  years  ?    .       log.  a'  -f-  ^  log.  p'  —  log.  a  )  years  = 

A°«-  bi:^ J  16  nearly. 

591.  A  capital  a  is  put  out  at  the  interest  p^  and  at  the  expira- 
tion of  each  year  the  interest  is  added  to  the  principal ;  but  at  the 
same  time  it  increases  or  diminishes  yearly  by  the  same  sum  h. 
What  will  this  capital  amount  to  n  years  hence  ?    Ans.  It  is  = 

^P"  ±  -^ — 1 — »  where  the  upper  sign  obtains  for  the  capital  in- 

P        JL 

creased  by  3,  and  the  lower  the  capital  diminished  by  h. 

592.  A  capital  a  is  lent  out  at  the  rate  p.  In  what  time  will  it 
become  a\  if  the  capital,  with  the  interest  and  compound  interest 
added  to  it,  be  augmented  or  diminished  yearly  by  the  sum  h  ? 

Ans.  Log.n=.^-g'^(^-^)--^=^f^-^-g-^<^-~^)=^^^(nthe 

log.ii 

number  of  years.)     The  upper  sign  of  ±  denotes  the  addition  of 

^,  the  lower  the  deduction  b, 

593.  If,  in  the  preceding  problem,  h  be  yearly  taken  away,  and 
h  be  greater  than  the  interest  of  the  capital  a ;  in  this  case,  in  how 
many  years  will  the  capital  be  spent  ? 

Ans.  Log,  n  ==  ^°g-  ^\^^ ^^^^^  gives  the  number  of  yrs. 

594.  What  is  the  present  value  w  of  an  annuity  r  at  p  per  cent, 
which  a  person  has  to  enjoy  n  years  ? 

If  an  annuity  r,  having  n  years  to  run,  be  worth  in  cash  w,  what 

is  its  amount?  .  (p"  —  \)r      .  (p — l)p''w 

Ans.  w=ir rr-:.     Ans.  r= ;: r— •• 

(;>  — 1)P"  ;?"— 1 

596.  How  long  has  an  annuity  to  run,  if  its  present  value  be 
considered  as  equal  to  w  dollars,  the  interest  being  5  per  cent.  ? 

Ans.  Log.«-l2iil:^i2SJ^l=:l£ziL)!£]. 

71  lo?-  P 


B  sRaHKMmt  of  1  dollar  for  1 3rear at  thie* giTon  rate. 

597.  An  anauity  r  is  required  lor  the  girea  space  of  W  yem, 
whose  present  v^ ue  is  equal  to  another  annuit j  r  for  n  years ;  if 
both  be  calculated  9Xp  per  cent.,  what  is  the  annuity?,'^ 

596.  Bat  how  g^at  is  the  required  annuity,  if  it  be  payable  fdr 
ffi  years ;  consequently,  if  computing  after  a  lapse  of  m  years,  it  be 
payable  n*  years  after  this  period  ? 

*  Ans.  r'  =^  ^  -  ,      , — r.     Ans.  /  =  ^^- — -r-^^^ . 

p"  —  1  jp"  —  1 

599.  The  amount  of  an  annuity  of  %\  to  continue  n  years  sa 

$P,  and  the  amount  of  the  same  annuity  to  continue  27i  years  =s 

$Q ;  what  is  the  rate  per  cent,  allowing  compound  interest  ? 


Ans.  100-{(H^y_i  j. 


600.  Given  («)  the  sum  of  an  arithmetic  progression,  (n),  the 
number  of  ternls,  and  (p)  the  product  of  the  first  and  last  terms,  to 
determine  the  progression.  ..^ 

First  term -^±j^-p  J  ^and==f:^^.J^_p}V 

where  the  upper  or  lower  sign  must  be  used,  according  as  the  pro- 
gcession  is  a  deeteafliog  or  an  iaoreafiing  one. 

601.  Seven  years  ago,  I  was  just  three  times  as  old  as  my  eld- 
est son ;  but  seven  years  hence,  if  we  should  both  live,  I  shaU  be 
only  twice  as  old.     What  are  our  present  ages  ?    Ans.  49  and  2L 

90?.  Find  the  ratio  of  the  length  and  breadth  of  a  rectango&r 
field,  consisting  of  2  acres  of  ground,  that  shall  have  the  same  per- 
isKBter  as  a  square  field  consisting  of  4  acres.  Ans. « Jl^ 

603.  A  person  being  asked  how  many  horses  he  kept,  said, 
**<For  want  of  room  in  my  stable,  I  am  obliged  to  put  8  of  them 
out  to  hire ;  but  I  am  now  building  a  new  one,  twice  as  large  as 
tho'  former,  which,  when 'finished,  will  enable  me  to  accommodate 
8 horses  more  than  I  now  have.    How  many  did  he  keep  ?   Ans.  24. 

604.  A  company  of  18 'persons,  consisting  of  men  and 'women, 
having  dined  together  at  an  inn,  their  reckoning  came  to  £9  ISil, 
in  the  settling  of  which  each  of  them  paid  as  many  shillings  as 
there  were  men  in  company.  How  many  men  and  women  were 
there?  Ans.  11  men  and  7  women. 

'  605.   Find  two  geometrical  mean  proportionals  between  3  and 
24,  and  four  geometrical  means  between  3  and  96. 

Ans.  6  and  12 ;  and  6,  12,  24,  and  48. 
606.  Supposing  that  19  pounds  of  gold  weigh  18  pound»  in 
water,  and  10^  pounds  of  silver  9  pounds  in  water,,  and  that  a  mass 
of  gold  and  silver  of  106  pounds  weighs  99  pounds  in  water ;  it  is 
required  to  find  the  quantity  of  gold  and  silver  contained  in  the 
mass.  Ans.  76  pounds  of  goldi  and  30  pounds  of  silver. 


Let  X  and  y,  denote  the  weight  of  gold  and  silrer  in  each  mass 
iheik  a:  -f  y  =  ^^^  «**  As  19  :  18: :  a; :  Ifr;  10  :  9: :y  :  ^y; 
and  i|ic  + Ay=99,  ^3:4-^^^==  11,  Ans  a;=76  and  y  =  80. 

607.  The  dimensions  of  a  rectangalar  ifloor  aore  suck^  that  if  it 
had  been  2  feet  broader  and  3  feet  longer,  it  would  have  been  64 
sqaave  leet  larger,  and  if  k  had  been  3  feet  broader  amd  2  leet 
longer,  it  would  have  been  68  square  feet  larger.  What  is  the 
length  and  breadth  of  the  floor  ?     Ans.  14  feet  long  and  10  broad. 

Let  (a:+2)(2/4-3)=64— a;y,  or  ac-|-3y=^  *»^  («+3y)(y4-2) 
s=  68  -j-  a:y  or  3a:  +  ^V  =  '^^j  ^^^  a:  =  14,  y  21=  10  Ans. 

608.  Find  three  numbers  in  arithmetical  progression,  such  th(it 
the  square  of  each,  added  to  the  product  of  the  other  two,  shall 
make  676,  612,  and  792  respectively.  Ans.  12,  18,  and  24. 

609.  Find  two  such  whole  numbers,  x  and  y,  that  the  sum  of 
the  aliquot  parts  of  a;  shall  be  two  thirds  of  y,  and  the  sum  of  the 
aliquot  parts  of  y  three  fourths  of  x.        Ans.  x  =:  20,  y  =±r  33. 

610.  Find  three  numbers  in  harmonical  proportion,  such  that 
their  three  differences  shall  be  in  geometrical  proportion.  * 

611.  The  sum  of  two  numbers  is  2,  and  the  sum  of  their  ninth 
powers  32 ;  required  the  numbers  by  a  quadratic  equation. 
Ans.  *>s/5  —1,6  +  2V5,  and  2.     Ans.  1  ±  W(W^  —  38). 

612.  The  sum  01  the  two  extremes  of  six  numbers,  in  geomet- 
rical profession,  is  165,  and  the  sum  of  the  four  means  160 ; 
required  the  terms  of  the  progression,  by  a  quadratic  ^nation. 

Ans.  6,  10, 20,  40,  80,  and  160. 

613.  Given  xy(3^+  f)  s=  3,  and  aY(a^  +  j^)  =  7,  to  find  the 
values  of  a:  and  y  by  a  quadratic  equation. 

Ans.  a:=  J(V5+  1),  y^i{^5^  1). 

614.  Given a:-)-y-}~2r  =  23,  a:y  +  a:z-f*yz  ==  167,  and  xyzsrs 
385,  to  find  the  values  of  a:,  y,  and  i.     Ans.  a:=:6,  y=7,  Z'ssrrll. 

6I0.  Given  x{y^z)=z  207,  and  y{x  +  z)  =  87,  z,{x  +  y) 
240,  to  find  the  values  of  a;,  y,  and  z.     Ans.  a:=9,  y=3,  z^tSO. 

616.  Given  a:*4-a:y-|-y*=5,  and  x*-{-rY-^y*=  11>  to  find 
the  values  of  a;  and  y  by  a  quadratic  equation. 

Ans.  a:  =  f VIO  +  W^^  V  —  W^^  —  W^- 

617.  Given  a?+yz=920,  2^+ar2;s=980,  and  z'^+a^sslOOO, 
to  find  the  values  of  a:,  y,  and  z  by  a  biquadratic  equation,  thit 
beisg  one  of  the  least  dhnensions  to  which  the  question  can  be 
reduced.  Ans.  x  =  19.599 1 ,  y  =  22.7788,  and  «  s=  23.5276. 

518.  Required  the  sum  of  n  terms  of  the  series  1^-^  S^a;  -f-  3V 
4.4V+5^*+&c*  .  1+a: 

«19.  Find  the  sum  of  the  series  gig  +^  +^8.10  <  8.10.131 
kc.  continued  ad  infinitum.  Ans.  ^ 
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Required  the  sum  of  the'sene 
-1 4*  ^-  contiDQed  ad  iufinitum. 


Find  the  mm  of  the  series  ^^^-^  +  ^^g^  +  g^^^^j 

4-  &c.  continued  to  infinity.  Ans.  ^. 

622.  Given  1  +  3x  +  6a:*  +  lOz*  +  15**  -|-  &:.  ad  infinimm 
^  10,  to  find  the  value  of  x.  Ans.  a;  =  1  —  -i^^^IOO. 

623.  Given  la; +  Ji'  +  ^^Tj4,a:'  +  3VrB^+&c.  ad  infi- 
nitum ==},  to  find  a;.    Ans.3:=| — T^+s'ff — Tk+TiW— **■ 

624.  Find  the  sum  oflOO  terms  of  the  series  (1X2) +  (2X3) 
+  (3X4)  +  (4X5)  +  (5X6)  +  &c.  Ans.  343«0. 

625.  Required  the  sum  of  25  terms  of  the  series  1  X35  + 
2x36-|-3x37  +  4x38  +  6x39+to:.  which  gives  the  num- 
ber of  shot  in  a  complete  oblong  pile,  consisting  of  25  tiers,  the 
number  of  shot  in  the  uppermost  row  being  35.  Ans.  16576. 

626.  Required  the  approximate  value  of  the  series  1  — i  +  i 
—  -^  -\-^  —  ^-  continued  ad  infinitum.  Ans.  .S^^7. 

627.  Find  the  approximate  value  of  the  hypergeo metrical  series 
1.2  —  2.3  -j-  2,3.4  —  2.3.4.5  +  2.3.4.5.6  —  &c.  continued  ad  infi- 
nitum.    See  Index.  Ans.  .59634736. 

688.  There  are  two  columns,  in  the  ruins  of  Persepolis,  left 
atfuiding  upright;  one  is  64  feet  above  the  plane,  the  other 50: 
Between  these,  in  a  right  line,  stands  an  ancient  statue,  the  head 
whereof  is  97  feet  from  the  summit  of  the  higher,  and  66  feel  from 
the  top  of  the  lower  column  ;  the  base  whereof  measures  just  76 
feet  to  the  centre  of  the  hgure's  base.  Required  the  distance  of 
the  tops  of  the  columns.     CDi=  169.96.  E     ' 

C 


CO  =  157.03  ft. 
629.  Wanting  to  know  the  height  of  an  inaccessible  towei ;  U 
the  least  distance  from  it,  on  the  same  horizontal  plane,  I  took  iti 
angle  of  elevation  equal  to  58°  ;  then  going  300  ft  ^  AC  directly 
fcom  it,  found  the  angle  there  to  b^  only  32°:  Find  its  height, 
ud  my  distance  fiom  it  at  the  first  station.  .  (  height  3(fr.53 
^^-  i-distance  192.W 
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630.  Being  on  a  horizontal  plane,  and  wanting  to  know  the 
height  of  a  tower  placed  on  the  top  of  an  inaccessible  hill ;  I  took 
the  angle  of  elevation  of  the  top  of  the  hill  40°,  C  the  top  of  the 
tower  61°  ;  then  measuring  in  a  line  directly  from  it  to  the  dis- 
tance of  200  ft  AD  farther,  I  found  the  angle  to  the  top  of  the  tower 
lobe33°45'.  What  is  the  height  of  the  tower?  Ans.  93.33148  ft. 
Figure  to  629. 


A  0 

629.  If  a  diving  bell,  of  the  form  of 
n  parabolic  conoid,  be  let  down  into  the 
aea  to  the  several  depths  of  5,  10,  15, 
and  20  fathoms ;  it  is  required  to  as- 
sign the  respective  heights  to  which  the 
(vater  will  rise  within  it :  its  axis  and 
the  diameter  of  its  base  being  each  8 
S  feet,  and  the  quicksilver  in  the  barome- 

ter standing  at  30.  9  inches. 
F  Ans.  at    6  fath's  water  rises  2.03546  ft. 

at  10         "         "         3.06393  " 
•     at  15         ■'  "  3.70267  " 

at  20  "  "  4.14658" 

632.  From  the  edge  of  a  ditch, 'of  36  feet  wide,  surrounding  a 
fort,  having  taken  the  angle  of  elevation  of  the  top  of  the  wall,  Jt 
was  found  to  be  62°  40' :  required  the  height  of  the  wall,  and  the 
length  of  a  ladder  lo  reach  from  my  station  to  the  top  of  it. 

Ans.  height  of  wall  69.64,  ladder  78.4  feet. 

633.  Required  the  length  of  a  shore,  which  being  lo  strut  11 
feet  from  the  upright  of  a  building,  will  support  a  jamb  23  feet  10 
inches  from  the  ground.  Ans.  36  feet  3  inches. 


OOB  nSCELLiSEOCFS  QirxsTioin. 

634.  At  170  feet  distance  from  the  botttHn  of  a  tower,  the  angle 
of  its  elevation  was  found  to  be  S&°  30'.  .  Required  thei  altitude 
of  the  tower.  Ans.  SSI.65  feet. 

635.  If  the  Peak  of  Teneriffe  be  2^  miles  high,  and  the  angle 
taken  at  the  top  of  it,  as  formed  between  a  plumb-line  and  a  line 
conceived  to  touch  the  earth  in  the  horizon,  or  farthest  visible 
point,  be  SS'^  ^  ;  required  to  deteimine  the  magnitude  of  the 
whole  earth,  and  the  utmost  distance  that  can  be  seen  on  its  sur- 
face from  the  lop  of  the  mountain,  supposing  the  form  of  the  earth 
10  be  perfectly  globular.        Ans^  dist.  135.943,  diam.  7918  miles. 


636.  From  the  l(^  of  a  tower,  by  the  sea-side,  of  143  feet  h^h, 
it  was  observed  that  the  angle  of  depression  of  a  ship's  bottom, 
then  at  anchor,  measured  ^°  ;  what  was  the  ship's  distance  from 
the  bottom  of  the  wall  ?  Ans.  204.32  feet. 

37.  WJiat  is  the  perpendicniar  height  of  a  hill,  its  angle  of  elera- 
tioD,  takeo  at  the  bottom  of  it,  being  46°,  and  200  yards  further  off, 
on  a  level  with  the  bottom,  the  angle  wa^  31°  !    Ans.  38&.2Sy(]s. 


38.  If,  from  a  right-angled  triangle,  whose  base 
AB  is  12  and  perpendicalar  BC  ^  16  ft.,  a  line  be 
drawn  parallel  to  the  perpendicular,  cutting  off  a 
triangle  whose  area  is  24  sq.  feet ;  required  the 
sides  of  this  triangle,  AFD.         Ans.  6,  8,  and  lO.  ISTT^ 

39.  Wanting  to  know  the  distance  between  a  house  and  a  mill, 
'  which  were  seen  at  a  distance  on  the  other  side  of  a  river,  I  meas- 
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oied  a  base  line  along  the  aide  where 

I  was,  of  600  yards,  and  at  each  ead 

of  it  took  the  angles  subtended  by  the 

other  end  and  the  house  and  mill,  g 

which  were  as  follow,  viz.  at  one  end  I 

the  angles  were  58°  20'  and  95°  J 

20',  and  al  the  other  end  the  like  I 

angles  were  53°  30'  and  98°  45'.  I 

What  then  was  the  difltaace  between  the  house  and  mill? 

Ans.  959.6866  yards. 

40.  Wanting  to 
know  the  breadth  of 
a  river,  I  measured 
a  base  of  500  yards 
in  a  str^gbt  line 
dose  by  one  side  of 
it ;  and  at  each  end 
of  this  iine  I  found 
the  angles  subtend- 
ed by  Uie  other  end 

and  a  tree,  close  to  the  bank  on  the  other  side  of  the  river,  to  be 
53°  and  79°  IS*.  What  was  the  perpendicular  breadth  of  the 
river?  Ans.  529.48  yafds. 

41.  A  point  of  land  was  observed,  by  a  ship  at  sea,  to  bear  eaat- 
bysoDth;  and  af- 
ter sailing  north- 
east  IS  miles,  it 

bear  south-east-, 
by-east.  It  is  re- 
<[uired'  to  deter- 
mine the  place  of 
that  headland, 
and  the  ship's  distance  from  it  at  the  last  observation. 

Ans.  26.0738  milet 

42.  If  a  round  pil> 
lar  of  30  feet  diameter 
be  raised  on  a  plane, 
inclined  to  the  horizon 
in  an  angle  of  75°,  or 

the  shaft  inclining  16°  , 

out  of  the  perpendicu- 
lar :  what  length  will 
it  bear  before  it  over- 
Bet       Ans.  .111.96  ft. 
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43.  If  BD,  in  figure  46,  represent  a  portion  of  the  earth's  mr- 
face,  and  D  ihe  point  where  the  levelling  instrnment  is  placed, 
then  LB  will  be  the  diflerence  between  the  true  and  the  apparent 
level;  and  you  are  required  to  demonstrate  that,  for  distances  not 
exceeding  6  or  6  miles  measured  on  the  earth's  surface,  BL,  esti- 
mated in  feet,  is  equal  to  |  of  the  square  of  BD,  taken  in  miles. 

Ans.  17$  feet. 

44.  Given  two  sides  of  an 
obtuse-angled  triangle,  which 
are  20  and  40  poles.-  Re- 
quired the  third  side,  that  the 
triangle  may  contain  just  an 
acre  of  laud. 
Ans.  58.884,  and  33.09  poles. 

45.  If  a  heavy  sphere,  whose  diameter  is  4  inches,  bo  let  fell 
into  a  conical  giass,  full  of  water,  whose  diameter  is  5,  and  alti- 
tude 6  inches;  it  is  required  to  determine  how  much  water  will 
run  over.  Ans.  26.272  cubic  inches,  or  near  Jf  parts  of  a  pint. 
"  47.  Thecone  beingstill  thesame,and -J  fullofwater;  required 
the  diameter  of  a  sphere  which  shall  be  just  all  covered  by  the 
water.    Ans!  2.445996  inches. 

46.  Tho  dimensions  of  a 
sphere  and  cone  being  the  A^ 
same  as  in  the  last  ques- 
tion, and  the  cone  only  i 
fuU  of  water ;  required 
what  part  of  ihe  axis  of 
the  sphere  is  immersed  in 
the  water. 
Ans.  .546  parts  of  an  inch. 

4S.  From  a  window 
near  the  bottom  of  a  house, 
which  seemed  to  be  on  a 
level  with  the  bottom  of  a 
steeple,  I  took  the  angle 
of  ^evation  of  the  lop  of 
the  steeple  equal  40'' ; 
then  from  another  win- 
dow, 18  feet  directly  a-  , 
hove  the  former,  the  like  I 
angle  was  37°  30';  re-v 
quired  the  height  and  dis-  ■ 
tance  of  the  steeple. .  Ans.  height  310.44 ;  distance  250.79. 

49.  In  a  garrison  besieged  are  three  remarkable  objects.  A,  B,  C, 
the  distances  of  which  from  each  other  are  discovered  by  metni 
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of  a  map  of  the  place,  and  are  as  follow,  viz.  AB  S66^,  AC  dSO, 
BC3S7J  yards.  Now,  having  to  erect  a  battery  against  it,  at  a . 
certain  spot  without  the  place,  aod  being  desirous  to  know  whc 
ther  my  distances  from  the  three  objects  be  such,  as  that  they  may 
from  thence  be  battered  with  efiecl,  I  took,  with  an  iostrument, 
the  horizontal  angles  subtended  by  these  objects  from  the  stations, 
S  and  found  (hem  to  be  as  follow,  viz.  the  angle  ASB  131°  ,  and 
the  angle  BSC  29°  50'.  Required  the  three  distances,  SA,  SB, 
SC ;  the  object  B  being  situated  nearest  me,  and  between  the  two 
others  A  and  C.  Ans.  SA  757.14;  SB  537.10;  SC  666.30. 

60.  Being  on  the  side  of  a  river, 
and  granting  to  know  the  distance  to 
a  house  which  was  seen  at  a  distance 
on  the  other  side,  I  measured  out  for 
a  base  400  yards  in  a  right  line  by 
the  side  of  uie  river,  and  found  that 
the  two  angles,  one  at  each  end  of 
this  line,  subtended  by  the  other  end 
and  the  house,  were  68°  2'  and  73° 
15'.  What  then  was  the  distance  ■ 
between  each  station  and  the  house  ? 

Ans.  593.09    and  612.385  ytsiif. 

51.  Required  the  same  as  in  example  49,  when  th6  object  B  is 
the  farthest  from  my  action,  but  still  seen  between  the  tw«  otbers 
as  to  angular  position,  and  those  ^ng^es  being  thus :  the  angle 
JtSB  33°  45',  and  BSC  22°  30' ;  also  the  3  distances,  AB  600, 
AC  800,  BC  400  yds.  Ans.  SA  710.3;  SB  1041.86;  SC  934.14. 

52.  Wanting  to  know  the 
extent  of  a  piece  of  water,  or 
distance  between  two  head- 
lands, I  measured  from  each 
of  them  to  a  certain  point  in- 
land, and  found  the  two  dis- 
tances to  be  735  yards  and  840 
yards ;  also  the  horizontal  an- 
gle subtended  between  these 
two  lines  was  65°  40'.  What 
-was  the  distance  required  ? 

Ans.  741.2  yards. 

53.  The  ellipse  in  GrosTenor-aqnaie  measures 
840  links,  across  the  longest  way,  and  612  the 
shortest,  within  the  rails ;  now  the  walla  beings  14  f 
inches  thick,  what  groond  do'  they  enclose,  and 
wluU  do  they  stand  upon  ! 

Ana.  4  acresi  0  looda,  6  pelea. 
48»  79 
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54.  Wanting  to  know  my  distance  from  an  inaccessible  object 
0,  on  the  other  side  of  A  river,  and  - 
having  no  instrument  for  taking  an- 
gles, but  only  a  chain  or  cord  for  ■ 
measuring  distances  ;  from  each  of  1 
two  stations,  A  and  3,  which  were  S 
taken  at  600  yards  asunder,  I  meas-  I 
ured  in  a  direct  line  from  the  object  I 
O  100  yards,  viz.  AC  and  BD  each  | 
e^ual  to  100  yards ;  also  the  diago-  I 

nal  AD  measured  550  yards,  and  the  diagonal  BC  560.     What 

then  was  the  distance  of  the  object  O  from  each  station  A  and  B! 

Ans.  AO  =  636.25 ;  BO  =  500.09. 

J  55.  Il  is  proposed  to  divide. the  beam. of  a  steel-yard,  or 
lo  find  the  points  of  division  where  the  weights  of  1,  2,  3, 
4,  &c.  lb.,  on  the  one  side,  will  just  balance  a  Constant 
weight  of  96  lb.  at  the  distance  of  2  inches  on  the  other 
side  of  the  fulcrum;  tbe 
!!!!!!.'!"'■'"?"'!'!  ".  "^Ight  of  the  beam  being 
"'''■''''''''■'  1'  101b.  and  its  whole  length 
-j^  L   33  inches. 

U  ^        Ana.  30, 15, 10, 7^,  6,  5, 

4^,  3|,  3J,  3,  2A.  2i,  &c. 

56.  What  weight  hung  on  at  70  inches  from  the  centre  of  mo- 
tion of  a  steel-yard,  will  Glance  a  small  gun  of  9J  cwt.  freely  sus- 
pended at  2  inches  distam:e  from  the  said  centre  on  the  contraify 
aide?    Ans.SOglbs. 

57.  To  find  the  thickness  of  an  up- 
right rectangular  wall,  necessary  to  sup- 

?ort  a  body  of  water  ;  the  water  being 
0  feet  deep,  and  the  wall  12  feet  high  ; 
also  the  specific  gravity  of  the  wall  to 
that  of  the  water  as  11  to  7. 

Ans.  4.204374  feet. 

B  G  f  D 

68.  Given  AB  =  21i  feet, 

I  CD  =  17i  feet,  CI  =  2* 

I  feet,  i  ^  4|  feet.    Required 

^  the  weight  of  the  pontoon 

and  its  load,  when  it  is  immersed  to  the  depth  CL,  of  IJ  feet. 

69.    Let  the  weight  of  such  a  pontoon  to  be  900  lbs.,  what  is  the 
greatest  weight  it  will  carry  ?-Ans.  82873  lbs.nely  Ans.  120I4^^|be. 
60.    Suppose  the  weight  of  the  above  pontoon  and  its  load  to  b« 
6000 lbs.  how  deep  will  it  sink  in  water  ?    Ana.  13.064  inches. 
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61.  Find  the  quantity  of  |)ressure  against  a  dam  o|f  sluice, 
across  a  eanal,  which  is  20  feet  wide  at  top,  14  at  bottom,  and  8 
feet  depth  of  water.  Ans.  1^.28292  tons. 

62.  If  R  and  r  be  the  radii  of  two  spheres  inscribed  in  a  cone, 
so  that  the  greater  may  touch  the  less,  and  also  the  base  of  the 

cone ;  demonstrate  that  the  capacity  of  the  cone  is  =  -^ — == r- 

^      ^  3r(R — r) 

63.^  Let  ABC,  fig.  50,  be  the  profile,  or  perpendicular  section 

of  a  breast- work,  and  EP  that  of  the  ditch.     Now,  suppose  the 

area  of  the  section  ABC  is  88  feet,  the  depth  of  the  ditch  RD  6 

feet,  ER  =  SO  ==  3  feet ;  what  is  the  breadth  of  the  ditch  at 

top  when  the  sections  of  the  ditch  and  the  breast-work  are  equal ; 

that  is,  when  the  earth  thrown  out  of  the  ditch  is  sufficient  to 

make  the  breast-work  ?  See  appendix  for  Ans.  to  the  six  following. 

64.  And  what  must  be  the  breadth  of  the  ditch  at  top,  the  depth 
and  width  at  bottom  remaining  the  same,  when  the  profile  of  the 
breast-work  remains  the  same,  and  the  earth,  in  consequence  of 
removal,  occupies  ^^th  more  space  than  it  did  before  it  Was  taken 
out  of  the  ditch  ?     See  figure  54,  Index. 

65.  The  four  sides  of  a  trapezium  are  6},  15f ,  12,  and  9  respec- 
tirely.  The  first  two  of  these  sides  make  a  right  angle.  Required 
the  area  of  the  quadrilateral.  Also,  when  the  same  four  sides  form 
a  quadrilateral  inscriptible  in  a  circle,  find  its  area,  angles,  and 
diagonals.     See  figure  ^, 

66.  Find  t,be  ratio  of  the  surfaces  of  the  torrid  zone,  the  two  tem- 
perate, and  the  two  frigid  zones,  of  the  earth;  supposing  the  two 
tropics  to  be  23^  28'  from  the  equator,  and  the  two  polar  circles  to 

*be  23^  28'  from  their  respective  poles. 

67.  A  cone,  whose  altitude  is  63,  and  diameter  of  base  32,  is  to 
be  cut,  by  sections  parallel  to  the  base,  into  four  portions  of  equal 
curve  surface :  required  the  respective  distances  from  the  vertex, 
measured  on  the  slant  side,  at  wjiich  the  sections  are  to  be  made. 

68.  If  the  line  EFB  be  drawn  from  the  angle  E,  perpendiculsir 
to  the  diagonal  AD  of  a  right-    a.       B  >6^  R  F  C 
angled  triangle  parallelogram, 
and  BF,  FD,  are  given,  find 
the  sides  of  the  parallelogram. 

Let  AF  =  a;,  EF  =  y,  BF 
£=  h^  DF  =s=  c.  The  triangles 
AFB,  AFE,  and  DFE  are  sim- 

?=FE 

0 


ilaiy 


\x\\x 


y,  and  i  :  a: : :  y  or  -r- :  c ;  whence  —  =  ic,  and  a:^  =  **c,  and 
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X  «=  Ji/{lfc) ;  then  AE  «=  V(«"  +  ^h  and  ED  =  ^{(? + f). 

69.  There  are  2  circles,  BDA  and  BFC,  touching  in  B,  and  if 
DE  be  perpendicular  to  BA  at  the  centre  £,  then  there  is  given 
AC  and  DF,  to  find  the  diameters.     See  Index,  Fig.  63. 

Let  radius  BE  =  a;,  DF  «s  b,  C  A  a=  a,  then  FE  ss  a;  —  3,  EG 
=  a:  — a,  then  (FF)*=  BF  X  EC,  (case  4,  17 ;)  .-.  a^  —  2bx  + 

i^ssssa^ —  ax,  and  2bx  —  aa;  =  i^  and  x  =  ^ ;  whence  BC 

^2x—a.  ^-^  ^ 

68.  Seven  men  bought  a  grinding-stone  of  60  inches  diameter, 
each  paying  j  part  of  the  expense ;  what  part  of  the  diameter  must 
each  grind  down  for  his  share  ?Ans.  the  1st,  4.4508, 2d,  4.8400,  3d, 
5.3535. 4th,  6.0765,5  th,7.2079,  6th,  9.3935,  7th,  22.6776  inches. 

69  What  dollars  principal,  being  put  out  at  its  equal  value  per 
cent,  at  simple  interest,  for  an  equal  number  of  years,  will  raise  an 
interest  equal  to  half  the  principal  ? 

Let  $100  principal  =  a,  and  for  the  required  principal,  &c.  put 
X ;  then  a  :  x  i:  x  :  a?-ra,  the  interest  for  one  year,  and  as  1 
(year)  is  to  x  (years)  so  is  a^  -f-  a  to  a;^  -r  a,  the  interest  for  x  years, 
.'.  per  i^uestion,  2?  -h  a=s^a: ;  redjuced,  a:  ==  >^Ja==  $7.07106.  Ans. 

Skomng  the  Sum  to  which  $1  Prificipal  tmll  increase  at  Com* 
pound  Interest  in  any  number  of  Years  not  exceeding  21. 
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1 

.2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

118 

19 

20 

21 


1.0300 
1.0609 
1.0927 
1.1255 
1.1593 
1.1948 
1.2299 
1.2668 
1.3048 
1.3439 
1.3842 
1.4268 
1.4685 
1.5126 
1.5580 
1.6047 
1.6528 
1.7024 
1.7535 
1.8061 
1.8603 


1.0350 
1.0712 
1.1087 
1.1475 
1.1877! 
1.2293 
1.2723 
1.3168 
1.3629 
1.4106 
1.4600 

i;5iii 

1.5640 
1.6187 
1.6753 
1.7340 
1.7947 
11.8575 
1.9225 
1.982'8 
2.0594 


1.0400 
1.0816 
1.1249 
1.1699 
1.2167 
1.2653 
1.3159 
1.3686 
1.4233 
1.4802 
1.5895 
1.6010 
1.665? 
1.7317 
1.8009 
1.8730 
1.9479 


1.0450 
1.0920 
1.1412 
1.1925 
1.2462 
1.3023 
1.3609 
1.4221 
1.4861 
l.e5530 
,1.6229 
1.69S9 
1.7722 
1.8619 
1.9353 
2.0224 
2.1134 


I&.0258 12.2085 


2.1068 
2.1911 
2.2788 


1.0500 
1.1025 
1.1576 
1.2155 
1.2763 
]  .3401 
1.4071 
1.4775 
1.5513 
1.6289 
1.7103 
1.7959 
1.8856 
1.9799 
2.0789 
2.1829 
2.2920 


1.06=R 

1.1236=R2 

1.19'1016=E3 

1.26247696 

1.3382255776 

1.4185191122 

1.5036302590 

1.5938480745 

1.6894789590 

1.790847.6965 

1.8982985583 

2.0121964718 

2.1329282601 

2.2609039557 

2.3965581931 

2.5403516847 

2.6927727857 


2.4066  2.854339  J529 


2.3079  2.5270 
2.4117  2.6533 
2.620212.786013.39956136005 


3.025599502113 
3.2071354722 


1.07000 
1.14490 
1.22504 
1.31079 
1.4C255 
1.50073 
1,60578 
1.71818 
1.83846 
1.96715 
2.10485 
2.25219 
2.40984 
2.57853 
2.75903 
2.95216 
3.15891 
3.37993 
.61652 
3.86968 
4.140501 
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A  TABLE  exhibiting  the  period  in  which  the  Populatitm  of  a 
Country  has  a  tendency  to  double  itself  from'an  estimate  of  its 
increase  per  cent,  taken  at  the  end  of  every  ten  years. 


Per  centage 
Increase  n 
tea  yeara. 

Nume.  value  of 
ay(Loy.(100+7r) 

Per.  of  doubI'» 
L;.3.or  3010300 

+  71)— a( 

Per  centage 

Increase 
in  ten  yean. 

Nume.  vjJue  of 

ay(Lof.(100+7l) 

Pe.  of  doubl. 
I.8,or3010900 

+  70  -S 

71=1.0 
1.5 
2.0 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 

,00043214 
,00064660 
,00086002 
,00107239 
,0012a372 
,00149403 
,00170333 
,00191163 
,0021 1893 

696.60 
465.55 
350.02 
280.70 
234.49 
201.48 
176.73 
157.47 
142.06 

n  —  20.0 

,00791812 

38.01 

37.17 
36.36 
35.59 
34.85 
34.15 
33.48 
32.83 
32.22 
31.63 
31.06 

20.5 
21.0 
21.5 
22.0 
22.5 
23.0 
23.5 
24.0 
24.5 
25.0 

,00809870 
,00827854 
,00845763 
,00863598 
,00881361 
,00899051 
,00916670 
,00934217 
,00951694 
,00919100 

5.5 

6.0 
2  6.5 
g  7.0 
>*  7.5 
g  8.0 
^  8.5 
°  9.0 

S  10.0 

-^,00232525 

^  ,00253059 

,00273496 

e  ,00293a38 
+,00314085 
§  ,00334238 
'^.  ,00354297 

g^,00374265 
!r'.,003d4141 
^,00413927 

129.46 

118.95 

110.06 

102.44 

Sr9e5.84 

90.06 

T84.96 

480.43 

§  76.37 

::172.72 

•  • 

25.5 
26.0 
.      26.5 
27.0 
27.5 
28.0 
28.5 
29.0 
29.5 
30.0 

,00986437 
,01003705 
,01020905 
,  ,01038037 
,01055102 
,01072100 
,01089031 
,01105897 
,01122698 
,01139434 

30.51 
29.99 
29.48 
28.99 
28.53 
28.07 
27.64 
27.22 
26.81 
26.41 

.5  10.5 

B    11.5 

g  12.0 

I    12.5 

/£  13.0 

13.5 

14.0 

14.5 

15.0 

^  ,00433623 

a>  ,00453230 

•1 ,00472749 

>  ,00492180 

^  ,0051 1525 

•g  ,00530784 

B  ,00549959 

j5  ,00569049 

,00588055 

,00606978 

Izl69.42 
-^66.41 
o  63.67 
§61.16 
g  58.84 
^56.71 
o  54.73 
^  52.90 
•^51.19 
b^49.59 

30.5 
31.0 
31.5 
32.0 
32.5 
33.0 
33.5 
34.0 
34.5 
35.0 

,01156105 
,01172713 
,01189258 
,01205739 
,01222159 
,01238516 
,01254813 
,01271048 
,01287223 
,01303338 

26.03 
25.67 
25.31 
24.96 
24.63 
24.30 
23.99 
23.68 
23.38 
23.09 

15.5 

16.0 
16.5 
17.0 
17.5 
18.0 
18.5 
19.0 
19.5 

,00625820 
,00644580 
,00663259 
,00681859 
,00700379 
,00718820 
,00737184 
,00755470 
,00773679 

248.10 
%  46.70 
245.38 
°  44.14 
242.98 
G  41.87 
i^  40.83 
•c  39.84 
f£  38.91 

35.5 
^  36.0 
36.5 
37.0 
37.5 
38.0 
38.5 

,01319393 
,01335389 
,01351327 
,01367206 
,01383027 
;01398791 
,01414498 

22.81 
22.54 
22.27 
22.01 
21.76 
21.52 
21.28 

0?4 
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7rs=39.0 

,01430148 

21.04 

7ra45 

,01613680 

18.65 

39.5 

,01445742 

20.82 

46 

,01643529 

18.31 

40.0 

,01^1820, 

20.59 

47 

,01673173 

17.99 

41. 

,01492191 

20.17 

48 

,01702617 

17.68 

42 

,01522883 

19.76 

49 

,01731863 

17.38 

43 

,01553360 

19.37' 

50 

,01760913 

17.09 

44 

,01583625 

19.00 

r 

A  TABLE  of  Reciprocals,  Squares,  Cubes,  and  Roots, 

\  Num.  I  Reciprocal.  |  Square.  |     Cube,    j      Square  Root.      |  Cube  Root.  | 


1 

1 

1 

1 

1.0000000000 

1.000000 

2 

5 

4 

8 

1.4142135624 

1.259921 

3 

3333333 

9 

27 

1.7320508076 

1.442250 

4 

25 

16 

64 

2.0000000000 

1.587401 

5 

2 

25 

125 

2.2360679775 

1.709976 

6 

1660666 

36 

216 

2.4494897428 

1.817121 

7 

1428571 

49 

343 

2.6457513111 

1.912933 

8 

125 

64 

512 

2.8284271247 

2.000000 

9 

1111111 

81 

729 

3.0000000000 

2.080084 

10 

1 

100 

1000 

3.1622776602 

2.154435 

11 

0909090 

121 

1331 

3.3166247904 

2.223980 

12 

0833333 

144 

1728 

3.4641016151 

2.289428 

13 

0769230 

169 

2197 

3.6055512755 

2,351335 

14 

0714285 

196 

'2744 

3.7416573868 

2.410142 

15 

0666666 

225 

3375 

3.8729833462 

2.466212 

16 

0625 

256 

4096 

4.0000000000 

2.519842 

17 

0588235 

289 

4913 

4.1231056256 

2.571282 

18 

0555555 

324 

5832 

4.2426406871 

2.620741 

19 

0526316 

361 

6859 

4.3588989435 

2.668402 

20 

05 

400 

8000 

4.4721359550 

2.714418 

21 

0476190 

441 

9261 

4.5825756950 

2.758923 

22 

0454545 

484 

10648 

4.6904157598 

2.802039 

23 

0434783 

529 

12167 

4.7958315233 

2.843867 

24 

0416666 

576 

13824 

4.8989794856 

2  884499 

25 

04- 

625 

15625 

5.0000000000 

2.924018 

26 

0384615 

676 

17576 

5.0990195136 

2.962496 

27 

0370370 

729 

19683 

5.1961524227 

3.000000 

28 

0357143 

784 

21952 

5.2915026221 ' 

3.036589 

29 

0344828 

841 

24389 

5.3851648071 

3.072317 

30 

0333333 

900 

27000 

5.4772255751 

3.107232 

31 

0322581 

961 

29791 

5.5677643628 

3.141381 

32 

03125 

1024 

3276S 

5.6568542495 

3.174802 

33 

0303030 

1089 

35937 

5.7445626465 

3.207534 

34 

0294118 

1156 

39304 

5.8309518948 

3.239612 
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Present  Value  of  $1  for  21  years^  discounting  at  Comp.  htterest. 


|Yrs.|  at  3  per  ct.  |   3i  per  ct.  |  4  per  ct.  |  4i  per  ct.  |    5  per  ct.    |  6  per  ct. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 


.9708738 
.9425959 
.9151417 
.8884870 
.8626088 
.8374843 
.8130915 
.7894092 
.7664167 
.7440939 
.7224213 
.7013799 
.6809513 
.6611178 
.6418619 
.6231669 
.6050164 
.5873946 
.5702860 
.5536758 


.9061836 
.9335107 
.9019427 
.8714422 
.8419732 
.8135006 
.7859910 
.7594116 
.7337310 
.7089188 
.6849457 
.6617833 
.6391041 
.6177818 
.5968906 
.5767059 
.5572038 
.5383611 
.5201557 
.5025659 


.5375493  .5855709 


.9615385 
.9245562 
.8889964 
.8548042 
.8219271 
.7903145 
.7599178 
.7306902 
.7025867 
.6755642 
.6495809 
.6245971 
.6005741 
.5774751 
.5552645 
.5339082 
.5133733 
.4936281 
.4746424 
.4566870 
.4388336 


.9569378 
.9157299 
.8762966 
.8385613 
.8024511 
.7678957 
.7348285 
.7031851 
.6729044 
.6439277 
.6161988 
.5896639 
.5642716 
.5399729 
.5167204 
.4944693 
.4731764 
.4528004 
.4433018 
.4146429 
.3967874 


.95238091 .94a396 
.9070295  .889996 


.8638376 
.8227025 
.7835262 
.7462154 
.7106813 
.6768394 
.6446089 
.6139133 
.5846793 
.5568374 
.5303214 
.5050679 
.4810171 
.4581115 
.4362967 
.4155207 
.3957340 
.3768895 
.3589424 


.839619 
.792094 
.747258 
.704961 
.665057 
.627412 
.591898 
.558395 
.526788 
.496969 
.468839 
.442301 
.417265 
.393646 
.371364 
.350344 
.330513 
.311805 
.294155 


Amount  of9\  Annuity  for  21  years^  calculated  at  Comp.  Interest. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


1.0000000 

2.0300000 

3.0909000 

4.1836270 

5.3091358 

6.4684099 

7.6624622 

8.8923361 

10.1591061 

11.4638793 

12.8077957 

14.1920296 

15.6177905 

17.0863242 

18.5989139 

20.1568813 

21.7615877 


23.414435424.49969 


J. 00000 

2.03500 

3.10623 

4.21494 

5.36247 

6.55015 

7.77941 

9.05169 

10.36880 

11.73139 

13.14199 

1460196 

16.113Q3 

17.67699 


1.00000 

2-04000 

3.12160 

4.24646 

5.41632 

6.63298 

7.89829 

9.21423 

10.58280 

12.00611 

13.48635 

15.02581 

16.62684 

18.29191 


19.2956820.02359 


22.7050223.69751 


25.64541 


25.116868426.35718,27.67123 


26.8703745  28.2796829.77808  31.37142  33.06595 


21198.6764857  dOJ0l6947i31.969SK)  33.78314  35.71925139.992787 


1. 

2.04500 

3.13703 

4.27819 

5.47071 

6.71689 

8.01915 

9.38001 

10.80211 

12.28821 

13.84118 

15.46403 

17.15991 

18.93211 


20.97103  21.82453  22.71934  23.65749 


24.74171 


1. 

2.05000 

3.15250 

4.31013 

5.52563 

6.80191 

8.14204 

9.54911 

11.02656 

12.57789 

14.20679 

15.91713 

17.71298 

19.59863 


20.7840521.57856 


25.84037 


1.000000 

2.060000 

3.183600 

*  4.374616 

5.637092 

6.975316 

8.393838 

9.897468 

11.491319 

13.180793 

14.791643 

16.869941 

18.882138 

21.015066 

23.275970 

25.672528 

28,212880 


26.85508  28. 13238  30.905658 


29.0635630.53900 


33.759892 
36.785591 
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A  TABLE  of  the  present  worth  of  81  annuity  for  21  years. 

|Yn|   3  per  ct.    |  3i  per  ct.   |    4  per  ct.    |    4*  per  Cl.  |    5  per  et.    |  6  per  ct.  | 

1    no7n»7/i  nQfiAi»d  nuAi.^oo  nQ.^Q!^  no/sof^i    (\CkR9Ai 


1 
2 
3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 


0.970874 

1.913470 

2.828611 

3.717098 

4.579707 

5.417191 

6.230283 

7.019692 

7.786109 

8.530203 

9.252624 

9.954004 

10.634955 

11.296073 

11.937935 

12.561102 

13.166119 

13.753513 

14.323799 

14.877475 

15.415024 


0.966184 

1.899694 

2.801637 

3.673079 

4.515052 

5.328553 

6.114544 

6.873956 

7.607687 

8i)16605 

9.001551 

9.663334 

10.302739 

10.920520 

11.517411 

12.094U7 

12.651321 

13.189iB82 

13.709837 

14.212403 

14.697974 


0.961539 

1.886095 

2.775091 

3.629895 

4.451822 

5.242137 

6.002055 

6.732745 

7.435332 

8.110896 

8.760477 

9.385074 

9.985647 

10.563122 

11.118387 

11.652296 

12.165669 

12.659297 

13.133939 

13.590326 

14.029160 


0.956938   0.952381 


1.872668 

2.748964 

3.587526 

4.389977 

5.157873 

5.892701 

6.595886 

7.268791 

7.912718 

8.528917 

9.118581 

9.682852 

10.222825 

10.739546 

11.234015 

11.707191 

12.159992 

12r593294 

13.007937 

13.404724 


1.859410 

2.723248 

3.545951 

4.329477 

5.075692 

5.786373 

6.463213 

7.107822 

7.721735 

8.306414 

8.863252 

9.393573 

9.898641 

10.379658 

10.837770 

11.274066 

11.689587 

12.085321 

12.462210 

12.821153 


0.9524 

1.8334 

2.6730 

3.4651 

4.2124 

4.9173 

5.5824 

6.209S 

6.8017 

7.3601 

7.8869 

8.38381 

8.8527 

9.2950 

9.7123 

10.1059 

10.4773 

10.8276 

11.1581 

11.4699 

11.7641 


A  TABLE  of  the  amouiU  of  which  $1  will  purchase  for  21  years. 


1 1.0300000 

2  .5226108 

3  .3535304 

4  .2690271 

5  .2183546 

6  .1845975 

7  .1605064 

8  .1424564 

9  .1284339 

10  .1172305 

11  .1080775 

12  .1004621 

13  .0940295 

14  .0885263 

15  .08(i7666 

16  .0796109 

17  .0759535 

18  .0727087 

19  .0698139 

20  .06721^7 

21  .0648718 


1.0350000 
1.5264005 
.3569342 
.2722511 
.3214814 
..1876682 
.1635445 
.1454767 
.1314460 
.1202414 
.1110920 
.1034840 
.0970616 
.0915707 
.0868251 
.0826848 
.0790431 
.0758168 
.0729403 
.0703611 
.0680366 


1.04000001  1.045000 
.5301961  .5339976 
.3603485 


.2754901 

.2246271 

.1907619 

.1666096 

.1485278 

J344930 

.1232909 

.1141490 

.1065522 

.1001437 

,0946690 

.0899411 

.0858200 

.0821985 

.0789933 

.0761386 

.07358181 

.0712801 


.3637734 
.2787437 
.2277916 
.1938784 
.1697015 
.1516097 
.1375745 
.1263788 
.1172482 
.1096662 
.10q^7e54 
.0978803 
.0931138 
.0890154 
.0854176 
.0822369 
.0794073 
.0768761 
.0746006 


1.0500000 
.5378049 
.3672086 
.2820118 
.2309748 
.1970175 
.1728198 
.1547218 
.1406901 
,1295046 
.1203889 
.1128254 
.1064558 
.1010240 
.0963423 
.0922699 
.0886991 
.0855462 
.0827450 
.0802426 
.0779961 


1.06000 
.54543 
.37411 
.28859 
.23739 
.20336 
.17913 
.16103 
.14702 
.13586 
.12079 
.11927 
.11296 
.10758 
.10299 
.09895 
•09544 
.09235 
.08962 
.08718 
.08500 
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n        The  Analysis  and  Construction  of  Geometrical  Problems. 

Geometrical  Analysis  is  the  way  by  which  we  proceed  from 
the  qtassitum,  or  thing  demanded,  granted  for  the  moment  to  be 
known,  till  we  have  connected  it  by  a  series  of  consequences  with 
something  anteriorly  known,  or  ^placed  it  among  the  number  of 
principles  known  to  be  true. 

Analysis  may  be  distinguished  into  two  kinds.  In  the  one,  which 
was  named  by  Pappus  contemplative,  it  is  proposed  to  ascertain  the 
truth  or  the  falsehood  of  a  proposition  advanced  as  a  theorem ;  the 
other  is  referred  to  the  solution  of  problems,  or  to  the  investigation 
of  unknown  relations.  In  the  analysis  of  a  theorem  we  assume  as 
true,  or  as  previously  existing,  the  subject  of  the  proposition  advanced, 
and  proceed  by  the  consequences  oi  the  hypothesis  to  something 
known  to  be  either  true  or  false ;  and  if  the  result  be  thus  found 
true,  the  proposition  advanced  is  likewise  true-^if  false,  false.  The 
direct  demonstration  is  afterwards  formed,  by  taking  up  again,  in 
an  inverted  order,  the  several  parts  of  the  analysis..  When  a  prob* 
lent  is  under  consideration,  we  first  Suppose  it  resolved,  and  then 
pursue  the  conseauences  thence  derived  till  we  come  to  something 
known.  If  the  ultimate  result  thus  obtained  be  comprised  in  what 
geometers  cadi  data,  (that  is,  such  data  as  are  consistent,)  the  ques- 
tion proposed  may  be  resolved ;  the  construction  is  also  constituted 
by  takjng  the  parts  of  the  analysis  in  an  inverted  order.  If  tUe  last 
result  of  the  analysis  involve  any  impossibility  or  contradiction 
to  pre-established  conclusions,  it  will  prove  evidently,  in  this  case 
as  well  as  in  the  former,  that  the  thingf  proposed  is  impossible. 

In  illustration  of  these  remarks,  the  lollowing  examples  are  given. 

1.  It  is  required  to  draw,  in  a  given  segment  of  a  circle,  from 
the  extremes  of  the  base  A  and  B,  two  lines,  AC,  BC,  meeting  at 
a  point  C  in  the  circumference,  such  that  they  shall  have  to  each 
otner  a  given  ratio,  viz.  that  of  M  to  N. 

Analysis.     Suppose  that  the  thing  is  effected, 
that  is  to  say,  that  AC  :  CB  : :  M  :  N,  and  let 
the  base  AB  of  the  segment  be  cut  in  the  same 
ratio  in  the  point  E.     Then  EC,  being  drawn, 
will  bisect  the  angle  ACB  (by  th.  83,  Geom*); 
consequently,  if  the  circle  bfe  completed,  and  CE 
be  produced  to  meet  it  in  F,  the  remaining  cir- 
cumference will  also  be  bisected  in  F,  or  have  F 
FA  sBs  FB,  because  those  arcs  are  the  double  measures  of  equal 
mngles :  therefore  the  point  F,  as  well  as  £,  being  given,  the  point 
C  is  al^o  given. 

Co?ist}fiction.    Let  the  given  base  of  the.  segment  AB  be  cut  in 
49  73^ 
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the  point  E  in  the  assigned  ratio  of  M  to  N,  and  compete  the  ci^ 
^  cle :  bisect  the  remaining  circumference  in  F ;  join  F£,  and  wh 
duce  it  till  it  meet  the  circumference  in  C;  then  drawing  CA,  CBs 
the  thing  is  done. 

Demonstration,  Since  the  arc  FA  aae  the  arc  -FB,  the  angle 
ACF  =:  angle  BCF  by  theor.  49,  Geom. ;  therefore  AC  :  CB  : : 
AE  :  EB,  by  theor.  S3.  But  AE  :  EB  : :  M  :  N,  by  construction; 
therefore  AC  :  CB  : :  M  :  N. 

2.  From  a  given  circle  to  cut  off  an  arc  such  that  the  slim  of 
fn  times  the  sine,  and  n  times  the  versed  sine^  may  be  equal  to  a 
given  line. 

Anal.  Suppoise  it  done,  and  that  AEE'B  is  the  P 
^ven  circle,  jBE'E  the  required  arc,  ED  its  sine, 
'  BD  its  versed  sine ;  in  DA  (produced  if  necessary) 
take  BP  an  nth  part  of  the  given  sum ;  join  P£,  A 
and  produce  it  to  meet  BF  J_  to  AB,  or  II  to  ED,  in  D 
the  point  F.  Then,  since  in«£D  4-  n.BD  ^ae 
n.Br:sn.PD  -f  n.BD;  consequently  m . ED  = 
«.PD;  hence  PD  :  ED  : :  ^  :  n.  But  PD  :  ED  J  J  *. 
(by  sim.  tria.)  PB  :  BF ;  therefore  PB  :  BF  :  2  m 
:  n.  Now  PB  is  given,  therefore  BF  is  given  in 
magnitude,  and  being  at  right  angles  to  PB,  is  also 
given  in  position;  therefore  the  point  F  is  given^  and  consequently 
PF  given  in  position ;  and  therefore  the  point  E,  its  intersection 
with  the  circumference  of  the  circle  AEE'b,  or  the  arc  BE  is  given. 
Hence  the  following — 

Constr.  From  B,  the  extremity  of  any  diameter  AB  of  the  given 
circle,  draw  BM  at  right  angles  to  AB^  in  AB  (produced  if  neces- 
sary) take  BP  an,  nth  part  of  the  given  sum;  and  on  BM  take 
BF  so  that  BF  :  BP  it  n  \  m.  Join  PF,  meeting  the  circumference 
of  the  circle  in  E  and  E',  and  BE  or  BE'  is  the  arc  required. 

Demon,  From  the  points  E  and  E'  draw  ED  and  E'D'  at  right 
angles  to  AB.  Then,  since  BF  :  BP  : :  n  :  nt,  and  (by  sim.  tria.) 
BF  :  BP  J  j  DE  :  BP ;  therefore  DE  :  DP  : :  n  :  m.  Hence 
m.DEsn.DP;  add  to  each  n.BD,  then  will  i».DE  -f  n.  BDs 
n*  BD -f^  ?i .  DP  s=  n .  PB,  or  the  given  sum. 

S.  In  a  given  triangle .  ABH,  to  inscribe  another  triangle  ahc, 
.i^iniilar  to  a  given  one,  having  one  of  its  sides  parallel  to  a  line 
fnBn  given  by  position,  and  the  angular  points  a,  3,  c,  situate  in 
the  sides  AB,  BH,  AH,  of  the  triangle  A!BH  respectively. 

Afial.  Suppose  the  thing  done,  and  that 
abc  is  inscribed  as  required.  Through  any 
point  C  in  BH  draw  CD  parallel  to  nzBn,  or 
to  abt  and  cutting  AB  in  D ;  draw  CE  parallel 
to  be,  and  DE  to  ac,  intersecting  pach  other 
in  E.     The  triangles  DEC,  acb^  are  similar, 
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and  IK;  :  a&  : :  CE  ;  ^ ;  also  BDC,  B«5,  are  similar,  and  DC  : 
ah  ::  BC  :  B5.    Therefore,  BO  :  C£  : :  B3  :  ^c ;  and  they  are 
aiboat  equal  angles,  consequently  B,  E,  e,  are  in  a  right  line. 

Canstr.  From  any  point  C  in  BH,  draw  (5D  parallel  to  nm ;  on 
CD  constitute  a  triang^  ODE  similar  to  the  given  one ;  anifthrough 
its  angle  E  draw  BE;  which  produce  till  it  cuts  AH  in  c ;  throuffh 
c  draw  ca  parallel  to  ED,  and  eb  parallel  to  EC ;  join  ab^  then  ^ 
is  the  triangle  required,  having  its  side  ab  parallel  to  mn,  and  heing 
similar  to  the  given  triangle. 

DeTfion,  For,  because  of  the  parallel  lines  oc,  DE,  and  cb,  EQ^ 
the  quadrilaterals  BDEC  and  Bacb,  are  similar ;  and  therefore  the 
proportional  lines  DC,  aby  cutting  off  equal  angles  6DC,  Bo^; 
BCD,  Bba;  must  make  the  angles  EDC,ECD,  respectively,  equal 
to  the  angles  cab,  cba ;  while  ab  is  parallel  to  DC,  which  i^  parallel 
to  mBn,  by  construction. 

4.  Given  in  a  plane  triangle,  the  vertical  angle,  the  perpendicular, 
and  the  rectangle  of  the  segments  of  the  base,  made  by  that  perpeiiT 
dicular ;  to  construct  the  triangle. 

Anal.  Suppose  ABQ  the  triangle  required,  BD 
the  given  perpendicular  to  the  base  AC,  produce 
it  to  meet  the  periphery  of  the  circumscribing  cir- 
cle ABCH,  whose  centre  is  O,  in  H ;  then,  by  th. 
61,  Geom.  the  rectangle  BD.DHs=  AD.DC,  the  a\ 
given  rectangle ;  hence,  since  BD  is  given,  DH 
and  BH  are  given ;  therefore  BI  =  HI  is  given  ; 
as  also  ID  ss  OE  ;  and  the  ^ngle  EOC  is  =  ABC  the  given  one, 
because  EOC  is  measured  by  the  arc  KC,  and  ABC  by  half  the 
arc  AKC  or  by  KC.  Consequently  EC  and  AC  =e  2EQ  f^re  givei^, 
Whence  this 

Constr,   Find  DH  such  that  DB*.  DH  =  the  given  rectangle,  or 

findDH= — =!=r — ;  then  on  any  right  line  GF  take  FE=sthe 

given  perpendicular,  and  EG  =  DH ;  bisect  FG  in  0,  and  make 
EOC  =  the  given  vertical  angle;  then  will  OC  cut  JEJC,  drawn 
perpendicular  to  OE,  in  C.  With  centre  0  and  radius  OC,  describe 
a  circle,  cutting  CE  produced  in  A ;  through  F  parallel  to  AC 
draw  FB,  to  cut  the  circle  in  B ;  join  AB,  CB,  and  ABC  is  the 
triangle  required. 

Remark,  In  a  similar  manner  we  may  proceed,  when  it  is 
required  to  divide  a  given  angle  into  two  parts,  the  rectangle  of 
whq^e  tangents  may  be  of  a  given  magnitude.  See  prob.  40, 
Simpson's  Select  Exercises. 

5.  From  the  extremities  B  ^nd  C  of  the  base  of  a  given  segment 
of  a  circle  BAC^  it  is  required  to  draw  two  lines  BA,  CA,  meetinsf 
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at  a  point  A  in  the  circomference,  to  that  thev  shall  have  a  giviB 
ratio  to  each  other ;  as,  for  instance,  that  of  £  to  F, 

Anal.  Suppose  the  thinfi^  done,  or 
that  the  point  A  is  fbund :  (that  is,  such 
as  to  lender  AC  :  A6  : :  F  :  £)  and 
let  BD  be  drawn,  making  the  angle 
CBD  equal  to  CAB,  and  meeting  CA 
produced  in  D. 

Then  the  angle  C  being  common  to 
.  the  two  triangles  CfiA,  CBD,  and  the 
angles  CAB,  CBD,  beine:  equal,  they  are  equiangular ;  and  cod- 
sequently  AC  :  AB  : :  CB  :  CD.     Whence  CB  being  given,  BD 
is  also  given  in  position  and  magnitude. 

Constr,    Draw  BB,  making  the  angle  CBD  equal  to  that  which 
is  contained  in  the  given  segment  CAD,  and  CB  to  BD  in  the 
given  ratio  of  F  to  £.     Join  CD,  cutting  the  segment  in  A ;  and 
draw  BA,  AC.     These  are  the  lines  required. 
.  Demon.    The  triangles  CBA,  CBD,  being  equiangular,  AC  : 
AB  : :  CB  :  BD  : :  F  :  E,  which  is  the  given  ratio  by  construction. 

6.  From  one  angle  C  of  a  given  rhombus  ABCD,'to  draw  a  Hbc, 
siich  that  the  part  intercepted  by  the  sides  BA,  AD,  which  contain 
the  opposite  angle  A,  shall  be  of  a  given  length,  as  m* 

Anal.    Suppose  the  thing  done;  and  make 
the  /  CEG  =  /  CAF. 

Then  by  sim.  tria.  BA  :  AF  : :  CE  :  EF, 
and  CA  :  AF  : :  CE  :  EG,  whence  CA.EG  = 
AF.CE  =  BA.EF,  or  CA  :  AB  : :  EF  (=7w) 
:  EG.     And  since  £  CAF  =  /  BAC  =  £ 
CAD,  the   whole  £  GAE  =  CAF  or  CEG.  __ 

Hence  the  triangles  AGE,  CGE,  being  similar, •  ^ 

CG  :  EG  : :  EG  :  GA,  or  CG.GA  =  EG^  But  EG  is  already 
known,  being  a  fourth, proportional  to  CA,  BA,  and  m  (as  shown 
above) :  wherefore  also  the  rectangle  CG .  GA  is  known.  Whence 
arises  the  following — 

Const.  Upon  the  diameter  of  the  rhombus  CA,  describe  a  semi- 
circle, and  make  AH  perpendicular  to  AC,  and  =  to  the  fourth 
proportional  to  AC,  AB,  and  tr.  From  the  centre  of  the  circle  K, 
-  draw  KH,  cutting  the  circumference  in  L,  and  make  .KG  =?  KH; 
and  join  GL.  Then,  from  the  point  G,  apply  GE  ==  GL  ;  and 
through  C  and  E  draw  CEF,  meeting  BA  produced  in  F.  The 
line  EF  will  be  that  required. 

Demon.  Since  the  sides  KG,  KL,  of  the  triangle  KGL,  are  equal 
to  the  sides  KH,  KA,  of  the  triangle  KHA,  and  the  /  K  is  com- 
mon, we  have  2  KGL  =  ^  KAH,  and  the  side  GL  (or  GE)  == 
AH.     But  the  /  HAK  being  right  (constr.),  the  ^  KLG  is  also 
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rightf  ftiid  6L  is  ataneentto  the  circle  at  L.  Whence  C0.6A 
B.6L*ax  AH*  a  Q£>,  or  CO  :  GE  : :  OE  :  6A ;  and  therefore 
the  triangles  G6E,  AGE,  being  similar,  the  2  CEG=  /  ^AG. 
Again,  the  2^  GAF  being  equal  to  BAG  or  CAP,  the  whole  / 
EAG  a=  C AF ;  and  consequently  CEG  =  CAF.  Hence  the 
triangles  CGE,  CFA,  being  similar,  CA  :  AF  : :  CE  :  EG,  o? 
CA.EG  =  AF.CE.  Also,  since  AE,  BC,  are  parallel,  BA  J^ 
AF  ::  CE  :  EF;  orBA.EF  =  AF.CE;  whence,  also,  B A . EP 
=  CA.EG,  or  CA  :  BA  : :  EF  :  EG.  But  CA  :  BA  ::  ml 
AH  (by  constr.)  whence  EF  :  EG  : ;  m  :  AH ;  and  therefore,  EG, 
as  before  shown,  being  equal  to  AH,  EF  is  also  equal  to  m. 

Analysis  and  DeTnonstration  of  Theorems. 

Theobem  1.  The  square  of  a  line  bisecting  the  vertical  angle 
of  any  triangle,  together  with  the  rectangle  of  the  segments  of  the 
base  made  by  that  line,  is  equal  to  the  rect^Qgle  contained  under 
the  sides  of  the  triangle. 

Let  ABC  be  any  triangle,  and  BD  drawn  tq  bisect  the  vertical 
angle,  and  cut  the  base  in  D ;  then  will  BD"  -f  A]) .  DC  =  AB .  BC. 

Anal,  Suppose  the  theorem  to  be  true; 
that  is,  suppose  BD'-f-  AD .  DC  f=  AB.  BC. 
Then,  by  way  of  preparation,  or  ^construction, 
or  to  obtain  something  on  which  to  found  our 
analysis,  let  a  circle  be  described  about  the 
triangle  ABp,  and  let  BD  be  produced  to  meet 
it  in  E ;  and  join  EC. 

Then  AD.DC  =  BD.DE.  Add  BD«  to  ^  E^ 
each  of  thes^,  and  BD'  +  AD .  DC  =?  BD»  +  BD .  DE.  But  BD» 
4-SD.DE  =  EB.ED;  and  BD«  ^r  AD. DC  ==  AB.BC,  by 
hypothesis.     Hence,  also,  AB .  BC  sa^s  E  B .  BD. 

Now  this  we  shell  find  to  be  true  by  an  ele'mentary  theorem;* 
and  hence  the  theorem  which  forms  its  foundation  is  also  true. 

Demon.  Describe  a  circle  ABCE  about  the  triangle,  and  produce 
BD  to  E,  and  join  EC.  Because  the  triangles  ABD,  EBC,  are 
similar,  having  the  angles  at  A  and  E  equal,  and  likewise  the  an- 

fles  at  B,  by  hypothesis,  equal,  we  shall  have  AB  :  BD  : :  BE  : 
\C.     Therefore,  AB.BC  =  EB.BD.     But  EB.BD  =  BD"  4- 
BD .  DE,  and  BD .  DE  =s  AD .  DC.     Therefore,  finaUy,  AB .  BC 
as  8^*  + AD. DC.  4 

m         II  ■     '     ■  I        ■  ■  II  ■  I  "  I  11  ■_  II  1 1     I  II    ■  ■ I    I  I      1. 

*  For  the  triangles  ABD,  EBC,  are  similar,  having  the  angles 
at  A  and  E  equal,  and  the  angles  at  B  in  each  of  them  equal,  by 
the  hypothesis..  Hence  AB  :  BD  : :  BE  :  BC ;  that  is,  AB.BC 
osEB.BD. 

49* 
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ft*  U  one  of  tlie  angles  C,  of  a  right^ngled  tmngte  CAD»  be 
hiaected  by  a  line  CB  meeting  AD  in  B,  then*2CA'' :  C A*  ^  AF 

: :  AD :  AB. 

AtUd,   Suppose  it  true,  and  through  C  draw 
CM  perpendicular  to  CD,  meeting  DA  pro- 
duced in  M ;  then,  by  hypothesis,  2C  A' : 
CA«  —  AB«  : ;  AD  :  AB.     But  CA*  =      ' 

MA.  AD,   by    similar   triangles,   DC  A    and 

ACM ;  therefore  2M A .  AD  :  2M A .  AD  — 

AB«  ;:  AD  :  AB  ::  2MA.AD  :  2MA.AB; 

whence  2MA.AD  ^  AB*  =  2MA.AB. 

And  adding.AM*+ AB'  to  each  of  these  equals, 

we  have  DM.MA=AM*+AB*+2AM.  AB. 

Now  DM.MA  =  MC^  and  AM*  -f  AB*  +  2AM.  AB  =  MB'. 

Hence^  MC  =  MB,  and  the  angle  MBC  i=  MCB.     Therefore  the 

angle  BCA  is  equal  to  the  angle  BCD. 

Demon.  The  triangle  MBC  is  isosceles,  having  the  defects  from 
a  right  angle  of  the  angles  at  the  base  BC  equal.  Hence  MB* 
(=  MC*)  =  CA*  +  AM*.  And  taking  MA*4-  AB*  from  each 
of  their  equals,  there  remains  2MA.  AB  =  CA*  -^  AB*;  and  as 
MA.  AD  =  CA*,  we  have  2CA* :  CA*  —  AB*  : :  •2MA.  AD  : 

2MA.AB  ::  AD:  AB. 

It  will  be  perceived,  that  the  steps  of  the  analysis  and  demohstra- 
tion  are,  all  through,  the  reverse  of  each  other. 

Application  of  Algebra  to  Geometry. 

-  When  it  is  proposed  to  resolve  a  geometrical  problem  algebraic- 
ally, or  by  algebra,  it  is  proper,  in  the  first  place,  to  draw  a  figure 
that  shall  represent  the  several  parts  or  conditions  of  the  problem, 
and  to  suppose  that  figure  to  be  the  trite  one.  Then,  having  consid- 
ered attentively  th^  nature  of  the  problem,  the  figure  is  next  to  be 
prepared  for  a  solution,  if  necessary,  by  producing  or  drawing  such 
lines  in  it  as  appear  most  conducive  to  that  end.  This  done,  the 
usual  symbols  or  letters,  for  known  and  unknown  quantities,  are 
employed  to  denote  the  several  parts  of  the  figure,  both  the  known 
and  unknown  parts,  or  as  many  of  them  as  necessary,  jis  also  such 
unknown  line  or  lines  as  may  be  easiest  found,,  whether  required 
or  not.  Then  proceed  to  the  operation,  by  observing  the  relations 
that  the  several  parts  of  thft  figure  have  to  each  other  ;  from  which, 
and  the  proper  theorems  in  Nulty's  Elements  of  Geometry,  make 
out  as  many  equations  independent  of  each  other,  as  there  are  un- 
known, quantities  employed  in  them :  the  resolution  of  which  equa* 
tions,  in  the  same  manner  as  an  arithmetical  problems,  will  dete^ 
mine  the  unknown  quantities,  and  resolve  the  problem  proposed. 
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As  no  general  rule  can  be  given  for  drawing  the  lines  and  seleet- 
ing  the  fittest  quantities  to  substitute  for,  so  as  always  to  bring  out 
the  most  simple  conclusions,  because-  difierent  problems  require 
diflerent  modes  of  solution  ;  the  best  way  to  gain  experience,  is  to 
try  the  solution  of  the  same  problem  in  different  ways,  and  then 
apply  that  which  succeeds  best,  to  other  cases  of  the  same  kind, 
when  they  afterwards  occur.  The  following  particular  directions, 
however,  may  be  of  some  upe.  * 

Ist.  In  preparing  the  figure,  by  drawing  lines,  let  them  be  either 
parallel  or  perpendicular  to  o^her  lines  in  the  figure,  or  so  as  to 
form  similar  triangles.  And  if  an  angle  be  given,  it  will  be  proper 
to  let  the  perpendicular  be  opposite  to  that  angle,  .and  to  fall  from 
one  end  of  a  given  line,  if  possible. 

2d.  In  selecting  the  quantities  proper  to  substitute  for,  those  are 
to  be  chosen,  whether  required  or  not,  which  lie  nearest  the  known 
or  given  parts  of  the  figure,  and  by  means  of  which  the  next  adja-, 
cent  parts  may  be  expressed  by  addition  and  subtraction  only, 
without  using  surds. 

3d.  When  two  lines  or  quantities  are  alike  related  to  other  parts 
of  the  figure  or  problem,  the  best  way  is,  not  to  niake  use  of  either 
of  them  separately,  but  to  substitute  for  their  sum,  or  difiference,  or 
rectangle,  or  the  sum  of  their  alternate  quotients,  or  for  some  line 
or  lines,  in  the  figure,  to  which  they  have  both  the  same  relation. 

4th.  When  the  area,  or  perimeter,  of  a  figure,  is  given,  or  such 
parts  of  it  as  have  only  a  remote  relation  to  the  parts  required,  it 
is  sometimes  of  use  to  assume  another  figure  similar  to  the  proposed 
one,  having  one  side  equal  to  unity,  or  some  other  unknown  quan- 
tity. For,  hence  the  other  parts  of  the  figure  may  be  found,  by  the 
known  proportions  of  the  like  sides,  or  parts,  and  so  an  equation  he 
ohtained.  For  examples,  take  the  following  problems;  and  for 
the  principles  of  their  geometrical  construction,  pp.  577 — 682, 

Problem  1.  In  a  right-angled  triangle,  having  given  the  base  (3), 
and  the  sum  of  the  h3'potenn8e  and  perpendicular  (9),  to  find  both 
these  two  sides. 

Let  ABC  represent  the  proposed  triangle 
right-angled  at  B.  Put  the  hose  AB  ss3  ^  b^ 
and  the  sum  AC  -{-  BC  of  the  hypotenuse  and 
perpendicular:^ 9 =«;  also,  let  z  denote  the 
Bypotenuse  AC,  and  y  the  perpendicalac  BC. 

Then  by  the  qnestioDy        ...        z-\-ys=s^ 

And  by  theorem  34  -        -        -        2*a=rj^4-3^ 

By  traAsposing  jr  in  the  1st  equation  giTesarsef — «» 

This  valoe  of  a;  nilMtitoled  in  thelHgires  / — 29y+fssf^P, 

Taldng  away  3^  on  botk  f idea  leaTca  •       / — 2^*mP, 
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By  transpos.  2sy  and  ^,  gitea    •       -       i*«^^=:2fy, 

J* — ^ 
And  dividing  by  2l^ gives  -        •        •        -——saaywrnAwaJBC. 

Hence  or&ssf — yaes^ssAC.  x 

N.  B. — In  this  solution  and  some  of  the  following  ones,  the 
notation  is  made  by  using  as  many  unknown  letters,  x  and  y,  as 
there  are  ynknown  sides  of  the  triangle,  a  separate  letter  for  each: 
in  preference  to  using  only  one  unknown  letter  for  one  side,  and 
expressing  the  other  unknown  side  in  terms  of  that  letter  and  the 
given  sum  or  difierence  of  the  sides ;  though  this  latter  way  would 
render  the  solution  shorter  and  sooner ;  because  the  former  way 
gives  occasion  for  more  diversified  practice  in  reducing  equations; 
which  is  the  very  end  and  reason  for  which  these  problems  are 
given  at  all.  ' 

2.  In  a  right-angled  triangle,  having  given  the  hypotenuse  (5), 
and  the  sum  of  the  base  and  perpendicular  (7),  to  find  both  these 
two  sides. 

Let  ABC  represent  the  proposed  triangle  right-angled  at  B.    Put 
the  given  hypotenuse  AG  =  5  s=  a,  and  the  sum  AB  4*  BC  of 
the  base  and  perpendicular  =s  7  s=  5 ;  also  let  x  denote  the  base 
AB,  and  y  the  perpendicular  BC. 
Then  by  the  question  '  a;  -f-  y  =  *, 

And  by  theorem  34  a;"  -[-  y*  s=  a?j^ 

By  transposing  y  in  the  1st,  jgives       x=ss  —  y, 
By  substitu.  this  value  for  x,  gives     i*  —  2sy  -{-  2y*  s=s  a?. 
By  transposing  «*,  gives  2^  —  2sy  =ss  a*  —  /*, 

By  dividing  by  2,  gives  y'  —  «y  =  Ja'  —  J j*, 

By  completing  the,  square,  gives         y* — ^y  -f"  i**  =  i^ — i*** 
By  extracting  the  root,  gives         ^      y  —  J*  =  >^  |  Ja^—  J**  ■  i 
By  transposing  the  J*,  gives  y  =  i*  ±  //  Ho* — if 

SB  4  and  3,  the  values  of  x  and  y. 

3.  In  a  rectangle,  having  given  the  diagonal  (10),  and  the  perim- 
eter, or  sum  of  tdl  the  four  sides  (28),  to  find  each  of  the  sides  sev- 
erally. 

Let  A  BCD  be  the  proposed  rectangle ;  and 
put  the  diagonal  ACsslOsz^^,  and  half  the 
perimeter  AB  4-  BC  or  AD  -f  DC  » 14=:=  a  ; 
also  put  one  side  ABsssx,  and  the  other  side 
BC=y. 

A 

Hence,  bv  right-angled  triangles  ^-{-j^  ^d", 

And  by  the  question  a?  -|-  y  ss:  Of 


r 
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Than  by  tnoiapos.  jf  in  the  2d,  gives  2=bc — y, 

This  Tiuae  subsdttt.  in  the  Ist,  gives i^ — 2ay-^2^^iP, 


Tiansposiiig  i^,  gives 
And  dividing  by  2,  gives 
By  completing  the  square,  it  is 
And  extracting  the  root,  gives 
And  transposing  }a,  gives 


y»— ay=Jd»  — 4««, 

f  —  aif  +  itf^lie—l^, 

y=ta=tvU'-K 


=  8,  or  6,  the  values  of%  and  y. 
4.   Having  given  the  base  and  perpendicular  of  any  triangle,  to 
find  the  side  of  a  square  inscribed  in  the  same.  q 

Let  ABC  represent  the  given  triangle,  and 
EFGH  its  inscribed  square.  Put  the  base  AB 
=  by  the  perpendicular  CD  =s  a,  apd  the  side  of 
the  square  GF  or  GH  =  DI  =  :e ;  then  will  CI 
=  CD  — DI  =  a— a:.  _______ 

Then,  because  the  like  lines  in  the  similar  tri-  A      H     DEB 
angles  ABC,  GFC,  are  proportional  (by  theor. 
84,  Geom.),  AB  :  CD  : :  GE  :  CI,  that  is,  bla  ::  x:  a  —  x. 
Hence,  by  multiplying  extremes  and  means,  ab  —  bx=^axj  and  by 
transposing  bx,  gives  ab  =  ax--\-bx;  then  dividing  by  a  -f"  ^*  gives 

sssss  — r— =  GF  or  GH,  the  side  of  the  inscribed  square;  which 
a^b 

therefore  is  of  the  sahie  magnitude,  whatever  the  species  or  the 

angles  of  the'  triangle  may  be. 

6.  In  an  equilateral  triangle,  having  given  the  lengths  of  the 
three  perpendiculars,  drawn  from  a  certain  point  within,  on  the 
three  sides ;  to  determine  the  sides. 

Let  ABC  r^resent  the  equilateral  triangle,  and 
DE,  DF,  DG,  the  given  perpendiculars  from  lh6 
point  D.  Draw  the  lines  DA,  DB,  DC,  to  the 
three  angular  points ;  and  let  fall  the  perpendic- 
ular CH  on  the  base  AB. .  Put  the  three  given 
perpendiculars,  DE  =  a,  DF  =  3,  and  DG  =  c, 
and  put  a:  =  AH  or  BH,  half  the  side  of  the  equi- 
lateral triangle.  Then  is  AC  or  BC  ==22:,  and 
by  right-angled  triangles  the  perpendicular  CH  a=  ^  { AC*  —  Ari'J 

Now,  since  the  area  or  space  of  a  rectangle  is  expressed  by  the 
product  of  the  base  and  height  (cor.  2,  th.  81,  Geom.),  and  since 
a  triangle  is  equal  to  half  a  rectangle  of  equal  base  and  height  (cor. 
1)  th.  26),  it  follows,  that  the  whole  triangle  ABC  is  ss  ^AB  X  CH 
zzr^xXxAyS  =  x'A/3 

the  triangle  ABD  =  JAB  X  DG=s=a:  X  c;=car, 
the  triangle  BCD  =  |BC  X  DE  =  a:  X  a  =  ar. 
the  triangle  ACDsJAC  X  DF=a:  X  <5  =  *z, 
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But  the  three  last  triangles  make  up,  or  are  equal  to,  the  whok 
former  or  great  triangle ;  that  is,  af^J^  tsa  ax -^  hx -j- ex ;  hence, 
dividing  by  or,  gives  x^/Sssz  a^^-b-^-c,  and  dividing  by  V^>  &^^ 

xas — '^   r^   ,  half  the  side  of  the  triangle  sought. 

Also,  since  the  whole  perpendicular  CH  is  ass^r^^S,  it  is  there* 
fore  ssza'\'b-\-c.  That  is,  the  whole  perpendicular  ^CH  is Jast 
equal  to  the  sum  of  all  the  smaller  perpendiculars  DE  -f-  BF  -f* 
DG  taken  together,  wherever  the  point  D  is  situated ;  a  property 
common  to  all  regular  polygons. 

6.  In  a  right-angled  triangle,  having  given  the  base  (3),  and  the 
difference  between  the  hypotenuse  and  perpendicular  (1) ;  to  find 
both  these  two  sides. 

Put  X  for  the  hypotenuse,  b^or  the  base  (3)  of  the  triangle,  and 
d  for  the  diflference  (1)  of  the  hypotenuse  and  perpendicular.  Then, 
because  (Geom.  theorem  9)  the  hypotenuse  is  greater  than  the 
perpendicular,  x  —  dsss  the  perpendicular.  But  (Geom.  theorem 
34)  a?={x  —  d)^  +  b''=si!'  —  2dx4'd?+b\  that  is,  2dx=f4' 

2d  2  X  1  •      2 

7.  In  a  right-angled  triangle,  having  given  the  h3rpotenuse  (5)i 
and  the  difference  between  the  base  and  perpendicular  (1),  to  deter- 
mine botK  these  two  sides. 

Put  X  for  the  less  side  about  the  right  angle,  d  for  the  diflerence 
(1)  of  the  base  and  perpendicular,  also  a  for  the  hypotenuse  (5). 
Then  (Geom.  theor.  34)  a?=a?+  (a:  +  i«)'a=a;'+a?+2ia:+<P, 

s=s  2a:*  -{-  2dx  -{-  d*,  that  is,  a?-|-  ^^==  — s — '     Completing  the 

square,  extracting  the  square  root,  and  transposing,  a;  =  —  id± 

(j^  —  ^                                                                  2S  -—  1 
V( — 2 f"  *^^  ^^  (subsl.  known  values) — \  ±  V( — s ^  ^ 

5s=s— J  ±  3^  =  3  or  — 4,  of  which  values  the  last  (being  irrele- 
vant) is  to  be  rejected. 

8.  Having  given  the  area,  or  measure  of  the  space,  of  a  rectan- 
gle, inscribed  in  a  given  triangle,  to  determine  the  sides  of  the  rec- 
tangle. 

If  a  be  put  for  the  perpendicular,  and  b  for  the  base  of  the  tiian- 
gle ;  c  for  the  area  of  the  rectangle,  and  x  for  the  length  of  the 
rectangle  parallel  to  the  base  of  the  triangle,  it  will  be  as  &  :  a 

• ; :  a; :  -r-  the  difference  of  the  altitudes  of  the  rectangle  and  trian- 
gle.   Therefore  the  altitude  of  the  rectangle  is  a rO?.     But  c 
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a 


'>x  («— *j-)  «*»  «e ^1  that  is,  a:  «=  Jf  ±  V(j- — r)  t^e 


lengdi  of  the  rectangle ;  consequently  \  i       ^  >  as±the 

(i*=bV(4-~))       ^ 

breadth ;  which  were  to  be  detetmined. 

9.  In  a  triangle,  having  giren  the  ratio  of  the  two  sides,  together 
with  the  segments  of  the  base,  mad^  by  a  perpendicular  from  the 
Tertical  angle ;  to  determine  the  sides  of  the  triangle. 

Put  a  and  b  for  the  \wo  segments  of  the  base,  x  for  the  side  adja* 
cent  to  a,  y  for  the  other  side  of  the  triangle,  and  m  \  9t,  the  ratio  x 

has  to  y.  Then,  (since  m\n  : :  x\y)  it  follows  that  y=s  — « 
Bttta?  — <i«=y«— tf»  =  -S-  — *'•    Thatis,wV  — nV  =  ^<^ 

Hence  x  =  V(    Zfi_^%  ) 

o  «         9  o  r  which  were  to  be  determined* 
.     ,  n     ^.rircr  —  nrlr. 

Andy==  — v( — ^. — s-) 

10.  In  a  triangle,  having  given  the  base,  the  sum  of  the  other 
two  sides,  and  the  length  of  a  line  drawn  from  the  vertical  angle 
to  the  middle  of  the  base  ;  to  find  the  sides  of  the  triangle. 

Put  h  for  half  the  base,  c  for  the  line  from  the  vertex,  a  for  the 
sum  of  the  two  sides,  and  x  for  one  of  the  sides.  Then  a  —  a;  is 
the  other  side  of  the  triangle.  But  (theor.  38)  2i'  +  2c*  =  a*  — 
2ax  +  ^'  Therefore  a:  =»  Jfl  ±  \/(i'  -f"  ^  —  i^)»  *^^  ^  —  ^ 
=  4a  db  ^/(^  +  ^  —  \(^Y  Ans. 

11.  In  a  triangle,  having  given  the  two  sides  about  the  vertical 
angle,  with  the  line  bisecting  that  angle,  and  terminating  in  the 
base ;  to  find  the  base. 

Let  a  represent  one  of  the  sides  of  the  triangle,  b  the  other  side, 

c  the  line  bisecting  the  vertical  angle,  and  x  the  base ;  it  will  be^as 

ox 
{ar\^b)  I  X  II  aX      ^^     the  segment  of  the  base,  adjacent  to  a. 

bx 
And,  a»-(a  -f"  ^)  •  *  •  •  ^  •      x      the  segment  of  the  base,  adjacent 

to  h,  '  Therefore  (because  in  any  triangle  having  the  vertical  an- 
gle bisected,  the  rectangle  of  the  two  sides  less  the  rectangle  of 
the  segments  of  the  base  is  equal  to  the  square  of  the  line  bisecting 

the  vertical  angle,)  (theor.  44)  ah  — ( — Tnr)=c*.    Hence  ^i^fis 


M  +  ZaV  +  a^  —  (^(?—fUfcb  —  l^t^ 

>    ' ?   ■  ■  -    ■  ■■  ;   which   equation  ie» 

solved,  ;c  =s  (a  4"  ^)  \/( r — ) "  ^®  ^>*^  ^^  ^^c  triangle* 

12.  To  determine  a  right-angled  triangle ;  having  given  the^ 
lengths  of  two  lines  drawn  from  the  acute  angles  to  the  middle  of 
the  opposite  sides.  « 

If  a  be  put  for  the  line  joining  the  acute  angle  at  the  base  and 
the  middle  of  the  perpendicular,  b  for  the  line  from  the  middle  of 
the  base  to  the  vertical  angle,  x  for  .half  the  base,  and  y  for  half  the 

perpendicular ;  then  {2yf  =  i'  —  a? ;  or  y*  =  — - — .     Also  fl? 

=  ^-=-^  +  4r«,  or  4««  —  *«  =  15A  that  is,  a:=:V(^,T^)> 
4  .  15 

hence  the  base  of  the  triangle  =  2a/ ( — tt — )  and  y*  = — r — 

=    4x  15  »^^y=V(      15     )•    Thereibre2y=2V(— jg-) 
=  the  perpendicular ;  j^{ ~ )  =  the  hypotenuse. 

Id 

13.  To  determine  a  right-angled  triangle;  having  given  the 
perimeter,  and  the  radius  of  its  inscribed  circle. 

Put  a  for  the  radius  of  the  inscribed  circle,  p  for  the  perimeter 
of  the  triangle,  x  for  half  the  sum  of  the  base  and  perpendicular, 
and  y  for  half  the  difference  ;  then  p  —  2a;  =^  the  hypotenuse,  and 

-^  aExe  the  area  of  the  triangle.     But  a?  —  i^  z=z  &p,  and  {x  -j-  y)* 

-|-  (a:  —  yY  being  equal  to  (p  —  2a:)'  or  p^ —  Apx  -|-  4a:*,  it  follows 
that p^—  4pa:  +4c*==  2a;«  +  2^*.     And  2  X  ip^—f)  =  2  X  op- 

2a:«  +  2y^  =  p*      *    _4pa:  +  4a?{ 


4r*-^  #=^-l_2flp  —  4pa; -j- 4a:*,  or 
j^  -f-  2flp  —  4pa:  =  0.     Hence  x  =  — ^ — £  =  \{\p -|-  a) 


4;, 

And  y  ==  \/(a:* — ap)  =  \/  { \{\p  -|-  «)'  —  op- }     Therefore 
i(4p  •+-«)+  \/{4(i?  +  <*)  —  <y^|  =  the  base  or  perp. 
r(Jp  -\-  a\ —  ^\\(ip  +  «)'  —  ap|  =  the  perp.  or  base. 

Otherwise,  let  ABC  be  the  given  triangle,  PIG  the  inscribed 
circle,  whereof  OP,  OG,  01,  are  three  radii  at  right  angles  to  the 
sides  of  the  triangle,  CP  is  equal  to  CI,  and  AP  to  AG ;  also  GB  and 
Blare  equal.  Putp  for  the  perimeter,  r  for  the  given  radius,  x  for 
GA,  and  y  for  CI.    ThenBCfssr  +  j^;  ABssr-f  a:;  andACa: 


AtflUDMXUm  OF  4I4BBEA  TO  QBOMBTET. 


589 


p—2y 


iP 


But  a:  +  y  +  (f  +  y)  +  (*"  +  «)  =*^1'»  or  :r  4-  y  =  ^— ^ 

—  r,  and  (a;  +  y)'s=(r-f  y)^  or  r(a: -j- y)  s=s:  xy  —  r*. 

In  the  1st  equation  y±=  Jp  —  r— -a:;  substitute,  therefore,  this 
value  for  y  in  the  2d  equation,  and  reduce. 

a?  —  ( Jp  —  r)ar = — Jrp.     Therefore 


And 
Hence,  by  adding  r  to 


z 

each,'AB  =  J(i  +yrj  ±  ^1  J(J?  — ^?—  irp} 

BC  =  i(|+i7r)=FVU(iP-^)Vir^|- 
14.  To  determine  a  triangle ;  having  giveii  the  base,  the  per- 
pendicular, and  the  ratio  of  the  two  sides. 

Let  a  represent  the  base,  x  one  of  the  segments  of  the  base  by 
the  perpendicular,  r  the  side  of  the  triangle  adjacent  to  x,  s  the 
other  side  of  the  triangle,  b  the  perpendicular,  and  m  t  n  the  ratio 
of  r  :  *. 

Then  a  —  a:  is  the  other  segment  of  the  base.  Also  a:^  -j-  i*  ^  r*, 
anda:»  +  ^  +  a«  — 2aa;=^s*.  Buim'ln'  ::  (x^  +  b^)  I  (^^  +  b"" 
-j-  flS  —  2ax.)     Therefore  {m*  —  71^)3^  —  2am^x  =i=  (n^  —  m^)b^  — 

sa:= — b^ 3 5,  which  equation 


«W.     That  is,  or'  — 


m" 


nr 


mr 


nr 


resOiVed,  x  =  —5 5  db  ^/  s 


(t^m* 


S\2 


(m^  _  7i«) 


m*  ~v^  } 


And 

15.  To  determine  a  right-angled  triangle ;  having  given  the  hy- 
potenuse, and  the  side  of  the  inscribed  square. 

Put  a  for  the  hypotenuse,  c  for  the  side  of  the  given  sqnare,  x  for 
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d» 


to 


the  perpeniioular,  and  ^  for  the  base  of  the  triangle.  Then  as  t 
:  y  ::  (a:-^«)  :  tidrylz — c) s car, that  is,  zysszc{z  +  y)«  But 
tf  sszsi^'j-  f^.  Add  2xy  to  both  sides  of  the  equation,  tr  -4-  2xy  sa 
a^  4-  2xy  -^  ^.  Substitute  8c(a;  4~  y)  for  2xy  on  the  nrst  side, 
a«  4  2c(a:  -f  y)  5= :««  4-  2a?y  +  j^  or  a»=i=(a;  +  y)*  — 2c(x  +  y). 
,-.  a:  -f-  y  =af  c  +  \/(»  +  ^»  a°<i  assume  «  =  c  ^f-  A/(e^  -|-  r). 
Then  haviag  the  sides  =  ;,  and  the  hypotenuse  =  a,  2;  or  y=^i 

16.  To  determine  the  radii  of  three  equal  circles,  described  in 
a  giren  circle,  to  touch  each  other  and  also  the  circumference  of 
ihe  given  circle. 

See  Question  75,  then  z  =  2a^3  —  804=  a(2^S  —  3). 

17.  In  a  right-angled  triangle,  having  given  the  perimeter,  ot 
sum  of  all  the  sides,  and  the  perpendicular  let  fall  from  the  right 
angle  on  the  hypotenuse ;  to  determine  the  triangle,  that  is,  its  sides. 

Put  p  ss=z  the  perimeter  of  the  triangle,,  a  for  the  perpendicular 
falling  t>n  the  hypotenuse,  {z  and  y  denote  the  greater  and  less  sides) 
if  unequal,  z  =  the  hypotenuse,  then  z  ^stp  —  z  —  y,  and  s?  =i 
ar*  +  2r=p'— 2p(a:+y)  +  a^  +  2ary  4- y",  .•.p(a:  +  y)  —  4p* 
^  zy,  and  by  comparison  (a  -}"  P)  X  (^  -h  y)  =  «P  +  ip\  •'• 

a^+y=p(^^).andy=^;?(^±;^)—  a;,put  *  =  x  +y  =^ 

pi  -^j|i- 1,     z  ±=p  —  y  —  z  =p  —  s  ss=:b:  the  sum  of  the  two 

\  a+p/ 
sides  =  s,  and  the  hypotenuse  =  b  ia  the  right-angled  triangle. 

Hence  (V  pw>b.   11,  page         ),  a;  or  y  =  J*  =t  ^(4^  —  k^' 
Therefore  the  triangle  is  determined. 

18.  To  determine  a  right-angled  triangle  ;  having  given  the 
hypotenuse,  and  the  difference  of  two  lines  drawn  from  the  two 
acute  angles  to  the  centre  of  the  inscribed  circle. 

In  the  annexed 
figure  let  CD  be 
the  greater,  and 
AD  the  less  of  the 
two  lines  of  which 
the  difference  is 
giVen^  and  let  DH 
be  a  production  of 
CD,  and  AH  per- 
pendicular to  CH, 
AH  is  equal  to 
HA,  because  the 
angle  ADH  is  equal  to  the  sum  of  the  angles  ACD,  CAD,  Hs^iMf 
equal  to  half  a  right  angle,  and  ^e  an^le  at  H  «  right  angle.    If* 


y 
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thsiefbie,  a  be  put  for  AC  the  hypotenuse,  %  jfbr  CD,  ff  for  AD,  h 

foi  Uie  difference  of  x  and  y,  r  for  DH,  and  «  for  AH,  then  (6eom» 

tbeoT.  4)  r  =  5  =  -^.     But  a:«  +  y"  +  2ra;=a«^=  a;«-f  y9  4, 

xy^/^'    Now  substituting  a:  ^-  3  for  y,  and  c  for  the  ^/%  it  will 
be  a:*  —  2&r  -f  A*  +  a:*  -f  ca;*  —  ci^a:  =  a",  that  is,  (2  +  c):jf  — 

(2  4.  c)3a:  +  3^  =  a».     Whence  a;  =  | dr  V^fe^  +*^^' 

and  y  =  >v/(-§"x ^  ^^'^  —  ^*'    Consequently  the  radius  of 

the  inscribed  circle  is  known,  and  the  triangle  determined, 
^or.  put  >»=  i*  ±  V(^^  +  4*^  =  CD. 

And  let  Dc,  D/,  D^,  be  three  radii  at  right  angles  to  the  sides  of 

the  triangle ;  likewise  put  w  for  A^,  and  z  for  C^. 

7?  —  tfj*  =  m'  —  71*. 

Also z  -\-w  =  a\  and  by  division 

TTi?  —  n*  ,  a'^ -K  w* r— 71*  fl^T-rwi'  +  n' 

2: — w=z ,thatifi,2:=r 1-~ ;  fl&s= ....!.  . . 

a  2a  2a 

and  D^  =  ^  |  m'  -^  ^ —      A/^   ^  ~"^  ( ^^®   radius   of  the   in- 
scribed circle. 

19.  Giveh  the  base,  the  perpendicular,  and  the  difference  of  the 
two  other  sides,  to  determine  the  triangle. 

Put  a  for  half  the  base,  d  for  the  difference  of  the  two  sideB>  h 
for  the  perpendicular,  z  for  the  excess  of  the  greater  segment  ef 
the  base  above  a,  y  for  the  greater  side  of  the  triangle,  and  z  foy 
the  less 
Then  ^  =  &« 4-  (a  +  x)\  or  y  =  Vj^  +  (a  +  x)\]  Also 

s?^b^ '\-  (a  —  xf,  ox  z  =  A^\l?  +  {a  —  x)\\ 
Bui  s/\b^ ^  (a-\-xY\  —  d  =  a/\V  +  (a  —  x)\\     Therefore 
b^  -^  (a  +  xf  —  2ds/\^  +  {a  +  xf\  +  d^  =  1?  +  [a  —  xf:  BXidi 
by  red.  ^ax  +  <r^  =  2^V1*'  +  («  +  «)M  or  16aV  -f  8a<?a;  + 
^  =  4?(;^2 -f  a*  ^- 2aa;  +  ar^). 

,                  A  4^(a'»  +  A')  —  e?M       ^.  ,_.      , 
Consequently,  2:  s^  ^  j   —       ^ ^^ —  >  ,  which  TaluO  put 

equal  c. 

y  =  ^Ua  +  cf  +  V'A\    ...  ^    ,     .  .     . 

J  j_.  ^  (^  J.  ci'  4-  ^.  M  ^"^^^  ^®r®  ^0  be  determined. 

20.  Determine  a  triangle,  having  given  the  base,  the  perpendicu^ 
lar,  and  th^  rectangle,  or  product  of  the  two  sides. 
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Let  m  represent  the  perpendicular,  b  half  ^e  base,  c  the  product 
of' the  two  sides,  x  the  e^icess  of  the  greater  segment  of  the  base 
by  the  perpendicular  above'^;  and  put  y  for  the  greater  side  of 
the  triangle,  z  for  the  less. 

Then  y  =  Vl^"  +  (*  +  a:)*}  =  - 


2=VK-+-{*-^)"}=^= 


y       js/\^  +  (b+^r\ 


(or  squared,)  a?  -j-  (*  —  a?)'  = 


2-T— 7  -j — -5.     Hence  c*  =  (<^  + 

y)«  +  X*  4-  2(rf»  —  *«)a;^,  that  is,  a:*  +  2(a*  —  A'ji"  =  (a*  +  «^)' 
—  c*.     And,  this  equation  resolved,  by  page  81, 

or:c  =  Vi(*'— «')=t\/U«'  +  ^)'  — c'  +  («'  — ^)'l» 
which  value  put  =  d. 

y  =  ^\c^4-{b  +  df\\     ...  ^     ,  .      , 

^  s=s  ?/{a«  4-  (i  —  <?n  i  ^^^^"  ^®'^  ^*^  ^'^  determined. 

21.  In  a  triangle  having  given  all  the  three  sides,  find  the  radius 
of  the  inscribed  circle. 

Let  AC  =  a  )  radius  AO  =  x. 
AB=ft^Areaof  A  ABC 
BC  =  c)         =*. 

Then  A  AOC  =  \a.x 
ABOC  =  ii.a; 
AA0B  =  4c.a: 


That  is,  a;  = 


,  which  was  required. 


22.  Determine  a  triangle,  having  given  the  lengths  of  three  lines 
drawn  from  the  three  angles  to  the  middle  of  the  opposite  sides. 

Let  ABC  be  the  tri- 
angle, and«AF,  BE,  and 
CD  the  three  given  lines. 
If  a  represent  AF,  h  CD, 
and  c  BE  ;  also  if  x  be 
_put  for  BC,  y  for  AB, 
and  z  for  AC ;  then  (the. 
38)y»  +  z»  =  ai«  +  ia;«,  *- 
that  is,  ^  +  2*  —  Jar  =:  2fl?.    For  the  same  reason 
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W.    And 
aJ-f.^_faa«ss2B*.    Compaiiiig  the   lat  oqnation  wiOi 
double  the  sum  of  ttie  2d  and  3d, 
Ala»  z=z  2(2*«  4-  Sc*  —-  ^),  or  divided  by  4i,  and  the  square  root 

2a  To  determine  a  right-angled  tnang^e ;  having  given  the  sute 
of  the  inscribed  square,  and  the  radius  of  the  inscribed  circle. 

Let  ABC  be  the  proposed  triangle,  [See  fig.  on  p.  589,]  Bb  Dt, 
the  inscribed  square,  OG  and  OP  radii  of  the  inscribed  circle  at 
right  angles  to  AB  and  AC,  and  BD  a  diagonal  of  the  mscnhed 
aquare ;  also  let  BQ  be  perpendicular  to  AC  from  the  nght  angk. 
VvLi  a  for  the  side  of  the  given  square,  b  for  the  radius  of  the  given 
circle,  and  x  for  the  segment  AQ  of  ^the  base  AC  by  the  perpen- 
dicular BQ;  then  FG^^a--^  since  GB  =  OG;  and  a  —  i^ :  a 

. .  ^  •   -?*^«BQ(becauseGF  :  BF ; :  OD  :  BD : ;  OP==:BQ). 


Wherefore  (since  BD  =  a/^),  DQ  ^^/\2c? 


ah 


il- 


Let  this  value  of  DQ  be  recognized  in  c,  and  put  d  for  ^^— ^, 

It  is  asa;:^  ::  d\  -==CQ[theor.  87].    Andar  +  c;  — --c 

\\x\  d.^    Hence  dx'\- dc^^ -^cx.  .  That  is,  x  =-jxy 

s=:  AQ,  wherefore  the  triangle  is  determined. 

24.  Determine  a  triangle  and  the  radius  of  the  inscribed  circle, 
having  given  the  lengths  of  three  lines  drawn  from  the  three 
angles  to  the  centre  of  that  circle. 

Having  constructed  the  A 

figure,  draw  lines  from  the 
centre  of  the  circle  to  the 
points  of  contact,  as  OG, 
OF,  OE.  Also  produce 
one  of  the  given  lines  (as 
BO)  indefinitely  beyond 
the  centre,  and  on  it  pro- 
duced, from  either  of  the 
other  angles  let  fall  a  per- 


_HaaH-_4*i^ 


♦  For  the  triangles  AF,D,  DE,  are  similar;  also. the  triangte 
AQB  is  similar  to  AFD,  and  consequently  to  DEB.    Therefore 

AD  :  DC  ::  AF  :  DE  («=  DF)  ::  AQ :  QB. 
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Smdicular,  (as  CD).  Then  becattse  the  angles  ABC,  BCA,  and 
AB  are  together  equal  to  two  right  angles,  the  angles  OBC,  OCB, 
and  OAC  are  together  equal  to  half  of  two  right  angles.  But  the 
angle  OBG  together  with  the  angle  OCB,  is  equal  to  the  angle 
COD,  therefore  the  angles  COD,  0A£  are  equal  to  the  angles 
COD  and  OCD,  each  to  each,  and  either  pair  to  a  right  angle. 
Pat  a  s=s  BO,  b  ss  AO,  c  ss  CO,  and  put  x  for  the  radius  of  the 
inscribed  circle.     Then  because  AO  :«0£  : :  CO  :  OD,  blzllc 

:  lx=  OD.  Therefore  CD  =  a/(c'—^)  =  ^ V(^'  —  ^• 
But  (theor.  36)  BC»  =  B0«  +  00«  +  2(B0  X  OD),  or  BC  = 
^^jft(^+^Hi2fff  I    Now  BC:  CD:;  BO:  OF.    Thatis, 

VI  ^<^  +  ^^^  +  ^^'^1  :  £  V(4^— a:»)  ::a:x.    Hence*:t»|2X 
(a*  -f-  c^  4"  ^^x]  =  flV(i*  —  3^),  and  by  reduction,  3?  + 


( 


^^J^^+^      _ 


2abc 


)o?  =  \dbcy  an  equation  in  which  x  is  determin- 


able, and,  X  known,  the  triangle  is  determined.  v 

The  equation,  however,  arising  from  this  problem,  as  it  contains 
three  dimensions  of  the  unknown  quantity,  admits  of  no  geomekrir 
cal  construction  by  means  of  a  circle  and  right  lines. 

25.  To  determine  a  right-angled  triangle ;  having  given  the 
h3rpotenu8e,  and  the  radius  of  the  inscribed  circle. 

Construct  a  right-angled 
triangle,  and  inscribe  in  it  \ 
a  circle;  also  draw' right 
lines  from  the  centime  to  the 
points  of  contact,  and  to  the 
two  acute  angles,  as  in  the 
figure  ABCDEFG.  Put 
X  for  the  base  (AB),  y  for 
the  perpendicular  (BC),  and 
let  a  represent  the  given 
radius  (DG,  D£  or  DF),  b  Gk 
the  hypotenuse  (AC). 

Then,  because  GB  and 
DF  are  equal,  y  —  a  is  the  ^ 
expression  for  CG ;  and  x 
—  a  e=s  AF.  Also  CE  and  CG  are'equal  [Geom.  2  cor.  the.  bd] ; 
and  AF  is  equal  to  AE.  AE  -)-  CE  s=  AC;  thatis,  (u  —  a)  + 
{x —  a)  SB  ^,  or  a;  -f-  ^  =^  ^  4*  ^*  ^ow  a?  -^t^ss^ir;  compar- 
ing, theieforct  the  double  of  this  equation,  with  the  square  oi  the 
preceding, 
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a?  —  Sary+y'sssy  —  Aab  —  4fl^.     Hence 
X —  y  sssz  ^{b*  '^  4ab  — 4«*),  consequently 
a;  =  a  +  i^  ±  i>s/(*'  —  4ab  —  4fl^),  and 
y  =  a  4*  i^  =b  W(^'  —  4a6  —  4a^)^    Therefore  the  tri- 
angle is  determined. 

26.  A  dodeciedron  is  a  solid  composed  of  twelve  regular  penta- 
gonal pyramids,  whose  verticles  meet  in  the  centre  of  thejcircum- 
scribing  sphere,  and  the  bases  of  the  pyramids  form  the  superficies 
of  the  dodecsBdron.  Now  suppose  a  dodecsBdron  having  the  side 
of  each  pentagon  composing  the  superficies  thereof  eight  inches, 
and  supposing  every  two  of  its  composing  pyramids  to  be  hollowed 
out  in  the  form  of  the  greatest  hemisphere,  cylinder,  cube,  cone, 
triangular  pyramid,  and  square  pyramid  :  What  will  the  remain- ' 
der  of  the  dodecsdron  weigh,  afler  having  been  hollowed  or  scooped 
out  as  above  described,  supposing  each  cubic  foot  of  the  matter  of 
which  it  is  composed  to  weigh  60  lbs.  ? 

Let  ABEFGH  be  one  of  the  twelve  pjrr-  A 

amids  constituting  the  dodecsedron,  and  C 
the  centre  of  its  base  ;*draw  CD  perpendicu- 
lar to  BE,  and  the  rest  of  the  lines  as  in  the 
figure. 

Putting  A  =  8  =  BE  one  side  of  the 
pentagon  or  base,  by  Mensuration,  I  have 

A0=  AV^^^   =  1.113516A; 

and  CD  =  JAx  tan.  54o  =.68819095A 

=  radius  of  the  base  of  the  cone.     And, 

since   the   greatest   inscribed  cylinder    is 

known  to  be  f  of  the  cone,  we  shall  have 

V-CI>*X  3.14159,  &c.  X  JCA=2.14916A« 

X  |CA  =s  the  cone  and  cylinder  together.     But  the  greatest  trian* 

gie  in  the  pentagon  is  BFU,  and  the  greatest  quadrangle  is  BFGH ; 


the  sum  of  these  two  is  the  A  GHB  +  2  A  BEG.    Now  the  A 
^         —        —         ig      •  uf ...   '  "        ^     

.47552825A^  and  2  A  BEG  =  BI  X  GF  =  A«  X  i  tangent  £ 


GHB  =  GH  X  HB  X 


JA*  X  S.    108^  = 


BFI  =  A*  X  J  tang.  72°  =  1.53884175A" ;  the  sum  of  these  two. 
is  2.01437 A'  =  the  bases  of  the  triangular  and  quadrangular  pyr* 
amids  tos^ether ;  and  consequently  their  contents  together  will  be 
2.01437 A'  X  i  AC.  Adding  this  to  the  sum  of  the  cone  and  cy{« 
inder  above  found,  we  have  I.16353A''  X  (AG  s  1.54d386A'  ai 
die  sum  of  these  four  solids. 

Again,  DA  a  V(AC«  +  CD*)  =iili^A  «  1.309071  A, 
and  by  Sim.  triangles  AD  :  DC  : :  CA  :  ^^^^^'^^^X 
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ass  .5854108A  SB  the  rtdius  of  the  inscribed  hemisphere ;  and 
consequently  its  solidity  is  (.5854102A)'  X  i  X  3.14159,  &c.  ss 
.4201837A". 

Also,  a  square  may  he  inscribed  in  a  pentagon  by  placing  one  of 
its  sides  parallel  to  a  side  of  the  pentagon ;  and,  oy  calculation,  it 
appears  that  if  z  be  the  side  of  the  square,  z  -r*  1.0604974  will  be 
the  side  of  the  pentagon  ;  hence,  if  this  square  be  one  face  of  the 
cube,  and  the  pentagon  the  section  of  the  pentagonal  pyramid  par- 
allel to  the  base  and  distant  from  it  the  height  of  the  cube,  we  shall 
have,  by  similar  figures,  AC  :  BE  ::  AC—  z  :  z  ^  1.0604974; 

L0604974AC  .  ^,o,on«A  ,.        •:.      r 

hence  z  =  ,  ^^^.^■,. .    i — ttt  X  A  s=  .5431S02As=s  the  side  of 
1.0604974A  -4-  AC 

the  cube^  and  consequently  the  cube  of  this,  or  .1602626A'3=the 

content  of  it. 

Collecting  now  the  three  sums  together,  and  multiplying  by  2, 

we  have  4.2516646A'  for  the  contents  of  the  twelve  cavities.     But, 

by  Mensuration,  5A  V^^  ^40^"^^  °  7.6631189A»  =  the  con- 

tent  of  the  dodecsedron.  Consequently  the  diflference  of  these  two 
=  3.4114543A'  =  1746.6646016  inches  =  1.0108013  feet  == 
solidity  remaining ;  which,  at  60  lbs.  a  foot,  weighs  60.648077  lbs. 
Ans. 

27.  In  gauging  a  spheroidical  ale  cask,  I  found  the  diameter  of 
one  head  tp  measure  18.1  inches,  that  of  the  other  16,  the  bong 
diameter  20,  and  the  distance  between  the  two  beads  20.6  inches ; 
also,  by  the  cask  lying  a  little  obliquely^  I  observed  that  the  liquor 

Sst  rose  to,  or  touched  the  upper  extremities  of  the  two  heads, 
aving  noted  these  dimensions,  I  was  informed  that  there  were 
in  the  cask  a  ball  of  iron  weighing  60  lbs,,  another  ball  of  lead 
weighing  90  lbs.,  and  a  cube  of  box,  a  foot  square.  What  quan- 
A         B  P  tity    of  liquor  was  jn 

the  cask  ? 

.  Let    ACDF  be  the 
cask,  BE  the  conjugate^ 
axe,  and  HM  the  semi- 
transverse  CL  It  to  HM, 
M  HN  II  to  AC,  HQP  the 
y  semiconiugate  of  HN, 
and  NO  and  QR  R  B£^ 
By  the  nature  of  the 
ellipse,  we  have  A/(HBf 
^  GV)  :  V(H»- 
IC)  ::LK:KC;  aad 
Wcontnoti&c.  V(HB«— GA^  +V(HB»— H?J  :  LC  (— LK 


Anuoxam  of  ambbka  to  gsomitbt.  SSfif 

(HB-GA)    .hK^      ^^^_ g^.j  . _  j^j4^ 

20.6XV(lff-9.05')  ,,,,„ 

—  ^(10'  —  9.05")  +  V{10»  —  8")  ~        ~* 

20.6xV(10'-8') 

~ V(10*  —  905»)  +  V{10*  —  8f)~  *^"**»'- 

And,  V(EK  X  KB) :  KC  ; :  BH  :  HM  =     ®^  ^  ^^ 


V{EK  X  KB)— 

'^P.  -  20.0895. 
6 

Also,  by  right-angled  A  s,  AC  =  ^{CU  +  LA»)  =  V(20.6» 

LA 
-f.  1.05»)  =  20.62674;  and  sine  of  /  ACL  ==  ^  =  .0509048 

as  sine  ^  NHM,  which  put  =  «,  and  its  cosine  ?=  c. 
Then,  by  the  nature  of  the  ellipse, 

MIP  :  HB* : :  Mff  —  H0« :  0N«; 

but  HO  =  HN  X  c,  and  ON  ==  NlT  X  *,  wherefore, 

MIP  :  HB»  : :  MH»  —  Nff  X  c» :  HN«  X  5^,  or  by  subtraction 

MIP  — HB«:HB«:;  Mff  — HN'x  (s'  +  O  :  HN*  X  A 

or  since  •  "t~  c^  ■      1 
MH«  —  HB» :  HB»  : :  Mff  —  HN« :  HN«  X  r»,  or 
(Mff  —  HB«)  X  «* :  HB«  : :  MH«  —  HN' :  HN», 

and  by  addition 
(MlW  —  HB«)  X  «*  +  HB« :  HB«  : :  MKP  :  HN«,  and  hence 
_  MHXHB  __ 

^  V(HB*+^X  (MH«— HB^))~ 

MH  X  HB  _  3^^^^^^^^ 


:    V(HB»  X  c»  +  Mff  X  «') 
Also,  its  semi-conjugate  PH  =  V(Mff  +  HB«  —  HN«)  = 

10.15629.    ButHR===55zi^=L7537;andRQ  =  ^:^^— 

a=r  6.525 ;  and,  by  right-angled  triangles,  HQ  =  >v/(QR'  +  RH«) 
=  8.703511 ;  consequently  QP  =  PH  —  HQ  =  1.45278. 

Then,  by  cor.  2,  page  275  Mensuration,  the  content  of  the  seg- 
ment APC  will  be  3.14159   &c.    X    MH   X  HB»  X  QP*  X 

HP 4P0 

"       „;    ^  =  122.9787  inches  =  the  vacuity. 

But  the  content  of  the  box  cube  is  12*:=  1728 ;  all  of  which  will 
be  immersed,  because  it  is  heavier  than  ale.  Also,  using  .Ward's 
table  of  specific  gravities,  the  solidity  of  the  iron  ball  will  be 
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^"  =  217.0483;  and  thatof  Ae  leiden  «.eg^-, 

219.717. 

The  sum  of  these  three  added  to  the  above  segment,  gi^es 
2287.744  for  the  sum  of  the  deductions.  • 

Now  the  content  of  the  whole  cask  is  (2EB'  +  FA^  X  .2618HG 
+  (2EB»  +  CD^)  X  .2618  HI  =  (2EB«  X  GI  +  FA«  X  HG 
+  CD*  X  HI)  X,.2618  =  5855.3142. 

From  this  whole  content  then  taking  the  above  sum  of  the  d^duc^ 
tions,  we  obtain  3567.5702  inches ;  which  divided  by  282,  we  have 
12.65096  for  the  number  of  gallons  required. 

27.  Having  given  the  sid^s,  a  =  6,  ^  =  4,  c  ss  5,  and  ^  es3, 
of  a  trapezium,  inscribed  in  a  circle,  to  determine  the  diameter  of 
the  circle. 

Let  ACE  denote  the  circle, 
ABDC  the  inscribed  trapezium; 
draw  the  diameter  AE,  join  EC, 
EB ;  the  angles  ACE,  ABE,  being 
each  in  a  semicircle,  are  right  an- 
gles  (Geom.  p.  52).  .•.  CE  =5: 
VIAE'  —  AC*},  EB  =  VI  AE' 

—  AB'|,  (Geom.  p.  35).  Join 
CB,  then  AB.CE  +  AC.EB  = 
AE .  CB  (Geom.  p.  233) ;  put  AB 
=  a,  AC=^^CD=FC,DB=:<f. 
AE  =  2r,  then  the  equation  be- 
comes aVl^r*  —  ^'1  +  h^\^f^ 

—  a*|  =:  2r .  CB ;  in  like  manner 
we  have,  cj^\^ff^  —  ^\  +  ds/kXr"  —  (?]  =:2r.CB, ,'.  aV{4** 

—  ^1  4-  W\^'^  —  a^l  =  cs/\^7^—  £P|  +  iVHr*  — c*l  (1)> 
in  the  same  manner  I  find  ^VH^  —  ^1  "V  cV|4r*  —  ^}  =* 
rfV|4r»—  a*}  +aV{4r*  —  ^},  or  b^\^!r^  —  <?\  — aVH'^  — 
i«}  =(fVHr*  — a«}  _cVl4r*  — 3'|,  (2). 

By  squaring  (1)  and  reducing  I  have  2(a?  -4-  i^  —  (?  —  d*)r* — 
(fl2^  _  c'c^)  =  ce?V|4r«  —  (?1  X  VHr*  —  c*|  —  o*V{4r^  — 
y\  X  V14r*  —  a*}  (3),  and  by  squaring  we  have  (2).  4*V*— «? 

—  2a^v(4r«  —  c*|  X  Vi^r*  —  ^\   +  ^r"  —  rf<P  =  4rV 

—  €?d^  —  2(ZcVl4r«  —  <^\  X  V|4r»  —  bH  +  4c*f«  —  cW,  and 
reducing  2(a^+U'  —  <?  —  d")?^  =  ^^\4L7^  —  c*J  X  Vl^r*— 
eP\  —  rfcV{4r«  — a'l  X  V^r*  — ^'|  (4),  eliminating  V|4y* 

—  (?|  X  V]4^  —  n  ^y  (^)  a^d  {4)»  we  have  2{ab  —  «0  X 
(a«4-y  — c^—  d^y—  (a?l^  —  (?€p)ah  =  —  (a*y  —  c»i^  X 
VH»^  —  <*"}  X  a/\^^  —  *'}»or  by  rejectinjr  the  factor  oi — 
cd,  2(a»  -I-  ^—  c*  —  (P)r*  —  (a^  +  c(Qa3  55s:  _  Co*  +  C(i)  X 
V{4r*— rf»|  X  V14r«— y}(5)bysquaring(5),4(<^+i»— €«-. 
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(ab  4-  cdf  X  (4t*  ~  <J?)  X  (4r*  —  y)  «  («3  +  crf)«  X  (16f^— 
4f*(rf»  +  tf')  +  o"^,  or  4(fl«  +  *«  —  c«  —  rf*)V  —  Aab(ab  +  cd) 
(a«  -f-  j^  _  c»  —  <f»)  =  (tf*  -f  cd)«  X  (16r*  —  4(rf»  +  V")). 
Or  f  (««  +  tf»  —  c«  —  cf )«  —  4(aA  +  cii)«|r«  =  {ai(af»  -f  ^'— ^ 

-f  ai(a*  4-  ^)^  X  [fld  +  c<^}  <>r  there  results   U(ed>  +  ai)^  — 

c^),  consequently  we  have 

"^  =  ^1     mab  +  crf)« -  (a«  +  *«  -  c«  -  ^)'|     J     ^rinave 

(    }g^  +  c^l  X  |ac  +  ^^l  X  W  +  H    ) 
'^"'^  (4X  \ab  +  c^^P  —  [a?*  +  ^^  _  c»  — ef^}*^  J  '  ^  ^' 

Again  we  have  4  X  {a^+c^^^—  {a» +  3^^  — c»  — ^|'=  {rf* 
4-  5«  +  2a*  —  c«  —  (?  +  2c<i}  X  {c'+^-^2cd  —  (j^-^-b^-f 
2ab]  =  \a  +  b)'^(c  —  df\  X  \(c  +  d)^— {a—bY\==  \a-- 
^f^'c—d\  X  (a  +  3  +  rf  — c)  X  {a+C'^d-^b)X(b  +  c 
-|-,^  —  fl) ;  put  a-f-i-f-c  +  ^  =  25,  then  a-[-^4"^  —  d  =a 
2(5  —  rf),  a ,+  3  +  li  — .  c  =  2(i  —  c),  a  +  c-f  <i—  A  =  2(«  — 
ft),  and  i-}*"^~h^  —  a  =  2{s  —  a),  consequently  we  have 
r_^   /       (g^  +  cd)  X  {ac  +  bd)  X  (ad  +  /^c)    l  _ 
"^  —  4"^  1  (5  -  a)  X  (*  —  *)  X  {s  —  c)  X  {s  —  d)  S  ~     "" 
as  required  (7). 

Cor.  If  (^  =  0  the  trapezium  becomes  a  triangle  and  (7)  reduces 

1                                     abc  ,         ,. 

to  r  =  —  X  — . =  the  radius 

of  the  circle  which  will  circumscribe  the  triangle. 

Otherwise,  put  the  angle  CPB  =  x  (by  trig.  p.  )  a'-f"  ^'"^ 
2ab.  cos.  a:  =  BO*  =s  c^  +  ^  —  2cd.  cos.  (ISQO  —a:)  =  c»  +  <P 

+  2cd.  cos.  a:.     Hence  cos.  x=ssi —-. — : ;^ •     The  area  of 

*  2(ab  +  cd) 

DCB  ==  a^.sin.  ^  «»  CB.DG.     But  BC  =  V(«*  +  *'  — 

2ab .  cos.  x)  «=  m.    Hence  DG  aa=  — - — • —  (by  Euc.  VI.  C)  o^  s=3 

m 

D  X  DG  (the  diameter  of  the  circumscribing  circle,) 

,       ab .  sin.  X  ^  ^  -^       ^  m 

ah  ssb: X  D,  .',  D  ssae-i ss  Wl,  COS.  c  .a:. 

m  sm.  X 

28.  In  a  given  circle  inscribe  an  equilateral  triangle  ;  and  with' 
in  this  triangle  describe  a  circle,  &c. ;  then  if  r  s=:  radius  of  the 
first  circle,  find  the  sum  of  the  areas  of  all  the  circles  and  all  tb? 
triangles  ad  infinitum. 

It  is  easy  to  see  that  the  radius^of  the  first  circle  is  twice  that  of 
the  second,  the  second  twice  that  of  the  third,  and  so  on  indefinitely, 


6W  ▲nUOATIOIl  OF  ALfiSBIA  TO  SSOMS^TET. 

•%  the  radii  are  r,  |r,  ^r,  ^r,  and  fio  on.  Put  |»csi  3. 14169265  fce« 
then  the  areas  of  the  circles  arepr*,  Jj?r*,  ^pP*,  b^P^»  ^m  (^om. 
p.  291)  hen^  pr*  +  Jpr*  +  &c.  «  pr«(l  +  J  +  ^  -f-  &c.  ad 
mfin.)  £ss  the  sum  of  the  circles  required.  Pat  this  sum'&sjfnow 
1  4^  I  -f-  1^  -I"  &c.  is  a  decreasing  geometrical  progression  whose 
ratio  of  decrease  ss=  ^,  hence  hy  the  common  rule  for  finding  the 
sum  of  such  a  series,  we  have  1  +  J  +  iV  4"  ^-  »==  1  -f-  1  — 
^  s^  1  --^  1 8SS  ^,  .-.  «  =9=  ^pr^  =s  the  sum  of  all  the  circles,  as  re- 
quired. * 

It  is  also  evident  that  the  sides  of  the  first  triangle  are  twice 
those  of  the  second,  and  so  on  as  before.  By  putting  asxzb^±c 
and  «  =  fa  in  the  cor.  to  the  solution  jof  page-  598,  there  results 
r  =  a  -^  ^3  and  a  =  Ta/S  ==  the  expression  for  the  side  of  the 
equilateral  triangle  inscribed  in  the  circle  whose  radius  =  r ;  by 
the  common  rule  for  the  area  of  the  equilateral  triangle  we  have 
(aV3)  -4-  4  =i=  the  area  of  the  first  triangle,  and  \(iaf\  X  W3 
=  that  of  the  second,  and  \(iaf\  X  Ja/3  =  that  of  the  third, 
and  so  oh.     Let  s'  denote  the  sum  of  these  areas,  and  we  have 

If  fl  s=  10  feetv  then  s  =  67.735  square  feet  very  nearly. 

Remaric.  If  within  any  triangle  we  inscribe  another  by  joining 
the  middle  of  its  sides,  and  within  this  second  triangle  we  inscribe 
another  by  similar  means,  and  3o  on,  the  sum  of  the  triangles  so 
formed  together  with  the  first  is  easily  found' in  an  analogous  man- 
ner to  the  methods  used  in  the  above  solution.  For  let  s  denote 
the  area  of  the  first  triangle,  then  it  is  evident  that  ^s  is  the  area 
of  the  second,  -f^s  that  of  the  third,  and  soon ;  let  s  denote  the  sum 
of  these  arteas  continued  ad  infinitum;  then  «'  =  *(1  -j-  J  -|-^ 
-}-  &c.)  ad  infinitum^  =  4*  -f-  3  as  required. 

29.  If  from  any  point  within  an  equilateral  triangle,  perpendicu- 
lars be  drawn  to  the  three  sides,  their  sum  is  equal  to  a  perpen- 
dicular drawn  from  one  of  the  angles  on  the  opposite  side.  Re- 
quired proof. 

From  the  point  within  the  triangle  draw  straight  lines  to  all  fhe 
angles  of  the  triangle,  and  they  will  evidently  divide  it  into  three 
triangles,  whose  bases  are  all  equal  to  each  other,  being  each  one 
of  the  sides  of  the  equilateral  triangle.  Let  a  =s  one  of  the  sides 
of  the  equilateral  triangle,  p  =  the  altitude  of  the  triangle,  then 
(Geom.  p.  176)  if  A  =  its  area,  we  have  A  =r  ^ap ;  also  let  a:,  y, 
z  denote  the  perpendiculars  from  the  point  within  to  the  sides  of 
the  triangle,  then  ^{ax  -|-  (^y  -f*  az)  =  the  sum  of  the  three  trian- 
gles into  which  the  triangle  was  divided  ===  A,  .*.  \a{z  -{-v  -j"  ^) 
as=  Jap,  and  st  •\- y  -\-  z  s=  p,  tis  was  to  be  proved. 
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30.  Given  the  four  sides  of  a  quadrilateral  inscrilned  ia  a  circle, 
to  find  the  diagonals. 

Let  ABDC  (see  fig.  on  page  598)  be  the  inscribed  quadrilatendi 
having  AD,  CB  for  its  diagonals,  put  AB  =  a>  AG  s=  b^  CD  ssac, 
BD  ■as  dy  CB  =  X,  AD  =  y.  Now  (Geom.  p.  )  a:y  =  oc  -f- 
bd,  (1),  also  (Geom.  p.  )  ab  -\-  cd  :  ad  -{-  be  i:  y  I  Xy  (2),  or 
ab  -{-  cd  :  ab  -\-  be  ::  xy  :  af^j  ,'.  hy  (1) 

^  „  ^  J  (f£±42<^£+i£)  j  hence 
^  H  ad  -\-  be  ) 

y  =  >^  J  ' —         ,^1    ,      - —   {  which  are  the  diagonals. 

31.  If  a,  by  c,  dy  be  the  four  sides  of  a  quadrilateral,  inscribed  in 
a  circle,  and  ^  =  a  +  *  -f-  c  -f-  ^»  it  is  required  to  prove  that  th* 

area  ==  VKi*  —  ^)(i*  —  *)(i*  —  ^)(i^  —  ^)\' 

Let  ABDC  (see  fig.  Jto  page  598)  be  the  quadrilateral,  inscribed  id 

the  circle  ACE,  from  the  angle  A  draw  the  perpendiculars  AF,  AG 
to  the  sides  CD,  BD,  respectively,  let  A  denote  the  area  of  the  tra« 
pezium,  then  ^(AF.CD)  =:  the  area  of  the  triangle  ACD,  and 
l(AG.BD)  that  of  the  triangle  ABD,  (Geom.  p.  176);  but  tbesai 
triangles  make  up  the  trapezium, .-.  A  =  ^(AF .  CD  4~  AG  .*  BD). 
Now  the  two  angles  ACF,  ABD,  when  added  make  two  right  an- 
gles (Geom.  p.  130)  also  ABD—f-  ABG^sss  two  right  angles  (Geom* 
p.  28.)  .-.  the  angle  ACF  =  ABG,  and  ACE  being  acute,  ABD  ia 
obtuse,  and  the  perpendicular  AG  falls  without  the  triangle  ABD; 
hence  (Geom.  pp.  191, 192,)  AD»=  AC^  +  CD*— 2CD.CF,  and 
AD«  =  AB?  +  Biy  +  2BD.bg,  whence  AB»  +  BD«  + 
2BD.BG  =  AC«  +  CD«  — 2CD.CF,orBD.BG  +  CD.CF  = 
J(AC*  +  CD^  —  AB*  —  BD^),  (1),  put  AB  =  a,  AC  =  *,  CD 
=  c,  BD  =  dy  and  (1)  becomes  BG  X  <^  +  CF  X  c  =  i(*2  4.c* 
—  a"  —  (P),  (2).  Now  since  the  angles  at  F  and  G  are  right,  they 
are  equal  (Geom.  p.  27),  and  since  ACF  =  ABG,  the  triangles 
ACF,  AGB  are  equiangular,  (G«om.  p.  74),  .•.  similar,  and  AC  : 
CF  : :  AB  :  BG,  AC  :  AB  : :  AF  :  AG  (Geom.  p.  202),  or  BG  :;» 

CjF.AB        CF  Xa      ,  .ri       AFXg  ,  '    ^  .       AF ,  ^   . 
-^j^  =  — ^— and  AG  =  — ^— ,  hence  A  =_  (c* -f 

^   (3),  also  (2)  gives  ^=*lil^=^,  but  CF  = 

AP* 

V(AC«  —  AF')  =  V(^  —  AF«),  hence  V(l  —  ^)  — 

^^g^Zf^)       '^'^*     •  ^  =  i-|       2(cb  +  ad)       S   " 
A(bc  -f  ad)'' — (y  -f  c^  --  g«  — ^)» 

4{*c  +  ad)^ 
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A,  AF  _  V{4(^  +  g^f)'  —  (3«  +  c^—  er'  —  iP?i    ^.       , 

b 2(^H^^5j ^,  this  value 

when  substituted  in  (3)  gives  A  == 

— -^^—^ j-^ : ^,(4).    Now4(fc  +  ai)« 

+  d»  +  2fl^-3«_c«  +  2bc)  =  Ob  +  cY-  \a-M  (/a  + 

+  b  —  c\.\a-^d  +  c—b\  =  {smces=a  +  b  +  c  +  4^^^ 
2a\  \s  —  2b\  \s  —  2c\ .  \s  —  2d\,  hence  (4)  becomes  by  substi- 
tution A  =  V(i*  —  a) .  ihs  ^-b) .  (\s  —  c) .  (J*  —  d)  2LS  required. 
Otherwise.  It  has  been  proved  (Geom.  p.  )  that  the  product 
of  the  thrpe  sides  of  any  plane  triangle  =  its  surface  multiplied  by 
twice  the  diameter  of  its  circumscribed  circle ;  hence  (supposing 
the  same  notation  as  in  problems  27,  28,  and  the  present  problem,) 
AC  .  CD .  AD  =  the  area  of  the  triangle  ACD  X  4r,  and 
AB.BD.AD  =  the  area  of  the  triangle  ABD  X  4r,  or  (since  the 
area  of  the  two  triangles  =  the  area  of  the  trapezium  =  a),  bv  ad- 
dition (AC. CD  +  AB.  BD)  X  AD=  {be  +  ad)  X  AD  =  4Ar, 

orsubstitutingthevalueof  AD=y= V  \  (^^+^^  X  (ac+bd)  J 

(  ad-^-bc  ) 

as  found  in  prob.  28, 1  have  A  =  V((<^  +  cd)  X  (ac -{' bd)  {ad 
+  be))  -^  4r  =:  (by  (7)  found  in  the  solution  of  problem  27,) 
(V(S  —  fl) .  (S  —  3) .  (S  —  c) .  (S  —  d),  which  agrees  with  the 
result  found  above,  for  S  =  \s. 

Cor.  If  one  of  the  sides  (as  (d)  for  example  =  0,)  the  trapezium 

becomes  a  triangle  and  the  area  =  VI  S(S  —  a) .  (S  —  ^) .  (S 

c)\  which  agrees  with  the  common  rule  for  the  area  of  a  triangle 
when  the  three  sides  are  given. 

32.  Having  given  the  area  and  its  four  sides  respectively  of  a 
trapezium,  to  determine  the  length  of  the  greatest  diagonal. 

Put  AB  =  fl,  BC  =  b,  CD  =  c,  AD  =i,  c 

angle  BAD  =  a;,  angle  BCD  =  y,  and  the 
double  area = c,  then  by  Young's  Trigonometry, 
page  47,  Amer.  edit,  a'*  -j-  ^  —  2ad  cos.  x  = 
BD*  =  ^  +  c*  —  2^c  COS.  y,  therefore  2ad 
COS.  X  —  2bc  COS.  y  =  a*-|-5*  —  b^  —  c*. 

Again,  double  the  area  of  the  triangle  BAD 
sss  ad  sin.  x,  and  double  the  area  of  the  trian- 
gle BCD  =  be  sin.  y ;  therefore,  putting 2r  =  <^-|-^  —  ^  —  ^» 
we  have  ad  sin.  x  -^  be  sin.  y  =  e  and  ad  cos.  x  —  be  cos.  y=:r. 
Hence  t^^  sin.'a;  y=  {e  —  be  sin.  y)*,  and  a®<?  cos.*  x  =i  {r  -^  be 
cos.  yYi  therefore  by  ajldition,  and  remarking  that  sin.'a;-f-cos.^=  1, 
and  sin.^  +  cos.^  =  1,  a*(P  =(e  —  be  sin.  y)*  +  (r  -j-  ^  cos.  iff 

I 
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=  «?  —  2ecb  sin.  y  +  ^  "t*  2rbc,  cos.  y  +  ^c*>  or  ^  cos.  y  —  b 

sin.  y= ^i ' — =W2;  whence  r  COS.  y — m=:esm.y; 

or,  r*  cos.'y  —  2rm  cos.  y  -}"  wi^  =  c*  sin.'y  =  e*  —  c"  cos.'y,  there- 
fore (r*  -j-  c*)  cos.^  —  2rm  cos.  y  =  c*  —  W2*,  and,  dividing  by  r*  -|- 

€*  and  completing  the  n ,  cos.  y  =s=  ^  j_  „  X  {«V(^  +  ^ — *«') 

+  r^},  and  the  diagonal  BD  ^^  ^{If-^  (?  —  23c  cos,  y). 

Or  since  (he  sin.  yf  =  (c —  ad  sin.  a:)*  and  (3c  cos.  y)  :==  (r  — 

a<2  cos.  xYi  we  have  as  before 

flS^ ^c*  4-  ^  _L  ^ 

6  sin.  a;  +  r  cos.  a:  = ■  ^  y^ — — —  =  «,  therefore 

cos.  a;ag:  „   ,     oX {^V(^  +  ^  —  w'^)  +  ^^ji  and  the  diagonal 

BD  is  th€n=  V(^  +  ^  —  2ad  cos.  a:). 

Here  it  may  be  remarked,  that  when  the  value  of  e  is  such  as  tp 
make  either  tt?  or  r?  greater  than  r*  +  c",  the  j)art,. under  the  rad- 
ical becomes  negative,  and  consequently  the  problem  does  not  then 
admk  of  a  solution.  Therefore  the  limit  of  possibility,  or  the  case 
in  which  the  area  is  the  greatest  possible,  will  be  when  rr?  and-n' 
are  each  equal  to  r"  -}-  6^.  The  values  of  m  and  n  are  then  equal, 
but  have  a  different  sign,  and  the  above  expressions  for  cos.  y  and 

Tfll  ^    T  Tft 

cos-xgiveco?.  y=^5-ppor-^^^j;  cos.  a:  =  ^j-j-^  or 


Msj^x,  jh  >  therefore  cos.  y  is  =  — cos.  a:,  and  consequently  the 

one  angle  is  the  supplement  of  the  other,  and  the*  trapezium  is 
inscribed  in  a  circle.     Again,  because  m  =  —  ?t, 

^ = ^^ ;  therefore  by 

reduction  ^=  {ad-\- bcf  —  r",  or  c  =  A/\{ad  +  hcf  —  r*}. 
Hence,  when  the  four  sides  are  given,  if  the  double  area  be  greater 
than  ^\{ad  -|r-  hcf, —  7^\  the  problem  is  impossible. 

The  common  rule  for  finding  the  area  of  a  trapezium  capable  of 
being  inscribed  in  a  circle,  when  the  four  sides  are  known,  may  be 
deduced  immediately  from  the  above  expression  for  e,  by  consider- 
ing that  (ad  +  hcf  —  r*  is  =  (ewi  +  3c  +  r)  (cwf  -I"  ^^  —  r)  = 
\{2ad  +  23c  4-0*  +  <P  —  y  —  c«)  (2flfl[  +25c  —  a^  —  <P  +^ 
-f  c«)  =  J(a  +  ^  +  c— *)  (a  +  d  —  c  +  h)  (3-|-c+a  — rf) 
(i+c-f  dl  — fl). 

'    ^  33.  Two  lines  AB,  AC,  drawn  from  the  same  point  A,  being 

given  both  in  position  and  length,  to  draw  another  PQ  through  that 

.  pointy  so  that  two  perpendiculars  BPj  CQ,  falling  thereon  from  the 
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i<ix :: 


(z  +  bf  (=  kYf) 


eztremM  of  the  two  given  lines,  may  form  two  triangles  ABF 
ACQ,  equal  to  each  other. 

Let  BA  and  CQ  be  produced  to 
meet  in  £ ;  and  upon  BE  let  fall 
the  perpendicular  CF;  and  put  CF 
ss  a,  AF  =  h,  AB  =  c,  and  £F 
SB  X.  The  areas  of  similar  triangles 
being  in  proportion  as  the  squares 
of  their  homologous  sides,  and  both 
the  triangles  A£Q,  ABP,  being  sim- 
ilar to  EOF,  we  have  CE^(a'  4-  or*) 
:  iCF  X  EF(iaa;)  : :  AB«  {^)  : 

areaABP==-i^.     And,  a»  +  a;* :  J. 

;  area  AEQ=  ^"^  ^  i^  j"  ^-    This,  taken  from  the  area  ABC 

(^s  |a  X  {3?  -h  ^))  leaves  the  area 

ACQ«il2iii±^|:^li:=-^.  WhichbehigeqaaltoABP 

by  hypothesis,  we  therefore  have  (x  -{- h)  y,  {cm  —  hx)  s«  As; 

from  whence,  making  d  =  — j-  5,  a;  is  found  «=  ^(rf'4' 

\f)  —  \d. 

CrEOHBTftiGALLY. — ^If  A^  be  supposed  perpendicular,  and  equal 
to  AB,  and  hp  perpendicular  to  PQ,  the  triangle  khp  being  similar 
to  ABP,  will  also  be  equal  to  it ;  and  consequently  equal  to  ACQ. 
And,  if  these  equal  triangles  be,  successively,  taken  from  the  tn- 
-pezium  AQC5,  the  remainders  phCQ,  and  AC^  will  Ukewise  be 

equal. 

Hence  it  appears  that  the  parallelogram  under  C^  and  DE,  whose 
angle  is  ODE  (supposing  DE  parallel  to,  and  an  arithmetical  mean 
between  €Q  and  hp)  is  equal  to  the  given  triangle  AG3;  and  con- 
tequMitly.the  altitude  thereof  equal  to  half  that  of  the  triangle. 
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Dnience  it  is  evident  that  the  point  E  must  fall  somewhere  in  a 
line  f  I  drawn  through  the  middle  of  AD  (or  AC)  parallel  to  iC 
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(Nulty's  6eom.  p.  '  ).  But  the  point  E,  since  the  angle  ABE 
is  a  right  one,  will  likewise  fall  in  the  circumference  of  a  semicircle 
described  upon  the  diameter  AD  (Nulty's  6eom.  p.  ).  And 
therefore  F£,  being  a  radius,  must  be  equal  to  AF ;  and  conse* 
quently  DG  s=  AD,  supposing  DC  produced  to  meet  AQ  in-G.  '- 

Therefore,  in  order  to  the  geometrical  construction,  having  made 
A3  perpendicular  and  equal  to  AB,  and  drawn  AD  to  the  middle 
of  Cb  (as  above  intimated),  let  DG,  in  DC  produced,  be  taken  equal 
to  AD ;  and  from  G,  through  A,  draw  GP,  and  the  thing  is  done. 

It  often  happens  diat  the  demonstration  of  a  geometrical  con- 
struction, to  be  the  most  neat  and  elegant,  proceeds  upon  principles 
very  diflferent  from  those  whereby  we  first  arrived  at  such  construc- 
tion. The  case  above  is  an  instance  of  it ;  where,  from  the  similar 
triangles,  it  is  manifest  that  GQ  {Ap)  I  QC  ::  Gp  (AQ)  :  pb ; 
and  therefore  (AQ  X  QC  =  ^Ap  Xl^  —  iBP  X  AP. 
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